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Abstract

We consider a family of strongly-asymmetric unimodal maps { ft}te[o,l]
of the form f; = ¢- f where f: [0, 1] — [0, 1] is unimodal, f(0) = f(1) =0,
f(c) = 1is of the form and

@) = 1-K_ |z —c|+o(lz —¢|) for z < c,
Tl 1=Kz —cf+o(jz—cf) forz>ec,

where we assume that 8 > 1. We show that such a family contains a
Feigenbaum-Coullet-Tresser 2°° map, and develop a renormalization the-
ory for these maps. The scalings of the renormalization intervals of the 2*°
map turn out to be super-exponential and non-universal (i.e. to depend on
the map) and the scaling-law is different for odd and even steps of the renor-
malization. The conjugacy between the attracting Cantor sets of two such
maps is smooth if and only if some invariant is satisfied. We also show that
the Feigenbaum-Coullet-Tresser map does not have wandering intervals, but
surprisingly we were only able to prove this using our rather detailed scaling

results.
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1 Introduction

The theory of one-dimensional dynamics is rather well developed. Up till now
the starting point of this theory has always been some ‘real bounds’ argument
which implies absence of wandering intervals and certain non-linearity bounds
for high iterates of the map. This then makes it possible to obtain, under suit-
able conditions, the existence of invariant measures and a renormalization theory
culminating in universality properties. The latter means that two maps which are
topologically conjugate, are in fact Holder, quasi-symmetrically or even smoothly
conjugate. In this paper, we will consider a setting where it seems one is only able
to obtain the absence of wandering intervals after developing a rather intricate set
of bounds, essentially amounting to a renormalization theory.

The question whether two maps which are combinatorially the same, are in
fact topologically conjugate hinges on absence of wandering intervals. The first



results in this direction were obtained for circle diffeomorphisms in the 1920’s by
Denjoy, for critical circle maps by Yoccoz [56]] and for circle maps with plateaus
by [36]. For interval maps there are results, in increasing generality, by Misi-
urewicz [45], Guckenheimer [135], de Melo-van Strien [41], Block-Lyubich [4],
Lyubich [30], de Melo, Martens, van Strien, [37] and Vargas-van Strien [52]. On
the other hand, interval exchange transformations can have wandering intervals,
see e.g. [34]. There are some rather important cases whether nothing is known
about the absence of wandering intervals. For example the case of smooth circle
homeomorphisms with at least two singularities with one of the form +|z — ¢|°,
o < 1 and the other of the form =&|x — ¢,|® with 8 > 1 is wide open. The situation
which we will consider in this paper is that of a unimodal interval map with a
strong asymmetry, for example

| fle)=K_|z —¢|* forx<c
f(x)—{ flo)+ Kilx — | forx>c

where 1 < o < 3. As mentioned, absence of wandering intervals is not known in
this setting.

In this paper we will obtain absence of wandering intervals for such maps in
the ‘least expanding’ case, namely when the map is infinitely renormalizable of
the Feigenbaum-Coullet-Tresser type. To do this we develop a renormalization
theory, which then provides enough information to show absence of wandering
intervals.

Renormalisation and rigidity results were proved previously for circle diffeo-
morphisms with Diophantine conditions on the rotation number [[16}57]]. For cir-
cle maps with discontinuities of the derivative (break type singularities) there are
quite a few results, see e.g. [17,118, 1,19, 20]. For circle maps with plateaus there
is for example [38]]. For smooth homeomorphism of the circle with a critical point,
there are results by [[10} [11}, 21} 155, 2]. For infinitely renormalizable unimodal in-
terval maps there is a rich history, starting with the conjectures of Feigenbaum
and Coullet-Tresser. Rigorous proofs were finally provided by [53] 43| 44, 3],
see also [12, 49,50, 51]]. Note that for interval maps smooth rigidity is not pos-
sible, so the natural context there is quasi-symmetric rigidity. This was proved
in increasing generality in [13 31, 24} [7], see also [} [7, 24} 29]. For Lorenz
maps there is another very interesting phenomenon: in this case the renormaliza-
tion operator can have several (degenerate) fixed points even when the left and
right critical exponent at the discontinuity is the same. This can happen even for
bounded combinatorics, and return maps can degenerate [40, 54].



Absence of wandering interval for our class of maps implies that the maps we
consider are all topologically conjugate to the well-known Feigenbaum-Coullet-
Tresser map.

One of the main challenges in dealing with these maps is that there are no
Koebe space extensions. More precisely, ‘real bounds’ coming from diffeomor-
phic extensions of some first entry maps definitely do NOT hold. As far as we
know this is the first type of unimodal map for which such bounds are known not
to exist.

Let us now summarise the results in this paper.

e Although the period doubling diagram, see Figure [I] looks qualitatively the
same as for the quadratic family, there are important differences: when n is
odd, the periodic orbit of period 2" doubles its period when it contain the
critical point rather than when its multiplier is —1.

e In spite of the absence of Koebe space, we are able to obtain very precise
scaling laws. Here the scaling laws are rather different than for the usual
‘symmetric’ Feigenbaum-Coullet-Tresser case where the scalings are ge-
ometric and universal (the rates only depend on the order of the critical
point) and so there if we denote by [ay, by| the k-th renormalization interval
we have

|bks1 — arga| ~ alby — agl

for some 0 < o < 1 which does not depend on which unimodal map one
takes (provided its critical point is quadratic). In our setting, the scalings of
their lengths are quite different for even and odd steps, namely

I
|bokto — Qopta| ~ 56‘1K05 ) 2’b2k+1 —(121~H-1|2

|bok+1 — Qokr1| ~  Albag — aggl

where ) is the root of \? + )\ — 1 = 0 and K, = K, /K_. Moreover, there
exists © > 0 so that

2 =1
|bor, — agi| ~ BFTKJ " exp(—270). (1)

e In the usual Feigenbaum-Coullet-Tresser 2°° case, two maps with quadratic
critical points are necessarily differentiably conjugate along the closure of



the forward iterates of the critical point. This phenomenon is usually re-
ferred to as universality. Here this universality no longer holds: two maps
f, f are Lipschitz (and even differentiably conjugate) if and only if

s-fe0=6

This means that this case is rather more similar to [33} [38]] where there are
also necessary and sufficient conditions for these maps to be differentiably
conjugate at the turning point.

e One of the consequences of this fact is that f and its renormalizations are
not Lipschitz conjugate even at the critical point c.

e In the ‘symmetric’ case the n-th renormalization of the function converges
to some analytic function with unknown closed formula. Here we obtain a
degenerate limit, but whose form is entirely explicit.

e The 2°° maps we consider do not have wandering intervals.

Open questions.

Before stating our results rigorously, let us discuss questions and possible direc-
tions for further research.

Super-exponential scaling when 5 > o > 1. In this paper we always assumed
that the left critical order o of our map is equal to 1. We believe that the super-
exponential scaling of the points a,, and b,, that we have shown here, also holds
when 1 < a < [ and also for more general combinatorics.

Absence of wild attractors when 5 > « > 1. It is well-known that in the
‘symmetric’ case, the so-called Fibonacci map has a wild attractor provided the
order of the critical point is large. Inspired by our belief that one has super-
exponential scaling, we believe that such attractors do not exist when 3 > o > 1,
even if these numbers are arbitrarily large.

Absence of wandering intervals. In this paper we only proved absence of wan-
dering intervals for the 2°° combinatorics and when 3 > o = 1. We believe one
has absence of wandering intervals without these assumptions. In fact, we tried
and failed to prove this result in the case that 8 > a > 1.



Monotonicity of bifurcations. Notice numerical simulations suggest that the
bifurcations from the family f; from equation (4) are monotone: no periodic orbit
seems to disappear when ¢ increases. When instead we consider the family

f(z) = {t —1—t|z|* whenz <0, )

t—1—taP when = > 0.

with o, 8 > 1 large, then there are partial results towards monotonicity in [27]]
see also [28]. Only when @ = f3 is an even integer it is known that one has
monotonicity. This was proved using complex methods by Sullivan, Thurston,
Tsujii, Milnor, Douady, for references see [27]].

More precise rigidity results. Consider continuous degree one circle maps,
which are smooth local diffeomorphisms outside a single plateau and with 2” be-
haviour at the boundary points of this plateau. In earlier papers [36]] it was shown
that such maps have no wandering intervals, and in [47] it was shown that one has
super-exponential decay of scales when 8 € (1,2) when the rotation number is
golden mean. In [38]], Martens and Palmisano show that there exist invariants for
Lipschitz, differentiable and C'' ™ conjugacy. For related results see [6]]. A similar
obstruction to differentiable conjugacy also appears in [33]].

Parameter scaling. Consider the family f; defined in (4] and let ¢,, be the pa-
rameter where the turning point 0 has period 2" for f; and let ¢, be so that f;,
has 2°° dynamics. Computer experiments suggest that the parameters ¢,, scale also
super-exponentially. We are hopeful that we will be able to elaborate the methods
in this paper to prove the following

Conjecture 1 (Non-universality of parameter bifurcations).
|tn+2 - t*| ~ ’{|tn - t*|2 (3)

where x depends non-trivially on the two parameters 3, © associate to the family
f+ and so is not a universal parameter, where © is defined through equation (1).

So we conjecture that, in our setting, the parameter scaling is super-exponential
and non-universal. This is in contrast to the universality results for generic smooth
families of unimodal maps with a quadratic critical point (where the genericity as-
sumption is that the family is assumed to be transversal to the stable manifold of
the renormalization operator) where one has the parameter scaling

|t — tul ~ Altn — ]
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where ) is universal and so does not depend on the family.

Renormalisation theory in the smooth setting. The renormalization theory we
develop here is done by obtaining large bounds. This is quite different from the
renormalization theory obtained for real analytic unimodal maps, [53] 43| 44, 32,
3, 112], see also [S0} 35, [14]. It would be interesting to tie these approaches to-
gether.
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2 The setting of this paper

Consider the class A, g of continuous unimodal maps f : [ag, by] — [ao, by] Where
ap < 0 < by and with the following properties:

1 f(ag) = f(by) = ao and outside the turning point ¢ := 0 the map f is C?
and has Schwarzian derivative S f < (0. The authors believe that the results
in this paper also hold without the Sf < 0 assumption.

2 ¢ = 0 is the unique extremal value of f and f'(z) > 0 for x < 0 and
f'(xz) < 0forz > 0.

3 Near the critical point ¢ = 0 the map f behaves as f(z) ~ —K_|z|*+ f(0)
for r < 0 and |z| small and f(x) ~ —K 2" + f(0) for small positive values
of x. The constants should satisfy K > 0, K, >0and > a > 1.

We say that f € A, 5(2°) if in addition

4 The map f has 2°° combinatorics, i.e. f is an infinitely renormalizable
Feigenbaum-Coullet-Tresser period doubling map.

Almost everywhere in the paper we shall assume that o = 1, in this case we will
denote A, s just by A.
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Figure 1: The bifurcation diagram of the family of asymmetric maps { f; },[1,2], defined
in (@) together with two zoomed-in versions with the position of the critical point z = 0
marked. Note that the doubling bifurcation from period 2" to period 2"*! when n is
odd is not the classical one; in the current asymmetric case the period doubles precisely
when 0 is periodic (rather than when the multiplier is equal to —1), as is explained in
Theorem [TT] The parameter scalings also appears to be rather different than that for the
quadratic family.

As will be shown in Theorem|[I I|in Subsection[6] there exist many maps within
the class A(2%). For example, there exists ¢, € (1,2) so that f;, € A(2°°) where
fe: [-1,1] = [-1,1], t € [1,2] is defined by

t(l+x) —1 whenz <0,
flwy =) @
t(l1—2")—1 whenxz > 0.

As we will see in Subsection [6] this family f; undergoes unusual period doubling
bifurcations, see Figure I]

Since the power laws of f at both sides of 0 are different, most proofs from the
theory of one-dimensional dynamics do not apply. The stumbling block appears
already when trying to recover real bounds. As these form the cornerstone for ev-
erything else, this is the first issue to overcome. In the ‘symmetric’ unimodal case
the standard proof relies on the simple but powerful smallest interval argument,
see Lemma [3] In the symmetric case this argument gives space on both sides of
some interval, and in the asymmetric case only on one side, which prevents Koebe
like distortion results. It turns out that this is not just a technical issue as the most
basic real bounds do not hold. Indeed, the first entry map from the critical value
into a periodic renormalization interval around the critical point does NOT have
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Figure 2: f together with its renormalization and its semi-extension.

a diffeomorphic extension with Koebe space, see for example Theorem |2} More-
over, entirely new scaling phenomena appear as a result of this asymmetry.

The purpose of this paper is to overcome this gap in the literature by obtaining
results on real bounds, scaling laws and absence of wandering intervals. Although
we believe that the results described in this paper go through for all maps in A, g
with 1 < a < 3, we were only able to do this under the assumption that o« = 1. In
particular, we will develop a renormalization theory in this setting and show that
the scaling laws for such maps are universal, but entirely different from those of
smooth maps with non-flat critical points.

3 Statement of results

Existence of infinitely renormalizable maps. When o = 1 then the usual proof
concerning full families breaks down. Nevertheless we have the following theo-
rem, showing that every family such as the one defined in () contains a map in

A(2%).

Theorem 1. For the family defined in (@) there exists a parameter ¢, so that f;, €
A(2%).

In fact, the proof of this theorem will show that any family similar to (4) (not
necessarily with o = 1) is full in the sense that for each parameter ¢ there exists
t. so that f;_ has the same kneading invariant as Q;(z) = tz(1 — z).

Some notation. As usual, let [ay, by], k = 0, 1, ..., be the sequence of renormal-
ization intervals of f. This sequence is constructed in the following way. Let
b, be a fixed point of f with negative multiplier and a; be its preimage. Then

9



co = f2(0) € [ay,b;]. Notice that ag < a; < 0 < by < by . Since the map
f is assumed to be of Feigenbaum-Coullet-Tresser 2°° type, f?|[ay,b;] is again
unimodal; it decreases on [a;, 0] and increases on [0, b;]. The branch f?|[ay, 0]
has a fixed point which we will denote by a, and b, will denote its preimage by
121[0,b1]. Using again that f is a 2°° map, f*|[ag,by] is unimodal, and we can
continue this process indefinitely and obtain a sequence of points a;, < 0 < by
and unimodal maps 2" : [ay, be] — [ax, by

We say that the interval 7" is a 7-scaled neighbourhood of J C T if both
components of 7"\ .J have at least size 7 - | J|. We shall also use the notations

Up ~ VU = Z—:%lask%oo

U "V, = O<liminf%’;Slimsupif—:<ooask—>oo.

Given two intervals U, V' C R we define [U, V] to be the smallest interval contain-
ing both.

No diffeomorphic extensions The main source of difficulties lies in the follow-
ing theorem, which shows the difference with the ‘symmetric’ case:

Theorem 2. For every 7 > 0 there exists kg > 0 so that if 7" 3 f(0) is the
maximal interval on which f2°~!|T is diffeomorphic, then f2°~1(T") does not
contain a 7-scaled neighbourhood of [ay, by| for any k > k.

Semi-extensions. To overcome this issue, we will introduce the notion of semi-
extension. Since o = 1, the derivative of f near the critical point of the left branch
of f is non-zero and we can extend this branch smoothly (C?) and monotonically
to f1 : [ag, €0) — R in such a way that ¢y > 0, fi|lag,0] = f, the derivative of
f1 1s strictly positive, and the Schwarzian derivative of f; is < 0. For consistency,
the right branch of f will be denoted by f, i.e. fo = f|[0, bo]-

Definition (Semi-extensions). Let J be an interval and f™|J be monotone. Then
F : T — Ris called monotonic semi-extension of f"|.J if

e JCTandF|J = f"J,
e F=f,o---of; wherei, e {1,2} fork=1,..,n.

We will call such an extension maximal if T' is the maximal interval satisfying
the above properties.

10



Big bounds for the first entry maps to [a;, b;] when £ is even. It turns out that
these semi-extensions are surprisingly useful since the branch f; is essentially
linear near 0. Indeed, the semi-extension of the first entry map from an interval
J > f(0) to [a, bx] becomes almost linear for £ — oo and even.

Theorem 3 (‘Big Bounds’). Let f2~1: J — [ay, bg] be the first entry map of
J > f(0) into [ax, by and let Fy: T, — R be the maximal monotonic semi-
extension of f2k_1: J — |ax,by]. Take 7, > 0 be maximal so that Fy(T}) is
T-scaled neighbourhood of [ay, bi]. Then

e lim7y, 1 = A where A € (0,1) is the root of the equation M4 =1.
o Ty R b;kl/ 2 grows super-exponentially with k. In fact, log 755 grows expo-
nentially, see also equation (9) below.

Remark 1. As we will show in Theorem [9] and Section this theorem does
not hold when we drop the assumption that J > f(0). This will complicate for
example the proof of Theorem |10](on absence of wandering intervals).

Scaling laws. From this theorem we will obtain that the geometry of the w-
limit set is quite different from the one found in smooth unimodal maps with
2% combinatorics. In the next theorem we describe this scaling. By definition
f(ag) = f(by) and therefore

ay ~ —Kob!, where Ky = K, /K_. 5)

Thus the scaling properties of the renormalization intervals can be described just
by the scaling properties of by.

Theorem 4 (Scaling laws). The following scaling properties hold for by:

e For large even values of k£ one has

bpy1 ~ b
ok~ by, ©
where as before A € (0, 1) is the root of the equation \* + \ = 1.
e For large odd values of & one has
1
~ BT KPP \2p2

_B_
Cop ~ =BT KA



o The length of the renormalization intervals decays super-exponentially fast:
there exists © > 0 so that

log (i) ~ log (é) ~ 0.2k (8)
bak, |bor — oyl

More precisely,
P
/by, ~ BF1Ky ' exp(2¥O). )

In @ the convergence is super-exponentially: by /by converges to A super-
exponentially fast.

The parameter © can be arbitrarily large. The parameter © is determined by
the asymptotic behaviour of 1/byx. In the next theorem we show that © indeed
varies within the space 4(2%):

Corollary 1. For each Oy > 0 there exists a map f € A; 35(2°°) so that O(f) >
Oo.

Proof. From formula (9) it follows immediately that O(R?(f)) =2 - O(f). O

Renormalisation limits. The above scaling laws make it possible to compute
the renormalization map R* for k even with quite a lot of accuracy:

Theorem 5 (Renormalization limits of R*). For k even we have

3
£ (2) = Cok — Sklx| + O(bé,i) when z € [ag, 0] (10)
cop — tpx? + O(b2)  when z € [0, by
where
b ” 15
Sp ?Oandtkwbk . (11)

As usual we can state the renormalization results by rescaling the intervals to
a fixed interval. So let R f denote the k-th renormalization of f. In other words,
let I, : [0,1] — [ax, b be the linear map such that [(0) = a; and I(1) = by, and
define R¥f := ;' o f* ol}. Let ¢, denote the the critical point of R* f. From
it is clear that &, — 0 as k — oo. Therefore, the left branch of R* f gets more and
more degenerate and disappears in the limit.

12



Theorem 6. The right branch of the renormalizations of f converge super expo-
nentially fast in the C'! norm to

lim (R** f)|[¢x, 1] = 1 — 2

k—o00
lim (R f)|[ér, 1] = 2.
k—o0
Let my, : [—1,0] — [0, é] be the linear orientation preserving maps mapping the

boundary to the boundary. Then in the C! norm

lim (R* f) o mg = x + 1

k—o0

lim (R**1f) ooy = =A@+ A9 + AL

k—o0

Here the convergence is super exponentially fast as well and A € (0, 1) is the root
of A% + X\ = 1 as before.

It is easy to see that \° + X\ = 1 implies that —\**~1(z + \7%)% + A1 is
equal to 1 when x = —1 and equal to 0 when z = 0. Note that the asymptotic
expression for the left branch of R?**! f is an explicit but non-trivial expression.

Remark 2. One can prove also convergence in the C*¥ norm in the above theorem
if f is a smooth function outside of zero. If the map f is only assumed to have
finite smoothness this can be done as in [22] or following the approach in [3].
If f is real analytic (on each side of 0) then this can be done by complex tools:
then f 2 = Fo f where Ej, extends holomorphically to a diffeomorphism whose
range is B(0, 7x|bk|). Using the Koebe Lemma (in the complex case) we then
obtain that, for k even, DE), = DEj(c1) + o(k) and D'E}, = 0;(k) for each i > 2.
The speeds of convergence can be obtained from Koebe and from the speed of 7.

Metric invariants and universality. Theorem {4/ implies that two maps f, f €
A(2%°) are not necessarily differentiably conjugate on their postcritical sets. In
fact, there are necessary and sufficient conditions which are needed for universal-

ity:

Theorem 7 (Complete invariants for C! universality). Take two maps f € A; 3(2°)
and f € A, 5(2"0), with as before 3, 5 > 1. Then there exists a homeomorphism

h which is a conjugacy between the postcritical sets of f, f and

1. his Holder at O;

13



2. his Lipschitz at 0 <= h is differentiable at 0 <— © = ©and 3 = f.

Here © is defined through equation (8) in Theorem [4]

Moreover, let A = U, f"(0) be the attracting Cantor set and A be the corre-
sponding set for f. Then © = © and § = 3 implies that the conjugacy h: A — A
is differentiable in the sense that the following limit exists

L b = )

yeEA Yy Yy—x

£0

and depends continuously on x € A.

Corollary 2. f and R*(f) are not Lipschitz conjugate.

Proof. This follows from the previous theorem and Corollary 1. 0

Hausdorff dimension of the Attracting Cantor set.  As in the symmetric case
the closure of the orbit of the critical point of f € A(2°) is a Cantor set which
we denote as A(f).

Theorem 8. The Hausdorff dimension of the Cantor set A(f), where f € A(2%),
is zero.

Absence of Koebe space.

Theorem 9 (Absence of Koebe space). For each 7 > 0 there exists x and k so that
the maximal semi-extension of the first entry map of f from x into [ay, b;] does
not contain a 7-scaled neighbourhood of [ay, by].

Absence of wandering intervals. As usually, one says that 11/ is. a wandering
interval if all iterates of I are disjoint and if IV is not in the basin of a periodic
attractor. Existing proofs for absence of wandering intervals do not go through.
Indeed, we used an argument which is quite different from anything we have seen
in the literature showing that

Theorem 10. No map f € A; 5(2°°) has wandering intervals.

14



4 Some background material

In the proofs below we will need the well-known Koebe Theorem.

Lemma 1 (Koebe Lemma). Let g: T — ¢(T) be a C? diffeomorphism with
Sg < 0. Assume that J C T is an interval so that g(7") contains a 7T-scaled
neighbourhood of g(J), i.e. g(7') D (14 7)g(J). Then forall z,y € J,

2 2
T - Dg(x) < (1+7)
(1+7)> = Dgly) = 72
" 9()) L+ 7 lg(J)]
T |9 + 7|9
<|D < _
Ty g < Pl =
Proof. See the proof of Theorem IV.1.2 in [42]. [

Integrating the last inequalities immediately gives:

Lemma 2 (Corollary of Koebe). Let g be as in the previous lemma and let L: J —
g(J) be the affine surjective map with the same orientation as g. Then for all
zeJ,

1
1+7

Dg(x)

Lo —
v L(z

_1‘§

Rl

9(7)| < oe) < Lo+ ~lg()], |

-]

S Unusual bifurcations of families of maps with strong
asymmetries

In this section we will consider the local bifurcation of families of maps g; with
strong asymmetries. For simplicity, take § > 1, A > 1 and let us consider a
concrete example:
Alx|+t forz <0
g(w) = { z? +t forz > 0.

For ¢ > 0 this maps has an attracting fixed point, whereas for any ¢ < 0 near 0
this has a repelling fixed point p(¢) and an attracting periodic orbit {q; (%), g=() }
with period 2 with ¢;(t) < p(t) < 0 < g(t), see the left panel of Figure 3 So
periodic doubling occurs precisely when 0 is a fixed point of g; . We will call this
an asymmetric period doubling bifurcation.
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Note that if we take a map with the opposite orientation, say §:(x) = —g.(z),
then the attracting fixed point disappears as soon as ¢t < 0 (so this is the analogue
of the saddle-node bifurcation).

In the next section we will consider the analogue of the periodic doubling
phenomena for a family of maps f; in A, 3. During this parameter window only
period doubling occurs. The usual period doubling occurs when an attracting
periodic orbit of period 22" becomes repelling and creates an attracting periodic
orbit of period 22"*! (when the multiplier is equal to —1). On the other hand, the
asymmetric periodic doubling occurs when an attracting periodic orbit of period
2271 Jooses stability as it goes through the turning point 0.

6 The existence of a 2°° map within the space of one-
sided linear unimodal maps and a full family re-
sult

This section is the only one in this paper where we consider maps in 4, 3 where
we allow o > 1. In fact, in the proof we assume o = 1, because when o > 1 the
proof is simpler.

We say that a non degenerate interval [ is restrictive of period d > 0 of a uni-
modal map f if it contains the critical point of f, the interiors of I, f(I), ..., f& (1)
are disjoint and f4(I) C I, f4(9I) C OI. If amap f has a restrictive interval I of
period d is called renormalizable and f?|I is called a renormalization of f. Note
that any renormalization of a unimodal map is unimodal.

The maps in class A, 3(2°°) we defined are all infinitely renormalizable, more-
over all the restrictive intervals I} D I --- D I,, - - - are of periods 2, 22, ...,2", .. ..

The following theorem implies Theorem [T}

Theorem 11. Consider a family f;: [aq, bo], t € [0,1] in A, 3 with1 < a < [ s0
that ¢ — f;|[ag,0] € Ct and t — f;][0, by] € C* are continuous and so that f; has
a unique attracting fixed point and so that f; is surjective. Then there exist two
sequences of parameters u; < us < --- < v9 < vy such that

e fort € (uy,,v,| the map f; is 2" renormalizable, more precisely, there exists
a non degenerate restrictive interval I, ; of period 2 of the map ffn_l |11t
continuously depending on the parameter ¢t € (u,,v,| (here we set I, =

[ao, bo));
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Figure 3: f2"|I, for n odd (on the left) and n even (on the right). When n > 2
is even then I,,; — {0} as ¢ | u,, and for t € (uy,v,) the only fixed point of f2"
in the interior of [, lies to the right of 0.

e when n is even then f2' ' (0) = 0 and limyy,, I,; = {0}, while for n is odd
fu,, has a parabolic periodic orbit of period 2"~ with multiplier —1 and and
limyy,,, I, is non-degenerate;

o 2 (Inw,) = Inw,, thatis f2|I,,, is surjective.
Clearly, f; € A, forany t € N, (uy, vy,).

Note that N, (u,,v,) # () because the intervals (u,, v,) are properly nested.
In particular, the family (4)) (with 5 > 1) contains a map in the class A, 3(2%).

Proof. The proof we will give of this theorem is almost the same as a proof based
on a bifurcation analysis for smooth unimodal maps and will use the following
two properties:

(1) whenever f; has an attracting periodic orbit then 0 is in the immediate
basin of this attractor. This holds since f has negative Schwarzian derivative, and
therefore the immediate basin of a periodic attractor contains a turning point of an
iterate of f and hence 0 is also in the immediate basin of this periodic attractor.

(2) whenever 0 is a (topologically) attracting periodic point of f;, of period n
then f; has a periodic attractor of period n or period 2n for each ¢ near ¢,. Note
that within this class of maps it is no longer true that if 0 is periodic then it is also
attracting (it can be repelling on one side when v = 1).

Analysing what bifurcations occur in the family f; analogous to the period
doubling bifurcations which occur in the quadratic family, we will prove induc-
tively that there exists a nested sequence of maximal parameter intervals described
by the theorem.
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Slightly abusing notation we set uy = 0, vo = 1 and Ip; = [ag, by|. Clearly
all the properties stated in the theorem are satisfied except one claiming that the
critical point is fixed by fy;. This does not affect the proof which follows. So
assume by induction that such parameter interval [u,, v,] exists for some integer
n. There are two possibilities.

(i) n is even. In this case for each t € [u,, v,], fZ" |1, is of type +— and af3,
i.e., orientation preserving (resp. reversing) to the left (right) of 0 and the order of
the critical point is of order « to the left of 0 and of order /3 to the right of 0. We
know that ff: |10, = Ina,, therefore there exists an orientation reversing fixed
point p,, > 0 of ff: |1, Note that this fixed point is repelling because the orbit
of the critical point of ff: belongs to the boundary of 7, ,,,. Since the multiplier
of p, is not equal to one this fixed point persists when we change a parameter
in a neighbourhood of v,,, that is there is a continuous function p,, ; defined for ¢
in some interval W, niv, such that t f2" (p,:) = pns and pp., = p,. We will
assume that W, is the maximal interval where such a function can be defined. Let
Upt1 < v, be maximal such that Df2"  (pnu,,,) = —1, that is p,,, ., becomes
a parabolic periodic point of f with multiplier —1. Such a point w,,,; exists and
Up41 > Uy because the multiplier of p,, ; varies continuously with the parameter
t € Wy, N (un, vy], since D fZ" (pns) < —1 for t = v,, and since for any ¢ we have
lim, o D f2" () = 0 while 2" (0) = 0.

For t € [upt1,v,) let p,, < 0 denote a preimage of p,; under f2"|I,,, and
let 1,111 = [Pnt, Pne). Since f has negative Schwarzian derivative it follows that
Pn,uns, 18 @ parabolic periodic point of f,, , and that the critical point belongs
to the basing of attraction of p,, ,, . This in turn implies that ff:;l (In+1,un1) C
Iniuyrs 1€ Iy, 18 aTestrictive interval of fﬁ; , of period 2. Note thatif ¢ is
slightly larger than w,,, the interval I, is still a restrictive interval of period 2
of the corresponding map. We know that fg: (0) belongs to the boundary of 1, ,,,

and therefore ff:“ (0) & I,11.,. Define v, to be infimum of all parameters

t > 41 such that 27 (0) & Ioi1,,, thus f2"7(0) belong to the boundary of

+1 Un+1
It1,,.,- It must be the left boundary point (that is f2"(0) = py,,,) because
otherwise the condition D f2" (p, ) < —1for t € [u,1, v,] would be broken.

It is easy to see that the constructed points 11, v,,+1 and the intervals 1,1 ¢
satisfy all the induction assumptions. Note that in this case the intervals [, are
non degenerate for all t € [ty 1, Upi1].

(i1) n is odd. In this case fﬁ:]ln is of type —+ and af. The construction
will be very similar to the case of even n with some modifications relating to the

asymmetric period doubling bifurcation.
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Arguments similar to the case when n is even show that there exists a maximal
Upi1 < U, such that f2" (0) = 0. Then for all t € [uy41,v,] there exists an
orientation reversing fixed point p,; € I,,; of f?". Note that p, ; is negative (i.e.
it is to the left of the critical point). Define p,,; > 0 to be a preimage of p,, ;
under f2"|I,; and let I,, .1 ¢ = [Pnt, Pny) for all ¢ € [u,,1,v,] as before. Note that
Prjuns: = Pnuny, = 0 and the interval 1,44, ,, degenerates to the critical point.
For all other values of the parameters the intervals I, ; are non degenerate. In
Section [3]it was explained that for values of parameters ¢ slightly larger than w,, 1,
the interval I,, 1, is a restrictive interval of period 2 of the map f?". As before
define v,,11 > ;41 to be maximal such that /,,,, ; is a restrictive interval of period
2 of the map f2" forall t € (U1, v,41) and note that v, ;1 < v,,.

O

In fact, we have

Theorem 12. Any family { f;} as in Theorem |[11|is a full family in the following
sense. Take a quadratic interval map () without periodic attractors. Then there
exists a parameter ¢ so that f; combinatorially equivalent to ().

Proof. The proof of this theorem can be deduced from the previous proof as this
shows that the kneading invariant of a family of maps f; in A, 3 bifurcates in the
same way as in the quadratic family (but no assertion about monotonicity of the
bifurcations can be deduced from this), see also [46]. Another way to prove this
is by modifying the proof following the Thurston mapping approach from [41,
Theorem IL.IV.1]. ]

7 The smallest interval argument

The usual smallest interval argument in the current setting gives a weaker state-
ment than in the ‘symmetric’ case:

Lemma 3. There exists 7 > 1 so that the following holds. Consider I = [a,,, b,
and choose * ¢ I. Assume that there exists k > 0 (minimal) so that f*(x) C I.
Then there exists an interval 7 > « so that f*|T is a diffeomorphism and f*(T) D
[T, Tby].

Proof. For completeness let us include the proof of this lemma. By maximality of
T and since f'(x) ¢ [ foralli =0, ..., k—1 there exist integers 0 < 4, 1; < 2" S0
that f*(T) D [fio([), f*(I)] where fio(I) and f%(I) are to the left respectively
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to the right of 7. So it suffices to show that [ (1), f*(I)] D [ran, Tb,] for some
universal choice of 7 > 0.

Write [; = f'(I) and let 3 < m < 2" be so that I, is the smallest of the
intervals I3, ..., Ion. Let K, be the smallest interval containing the left and right
neighbours of [, from the collection Iy, . .., Io» (such neighbouring intervals ex-
ist because ,> 3). It follows that K, contains a 7y-scaled neighbourhood of
I, where 79 > 0 is independent on n (here we use that I, /5 are not much
smaller than I3). Let K; D I; be the maximal interval on which f©~!|K; is
a diffeomorphism with f°~!(K,) C K,,. By maximality, f°* 1(K,) = K,,.
By Koebe it follows that K contains a 7-scaled neighbourhood of I;. Hence
Ky := f~Y(K,) contains [r]a,, V)] where 7/ = 7/*and 7/ = 7}/, Note
that because |a,| << b, this latter interval is no longer a definite interval around
la,, b,]. Note also that by the choice of K, the interval K| is contained in any
interval of the form [f%(I), f*(I)] where f(I) and f% () are to the left respec-
tively to the right of /. 0

8 Proof of the first part of Theorem [3: big bounds

Since a@ = 1, we can consider a semi-extension of f of the ‘linear’ branch and
use the following strategy. First, using the standard smallest interval argument we
have already shown that there exists a definite space to the right of the renormal-
ization intervals. Next we will show that either there is definite space to the left of
the renormalization interval for the semi-extension or this space is at least as big
as the space on the previous level. Considering several scenarios, this will imply
that there is some definite space on both sides of the renormalization intervals.
Having space on both sides of the renormalization intervals we can repeat the ar-
gument used to obtain it and get as much space as one may want. From this the
rest follows.

8.1 Using semi-extensions

Let f2~1: J,, — [ax, by] be the branch of the first entry map to [ay, by,] for which
c1 := f(0) € J,. Note that this is a surjective diffeomorphism. Let T, O J,
be the maximal interval so that f2" |7}, is a diffeomorphism and let [A;, B;] :=
f21(T},) where A, < Bj. Note that f2°~1|T}, is orientation preserving (revers-
ing) when k is even (odd). We also define an interval [Ay, By] D [Ay, By, with
Ay, < By, associated to the semi-extension as follows. Let Ey, : T, — [Ag, By
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be the maximal monotone surjective semi-extension of f2°=1: J, — [ay, by] such
that A < a; < 0 < by < Bg. (In principle this extension depends on the choice
of the extension f: [0,€) — R of f: [ag,0] — R.)

Let [a}, ex] = fi ' (Tx), ), < ap < 0 < ey, and therefore Ej, o f; : [a},, ex] —
[A},, By] is the maximal monotone surjective semi-extension of f2° : [az, 0] —
lak, b]. Also, define the point b}, > by, as the right boundary point of the interval
f5 ' (Ty). Furthermore, define dj, € [0, e;] such that £ o fi(d;) = by for even
values of k. When £ is odd the point dj, is not defined.

Since EJ, is orientation preserving (reversing) when k is even (odd), the fol-
lowing holds:

e for even values of k

Ay, ZEkofl(G;)ZEkofz(bZ;),
By = Ei o fi(ex)

e and for odd k&
By, = Ejo fi(ay) = Ey o f2(by),
Ap = Eyo fi(er).

As we will show in Lemma B = Bk but in general A; # Ak

Let us list a number of more or less obvious relations between the points we
defined. For example, assertion (4) and (5) show that if some metric properties
hold for the non-dynamically defined points b} and ej then the semi-extension
from one level can be used to obtain a semi-extension of the next level.

Lemma 4. Let £ > 2 be an even integer. Then
1. Bit1 = Biyo = Bip1 = Bijo = e

Crt2 < d;

A = Ay = ey

if b% < By, then e < e and Ak—f—l = A;.

A

if ep11 < b1, then b;€+2 < bgyrand Ap o = Apys.

Proof. Since f2k lag11,brs1] C [0, bx], we have Eyy 1 = Ej o fo 0 Ex|T)y1, where
E}. is orientation preserving and f5 is orientation reversing. Since the diffeomor-
phic range of Fj is [flk,ék] D lag,bx] © 0 and Ej o f, maps (0, b diffeo-
morphically onto [ag, cor), it follows that By, = Bk—i—l = Ej o f3(0) = con
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By e ;

Bl ooy
k even k + 1 odd
by, :
0 ...........
al, " far dy ek AMA Af+1 G+l b1
: 0 : : , : : E,
A - : a b
Foap b1 k+1 k+1

Ak+1'

Figure 4: f2"|I; and f2"""|I,., when k is even and their semi-extensions. Note
that the points di, ey, a;, b, are defined using the semi-extension rather than dy-
namically.

and A, < Ak+1 < ay. Taking aj_, to be the point in (ay, ax11) for which
ka(a;c—&-l) = FEj o fl(a;kﬂ) = 0 one has f2k+1(a;g+1) = Fpy10 fl(a;c-s-l) =
Eypo faoEpo f1((l§§+1) = B 0 fy 0 E(0) = Bj.

Similarly, since 2" [ay2, bpt2] C [ar41, 0], Brpa = Ejr 0 fi 0 Byt [Thg
where L)1 is orientation reversing and f; is orientation preserving. Since aj, <
CLk+1 < Qg1 < Cok+1 = Ek-Jrl(Cl) < 0, Ek+1 o fl(ak+1) = Bk-Jrl = Bk+1 and
since the diffeomorphic range of £, is (A1, Bi1) D [ag, o) D (a)4q,0) it
follows that By o = Bk+2 = By = Bk+1 = o1 and Ak+2 = Cgi+1, proving in
particular statement (1).

By definition £ 50 fi(€x12) = Bia. Since Ey 0 fi(a,,,) = Bk+1 By o
and B9 = Ejiq 0 fi © Epyq|Tiqe we have that Ej . o fi(epq2) = aj,,. Since
Ay € (ak, ars1)s Exy10 f1(dy) = Exo fao Exo fi(dy) = Ey o fa(by) = ay and
Ej 11 is orientation reversing, it follows that e, o < dj, proving statement (2).

Statement (3) follows as in statement (1).

To prove statement (4), assume b, < Bj. Then Ej has range [Ay, By] D
[Ag, b},]. Note that the left endpoint of the domain of E, is fo(b},) and Eyo fo(b)) =
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Con <~—— folby)  f2(br) f(0O)

Ay, ar by, By —--<-F ~ fi(ay,) filar) Tk fi(ex)

Figure 5: When k£ is even, Fy,1 = Ej o f5 0 Ej and E}, is orientation preserving.
Here Ej(xy) = bi. It is not clear where b), and aj, are in relation to By, and Ay.

Ag. Since Ei.1 = Ej o fy o Ej it follows that the range of Ej. is equal to
[Ak, Bry1] and so Ag; = Ag. Moreover, Ay = Apy1 = Epyq o filexs1) =
Ey o fy 0 Ep o fi(ex+1) and Ey o fo(b)) = Ag. Since Ejyq and fi, fo are all
injective, b}, = E} o fi(eg11). Therefore, and since By, = Ej o fi(ey) and f1, Ej
are increasing, b, < By implies that e;; < ey.

Finally, to prove statement (5), note that Fy1|[f(ax+1), f(0)) maps diffeo-
morphically onto (cyr+1, by 1] and if ex,; < bgyq then this last interval contains
(Cor+1,ex11]. Since Friq o fi; maps the latter interval diffeomorphically onto
[Ag11, Corr2) and since Ey o = Ejy 10 f10 Ejy1|Tiyo it follows that Ay o = Ajiq
and by, = [0, bpsa] (ext1) < brpa. O

Lemma 5. There exists C' > 0 so that for all £ even

dy < CbJ by (12)

Proof. For k even, by, is a repelling fixed point of f2°, so |Df2" (byi1)| > 1.
When £ is large this implies that

bt IDE(f(bein))| = |DFY (bsr)| > 1.

Since |Df* (ags1)| & |ag1|* | DE(f(ar1))] and f(agi1) = f(byyr) it fol-
lows that

Df* (ajs1) > Clags|* Y, 7 and [DEL(f(ber1))] > ChLy.  (13)

Diffeomorphic branches of maps with negative Schwarzian derivative expand
cross-ratios. Applying this fact to the diffeomorphism Ej o fi: [api1,ex] —
[bx11, By| and the four points a1, agﬂ, dy, ex (which map to by, 1, ka, by, Bj)
(where we take a;; = ax41 + h with h > 0 close to 0 and b}, ; the image of this
point) we obtain the inequality

(er = agy)(de — ar) _ (B = b ) (b — bri)
(arsr — ay ) (er —di) = (brrr — b)) (Br — bi)
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Taking h | 0, we get

(Br, — bry1) (ex. — d) 1
dy < dp— appr < 2 EH b _
s s Ty T e G ) D ) ()
< by by

Here we use that the first factor in the long expression is bounded from above by
Lemma 3| the second by by, the third factor by 1 and in the final factor we use the
bound from (13). O

1 Sk 1 1 sk Il Il Il sk 1

T ' T T N T T T ' T

Agp—1 Cok-1 Ak  Gk41 Cok+1 Qg2 () bpyr Cor by

Figure 6: The ordering of several dynamically relevant point; here £ is even.

Lemma 6. There exists a constant C' > 0 such that for large even values of £k,
. 1
|Ak+2‘ > mln(Cka, élakl)

Proof. Note that By 5 = Ej41 0 fi 0 Ejy1|Thso and that By, maps Ji1 > f(0)
diffeomorphically onto [Ag. 1, Bii1] = [cor-1, Cor] D [ag, can].

If dj, < cy then the last interval contains [ay, d]. Moreover, Ej o f; maps
lag, di] diffeomorphically to [ax,br] D [0, b, and the latter interval is mapped
diffeomorphically by f2° to [a, cor]. Since Ejyy = f2 0 Ey o f1|Tks1, it follows
that Ay, o < a;, and since both numbers are negative we get |Ay 2| > |ax|.

If di. > cor then the same consideration shows that Ao = Ejyq 0 fi(cor). If
| A2 > |ag| or [Ajya] > iy there is nothing to prove. So in the remainder
of the proof of this lemma assume that [Az;»| < 3|ax| and [Ayys| < $bgyq. The
interval [Ay, o, axi2] is well-inside the interval [ag, cor] as cor > b1 > 2| Agya]
and |ay| > 2[Ay2|. Moreover, [Aji1, Bes1] = [coro1, coi] is the diffeomorphic
range of Eyy1|Jii1, [Cor-1,Cor] D [ag, cor] and [f(axs2), fi(cor)] C Jpt1. So
[Akt2, apra] = Egia[f(ars2), fi(cor)] is well-inside the diffeomorphic range of
Eri| jk+1 and so the distortion of Fy; restricted to [f(ag12), f1(cor)] is bounded.

It follows that the distortion of Ej 1 o f; is bounded. Since the

derivative of kaH at its fixed point a5 is larger than one, this implies that
|D(Ey1 0 f1)(x)| > Cs forall x € [agyo, cor]. Since apro < 0 < bpyq < con,
Ey4 is orientation reversing and Fj,1 o f1(0) = cors1 < 0,

| Arro| = [Egy1 0 fi(cor)| > [Ery1 0 fi(brsr)| > Csbpya. O

| [ak+2,Cok]
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Lemma 7. There exists C' > 0 such that the following holds. Let k be a suffi-
ciently large even integer. Then either

° ’Akl > Ckarl or
e ¢ < bk+1.

Proof. Suppose e;, > by11. Then due to Lemma(2) and inequality we know
that for £ large and even,

b1 < ex < dj—z < Cabj_1bpz < bj_,. (15)

From Lemma@we know that either |Ax| > Cby,_; or [Ay| > $|aj_s|. In the first
case we have nothing to do because b1 < br_1. In the second case it follows
from 1' that ’Akl > %|ak_2\ > Cbg_Q > Cﬁbk+1. ]

Lemma 8. For any C' > 0 there exist 0 < A\; < Ay < 1 such that the following
holds. Let k be large even integer and |Ay| > Cby,1. Then

D2 [brsr, bl > Mi (16)
b, < bk+1 < Aaoby. (17)

Proof. Consider two cases.

Case 1: |ay| < 3Cbyy1. Then |byyy — ag| < (14 3C)bgs1. At the same time
| A — ag| > %Cbkﬂ and we see that | Ay — ai| > C7|bgs1 — ay| for some C7 > 0
which depends only on C'.

Case 2: |ag| > %Cbkﬂ. Then |b 1 —ag| < (1—1—%)%. According to Lemma
|Ag| > Klay| for some universal K > 1, therefore | Ay — ax| > (K — 1)|ay| and
we again get |Ax — ag| > Cg|bgy1 — ax| for some Cs > 0 which depends only on
Cand K.

From this and Lemma[3] we get that the range of the map Ej,: [f (by11), f(b)] —
lak, br1 1] can be diffeomorphically semi-extended to a Cy-scaled neighbourhood
of the interval [ay, by 1], and therefore the distortion of the map Fx|[f (br11), f(br)]
is bounded.

On the interval [by 1, by| the absolute value of D f is increasing, hence

[Df* (@)| = [DE(f(2))[|Df ()] > Cro| Df* (bis)]

for all z € [bg1, b] and some constant Cg > 0 which depends only on C' Since
by is a repelling fixed point of 2", we get | D f2" (by41)| > 1 and |[Df2*| > Cy
on [by 1, by]. This implies the existence of A\; > 0 as in equations and (17).
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To prove the existence of Ay < 1 in (17), note that by Lemma (3| and Koebe
that £, has bounded distortion on the range [b;/2, by]. Moreover, f5 has bounded
distortion on [by/2, by]. By contradiction assume that by, /b, =~ 1. Then there
exists a point = € [byy1, bg] for which (Ej o fo)(z) € [bk/2,bry1] and | D(E} o
f2)(z)| is large. But since (Ex o fo)(y) € [bgy1,bx] for all y € [by/2,bri1],
it follows that |D(E) o f5)(y)| is also large for all such y. But this contradicts
that (Ej o fo) maps [bx/2,by1] into [bgi1,bx]. Thus the existence of Ay < 1
follows. [

8.2 Getting some space some of the time

Now we are ready to combine the results from the previous subsection.

Lemma 9. There exists a constant C' > 0 and an infinite sequence of even integers
ki < kg < ... such that
|Ag,| > Chy,,

and therefore, the distortion of the maps Ej,|Jj, is universally bounded.

Proof. It follows from Lemma [/| that either there exist infinitely many even in-
tegers k; such that |Ag,| > Cby, 1 or there exists an even integer ko such that
e < bpyq for all even k > k.

In the first case we are done because of Lemmas 3| and [§] so suppose that we
are in the second case. Since 0 < e, < e, Lemma 5) implies b}, 4o < brya
and Ay,o = Ay, for all even k& > ky . Notice that by < cov = Bjio, and
therefore Lemrnal) gives b}, 4o < Byyo . Then from Lemma @4) it follows that
Ajis = Agt2 . So, we see that A, = Ay, for all & > kj and since b, — 0 we
get |Ay| > by, for all k large enough.

The boundedness of the distortion of the maps E, | Ji, follows from LemmalJ]
and from |Ay,| > Cly,. O
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8.3 The proof of the first part of Theorem 3} getting huge space
all the time

Lemma 10. For every constant C' > 0 there exists a constant 7, > 0 such that the
following holds. Let k be a large even integer and |A;| > Cby. Then

brsa < b2 P, (18)
by — cor < T*bf , (19)
dp < 10277 (20)

Proof. Due to Lemma [3] we always have some space to the right of the renor-
malization interval, and since we assumed that |A;| > Cby, therefore the distor-
tion of the map Ej|.J, is bounded by a constant depending only on C'. The map
Exi1|Jky1 can be decomposed as Eyy1|Jii1 = Ex|Ji o f|[ber1,br] © Ex| ki1
Due to Lemma [§| we know that by.; > A1bg, and hence, the distortion of the
map f|[bgi1,bx] is bounded. Thus, the distortion of Ej.1|Ji+1 is bounded as a
composition of three maps of bounded distortion. Then the distortion of the map
F2"!|[ag+1, 0] is bounded again. Combining this with f2" (aj11) = by1 and
F20) = eopr € [apyy, agyo] We get

D M [ags1, 0] > Cribgyr/|ars . (1)

This implies the following estimate on the position of a o and, therefore, of by 5:

lagt1]? 28-1
|ak+2| < —Cllbk+1 < Clgbk ,

_ (22)
bis| < Cuaby /7,

for some universal constants C;5 > 0 and C;3 > 0.

Since k is even we know that cor € [bg1, bg| and cori1 € [agy1, ax42) and so
in particular f2"[cyx, by] C [ag, 0]. Due to Lemma|8|the derivative of f2"|[by1, by]
is bounded away from zero, hence

|bk — 02k| < )\1_1|6Lk| < 014175 < bk (23)

for some universal constant (4. Combining this with equation (21)), and since
120, dy] = [con, by], this gives us a much better estimate for d; (compared to
inequality (5)):

dy, < Cpit b — cor| - |apsr]/Orsr < Crsb|agsa|/brpr < Cisby” ™ (24)

for some Cj5 > 0. [
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Lemma 11. For every constant C > 0 there exists a constant 7, > 0 such that
the following holds. Let k be a large even integer, C' be a constant greater that C,
and ‘Ak| > Cbk, By > (1 + C)bk Then

’AkJrQ‘ > Ty min(C, b,lg_ﬁ)bk
Proof. Set 3
A, = —%Cbk
By = (1+3C)b.
Let ¢, by be points such that E o f(éx) = By, and Ej, o fg(l;k) = A Arguing

as before we see that the distortions of maps Ej, o f1|[ax, €] and Ej, o fo|[bgt1, l;k]
are bounded by some constant depending on Cj. Therefore, for all = € [ag, é;],

(25)

br — ag
D(Exo fi)(x) > C
dk — Qf (26)
> Cl7b]1€7

In the same way we get the estimate on the derivative of the other branch:
D(Ek o f2)(1‘) > (g

for all € [byy1, bk] Now consider the following cases.

Case 1.a. Assume that e e < bi+1 and Bk > by. Then, arguing as in Lemma@4 5)
we obtain that | A 5| > |Ay| and we are done in this case.

Case 1.b. Now suppose €5, < by, and Bk < l;k. Then

|Eyi1 0 fi([dr,éx])] > Chis| By — by

27
= %C’lngk ( )

Using an argument similar to prove Lemma 2(4) we get |Ay 2| > %C’lngk and
this case is also done.
Case 2: é;, > by, 1. From the derivative estimate we know

Eyo fi(lde,bis1]) > Cuigby Plbrs — di
> Clgbi_ﬁ.

Here we used inequalities (I7) and (20). .
We finish by con51der1~ng two subcases as in Case 1. If Ey o fi(bgr1) > by,
then as before | Ay 2| > |Ax|. Otherwise,

| Ajs2| > CisChoby, °. O

(28)
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The following lemma completes the proof of the first part of the ‘Big Bounds’
Theorem 3] The actual bounds for the space that are claimed in that theorem will
be only obtained in the improved bounds from Lemma|[I3]

Lemma 12 (Koebe Space for the semi-extension). There exists A > 0 so that as
k even and £ — oo,

|brt2 — Qo] 1-1/8y |brr2 — Aol 1-1/8
———=0(b ——=0(b 29
|ak+2_Ak+2| ( k )7 |Bk—|—2_bk+2| ( k ) ( )
e b | b |
k+1 — Qk+1 1-1/8 k+1 — Qk+1 ?
——— = 0(b; _ e >\ (30)
|ak+1 - Alc+1| ( ko ) ’Bkz+1 - bk+1|

In particular, the range of the map F}|J can be monotonically semi-extended to

a 7, scaled neighbourhood of [ay,, b;| where 7, &~ O(b,lc:;/ p ) for k even and 7, =~ 1
for k odd.

Moreover, O(b,lg_l/ #) converges super-exponentially to zero: log(by) converges
exponentially to zero.

Proof. This lemma is a consequence of the previous two lemmas. Let &k be a large
(even) integer from the sequence given by Lemma (9] Then, from Lemmas[I0]and
[L1it follows that

1

1
|Ajga| > 02017;5 b2,

1
|Brya| > CQUb;f bry2,

for some universal constant C'yy > 0. Since § > 1 we see that if k is large enough,
we get huge improvement on the relative size of extension interval [Ay 2, By 2]
compared to the renormalization interval [ag 2, by y2]. From this point the argu-
ment can be applied inductively and follows.

Lemma [8] gives |aj1 — byt1| & |ax — by|. By the proof of Lemma [#{(4) either
App1 = Ay (F U, < By) or Agyy = Ej o fo(By) Gf By < b)). In the former

|brr1 — Qg1 b, — ax| 1-1/8
case we use (29) and get = = O(b,_ . So let us
I ¢ |ak+1 — Agpa ar — Ay (Bra)
£0) = Falb)] _
£(0) — (Bl
b} /B = O(b~)). On the other hand, the expression in and Koebe imply
|z — fa(br)]
|f2(0k) — f2(b),)]

€1V

check what happens when By, < b).. Using (31) we obtain (*¥)

= O(b,lgié/ﬁ) where x is so that Fy(z) = by, see Figure Since
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£(0) = falb)| _
[/2(0) — f2(0},)]
O(b,ﬁ:;/ﬁ). Since b,lf:;/ﬁ >> bg:; and comparing (*) and (**) we can conclude
that either By, > b}, or (by Koebe) Ej, o fo(Bg)| > (1/2)|Ak|. In either case
holds.

Since By, = cor ~ bg, we have by that there exist universal constants

o e b
k1 ak+1| N | Ic+1| c (/\’17 /\’2) Which proves

[ Bett =] [b = bpa ‘
the second expression in and that this expression cannot be improved.
The final statement follows from inequality (T8). O

Cor ~ by we have |x — f(ag| = | f(ax)— f(0)| this implies (**)

0 <A} < A, < 1sothat

9 Proof of Theorems 37 scaling laws, renormaliza-
tion limits and universality

A first error bound for the map /2 on [y, b;] when & is even. Let k be even
and xj be so that Ey(xy) = by, see Figure [5S| Then Ejy: [f(ax),xx] — [ax, bk
is the first entry map and 7, be the Koebe space of Fy|[f(ax), x| Let Ly, be the
affine map which agrees with Ej; on the boundary points of [f(ay), f(0)]. By the
Corollary of Koebe, Lemma@, we obtain

Ei(x) = Lyz+O(by/71.) and DE(z) = DLy (1+0(1/7)) for all x € [f(ax), f(0)]

(32)
By the previous lemma 73, ~ b,lg/_ 62_1 — 00. In particular it follows that O (b /7;) =

o(by,). Obviously DLy, = by/|ax| ~ b, ”. Hence
Ei(x) = Lyx + o(by) and DEy(x) ~ DLy, (33)

forall z € [f(ax), f(0)]. Later on, we will improve the error bound in this expres-
sion. Hence

, — b h € 0],
cor — trx” +o(by)  when x € [0, b,
where s, > 0 is so that cor — sglax| + o(|bx|) = —|ax| and ¢, > 0 is so that
o — tibl) 4 o(|bg|) = —|ax|. By (19) we have cyx = by, + O(b]) ~ by, and since
ay ~ — Kb}, this implies
b " 1
S~ ?0 and ty ~ bk . (35)
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Equation (33)) also gives
h 0
D () ~ Sk when z € [ay, 0), 36)
—tpB82°~1  when x € (0, by].

For simplicity we will write

fl,k = ka | [ak, 0] and fT,k = f2k|[0, bk]

To avoid an overload of notation we usually write

fl = fl,k and fr - fr,k

if it clear from the context which k is used.

The scaling law from b, to b, ; when k is even. Write b, ; = \;b;. Then
implies
k
Coe — Ay, + 0(by) = F2 (brr) = by = e (37)

By (19)
Cor = by + O(DY)

and combining this with and implies
1= N +o(1) = A

So taking A € (0, 1) be the root of 1 — \? = X this gives A\, = A\ + o(1) and
bk+1 = )\bk -+ O(bk).

Later on we will improve on this statement, see (55).

The approximate scaling law from b, to b, > when £ is even. Fix some § > 0
and let ('}, be so that cox1 = —Ckbi. Below we will determine 6 and C},. Note
that

Qg1 < Copr1 < 0 < corz < bk+2 < bk+1 < C3i9k < Cor < bg.

Then using (35) and (36)
k Ok

Cor — Czon = f2(0) = 2 (corsr) = f1(0) = filcgen) ~ Ebgb};ﬁ. (38)
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Since f, has bounded distortion and bounded derivative on [by. 1, bx] this implies

Cokt2 — Cokt1 = fr 0 fl(c2k+1> - fT(CZk) = fr(03~2k) - fr(c2k) ~ Ckbibllg_ﬁ (39

In fact,
|Cor — Caon| & |Cgrrz — o] < |bpao — apra] < o(bk) (40)

where =~ follows from the fact that D f, is bounded from above and below on
[br11, b, where the first < follows from the ordering of the points and where
< o(bg) follows from equation 1| and |ag| ~ b +1- Combining this with

cor ~ by, equations and (35) give f/(by) ~ —pf and f/(z) ~ —f for all
T € [cg.9%, Cox]. Hence in fact improves to

BCk

Cokta — Cohp1 ~ 75%1 p (41)
Since |cgrr1| = Cpb << pC. kb‘sbl % and using that by o ~ cor+2, €quation li
gives
C C
Do ~ Coira ~ @béb};ﬁ and a0 ~ —KO[B “biby P18 (42)
Ky Ky

Next note that f2 r (Gk+2) = fr o filags2). Using that f;|[ay, 0] has derivative
everywhere ~ b ? and equation l.i we have that |agyo| < Kolbriol® <
C|by|**~* and therefore equation (42) implies

filarsa) — £1(0) < OB, = Cby.
Therefore f;(axi2) ~ by and so equation implies
fi(x) ~ —p forall z € [fi(ars2), br]. (43)

Since, by @2)),
bi%  BCh s BOTE s
f(ak+2) fl( ) 70}{0[70[)6[)}g 5]5 — [70] bf +1-8 '
Hence (@3) implies

2k+1 BCy ’ B6+1—p2
% (arg2) — coprr = fro filags2) — fr(fi(0)) ~ {70} bk . (44)
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By , £ (aryo) = appo = —CL 0L, )0 = —C’,fbf“ﬁfﬁ2 is orders smaller

than the right hand side of (44)), and thus it follows that

&:| ’ bgcﬂ-l—ﬁg '

Cok+1 —6 |: K
0

Using cqr11 = —Cyb} we obtain as a natural choice
§ =5+ 1 — 32 which gives 6 = 3+ 1

and 1/(8-1)
Ky

BB+1

B
Cp~p [%] and therefore C), ~

0

Hence from (42)), by, 2 ~ cort2 and coer1 = —Cjb2 we obtain

1/(B-1)
5| Ky 2 /(B1) /(51
brt2 ~ ?0 ﬁﬁﬁl bi =p 2o 1)Ko/( )bi

and

1/(8-1)

K’B

Cok+1 ™~ — —0 bB—H.
5,8+1 k

Since by ~ Aby this gives
o 1
Drya ~ BF 1K A72bi
and

B
_B+1 — . _a_ 1
Coprr ~ — BT KGN

(45)

(46)

(47)

(48)

(49)

(50)

(D)

The usual Koebe space does not hold and the proof of Theorem LetT >
£(0) be the maximal interval on which f 21 T is diffeomorphic. Then by Lemma

we have that f2°~1 = [A,, By] D [ax, by,] where
Ay = Cok—1, B = Cok—2 When k is even

Ay = cor—2, B, = cor—1 when k is odd.

When £ is even then

/Alk = Cok—1 = bgi_i ~ b;f—i-l)/? = O(bk)
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and when £ is odd then
Ap = cors & bff; ~ b,(fﬂw = o(by,).

So in either case there exists no 7 > 0 so that [Ak, Bk] is a 7-scaled neighbourhood
of [ag, by] for k large. In other words, there is no Koebe space (on the left) for the
diffeomorphic extension of the first entry map into [ay, by].

Improved Koebe Space for the semi-extension and the proof of Theorem
3 (Big Bounds). We can now prove Theorem 3 and an improved version of
Lemma 12t

Lemma 13 (Improved Koebe Space). The range of the map FEj|J; can be mono-
tonically semi-extended to a 7, scaled neighbourhood of [ay,bx] where 7, ~

br_a/b ~ by, "> when k is even and 75, ~ 1 for k odd.

Proof. The map Ej|.J; can be monotonically semi-extended onto [Ay, Bi]. As we
saw in Lemmas [11] and [12] we have |A;| > by_o for k even. By Lemma [4| and
the previous bounds, we have for k even By = cor—2 = bp_o. It follows from

this and that 7, ~ by_o/by ~ b,;l/Q. Note that for k odd, B, = b;_; and so
Tk:bk/Bk:bk/bk_l—>)\ask:—>ooandkodd. O

Proof of Theorems |5|and @ (Renormalization limits of R*): Given the previ-
1

ous lemma, we obtain that the Koebe space is of the order 7, ~ b,?. It follows
3
that O(by, /1) = O(b} ) and so lb gives

3
£ (z) = Cor — Sglx| + O(bé,'j) when z € [ag, 0] 52)
cor — t® + O(bE)  whenx € [0, by]
with
b " 1-p
S~ 70 and ty ~ bk . (53)

The proof of Theorem [ follows the above and an explicit calculation. For

example,

lim (R2k+1f) O Maok+1
k—o0

is composition of the asymptotically linear left branch of R?* f and of the part of
the right branch of R f corresponding to [by 1, Cox| Where cox ~ by,.
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Improved scaling law from 0, to b, when £ is even. Arguing as in (37) and
below we have ,
ok — tRADE = A\ + O(b2) (54)
and therefore ,
b — M 4+ O(00) = M\pby + O(b2)
This means 5
br — A b = Mebp + O(b2) + O(b))
and so )
Ae = A+ 0(0B2) + 0™ (55)

where as before A € (0, 1) is the root of 1 — A\* = \. In the same way, we obtain
that the ~ expressions in this Section 9] are in fact equalities with a multiplicative
error of the form 1 + O(b5,) for some € > 0.

One can similarly also obtain exponential convergence for the constants in the
scaling for by 1 to by o.

The growth rate of log b, and the completion of the proof of Theorem{d Let
pr = log(1/bar). As we saw pp — oo. Let us give a sharper estimate here.
According to prr1 = 2ug + Dy for all k& > 0 where

-1
Dy~ D :=log(B71KJ ). (56)

It follows that /2% = (po + Dy—1/2% + - - + Dy/2) and therefore there exists
© > 0 so that % — O. Moreover,

O— /2" =D Di/27 =) " D/2M 4y (D= D)2 = D/2"+0(1) /2",

i>k i>k i>k
Hence
log(1/bogs1) ~ log(1/bor) = e = 2"© — D 4 o(1) (57)
and so using (56)
1
1 /by = B 5T KZ " exp(2°0 + o(1)). (58)
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Necessary and sufficient invariants for /: {cox }x>0 — {Cor }x>0 to be Lips-
chitz. Assume that h: {cor }r>0 — {Cor }r>0 is @ conjugacy between f and f
and is Lipschitz at 0. This implies

52% ~ Co2k, 622k+1 ~ Co2k+1. (59)

Since bog1 ~ Abgy , Co2x ~ bop, where A € (0,1) is the root of the equation
M a=1, implies

Dok = bop, and A\ bojyy & A Hhgpis (60)

By Theorem ] and (59) we also have

-4+l ~5i;1~7571~/3’+1 ~ N Iy
=B KT AT T by~ Cozher R oz R = TR AT T by (61)

This, the 2nd expression in and by 11 — 0 imply that

3 = /3 and therefore A\ = \. (62)

Finally (58)) and (59) imply that

—1

1 2 Gon [ Cor ~ bogs/bogy = [%} T exp(25(0 — 6) + (1)) (63)
0

Hence R
0 =06. (64)

Thus we have shown that the existence of a Lipschitz conjugacy implies
B=p3and® = O. (65)
That & is Lipschitz conjugate when (63)) follows from the above equations.
Necessary and sufficient invariants for /: {cyx }r>0 — {Car }r>0 to be differ-
entiable at 0. By the previous paragraph, are necessary conditions for h to

be differentiable at 0. Let us show that these conditions are also sufficient. So
assume that (65) holds. This and imply

—— =p.  (66)
Co2k bgk Bﬁ ~Og,1

Goe b =3 o . Ko\ 71
LN 6—01€Xp<2k(@ —0)+o0(1)) ~ (R_O)
0
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By Theoreml 5 G, A=\ and bok+r1 ~ Aboy, b2k+1 ~ )\bzk and the previous
expression (and p := [KO/KO] = 7-1) we get

S R . 172 s B+1
Copet1 -3 5 0@71)\,571[)5:;1 _ | Ko N N
Co2k+1 _/BfrﬂKoﬁ% A_/B_lbgljil KO b?k‘—l—l (67)
- 155 1 18+ .
~ ﬁ bik ~ ﬁ p5+1 = pfﬁpBJrl = p
0 bak K

Another ratio. Even though we shall not use this, let us calculate another ratio.

Writing as before cyori1 = —CobS, we have according to and we have
1/(6-1)

0 =+ 1and Cy, ~ [—0 . So according to (38]) we have

ﬁﬂ—&-l

Curyy  KYO
K, 2* BB+)/(6-1)

b3 (68)

Co2k — C3.92k ™~

So assuming that (65]) holds we have using (66)

Co — .92k N KS/(B—U@ N f(é/(ﬁ—l)p2 iy
Co2k — C3.92k Ké/(ﬁ—l) b%k Ké/(ﬁ—l)

The invariants are sufficient for the conjugacy h: A — A to be differ-
entiable at 0, Where A is the attracting Cantor set U,,>of™(0). Regardless
whether or not holds, there exists a topological conjugacy h: A — A be-
tween f and f in fact in the next section we will show that f f do not wandering
intervals, and then we will also know that there exists a topological conjugacy h
on the entire space. Let us show now that the conjugacy h: A — Ais necessarily
differentiable on A when (65)) is satisfied.

To do this, note that when £ is even that AN Jay, by] is contained in the union of
following intervals Uy, Vi, Wy, X, where Uy, = [xy, ¢4.0¢] Where z;, < 0 is chosen
so that f(xy) = f(cgor) and let U, = [xx,0], U = [0, con], Vi = fi(U}),
We = f-(Vi) and Xy = f(W}). For simplicity also define Ry := [Xj, V],
Lk = [Wk, Uk] and (Uk,Xk) = [04,2k, Cg.Qk].

Lemma 14.

(Wi
| Ly|

lim inf

> 0. (69)
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W, W Lit2 Riyo

— —
Ly U, Ry
a1 Wek ko byio Xy Vi
__________ _!. _ = _! —_— e — — - =
Co.ok  Cg.2k 0 C4.2k C3.0k C7.0k  C5.9k Cok

Figure 7: These four intervals contain the postcritical set in [ay, by]. We will pull
back the analogue of the dashed intervals for level k£ + 2 inside W,.

and

R L
| k| — 0 and | k|

_ — s 0ask — oco. 70
e, X0) e, X0 70

Proof. Note that |U,"| = |z1| & |cgn]? ~ b',f+2 ~ b,
Vil = leat = el = LA(U)] = sulUy | = 707 = "7

and by (#3),
|Wk| = |fT(Vk)| ~ Bb}jﬁ ~ |Cgk+1 — 0|

where in the last ~ we used (51]). This implies that the size of W}, is comparable
to its distance to 0; in other words for any two points uy, v € W we merely have
uy, = vy, showing (69). To prove (70), note that

‘Uk’ ~ |U1j’ = ‘02k+2‘ ~ bpo = bl2c

and therefore
|Lil = |[W, Ul| = b7 + b7 = b7

Similarly, by and § = 1 +  we have
|Rk| = |[Xk,Vk]| = |02k — C3,2k| =~ bz (71)
These two statements imply |(Uy, X.)| ~ |[0, ]| ~ by, and therefore (70). [

It follows from that when u;, € Ry, arbitrarily then uy, ~ b as k — oo and
therefore we will be able to use Ry, instead of the intervals X and V. Equation
(69) will require us to choose much smaller intervals inside 1.
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Lemma 15. Let W, and W," in W), which are mapped by f, o f; onto Ry resp.
Lj.y2, where we take W, is to the left of W,". Then

Wi | W]
) — 0. (72)
W™ [Whl
Note that
AN fag,by) C W, UW,F UULU X, UV (73)

Proof. Since also holds for k£ + 2 replaced by £k, there exists four intervals in
Uy (with two in Ly, o and two in Ry 2) so that the gap between Lo and Ry o
is huge compared to the size of these two intervals. Now consider the orientation
reversing map f,. o f;: Wi — Uj. Since this map has bounded distortion (72))
holds. [

Note that for each x € A N [ay, by] either = € [ag 2, byy2] Or x is contained in
one of the sets X, V}, W,j or W, . Moreover, as we have shown, if u, v, € Q
and uy, — 0 where Qy is either Ry = [Xj, Vi], W, or W~ then uy, ~ vy.

It remains to obtain asymptotic expressions for at least one point in each these
intervals. Let us start with W,". This interval contains a point z; so that f, o
fi(zr) = 0. It follows that

|corrr = O] = | £(£f1(0)) — fr(fil2k))| ~ BIfi(0) = filzx)| ~ Blzxlsk

by " [ Kf

1/(8-1)
Since sy, ~ }“(— and cor+1 ~ — ] bf“ it follows that

0 BB+1
1/(8-1) _171/(B6-1)

1 Kg g1 Ko Kgﬁ ' p2e 74
w5 S T e U9

Similarly, cor+1 € W, and according to

1/(8-1)
K .
Cok+1 ™~ — [ﬁﬁ—?ﬂ] bg-’_ . (75)
Finally, c3.9r, cov € Ry, by (40)

C3.9k ™~ Cok ™ bk (76)
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Let us now take the homeomorphism % between A and A defined so that
h(f™(0)) = f™(0) and show that h is differentiable at 0, provided that 3 = 3,
© = O and K, = K,. Because of these assumptions, equation (5 . ) gives that for
k — oo even,

b Ko177
be {KO} 1, (77)
0

Let uj, € A and take @, = h(uy). By renumbering if necessary we may assume
that u, € W, U I/VJr U X, UV,. From . follows that for u, € W, uy, € W,
g fuy, = [Ko/Ko)® =D by [0,)% ~ p' =20 = p,

From 1| up € W:, Uy € W+,
Ty, u — [KO/KO]B/(B—l)(gk/bk)BH ~ p—ﬁp1+ﬁ = p.

Finally from We~have Uy /ur, — p forup € X3 UV and 1y, € )N(k U f/k, It
follows that A: A — A is differentiable at 0.

The invariants are sufficient for the conjugacy h: A — A to be differ-
entiable along A, where A = U,>f™(0). Let Apg = [ar, bi)s Ari = fH(AY),
i=1,...,2" —1and A}, = Up<i<or—1Ak,;. Note that A = N, Ay. Moreover,
let A;m-, Ak be the corresponding the sets for f . As in [42] Section VI1.9], de-
fine = {0,1}" and a continuous map ¢: 2 — A defined by associating to
w € Q = {0, 1}" the point N AI*) where j(k,w) = 31~ w(i)2/. Denote the
interval Ay (e by [w(0),...,w(k — 1)]; and let [w(0),...,w(k — 1)] ~ be the
corresponding interval for f. Because f has the period doubling combinatorics,

w(0), ..., w(k — D C [w(0), ..., w(k — 2)]ss

Let Q* be the dual Cantor set consisting of all left infinite words

{w=_(..,wk),...,w(l),w(0)),w() € {0,1}}

with the product topology. From the scaling law (58) we obtain that

[07 cee 707 07 0]k+2

000, Lt exp(2"(O — 40)).
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From the calculation in (56)- it follows that [, (1 + €,) goes to one as
k — oo. (In fact, one can show that €, tends exponentially fast to zero.) From the
above consideration we also have that for ji, j, € {0,1}

[0,...,0,71, Jolkte
0...0,0];

= (L + ex)r(B, j1, j2) exp(—2"W(O, B, j1, j2))

where ([, j1,j2) > 0 and W(O, 3, 71, j») are constants which can be computed
explicitly as above (and which only depend on /3, O, 71, j2). Using the fact that the
Koebe space of the semi-extension of the first entry map from A into Ay ¢ C
Ay tends exponentially fast to infinity, and therefore the non-linearity of the first
entry map tends exponentially fast to zero, we obtain

[W(k’ + 1)7 s 7w(2)ajlaj2]k+2
wk+1),...,w(2)]k
Hence, as in [42, Proof of Theorems VI1.9.3 and VI.9.1], using the property that
ank(l + €,) converges to 1 as & — oo and assuming that holds we obtain
that for each sequence w € (2*
[wk—1),...,w(0)]x~
[w(k—1),...,w(0)]k

= (]— + ek)ﬁ(/gvjh]é) eXp(—Qk\I/(@7 B)jl»jQ))'

converges and the value of the limit depends continuously on w € £2*. From this
it follows that the conjugacy is differentiable along A.

10 The Hausdorff dimension of the attracting Can-
tor set is zero

Recall that for every k¥ > 0 and i = 0,...,2" — 1 we have defined A;; :=
fi([ar, i)

Let us make a few observations on locations of certain intervals A inside
their parents. In what follows k is assumed to be even. First, observe that the
both intervals Ay 5 or and Ay 3.0 belong to [c3.9r, cor]. Secondly, Ay oq0c C
[Co.9%, C4.0¢]. Also note that all 4 mentioned intervals belong to Ay o.

Using formulas (38), and we see that |A] < C|Aqx]? for A =
Apioor, Dpiogok, Apiosak, Ag o400, Where C' is some universal constant.

Fix some integer 1 < i < 2¥ — 1. The distortion of the map f2~% : A,; —
Ay, is asymptotically small due to Theorem [3| and Lemma [T] (£ is still assumed
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even). We know that f2~/(A.;) = [ax, csx] and this interval is very close to
Ay o = [ag, bg] due to formula @ Hence, if A C Ay, is one of four intervals of
the form Ay o, then |A] < C|Ao||Ag;|, where C' is another universal constant.
This estimate implies that for any v > 0 there exists kq (depending on f) such that
if k > ko and k is even, |A]" < 1[Ag;|". Therefore,

4.2k 1 2k 1
D 1 Ak2a” <) 1A
i=0 i=0

Thus we have shown that the Hausdorff dimension of A is zero.

11 Absence of any Koebe space for general first en-
try maps
Define Ry, to be the first return map to [ay, by].

Theorem 13 (Theorem [9]- Absence of Koebe space). For each 7 > 0 there exists
x and k so that the maximal semi-extension of the first entry map from x into
lak, bx] does not contain a T-scaled neighbourhood of [a, b].

Proof. Assume thatz € [ and nis sothaty = f™(x)is afirstentry to [ag;_1, ba;_1]
and that in fact y € [by;, by;_1]. Moreover, assume that ' = Rg;_1(y) € [ag;, by
Write ¢/ = f™(z) so ¥/ is a first entry of z into [ay;, by;| under f™. Since f™ =
Ry;_10f", the maximal diffeomorphic extension (or even semi-extension) of f™ is
at most that of Ry; ;. The diffeomorphic range of the latter map is [cg2i—1, Bo;_1].
By Theorem 4| we have cy2i-1 =~ —bgitll.

The length of [ag;, by;| is ~ bo; & by; 1 ~ b3, ,, and since 3 > 1, therefore the
space [cg2i-1, ay;] is minute compared to the size of the interval [as;, by;] When i
large. It follows that when ¢ is large, there exists no 7 > 1 so that the range of the
extension [cy2i-1, By; ;] contains a 7-scaled neighbourhood of [ag;, by;]. In fact,
the range of the extension is also not a 7-scaled neighbourhood of [ag; 1, ba;ii1]
for the same reason. [
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a2i-1 0 bait1 b2i—1
a2; bo;

Figure 8: The return maps R; to [a;, b, for j = 2i — 1,24,2i + 1.

12 Proof of Theorem [10: absence of wandering in-
tervals

Lemma 16 (The orbit of a potential wandering interval). If f has a wandering
interval W, then

1. Wy, := f*(W) accumulates onto 0, so for some sequence of k;’s tending to
infinity Wy, — 0;

2. there exists iy so that if Wy C [ag,_1,bo,—1] for some k then W), C
Uizio [521‘7 bQi—l];

3.if W, C [b2z‘7 bgi_l] then W), C [bgi,’fh’b%_l] where N — 0as? — oo.

Proof. Assume by contradiction that 1/ is a maximal wandering interval for f.
The sequence of intervals W; := f*(WW) must accumulate to 0 for some subse-
quence ¢; — oo. Indeed, otherwise we can modify the map in a small neighbour-
hood of 0 to obtain a C* map whose orbit of ¥ is the same as that of f. But then
a theorem of Mafé, see [41][Theorem II1.5.1] gives a contradiction. It follows
that W; # 0 for all ¢ > 0. So for any k there exists a minimal n(k) > 0 so that
Wty C I = [ak, by] where n(k) — oo as k — oco. Since all iterates of W are
disjoint, W; N {ag, bx} = @ forall i > 0,k > 0.

By minimality of n(k), W; N [ag, bx] = (0 for all i < n(k). Hence if we take
T, D W to be the maximal interval so that f™*)|T}, is a diffeomorphism then by
Lemma [3|there exists 7 > 1 so that f"*)(T}) contains [ray, 7by].

(1) Let us first show that W, lies to the right of 0 for all £ large. Indeed, as-
sume by contradiction that there exists infinitely many &’s so that W,y C [ay, 0].
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For each such k, f"®(T}) O [ray, 7by] is a scaled-neighbourhood of W, ). By
Koebe it follows that T} also contains a 7’-scaled neighbourhood of W where
7/ > 0 is the same for infinitely many k’s. This shows that there exists an interval
W' > W which strictly contains W on which all iterates of f are diffeomorphic,
contradicting the maximality of WW.

(2) Let us now show that there exists kg so that if k& > kg is even then W,
cannot be contained in [by1,b;]. Indeed, when k is even then by Theorem
[Tay, Ty is a scaled neighbourhood of [by1, bx] and so as in the previous case we
obtain a contradiction.

From (1) and (2) it follows that for all k large, W,,(x) is contained in  J, [b2;, bai—1].
Similarly to (2), we have that if 17,4 is contained in [by;, by;—1] then in fact it is
contained in [by;, nby;—1| where n € (0, 1) is small when i is large. Here we use
that W, () must be contained in a fundamental domain of the fixed point bo;_; of
Ry 1. O

As above let n(k) > 0 be minimal so that W) C I = |ag, b]. From the
previous lemma it follows that I, is contained in [b2i, ba;—1] for some 2i—1 > k
and therefore n(2i — 1) = n(k). The first return map Ro; 1 to [ag;i_1,bo—1] is
drawn in Figure 8] and satisfies Ry; 1(z) < x for x € [0, by;_1]. It follows that
there exists m; > 1 so that

R \(Whry) C [bai, bai—1] forall 0 < j < my, (78)
and then for some ¢ > 1,
R5* (Whky) C [bair, bayr—1]. (79)
In other words, the next first entry into [as;, by;] is in fact into [byy, boy 1] and in
particular n(2i — 1) < n(2i) = --- =n(2¢' — 1).
Lemma 17. f does not wandering intervals.

Proof. Let us write Ry; 1 = ¢;_1(2”) on [0, by;_1] where ¢9;_; is an orientation
preserving diffeomorphism. For convenience we will write ¢ rather than ¢;_;.
Let us first obtain an estimate for ¢. It follows from Lemma (12| and part (3) of
Lemma ¢/ (2)/¢/ (&) — 1| < eforall z, 4 € [bS;, nb5._,] where e > 0 is small
when 7) is small and ¢ is large. It follows that there exists v > 0 so that

—ye< @' (x) — v < e (80)
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Since ¢(0) = cg2i-1 < 0 it follows that
$(0) + (1 = e)yz < ¢(x) < ¢(0) + (1 4 €)yz < (1 + €)ya. (81)

Note that |cyzi1| /2 [B5 | << |by;_1| and therefore Ry;_y(boi_1) = by;_y implies
1-8
that v ~ b, .

From (57) we have log(1/by;_1) ~ 2, log(1/by;) ~ 2'*!, and therefore
log(log(1/b9;—1)) =~ ilog2+ O(1), log(log(1/bs;)) =~ (i+1)log2+ O(1) and so
the length of the intervals [by;, bo; 1] is bounded in double logarithmic coordinates.

Let us show that Ry;_; is expanding in double logarithmic coordinates. So
define ly(x) = log(log(1/x)) where we assume x € [by;, Nbo;_1]. Then Dliy(x) =

e

and z = I, ! (y) = e~¢’. Moreover,

xlog(1/x)
¢ (=) (Bev)e ™
¢(e=<") log(1/¢(e=F<"))
Since v = I, (y) = e=¢’, logz = —e¥ and log(1/2”) = BeY this is equal to
¢'(v%)2" log(1/27) 7 log(1/”)
¢(x7) log(1/¢(x7)) ¢(27) log(1/p(a7))

where in the inequality we used . Since ¢ — tlog(1/t) is increasing for ¢ > 0
small and because of (81) the latter expression is bounded below by

> (1—e)y z”log(1/2”) _ (1—¢) log(1/z")
- (1 + €)ya?log(1/((L+ €)yxf)) (1 +€)log(1/((1 + €)yz?))

Since v ~ b;;_'g 1» there exists Cy > 0 so that this is bounded below by

D(ly0 Ry 0ly')(y) = D(ly0 ¢o foly')(y) =

> (1—¢€)y

Jl-c log(1/2")
~ 14€ log(1/2%) + (1 — ) log(1/bai—1) + log(Cy)

Since the latter expression is increasing in x for z € [0, by;_1] and since z €
[b2i, ba; 1] this is bounded from below by

1—e€ Blog(1/by;)
1+e Blog(1/by) + (1 — B)log(1/byi—1) + 1log(Co)

Since by; & b3, , this is bounded from below by

1—e¢ 25 1og(1/ba;—1) + log(CY) - 26
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provided ¢ is large and € > 0 is small. It follows that in double-logarithmic
coordinates Ro;_1 is expanding on [by;, nb;_1].

It follows that if W is a wandering interval above, then in double-logarithmic
coordinates the iterates described in and increase each step in length by a
factor (4 1)/2. So their length tends to infinity. But this violates that all iterates
are contained in U;>;,[b2;, bo;—1| because, as we saw, in double-logarathmic co-
ordinates the length of the intervals [by;, bo; 1] is uniformly bounded from above.

[
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