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Abstract

This thesis develops control strategies of a new type of active suspension for high

performance cars, through vehicle modelling, controller design and application, and

simulation validation. The basic disciplines related to automotive suspensions are first

reviewed and are followed by a brief explanation of the new Series Active Variable

Geometry Suspension (SAVGS) concept which has been proposed prior to the work

in this thesis. As part of the control synthesis, recent studies in suspension control

approaches are intensively reviewed to identify the most suitable control approach for

the single-link variant of the SAVGS.

The modelling process of the high-fidelity multi-body quarter- and full- vehicle

models, and the modelling of the linearised models used throughout this project are

given in detail. The design of the controllers uses the linearised models, while the

performance of the closed loop system is investigated by implementing the controllers

to the nonlinear models.

The main body of this thesis elaborates on the process of synthesising H∞ control

schemes for quarter-car to full-car control. Starting by using the quarter-car single-link

variant of the SAVGS, an H∞ -controlled scheme is successfully constructed, which

provides optimal road disturbance and external force rejection to improve comfort

and road holding in the context of high frequency dynamics. This control technique is

then extended to the more complex full-car SAVGS and its control by considering the

pitching and rolling motions in the context of high frequency dynamics as additional

objectives. To improve the level of robustness to single-link rotations and remove the

geometry nonlinearity away from the equilibrium position, an updated approach of

the full-car SAVGS H∞ -controlled scheme is then developed based on a new linear

equivalent hand-derived full-car model. Finally, an overall SAVGS control framework

is developed, which operates by blending together the updated H∞ controller and

an attitude controller, to tackle the comfort and road holding in the high frequency

vehicle dynamics and chassis attitude motions in the low frequency vehicle dynamics

simultaneously.



xii

In all cases, cascade inner position controllers developed prior to the work in this

thesis are employed at each corner of the vehicle and combined with the control systems

developed in this thesis, to ensure that none of the physical or design limitations of

the actuator are violated under any circumstances.
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Chapter 1

Introduction

1.1 A Brief Background

As many other vehicle systems, the development of suspensions has been influenced

by the evolution of the transportation technology. In the early years, carts were not

having any type of suspension at all. Until the eighteenth century, the primitive

suspension was an iron chain. Metal springs and leaf springs were first designed at

that time period. Various implementations have been developed until the last century,

which saw the development of the suspension with the following basic components:

a spring and a damper [132]. Ride comfort was the first performance shown in the

studies that can date back to the 1920s and 1930s [105, 124]. The analysis of handling

and steering followed during the mid-1950s and was successfully in applying control

theory, which was previously used in aircraft studies [116]. In the following decades, the

compromises between ride and handling behaviour of the vehicle were a critical aspect

of the importance of subjective evaluation in vehicle dynamics for both customers and

manufacturers. With the evolution of digital computers, the complexity of vehicle

models were grown at full speed due to the greater processing power. In particular,

the software environment for the multi-body system contributes to the formulation of

motion equations for complex models which could never have been tackled by hand

[37].

A vehicle suspension system provides ride comfort and road holding properties as

the suspension supports the vehicle body and transmits load forcing by road excitation

between the chassis and the wheels. The suspension design seeks to resolve the conflict

of improving ride comfort and road holding simultaneously [149]. Essentially suspen-

sions can be categorised into three main types: passive [122], semi-active [33, 126, 182],

and active suspension systems [91, 183]. A passive suspension consists of a spring and
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a damper, which can only store or dissipate energy. However such single spring and

damper combination is not capable of simultaneously achieving the many purposes

of the suspension system. A semi-active suspension is one with no external force

sources employed, but where some control is achieved by switching the characteristics

of the passive suspension components. The concept of active vehicle suspension has

attracted great interest in both the academic and industrial fields since the late 1960s;

see [58, 67, 114, 149] and the references therein. The primary advantage of active

suspension, compared with the passive and the semi-active suspension presented in

most of today’s cars, is its ability of reducing the conflict between achieving passenger

comfort and road holding [137]. However, despite their advanced capabilities, active

suspensions have not had a significant impact in the automotive market due to several

disadvantages, related to power requirements, weight, size and complexity [54].

The research focus of this project is to develop control strategies for a new concept

of mechatronic vehicle active suspension, namely the series active variable geometry

suspension (SAVGS). This suspension concept has been initially proposed in a patent

[51] at Imperial College London as a solution with the potential to provide better

suspension performance than passive/semi-active suspensions and avoid the inherent

disadvantages of active suspensions regarding to less weight and less energy consump-

tion. Then, the thesis [13] and the corresponding publications [9–11] have further

studied the SAVGS concept for cars through: 1) developing virtual and experimental

tools to better understand its behaviour, advantages and weaknesses; and 2) investi-

gating the interdependence between the vehicle properties and the requirements for

the main SAVGS components to enable system dimensioning. The successful design

of the SAVGS is also determined by choosing a suitable control strategy to simultane-

ously obtain excellent ride comfort and handling, with some initial control design also

conducted in [9–11].

The issue of control in active suspension has attracted attention of researchers

for many years. Typically, linear control methods such as PID [104], model predictive

control (MPC) [97, 112] and H2/H∞ [160] control have been developed in several stud-

ies and widely applied to industry due to their simplistic design. To manage a more

complex model, backstepping [156] and adaptive sliding-mode [107] nonlinear control

techniques are commonly used. Regarding to highly-nonlinear systems in which the

models are more complex, fuzzy logic and neural network control have been success-

fully applied, as for example in [108, 184]. This project will focus on the design of

a control scheme for a car model with SAVGS. More importantly, this controller will

then be applied to the real test rig of a high performance car over a wide range of road
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input conditions and uncertainties in the future work. Therefore, since the car model

is nonlinear and complex, nonlinear control will not be considered in the present work.

Instead, H∞ techniques are found to be more suitable as a powerful tool when solving

robust control problems, which has been applied to active suspension controls since

1980s [56, 72, 174, 181]. Meanwhile, H∞ techniques have the advantage over classical

control techniques because they are multi-input multi-outputs (MIMO) control tech-

niques that are applicable to solve multivariable problems in the frequency domain.

Demonstrations of H∞ based design techniques to active suspension system have been

reported in the literature to guarantee stable and robust operation of the system in

[181]. In this work, a comprehensive approach to development and verification of the

control strategies of the SAVGS are conducted using the H∞ technique.

1.2 Research aims

The main research aims of the work described in this thesis are summarised as

follows:

• to identify the best control techniques that will solve the multi-objective SAVGS

control problem and achieve stabilisation with guaranteed performance,

• to model the high-fidelity multi-body quarter- and full-vehicle nonlinear models

(with passive and SAVGS-retrofitted suspensions) to virtually test the control

algorithms and compare the performance of different controllers,

• to linearise the nonlinear vehicle models at the equilibrium position or to develop

simple hand-derived equivalent models for control synthesis,

• to formulate H∞ control synthesis for the quarter-car single-link variant of the

SAVGS, with the aim of providing optimal road disturbance and external force

rejection to improve passenger ride comfort and road holding in the context of

high frequency vehicle dynamics,

• to apply the quarter-car H∞ control technique experience to the full-car SAVGS

vehicle control by considering the addition of the pitching and rolling motions

to the high-frequency suspension functions as additional objectives,

• to develop an attitude control scheme with the full-car SAVGS for the mitiga-

tion of pitch and roll motions to the low-frequency suspension functions during

turning manoeuvres or longitudinal acceleration/braking, and
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• to develop an overall full-car SAVGS control scheme to assess the overall require-

ments by blending the H∞ and attitude control together, in terms of improving

the combined ride comfort, road holding and vehicle attitude motions control

simultaneously.

1.3 Outline of thesis

Chapter 2 contains a thorough literature review of the state-of-the-art in the field of

vehicle suspension systems, together with a brief explanation of the new Series Active

Variable Geometry Suspension (SAVGS) [51] concept. A review of recent studies on

control approaches to active suspension is also completed and compared.

Chapter 3 forms the foundation of this project, providing the modelling of the

multi-body quarter- and full-car nonlinear models and the linearisation of the quarter-

and full-car models. The selection of the software packages (AutoSim and MATLAB)

used for the development of the models and the testing of the control systems are also

justified in this chapter. Also, lists of the vehicle parameters and actuator components

used for the high performance car in subsequent chapters are supplied. Moreover, the

system performance indexes used to compare the performance of different systems

and the modelling of the road disturbances to excite the vibration of the vehicle are

explained.

Chapter 4 details the development of a SAVGS H∞ -controlled scheme based on a

quarter-car model, which is the linearisation of the nonlinear quarter-car in AutoSim

at a trim state. The closed-loop controlled system aims to tackle comfort and road

holding objectives simultaneously and the tuning process of the controller design is

discussed in detail. The simulation results of the passive and SAVGS H∞ -controlled

nonlinear quarter-car are presented to characterise the behaviour of the system and

to quantify control performance with a range of road and external load disturbances.

The obtained quarter-car H∞ controller is then equipped at each corner of the active

suspension to control the full-vehicle model. Simulation results are carried out, which

contribute a good reference point for the development of the full-car specific controller

in the subsequent chapters.

Chapter 5 details the development of a SAVGS H∞ -controlled scheme based on

a full-car model which is the linearisation of the nonlinear full-car in AutoSim at a

trim state. The closed-loop controlled system aims to minimise vertical accelerations

and tyre deflections for all corners of the vehicle simultaneously, as well as considering

the pitching and rolling motions in the context of high frequency vehicle dynamics, as
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additional objectives. This is a more complex control problem due to the larger number

of states, inputs, and outputs, as well as the interaction of the SAVGS dynamics of

the four corners of the vehicle. Thorough simulation tests are conducted to verify its

performance and robustness characteristics, as well as the satisfaction of constraints,

in a more realistic context than with a quarter-car.

Chapters 6 and 7 finalise an overall full-car SAVGS control scheme that assesses

the overall requirements.

In Chapter 6, another approach for full-car SAVGS control in the context of high

frequency vehicle dynamics with higher level of robustness to single-link rotations is

proposed. This approach is developed based on a new linear equivalent hand-derived

full-car model that manages to remove the main geometric nonlinearity associated

with the AutoSim linearised model mentioned in Chapter 5. In addition, in the full-

car SAVGS H∞ -controlled scheme, extra exogenous inputs are designed for tracking

the single-link position commands of higher level controllers.

In Chapter 7, an attitude controller for studying the effectiveness of the control of

SAVGS attitude motions, in the context of low frequency vehicle dynamics, for the

mitigation of pitch and roll motions in standard test manoeuvres is presented. The

outputs of the attitude controller are used as exogenous inputs that feed to the H∞ -

controlled scheme developed in Chapter 6. The final overall SAVGS control frame-

work chosen operates by blending the H∞ controller and attitude controller together

to tackle comfort and road holding in high frequency vehicle dynamics and chassis

attitude motion in low frequency vehicle dynamics simultaneously.

Finally, Chapter 8 summarises the main conclusions attained in this thesis and

outlines the main areas for further research.





Chapter 2

Literature review

Active suspension control has been a popular subject in the automotive industry in

the past few decades [49, 106, 163, 164]. It plays a vital role to improving the compro-

mise between the conflicting ride and handling measures of vehicle performance. The

design and development of control strategies for active suspension systems is a multi-

disciplinary engineering approach that involves subjects that range from mechanical

engineering to control theory.

In this chapter, the basic disciplines related to the control of active suspension

systems for road vehicles are reviewed to understand the historical evolution of the

suspension system and the current state-of-the-art in suspension systems. In sections

2.1 and 2.2, the basic tasks of the automotive suspension system on a vehicle are briefly

explained and then a comprehensive comparison between passive, semi-active and

active suspension (including SAVGS) is provided. In Section 2.3, the commonly used

vehicle models in research studies and suspension performance indices are discussed.

In section 2.4, recent studies of linear and nonlinear control approaches to the active

suspension are illustrated and compared. At the end of this chapter, section 2.5

provides a brief discussion and summary to identify the most suitable control approach

for the SAVGS.

2.1 Suspension functions

A suspension in a conventional configuration (see Fig. 2.1) contains three main

elements: 1) A coil spring is used for delivering a force opposite and proportional to

the elongation of the suspension. This part also carries all the external static force

loading. 2) A damping element is used for delivering a dissipative force opposite and

proportional to the elongation speed of the suspension. Even if the dissipative force
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is negligible at steady-state; it plays a central role in the dynamic behaviour of the

suspension. 3) A set of mechanical components is used for connecting the sprung mass

(chassis) to the unsprung mass (wheels) [140].

Fig. 2.1 Conventional suspension configuration [26]

A typical suspension on a vehicle has the following basic functions [24, 42, 130, 168]:

1. To isolate external road disturbances to achieve good passenger comfort

Passenger ride comfort is determined by the vertical acceleration at the passenger

locations. Therefore, a well-designed suspension system should be able to reduce

the vibratory forces transmitted from the axle to the vehicle body (sprung mass),

which means minimising the vehicle body accelerations.

2. To minimise the tyre deflection to keep good road holding ability

Optimal road holding ability of a suspension can be qualified by the vehicle

tyre deflection performance. Tyre deflection can be directly calculated from the

variations in normal tyre load, as a tyre model can be roughly assumed as a spring

unit in response to vertical tyre loads. Minimising the normal tyre load will

improve the road holding by producing better cornering, braking and traction

performance. Road holding and ride comfort have always been a compromise in

conventional passive suspension systems.

3. To minimise pitch and roll motion in order to provide good handling

The vehicle handling ability can be judged by the roll and pitch accelerations of

a vehicle during cornering, acceleration and braking as well as on the vehicle’s

directional stability when driving in steady state condition. Half- and full-car
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models are normally used to investigate the pitch and roll performance of a

vehicle. In the automotive industry, good handling ability is a major aspect for

a vehicle’s safety. Thus a good suspension system should be able to keep the roll

and pitch motion small while driving.

4. To operate within the rattle space limitations to support the vehicle static weight

Another important objective of the suspension system in automotive road vehi-

cles is to support the body static weight by ensuring the suspension rattle space

(suspension deflection) is minimised. Rattle space is the maximum relative dis-

placement of the suspension components between the sprung mass (chassis) and

unsprung mass (wheels). A good suspension system should ensure suspension

deflection is within a vehicle’s rattle space.

To meet the mainstream passenger’s requirements, engineers adjust the suspension

systems with better driver and passenger comfort. Sports cars may emphasise stability,

road holding and handling over passenger comfort and space. The existence of a

suspension establishes the link between the road and the vehicle chassis which affects

the entire dynamic behaviour of a vehicle. In addition to dominating the vertical

dynamics, the behaviour of the suspension also manages the rotational dynamics (roll,

pitch) caused by its unsynchronised motions. Therefore, suspension systems affect

most aspects of the passenger feeling and driving ability.

2.2 Classification of suspension systems

To fulfil these functions, researchers have established several suspension designs to

achieve variable trade-off between ride comfort and handing characteristics of vehicles

[5].

Consequently, suspension systems can be categorised into two types according to

the geometric layout: dependent suspension system (rigid axle) and independent sus-

pension system [42]. A typical four-wheel vehicle has the two front wheels connected

by the front axle and the two rear wheels connected by the rear axle, which means

that a vehicle may have two arrangements of suspension on the front and back. The

arrangement is classified by whether a solid axle beam binds the wheels or whether the

wheels are permitted to move independently. The former is known as the dependent

suspension system and the latter is called the independent suspension system:

• Dependent suspension system (solid axle)
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Dependent suspension system is the system in which the vertical motions of one

wheel are directly affected by the motions of the other wheel because of the

solid axle beam. A solid axle dependent leaf-spring rear suspension system is

shown in Fig. 2.2. It is fixed under the front/rear axle of the car like a solid

bar and clamped with leaf springs and shock absorbers. The leaf springs and

shock absorbers are then attached to the vehicle body. Dependent suspensions

are simple and have low-price.

Fig. 2.2 A solid axle beam dependent leaf-spring suspension system [129]

Recently, dependent front suspensions have not been used in mainstream cars.

Only heavy vehicles are still equipped with dependent suspensions, such as front

dependent suspensions on trucks. In the case of dependent suspensions, the left

and right wheels cannot be simplified as independent unsprung masses.

• Independent suspension system

Vehicles mostly have independent front suspension and many of them also have

independent rear suspensions. Independent suspension represents a broad range

of automobile suspension system in which each wheel on the same axle could have

completely independent movement under road disturbances. A fully independent

suspension has both front and rear independent suspension.

Even with higher manufacturing costs and development efforts, the independent

suspension offers several advantages over dependent suspension which include

better ride quality and handling performance as well as the better control abil-

ity of each wheel during steady and straight-line motion, cornering and brak-

ing situations. Independent suspensions are further classified into: swing axle;

sliding pillar; MacPherson Strut; Double Wishbone; Multi link; Trailing and

Semi-trailing, etc.. (see in Fig. 2.3).
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Sliding Pillar Swing Axle

Multi-link

Trailing and Semi-trailing MacPherson

Fig. 2.3 Examples of independent suspension system. Image from [2, 35, 41, 128]

Double Wishbone Independent Suspension

In this project, the mechanical vehicle model is developed based on an existing

vehicle with double wishbone suspension retrofitted with the SAVGS. The dou-

ble wishbone suspension has become one of the most commonly used solutions

in both front and rear axles (shown in Fig. 2.4). This type of suspension is also

known as short long arm suspension as its upper and lower arms have unequal

length [138]. The upper and lower arms are connected to the chassis and steering

knuckle by means of revolute joints and spherical joints, respectively. Arms are

also the control links guiding the motion of wheels. The upper arm is usually

designed to be shorter than lower arm to produce negative camber as the sus-

pension jounces. The negative camber provided by the shorter upper arm of the

outside wheel when the vehicle is in a turning manoeuvre tends to cancel the

positive camber gain on the inside wheel. This design attempts to have the tires

perpendicular to the ground. Double wishbone designs provide the engineers

with more tuneable options than other types of independent suspensions. It is

fairly easy to optimise the wheel motion by controlling the camber angle, caster

angle, toe pattern and roll centre height.
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Fig. 2.4 Double wishbone independent suspension system

The double wishbone suspension is an optimal choice when considering the ratio

of kinematic versatility vs. complexity, it has larger numbers of design param-

eters than other systems such as the McPherson strut and slightly simpler and

less expensive than others such as multi-link suspensions [29]. Compared to the

McPherson strut, the double wishbone suspension has more parameters to fulfil

more design requirements; it also has lower friction forces that are caused by

the sliding motions; In addition, it is easier to reinforce the chassis base due to

a lower position of chassis attachment points [153]. Conversely, it takes more

space and is more complex than other suspensions such as the McPherson struct.

At the other end of the scale, multi-link suspension system is considered as the

evolution of the double wishbone suspension as it offers more design choice for

a specific vehicle. However, it normally costs more and is more complex than

double wishbone.

All of the suspension systems in full and quarter-car models mentioned in this

project are independent suspensions and can be represented by unsprung masses.

Alternatively, suspension systems also can be classified according to the nature

of their force-producing elements: passive suspensions, semi-active suspensions and

active suspensions. These suspensions are explained in detail in the following subsec-

tions:

2.2.1 Passive suspension

Traditional passive suspensions are the most widely used suspensions in road ve-

hicles. This type of suspension is called passive suspension because the suspension

passively adapts to the road profile. In a passive suspension system, the units produc-

ing force are coil springs and dampers. Shock energy resulting from road perturbation
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can be absorbed by the spring unit; and the damper unit then dissipates the stored

energy and prevents excessive oscillation [89]. The relationship between the force and

velocity characteristic of the shock absorber is also usually nonlinear [115]. The spring

and damper are placed in parallel with each other and normally such a spring-damper

united is known as a "strut". There are no sensors, electronics, or controllers imple-

mented in passive suspension [115].

A passive suspension configuration is shown in Fig. 2.5, using an example of the

linear quarter-car model. The dynamic equations and the features of this quarter-car

model are illustrated in the next subsection.
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Fig. 2.5 Quarter-car passive suspension configuration.

The basic limitation of passive suspensions as indicated in [94, 135, 159] includes

that it is not possible to eliminate the conflict between the ride comfort and handling

even by using nonlinear springs or additional cross coupling by devices such as anti-

roll bars. A suspension with large damping coefficient has good vehicle handling

performance. However, it transfers much of the load to the vehicle body which might

result in a harsh ride experience, especially when the vehicle traveling at low speed on

a rough road or at high speed in a straight line. On the other hand, a suspension with

low damping coefficient offers a more comfortable ride but it sacrifices the stability

when the vehicle in turns and lane change manoeuvres. The limitation also comes from

vehicle with passive suspension that will not keep best performance when passively

response to the changing road roughness levels and speeds due to the elements (spring

and damper) values are not tune-able [73]. Even under the same road and speed

conditions, when vehicle equipped with soft passive suspension suffering relatively

high static load changes, it may cause attitude control problems in cornering and
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braking and lateral stability and control problems. Therefore, a good design of passive

suspension can optimise ride and stability to some extent but cannot eliminate the

compromise between these different requirements [71].

Compared with the limitations of passive suspension, semi-active and active suspen-

sions could offer greater freedom to optimise the variety of performance requirements.

2.2.2 Semi-active suspension

The concept of semi-active suspension was first developed by Karnopp [39, 92, 93]

and dates back to the 1970s’. This type of suspension was initially introduced as an

alternative to the costly, complex and power-consuming active systems at that time.

As yet, semi-active suspension can be categorised as three classes, which are with

variable damper, variable lever arm, and variable stiffness [170]. Variable lever arm

semi-active suspensions are achieved by moving the point of force application to adjust

the force transfer ratio [8, 171, 173], therefore, they have a variable stiffness feature.

Moreover, the variable damper type semi-active suspension, known as the general

semi-active suspension, has been the main focus of researchers in semi-active suspen-

sion designs in the past [39, 145, 147]. A variable damper type semi-active suspension

is identical to the passive except that the damping coefficient can be adjusted actively.

Thus, the characteristics of dampers that determine the damping coefficient, such as

fluid viscosity, can be switched according to different driving conditions. Electrorheo-

logical (ER) and magnetorheological (MR) have been mentioned in [39] for the types

of viscosity in the dampers.

An ER damper is typically constructed from pneumatic or hydraulic piston/cylinder

combinations and controlled by an electromechanical unit of an orifice. ER dampers

application have been employed in the market since the 1980s, initially implemented

in Toyota Soarers’s Toyota electronic modulated suspension model[102]. Another im-

plementation of ER damper is found in the recent model of Lincoln’s contunuous con-

trolled damping system in 2006 [123], which monitores the suspension motion, body

movement, braking and steering inputs by a group of sensors and changes the damper

coefficient in milliseconds. This ER damper application provides improved driving

comfort and dynamics, and better isolation of road harshness. The MR fluid damper

is another implementation of semi-active type suspension, which is characterised by

faster response time in changing the force across the actuator with electronical control.

This method is limited with short fluid life which increased service concerns. An exam-

ple is the 2003 Chevrolet Corvette whose MR damper is co-developed with Delphi and

Lord Corporations [69]. The damping variable can be adjusted in milliseconds with
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the imposed magnetic field to force the iron particles to align with the direction of

the imposed field. The central idea of using MR damper is to distribute the damping

forces in a very short response time to mitigate the closed-loop vehicle oversteer or

understeer tendencies during quick transient manoeuvres through the control of lateral

and longitudinal load transfer characteristics of the suspension [20, 68].

Examples of the ER and MR damper are shown in Fig. 2.6 and a variable damper

type semi-active suspension configuration is shown in Fig. 2.7.

Fig. 2.6 Schematic configuration of the Electrorheological (left) and Magnetorheologi-
cal (right) shock absorbers [33, 182].
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Fig. 2.7 Quarter-car semi-active suspension configuration.

Therefore, semi-active suspensions adjust the damping coefficient according to the

driving condition but cannot introduce any force into the system [87, 152, 166]. They

only react to the damper compression or extension.
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2.2.3 Active suspension

The design of active suspension for road vehicles has been investigated by re-

searchers for many years [71, 96, 162, 178]. The actuator in an active suspension

provides energy to the system to improve dynamic behaviour [149]. It differs from

passive suspensions, in which components are fixed. In addition, the design of active

suspensions has been shown to offer the best suspension performance, in terms of both

comfort and road holding, compared to passive and semi-active systems [73, 147]. The

main advantages are summarised as follows:

• If the suspension working space is plenty in comparison with the road roughness,

active suspension offers better performance in ride comfort and road holding

compared with passive suspension. In this situation, semi-active suspension

performs as good as the active suspension due to the fast response of the damper

unit.

• If the suspension working space is restricted in comparison with the road rough-

ness, the performance differences between fully active suspension and passive/semi-

active suspension increase. Active suspension can adjust the suspension param-

eters through different circumstances to provide a desired combination of ride

comfort and dynamic tyre deflection control and to offer better attitude con-

trol by being responsive to manoeuvring. However, the fixed parameter passive

system suffers the weakness of having no external forces and non-adjustable

components. Thus it is only optimal for one designed operating condition. How-

ever, the semi-active performance is between active and passive system, and the

substantial performance differences between active and semi-active occurre in

extreme rough road conditions.

• Another benefit of using active suspension is its self-levelling and height adjusting

feature used to control the vehicle pitch and roll motions in manoeuvring. In the

same situation, without self-levelling, the semi-active and passive systems would

have static deflections due to the large payload, especially the system with soft

suspension [21, 148].

Actuator Bandwidth

Actuator dynamics is a very important aspect when considering the practical ap-

plication of control of active suspension systems. The idealised active suspension

actuator, at the optimisation analyses stage, is capable of delivering any force with
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an infinity response time. However, in practice, it is a very challenging task to obtain

a high-fidelity actuation without a full understanding of underlying system dynamics

and a mastery of mechatronic design skills [79]. In general, active suspensions can be

classified into two major types according to the control bandwidth of the actuation

systems: a) narrow bandwidth, and b) broad bandwidth [4, 78, 176]. More precisely,

this system bandwidth filters the actuator force feedback to the system, which filters

all the possible motions outside the bandwidth at the actuator mounting points. The

narrow bandwidth systems attempt to control the relatively slow body mode around

the sprung mass resonance frequency and as such the bandwidth is between 3 and

7 Hz [111]. In this case, the actuator system is positioned in series between the passive

spring and the chassis. Broad bandwidth systems, on the other hand, attempt to

address the body mode and wheel-hop and the bandwidth is above 15-20 Hz [101]. In

this case, the actuator is installed is parallel with the passive spring.

Both the narrow and broad bandwidth suspensions are mostly in the research and

development stage, while only fewer models can be seen in the commercial market-

place. Commercial examples are found as the 2000 Mercedes "active body control "

[113] narrow-bandwidth active suspension and the 1989 Ford Thunderbird [111] broad-

bandwidth active suspension.

In general, broad bandwidth is expected to be more difficult to implement com-

pared to narrow bandwidth suspension due to higher costs, complexities and fuel

consumption when operating under a wider frequency range [75]. Therefore, the nar-

row bandwidth suspensions attract more attention from car makers although it is

subjected to compliant actuator structure and higher load from the vehicle because it

is installed in series [37, 60].

Actuator classification

As is well known, the main differences between active and passive suspension sys-

tems are the use of an actuator. The parameters in active suspensions are varied,

primarily depending on their applications, which can be classified as hydraulic, hy-

dropneumatic, electromagnetic, or mechatronic. Within these categories, hydraulic

actuator is the mostly widely considered by car makers.

Hydraulic actuator systems are more commonly used in vibration control sys-

tems as compared to electromagnetic actuators. The basic arrangement of components

of various hydraulic fully active suspensions includes the following [161]: a source of

hydraulic fluid at pressure with accumulators; a servo valve to control the flow of hy-
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draulic fluid; a hydraulic piston for the conversion of hydraulic pressure to the force

between wheels and chassis; an oil cooler to dissipate the heat generated by the hy-

draulic actuator; a series of sensors to measure the control objectives and feedback

signals; a controller to generate control signals for the servo valve computed based on

feedback signals.

The main advantages and disadvantages of hydraulic actuator systems can be sum-

marised as shown in Table 2.1 [53, 64, 109].

Table 2.1 Advantages and disadvantages of hydraulic actuators in vibration control
systems.

Hydraulic Actuator

Advantages

Generating high forces

Simplicity of control and compact design

Market ready of the various parts and commercial maturity

Little sensitivity to temperature changes

Disadvantages

Complex nonlinear dynamics

Relatively low efficiency

High system time constant

Environment unfriendly due to hose leaks and toxic hydraulic fluids

Heavy and bulky

Hydraulic systems proved their potential in commercial systems. One application

of hydraulic actuator is implemented in the BMW-ARC system [155] to improve ve-

hicle roll behaviour and ride control by directly controlling the force density of the

actuators. Compared to the hydraulic active suspension systems, the main drawback

of the electromagnetic systems are the limited force density. However, this can be

overcome by the proper choice of design, materials and geometrical optimisation [63].

Electromagnetic actuators have increasingly become attractive replacements

for passive, semi-active and hydraulic active suspension systems due to their relatively

high efficiency, high control bandwidth and decreasing costs in recent years [110]. An

example of an electromagnetic suspension system with the basic components of the

electromagnetic actuator, is shown in Fig. 2.8.

More precisely, the main advantages and disadvantages of electromagnetic actuator

systems can be summarised as shown in Table 2.2 [32, 64, 117, 172].
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Fig. 2.8 An example of electromagnetic active suspension system [65].

Table 2.2 Advantages and disadvantages of electromagnetic actuators in the vibration
control systems.

Eletromagnetic Actuator

Advantages

Power regeneration capabilities (energy saving)

High efficiency

Ease of control

Accurate force control

Environmental friendly

Disadvantages
Relatively high current required

Cost and packaging

Low force density

This type of active suspension system can be found in a Bose suspension system [90]

that uses a linear electromagnetic motor to generate force according to the feedback

signals from the control algorithms. Recently, in [117], an active electromagnetic

suspension system that has a linear combination of skyhook and groundhook control

strategies is investigated and the desired performance has been obtained while energy

can be regenerated from the road excitation and transformed into electric energy.

Variable geometry active suspensions

Variable geometry active suspensions are a relatively new concept of fully active

suspension systems with both variable spring and variable damping characteristics

[13]. The automatic/manual control of suspension damper characteristics has already

become a mature technology and can be found on some production cars [75]. However,
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the effect of variable stiffness springs, which normally are pneumatic or air springs,

could bring additional complicating factors to the system, such as heavy auxiliary

components and slow response [146]. Therefore, it is very desirable to obtain a new

concept of suspension that could employ variable spring and damping elements into

passive suspension and provide performance that is sufficiently good in comparison

with passive, semi-active or other active suspension systems.

Variable geometry active suspensions may achieve this effect by changing the lever-

age of the passive spring-damper units with wheel motions. The main idea behind

variable geometry is to adjust the ratio of wheel movement to spring movement and to

do it continuously by introducing actuators that are perpendicular to the main suspen-

sion forces. Consequenctly, the actuator potentially has smaller and lighter geometry

and less energy consumption while having the capacity to offer better attitude control

and vibration performance.

The earliest implementation of variable geometry active suspension that has been

proposed in the literature is the 1965 Velocette Thruxton motorcycle with the up-

per/damper mount located in a curved track to adjust the ratio of wheel and spring.

Another form of leverage arrangement is the Delft Active suspension which is described

in [52, 171]. This arrangement aims to change the orientation of the spring with a

cone mechanism. A recent implementation of the variable geometry active suspension

for motorcycles is found in [50]. The rear wheel monoshock suspension arrangement is

modified and extended to adjust the suspension leverage between the spring-damper

unit and wheel motion by varying the displacement between two rubbing surfaces.

Simulation results show that the active suspension control offers better performance

in terms of weave oscillations reduction within a range of operating conditions, includ-

ing high-speed and low-lean operation, in which weave is likely to respond vigorously

to road forcing.

2.2.4 Brief review of previous SAVGS studies

In addition to the implementations above, the SAVGS is a new promising concept

for the variable geometry active suspension, that provides better suspension perfor-

mance than passive/semi-active suspensions and avoids the inherent disadvantages of

active suspensions regarding to less weight and less energy consumption. In this con-

cept, which has been initially proposed in the patent [51], the actuator is mounted for

displacing the end of the compressible member displaceable in a displacement direc-

tion. In this case, the displacement adjusts the geometry of the suspension and thereby

vary the compression. The variable-geometry suspension apparatus in this patent is
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suggested to be implemented on cars and motorcycles. Based on this foundation, re-

cent publications [9–11] further studied, developed and tested the SAVGS concept and

its attitude control strategies, with the aims: 1) to propose a new application of the

active variable geometry suspension, 2) to develop vehicle and actuator models that

involve the components dimensioning process, an inner controller scheme to optimise

the SAVGS performance as well as satisfying the system constraints (torque, power,

current and voltage), and 3) to propose an attitude control scheme and test the vehicle

performance through a set of open-loop test manoeuvres.

The configuration of SAVGS is shown in Fig. 2.9. The new concept is to extend

a conventional passive double wishbone suspension by introducing a short rigid link

in series with the end eye of the spring-damper unit (Point F) and the chassis (Point

G) that could rotate. Any rotation of the single-link by the actuation torque TSAVGS

modifies the spring-damper force and the suspension installation ratio. The torque is

provided by an electromechanical actuator that is fixed to the chassis and installed ad-

jacent to the single-link [11]. Based on the torque and single-link speed requirement,

the optimum actuator in this work is selected as a permanent magnet synchronous

motor (PMSM) and an epicyclic gearbox.

The main advantages of the SAVGS in comparison with other suspension method-

ologies can be summarised as follows:

• Fail safe operation

• Power regeneration capability

• Potentially low power and energy consumption

• No unsprung mass increase and small sprung mass increase

• Use of existing well-developed electro-mechanical components

• Flexible packaging

A schematic of the passive and retrofitted double-wishbone suspension arrange-

ments used in this work is shown in Figure 2.10. Figure 2.10(a) represents the static

equilibrium passive suspension configuration. Figure 2.10(b) shows that the SAVGS is

the extension of this passive suspension retrofitted with the single-link variant. Points

A, C and G are attached to the chassis; points E and F are fixed to the spring-damper

unit; and points B,D, H and I are fixed to the wheel. The length of the spring-damper

unit and its orientation can be continuously controlled through the rotation of the

single-link with respect to its default equilibrium position [9].
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Fig. 2.9 Single-link variant of the SAVGS [10]. (a) Passive equilibrium position, TSAVGS;
(b) Rotated configuration.
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Fig. 2.10 (a) Passive double-wishbone suspension, and (b) SAVGS-retrofitted suspen-
sion.

2.3 Vehicle Models and Suspension Performance In-

dices

Vehicles, similar to other complex mechanical systems, have many degrees of free-

dom and consist of linear or nonlinear spring, various types of damping characteristic

and actuators. The vehicle body is supported on the wheels through the active sus-

pension elements (spring-damper units and actuators) and the wheels, which are sup-

ported through the tyres which are consists of springs and dampers in contact with the

road. Sections 2.3.1-2.3.3 describe the well-known full, half and quarter models of the

vehicle. The following assumptions are introduced with the relevant models: 1) the
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vehicle comprises four types of components: masses, springs, damping elements and

actuator forces; and 2) the frequency range is considered lower than 15 Hz, therefore

the deformation of vehicle body can be neglected. In Section 2.3.4, a review of the

multi-body model which can accommodate all kinematic effects and nonlinearities is

given. Finally, in Section 2.3.5, the performance indices such as ride comfort, handling,

attitude performance that allow the engineer to compare different control strategies

for active suspensions are explained.

2.3.1 Quarter-car model

The quarter-car suspension system is a two-degree-of-freedom system, which rep-

resents the suspension system at each corner of the vehicle [129] i,e. the motion of the

axle and the vehicle body at any one of the four wheels. The quarter-car model is often

used when the controller design of the suspension system is considered. The quarter-

car model does not contain the whole-car geometric effects such as wheelbase filtering

and lateral equivalent, and does not offer the longitudinal interconnection properties.

However, it still preserves the most basic features of wheel mass and body mass that

are required for meaningful suspension analysis. Compared with more complex models

such as half- and full-car configurations, the advantages of this quarter-car model are

summarised as follows [129, 145]:

• Represented by fewer design parameters.

• Requires fewer performance specifications (human-body comfort and road hold-

ing).

• Reduces the difficulty in applying optimal control theory and the difficulty in

evaluating operation performance.

In this project, controller design will progress from the quarter-car model and then

it will base on the more-complex full-car models. A two-degree-of-freedom quarter-car

automotive suspension system is shown in Fig. 2.11.

2.3.2 Half-car model

A half-car suspension model has four degrees of freedom, and it is a natural exten-

sion of a quarter-car model that includes pitch or roll dynamics. The basic half-car

model is simply the linking of two quarter-car models (front and rear or the left and

right). The four degrees of freedom are namely the vertical displacement of the front

and rear axles as well as the pitch and heave motions of the vehicle body. There is a
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Fig. 2.11 Quarter-car active automotive suspension. The particular case of an actuator
in series with a passive spring is shown.

kinematic correlation between the rear and front positions of the chassis. Therefore,

this model is commonly used when analysing front/rear load transfer, such as accel-

eration or breaking [141]. A four-degree-of-freedom "half-car" automotive suspension

system is shown in Fig. 2.12.
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Fig. 2.12 Half-car active automotive suspension. The particular case of an actuator in
series with a passive spring is shown.

2.3.3 Full-car model

A full-car model has seven degrees of freedom (heave, pitch, and roll motions of the

vehicle body and the vertical translation at each corner of the four unsprung masses),
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and it is an extension of the quarter-car model that includes additional rolling and

pitching dynamics. A seven-degree-of-freedom full-car automotive suspension system

is shown in Fig. 2.13. The vehicle body is represented as a rigid plate with uniform

mass distribution which is attached with four masses representing the wheels at each

corner of the vehicle.
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Fig. 2.13 Full-car active automotive suspension. The particular case of an actuator in
series with a passive spring is shown.

2.3.4 Multibody models

While the theory of mechanical system dynamics has been well understood for

nearly two centuries [125], the application of computational dynamics and related dis-

ciplines have become popular only recently in vehicles studies as several multibody

systems analysis programmes. Compared with the simplified models in the previous

sections, the multibody vehicle models can represents all kinematic effects and nonlin-

earities. The advantages of multibody systems computer analysis for gaining insight

into the system performance include: fast turnaround and low cost investigations; re-

duced risk of dangerous solutions as with experiments on the real vehicle; prediction of

experimental and field test results to assist in the design of test schedules; monitoring,

diagnostics and failure prediction of operational systems [19, 37, 103, 143].
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In the early years, programmes such as MSC.ADAMS (Automated Dynamic Anal-

ysis of Mechanical Systems) have been developed with a view of commercial gaining

and assembling a physical description of the vehicle model rather than writing equa-

tions of motion [17, 18, 134]. Another vehicle-specific system known as VDAS (Vehicle

Dynamics Analysis Software) was developed under the supervision of Crolla [38] in

which most of the common dynamics studies have been incorporated into the pro-

grammes. Other examples of recently developed programs are MESA VERDE [177]

and RASNA applied motion software [76] which formulate the equations algebraically

and use a symbolic approach. AUTOSIM [121, 142, 144] is another programme devel-

oped as a symbolic code to analyse the handling of complex vehicle models with very

fast simulation speed. Individual subsystems embodied within the multibody models

developed by such aforementioned programmes include aerodynamics, drivers, seat

characteristics, steering system, propulsion and braking system, suspension systems,

tyre forces and moments and road profiles.

2.3.5 Suspension Performance Indices

In control theory, system performance evaluation aims to evaluate system effective-

ness. Regarding the suspension systems (passive, semi-active and active), the factors

used to evaluate system performance include ride comfort, working space, road holding,

actuator force requirement and power consumption.

Ride comfort and road holding

The two main aspects that are of great interest in testing the efficiency of a suspen-

sion system include: 1) ride comfort characteristics and 2) road-holding characteristics.

From a general perspective, comfort-feeling analysis is focussed on the behaviour of

acceleration and displacement of the chassis with respect to external road impacts

[85]. Compared with the ride comfort specifications, the road holding represents the

ability of the vehicle to handle the wheel status in response to road unevenness and

guarantees wheel contact with the road. Road holding is essential since longitudinal,

lateral and yaw dynamics strongly depend on the forces related to wheel load due to

road irregularities. In most cases, the tire deflection minimisation problem is consid-

ered the main road-holding objective. This project provides general methodologies

and metrics to evaluate and analyse the performance of a controlled or uncontrolled

system in the time and frequency domain. In previous studies that analysed suspen-

sion systems [137, 141], it is noted that the interesting range for road comfort and road
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holding is 0-10 Hz. This frequency range refers to the greatest human sensitivity to

vertical vibration defined in [ISO 2631-1:1997] [82]. In frequency domain performance

evaluations, the performance index is usually computed through the integration of the

power spectral density (PSD), which used to describes the distribution of power into

frequency components composing that response, from lower to upper bounds of the

frequency of interest. In the time domain, the performance evaluation is commonly

evaluated through the weighted RMS value [82].

In addition, several global studies on the effects of realistic road unevenness on the

suspension model, such as bump, step and random road excitations, should be tested

to extend the results obtained from the frequency domain. The objective of these ex-

periments is to evaluate the suspension under multi-frequency excitations through one

simulation, while previous frequency domain tests only excite one specific frequency

each time.

Suspension travel/rattle space

In practice, the available suspension travel of a vehicle is limited. Therefore, suspen-

sion travel is also worth measuring to ensure that the maximum deflection is smaller

than its upper limitation [149]. Similar to the ride comfort and road holding, the

suspension travel can be evaluated by calculating the RMS values of suspension dis-

placement, especially for random and stochastic road disturbances.

Attitude control

Vehicle attitude control could help enhance both the ride and handling performance

of road vehicles. Attitude control can be characterised according to peak angle or RMS

values of pitch and roll angles compared with the default conditions [11, 23, 47].

Actuator performance

For active suspension performance evaluation, force requirement and power con-

sumption can be measured through the peak values and RMS values during operation

[11].
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2.4 Classification of suspension control methodolo-

gies

In academic and industrial fields, the issue of control in active suspensions has

attracted the attention of researchers for many years. Academic publications written

about suspension systems show that several types of controllers have been developed

to enhance vehicle performance. Broadly speaking, the most widely control theories

employed to cope with the active suspension systems can be grouped into these fami-

lies:

• PID control

• Adaptive control

• Optimal control

• Fuzzy and Neural Network control

• Robust control

The following paragraphs will give some qualitative insights into each of these

control techniques:

2.4.1 PID control

In industry, PID (proportional-integral-derivative) control remains the most pre-

ferred control method because of its simplicity and simplistic design [40, 180]. The

PID controller is used as a feedback loop by adjusting the ’error’ signal and then send-

ing back new optimised input to the plant to drive the measured output value back to

the desired setpoint quickly. The PID controller can be designed without knowing the

structure of the system or the process and without knowing the knowledge of advanced

mathematics that is different from other types of optimal control theory. PID control

is inadequate in dealing with changing behaviour processes, and large system distur-

bances and uncertainties, thus present low robustness. Therefore, in several research

studies, a PID controlled system is optimised by developing a robust design approach

or by incorporating an additional adaptive loop [15, 46, 70].

2.4.2 Adaptive control

Adaptive controllers are used if the parameters of the system dynamic models are

unknown and/or time varying, and a fixed-parameter controller would not yield ac-

ceptable results. Typical adaptive control can be thought as the control of a system
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with on line estimation of uncertain parameters that can improve the system perfor-

mance by using the measured varying uncertain parameters in the control action [151].

The objective of adaptive control is to maintain system performance while the sys-

tem is impacted by unknown variations in its parameters. The implementation of the

adaptive algorithms to active/semi-active suspension can be found in several studies

[4, 28, 98, 158], in which the controllers are possible to adapt to the changes of the

variation of the vehicle parameters and the road disturbances. Two main approaches

exist to design adaptive controllers, which are model-reference adaptive control and

self-tuning adaptive control. Model-reference adaptive control aims to set the ideal

response of the system, and the error between the ideal and the actual response is used

as the input to the adoption law. Sunwoo et al. [158] developed a model reference

adaptive controller for the vehicle active suspension subsystems. In this work, the

controller tunes the active suspension to reduce the disturbance and vibration of a

vehicle to an "ideal" conceptual suspension reference model. The second, self-tuning

adaptive control approach is achieved by measuring the inputs and outputs of the plant

which are used for the estimation of the parameters. Chen [28] and Yu [186] have de-

signed a self-tuning controller for active vehicle suspensions which can adapt to both

external and internal disturbances. The feasibility and performance improvement of

the proposed self-tuning systems were investigated and proved by simulation results.

Adaptive control can also be added to other control approaches to solve problem when

the system dynamic models with large parameter variations. These control strategies

on active suspension can be found in [119, 127, 157].

2.4.3 Optimal control

The optimal control problem of the active/semi-active suspension had been studied

in the past 20 years [48, 66, 77]. In general, the optimal control technique was initially

applied in the aerospace industry since the 1950s before finding its application in

the study of active suspension [120]. The most widely optimal suspension design

problems found use Linear quadratic regulator (LQR) control and Model predictive

control (MPC) methods.

Linear quadratic regulator (LQR) and Linear quadratic estimator (LQG)

control

If the control design problem is posed as that of minimising the impact of the

system outputs for the system white noise inputs, it can be defined as a linear quadratic
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regulator (LQR) control problem [43]. However, the LQR problem is unrealistic, as

additional measurement noise and process noise always exists within a suspension

system. To estimate the true state when noise is added to the uncertain linear system

as additive white Gaussian noise, a linear-quadratic estimator, also known as a Kalman

filter, needs to be employed to work synergistically with the LQR. This control strategy

combines the Kalman filter and LQR control, which are collectively called the linear

quadratic Gaussian regulator. Here, the Kalman filter can apply to a time-varying

system, enabling the LQG control to design a linear feedback controller based on a

non-linear uncertain system.

Ulsoy et al. [167] and Ray et al. [131] presented detailed analysis of the LQG

control for second- and higher- order active suspension systems. They performed the

stability analyse of the system with estimators, with uncertain input and output dy-

namics. For the estimator (Kalman filter) design of a quarter-car active suspension,

the disturbance and measurement noise are white Gaussian processes, which are pro-

duced based on the roughness of the road and forward velocity of the vehicles. The

basic design requirement for a linear-quadratic controller is to create a cost function

with performance indexes that weights sprung-mass acceleration, suspension travel,

tyre deflection and the control element [163, 167, 188]. By providing matrices with ap-

propriate gains for the estimator and controller and by adjusting the scalar weighting

parameters, this linear-optimal control theory can produce a system with guaranteed

stability phase and gain margins. LQG optimality, however, does not automatically

ensure good robustness properties. Therefore, in many circumstances, LQG and LQR

controls are widely implemented with other control methods for better robustness

properties.

Model Predictive Control

To incorporate all hard constraints of the states, output variables and states of the

systems in real time, the MPC method seems to be the appropriate control strategy

[59]. MPC techniques are very ideal for multivariable control, and can deal with both

linear and nonlinear behaviours of the systems and constraints. MPC controller design

aims to minimise a cost function over the receding prediction horizon and calculate

an optimal sequence of control laws by consideration of constraints on the control

variables. The basic idea of the MPC with receding horizon control concept is that

the desired actuator inputs at time k + 1 are taken as the optimal solution of the

control variables, which are calculated with regard to the cost function at time k.

This procedure is repeated in the next sampling time util the end of the simulation
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[175]. In [31, 139, 175], the preview information for road profiles in front of the wheels

is assumed to be available to the controller, which provides the data for improving the

efficiency of the active suspension controller. The majority of applications for MPC

approaches are for active suspension linear models. When dealing with nonlinear

black-box models or highly-nonlinear suspension systems, MPC is usually used with

the neural network technique to obtain a simple structure which directly describes

the relations between input and output variables. In this way, it does not require

nonlinear differential equations at each sampling time and it is not necessary to solve

complicated problem during the on-line control process. This kind of technique for

active suspension control can be found in the research studies in [136, 185].

2.4.4 Fuzzy logic and Neural Network control

In recent years, to deal with the nonlinear and ill-defined dynamic systems, fuzzy

logic and neural networks have emerged as innovative and promising techniques, and

several studies have been reported for active suspension systems.

Neural Network Control

The neural network control method offers robust performance when dealing with

various types of system uncertainties and road disturbances. The reason for choosing

a neural network for suspension control is because of its simplicity, satisfactory perfor-

mance, and easy-to-understand system model without previous knowledge. Typically,

the neural network plant is trained with a static back-propagation algorithm, which

became widespread after the 1980s [133]. Compared to other training algorithms, back-

propagation is a high-speed computation technology due to its requirement of minimal

on-line computation [7]. Basically, the training of a neural network can be regarded

as solving an optimisation problem with an appropriately defined cost function. The

cost function generally incorporates body acceleration, suspension travel and tire force

or deflection. The logic of the optimisation procedure can be described as follows [3].

The weights are initialized with random values. Given an input, the output pattern

is probably unable to match the desired output pattern. Then, the desired output

makes a comparison with the output, and the back-propagation training algorithm is

introduced to adjust the pattern until the weights errors become small enough. Guclu

[62] proposed a neural network controller for a nonlinear full-car vehicle model using a

permanent magnet synchronous motor (PMSM). This controller successfully provides
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excellent ride comfort. Moreover, this model implements the same motor used in the

SAVGS system, which can be used as a reference for the following design.

Fuzzy Logic Control

Similar to neural network control, fuzzy logic control also has advantages over

other traditional control theories when it is applied to complex and highly-nonlinear

systems. This is because fuzzy control theory is a rule-based system that does not

require the mathematical model of the system. A standard FL (fuzzy logic) system

configuration can be found in [88]. The design of a fuzzy logic controller typically has

the following three stages. 1) Fuzzification: the inputs in this step are converted to

fuzzy values by using the membership functions (MFs). 2) Inference mechanism: in

this step, the fuzzified inputs are computed to high-level descriptions of the outputs by

using a rule-base. 3) Defuzzification: the fuzzy outputs are transformed back to crispy

values of the outputs. Fuzzy logic as an important technique for intelligent control on

active suspension systems has been successfully applied to many suspension systems.

Cao [25] designed an adaptive fuzzy logic controller based on interval type-2 fuzzy

methods for a quarter-car vehicle active suspension system. Ting [165] combined the

sliding mode control frame with FLC for an active suspension. The fuzzy logic theory

is used to reduce the chattering from the sliding mode control and this control scheme

can reduce sprung mass accelerations and suspension deflections. In addition, there

are many ways to combine neural network and fuzzy logic together, which has been

successfully applied in [16, 34, 55].

Overall, each of these control approaches can bring some useful perspective and

insight. However, the performance of PID control is likely too poor when dealing with

the situation when the system encounters to multiple challenges from the operating

conditions of the system, such as temperature, weather, power surge, etc. The linear

optimal control theory is mainly concentrated on the improvements obtainable for

a particular set of road profile (i.e. LQG control theory) and forward preview road

information (i.e. model predictive control). The present work will focus on the design

of a control scheme for a car model with SAVGS. More importantly, this controller

will then be applied to the real test rig of a high performance car over a wide range

of road input conditions and uncertainties in the future work. Therefore, since the

car model is nonlinear and complex, nonlinear control will not be considered in the

present work. Instead, linear robust control techniques described in the next section

and more suitable and will be employed.
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2.4.5 Robust control and the review of H∞ Control for Vehicle

Active Suspension Systems

Robust control is often associated with variable structure control (VSC) and H∞

control, which have been developed as a consequence of the derivation of various

mathematical methods, such as the state space equation, the phase plane method, and

the Lyapunov stability theory. The main mode of variable structure control operation

is sliding mode control. In this work, the H∞ control strategy is considered.

Sliding Mode Control

It is well known that the sliding-mode control is an effective robust control approach

for nonlinear systems. Sliding mode control (SMC) has been widely applied to the

control of active suspension systems after Utkin [169] published a paper in 1977. SMC

aims to develop a variable structure controller, which could drive the system to move

into the neighbourhood of a designed sliding surface, and then constrain the system

slide along this surface. One of the remarkable advantages of SMC is that the sliding

surface can be specifically selected and switched based on the dynamic behaviour of

the system [14]. Also, with a well-designed sliding mode controller, the closed-loop

system is able to be insensitive to particular types of parameter variations such as

disturbances and uncertainties [14, 179].

The difficulties of applying the sliding mode scheme includes the need to know the

reference nonlinear model, and that it has high-frequency switching (chartering) [14].

Whilst it is difficult to deal with and define a highly nonlinear system, fuzzy logic and

neural networks techniques have been developed in recent years to solve this problem

[81]. Therefore, several research studies have been undertaken in order to combine the

advantages of sliding mode control and neural network or fuzzy logic control. Nizar [3]

proposed a sliding mode neural network inference fuzzy logic controller for an active

suspension system. In addition, Huang and Lin [3, 81] designed a fuzzy sliding mode

controller applied to a quarter-car test model. Regarding this controller, the input and

output of the fuzzy logic controller are chosen as the sliding function and the control

signal, respectively.

H∞ Control

The concept of H∞ theory was initially proposed in a published paper in 1981 [189].

H∞ synthesis has been known as a powerful tool when solving robust control problems,

but was not very easy to apply to the real system until Doyle et al. proposed a solution
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based on solving two Riccati equations [45] and Gahinet and Apkarian proposed the

linear matrix inequalities (LMIs) for solving these kinds of problems [57].

In recent years, H∞ synthesis has been applied to active suspension controls. In

1994, Yamashita et al. [181] presented a control law for a full-car model based on the

H-infinity control theory. Simulation results showed that the vehicle performance is

better when the closed-loop controlled system is perturbed by disturbances. Hayakawa

et al. (1999) [72] presented a robust H∞ output feedback control scheme to a full-car

active suspension model. They proved that output feedback control is a powerful tool

to deal with the disturbance attenuation problems of active suspensions. Wang et

al. (2005) [174] proposed an H∞ control scheme for a full-vehicle active suspension

system to improve ride-comfort and handling control. H∞ synthesis is also applied

with other types of control techniques for active suspension system. An example can

be found in [56] by Fukao, where the combination of the H∞ and adaptive nonlinear

control technique has been developed. H∞ is designed to improve the ride comfort,

and the adaptive nonlinear controller is designed to overcome the nonlinearities and

the uncertainties of the actuator.

H∞ techniques have the advantage over classical control techniques in that they are

a type of multiple-input, multiple-output (MIMO) control techniques and are appli-

cable to solve multivariable problems in the frequency domain. More demonstrations

of H∞-based design techniques for active suspension systems have been reported in

the literature to improve performance and guarantee robust operation of the system

in [156, 181]. A depth investigation of multi-objective H∞ robust control strategies

for quarter- and full- car models will be provided in this project. The basic principle

of H∞ control is described as follows.

H∞ norm

First define the linear, time-invariant, stable system with a transfer function matrix

[44]:

G(s) = C(sI − A)−1B (2.1)

∥G∥
∞

is the H∞ norm which is defined as:

∥G∥
∞

= sup
ω

σmax[G(jω)] (2.2)

where σ(·) is the singular value, and the ’sup’ represents the upper bound of the

function σmax[G(jω)]. Therefore, the H∞ norm of G(s) is the maximum value of
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σmax[G(jω)] over all frequency ranges ω. To compute the H∞ norm, a state-space

procedure is given as follows:

Let ∥G∥
∞

= γmin. For the Eq. 2.1 with a stable A matrix and γ > 0. The

Hamiltonian matrix is defined as

H =

�
A 1

γ2BBT

−CTC −AT

�

(2.3)

in where, σmax[G(jω)] < γ exists if and only if there are no eigenvalues on the jω−axis

of the Hamiltonian matrix Eq. 2.3.

The way to find γmin is through an iterative computation process. A γ > 0 is

initially selected, and then tested to see if there are any eigenvalues on the jω-axis.

If there are no eigenvalues, decrease the γ and compute the eigenvalues of H again.

If there are eigenvalues on the jω-axis, increase γ and compute again. Continue this

process until a satisfied γ is obtained within the desired tolerance. This process can

be computed automatically in the MATLAB environment.

Output feedback H∞ control

In practice, with the different road disturbances and loads, some of the state infor-

mation for active suspension systems may not be directly measurable (i.e., tyre deflec-

tion). Therefore, in recent years, many researchers investigated the H∞ control design

problem for active suspension systems with an output feedback controller [27, 181]. In

Figure. 2.14, y(s) is used as the feedback signals that is measured and used by con-

troller K(s). d(s) and z(s) are the input and output vectors. The control inputs are

denoted as u(s). All of this information is considered into the plant P , which is used

for the controller synthesis. All the formulas in the following analysis will be based on

the state-space realisation of system P. P can be partitioned:

P �

⎡

⎢
⎣

A B1 B2

C1 D11 D12

C2 D21 D22

⎤

⎥
⎦ .

Which is an alternative representative of the following system of equations:

ẋ(t) = Ax(t) + B1d(t) + B2u(t) (2.4)

z(t) = C1x(t) +D11d(t) +D12u(t) (2.5)

y(t) = C2x(t) +D21d(t) +D22u(t) . (2.6)
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P (s)

K(s)

d(s)

u(s) y(s)

z(s)

Fig. 2.14 Generalized bock diagram of H∞ syntheses. P (s) is the car model and K(s)
is the H∞ controller. The inputs d(s) and outputs z(s) of P are vector valued signals.
The components of d(s) are the exogenous input disturbances. The components of z(s)
are the performance variables of interest to be minimised. The measurement signals
that are used by controller K(s) are denoted y(s) and the controlled inputs generated
by the controller are denoted u(s).

Additionally, the following assumptions for the elements of P have to be satisfied to

ensure the existence of a stabilising controller (assumptions 1 and 2) and to guarantee

the Riccati equations related to the optimal controllers have positive semidefinite

solutions (assumption 3 and 4).

Assumptions on P

1.
�
A B2

�
is stabilizable

2.
�
A C2

�
is detectable

3. V =

�
B1

D21

� �
B⊤

1 D⊤

21

�
�

�
Vxx Vxy

V ⊤

xy Vyy

�

≥ 0 with Vyy > 0

4. R =

�
C⊤

1

D⊤

12

� �
C⊤

1 D12

�
�

�
Rxx Rxu

R⊤

xu Ruu

�

≥ 0 with Ruu > 0

Theorem 2.4.1 H∞ Output Feedback

A further, assumption is that d(t) is a bounded L2 signal, so that
�
∞

−∞
d⊤(t)d(t)dt < ∞ .

A stabilising controller which satisfies
���Tzd

���
∞

< γ is

K∞ �

�
A∞ −Z∞L∞

F∞ 0

�

(2.7)

where

A∞ = A+ (B1 + L∞D21)W∞ + B2F∞ + Z∞L∞C2 + Z∞L∞D22F∞
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where

F∞ = −R−1
uu (R

⊤

xu + B⊤

2 X∞)

L∞ = −(Y∞C⊤

2 + Vxy)V
−1
yy

W∞ =
1

γ2
B⊤

1 X∞

Z∞ = (1−
1

γ2
Y∞X∞)−1

in where X∞ and Y∞ are the stabilising solutions to the Riccati equations (2.8) and

(2.9)

0 = X∞Ar+A⊤

r X∞+Rxx−RxuR
−1
uuR

⊤

xu−X∞(B2R
−1
uuB

⊤

2 −
1

γ2
B1B

⊤

1 )X∞ (2.8)

0 = AeY∞+Y∞A⊤

e +Vxx − VxyV
−1
yy V ⊤

xy − Y∞(C⊤

2 V
−1
yy C2−

1

γ2
C⊤

1 B1)Y∞ (2.9)

Meanwhile, the solutions are necessary to satisfy the following conditions

1. X∞ ≥ 0 and Y∞ ≥ 0

2. The Hamiltonian matrix for Eq. (2.8)

�
A− B2R

−1
uuR

⊤

xu −B2R
−1
uuB

⊤

2 + 1
γ2B1B

⊤

1

−Rxx +RxuR
−1
uuR

⊤

xu −(A− B2R
−1
uuR

⊤

xu)
⊤

�

has no jω-axis eigenvalues

3. The Hamiltonian matrix for Eq. (2.9)

�
(A− VxyV

−1
yy C2)

⊤ −C⊤

2 V
−1
yy C2 +

1
γ2C

⊤

1 C1

−Vxx + VxyV
−1
yy V ⊤

xy −A+ VxyV
−1
yy C⊤

2

�

has no jω-axis eigenvalues

4. ρ(Y∞X∞) < γ2 , where ρ(·) = maxi |λ(·)| is the spectral radius

An optimal H∞ controller which satisfies all the conditions from 1 to 4 is K∞ with

γ value equal to the smallest value of γ > 0 and
���Tzd

���
∞

< γ.
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Generalized H∞ problem

In H∞ syntheses, both performance and robustness specifications can be incor-

porated into the standard generalised regulator feedback structure [61], as shown in

Figure 2.14.

The general control objective in this framework is to generate a controller that will

keep the performance outputs, z(s), as small as possible in the presence of the external

disturbance signals, d(s). Hence, the closed-loop transfer function, denoted as Tzd(s),

will decide the disturbance rejection performance from d(s) to z(s). Thus, minimising

the H∞ norm of Tzd(s) is the control objective of this framework.

The plant, P, is a linear time-invariant system representing the linear half/full-car

SAVGS model in the controller design process. It is also applicable to nonlinear time-

domain studies containing a nonlinear system, actuator, and sensor dynamics, at the

controller validation stage. Based on plant P, this work is about the design of closed-

loop SAVGS controlled systems to meet frequency-domain performance specifications,

such as excellent ride, handling, attitude and steering properties, while undergoing

system external disturbances.

With plant P partitioned as

P (s) =

�
P11(s) P12(s)

P21(s) P22(s)

�

(2.10)

the overall system can then be represented in the following transfer function form as

�
z(s)

y(s)

�

=

�
P11(s) P12(s)

P21(s) P22(s)

��
d(s)

u(s)

�

(2.11)

u = K(s)y (2.12)

where K(s) is the H∞ feedback controller to be designed.

Hence, the closed-loop transfer function matrix between exogenous, d, and perfor-

mance variables, z, under plant perturbations is represented as

Tzd = P11 + P12K [I − P22K]−1 P21 (2.13)

As a disturbance rejection problem, the control design aims to obtain a stabilising

controller K to minimise the H∞-norm of Tzd(s) in the presence of road disturbances
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[61] :

∥Tzd∥∞ = sup
ω

σ̄[Tzd(jω)] < γ. (2.14)

where σ̄(·) is the largest singular value of Tzd for a given ω. σ̄(·) should be stable and

bounded by a relative small real number γ.

Figure 2.15 shows a classic unity-feedback setup of the generalised plant in this

section where the inputs (d) and outputs (z) might be used in control design. Plant

G(s) is the vehicle body. There are three types of generalised disturbance inputs: 1) r

represents the reference inputs; 2) n represents the sensor noise; and 3) d0 represents

the system-input disturbance. There are also three generalised performance variables,

including: 1) control effort, e; 2) tracking error, o; and 3) control objectives, u. The

variables y and u represent the control inputs and controller outputs of the generalised

plant P , respectively.

+

+ +

+ +

+

−

−

r

n

d0

u y

u

o

e

d

z

G(s)

K(s)

P (s)

Fig. 2.15 Classic unity feedback structure [150].

Frequency weighting functions

During the H∞ design process, the generalised plant P in Figure. 2.14 is often

necessary to incorporate extra information about the plant such as system stability

and performance requirements. In this project, for example, it may be assumed that

the attenuation of vehicle body acceleration only focuses on certain low frequencies

according to the human sensitivity. This extra information can be augmented to the
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generalised plant P as "frequency weighting functions" after the outputs and before the

inputs. This type of H∞ design has been applied to several examples, both theoretical

and practical in, [80, 100]. An example of the generalised plant P with weighting

functions is shown in Figure 2.16. Pw is the new generalised plant, which is the

replacement of the plant P in Figure. 2.14, with frequency-dependent weightings Wd

and Wp.

P (s)

Wd(s) Wp(s)
d(s)d1(s) z1(s) z(s)

y(s)u(s)

Pw(s)

Fig. 2.16 The new generalised plant Pw(s) with weighting functions Wd and Wp

The new plant Pw is partitioned as

Pw(s) =

�
Wp(s)P11(s)Wd(s) Wp(s)P12(s)

P21(s)Wd(s) P22(s)

�

, (2.15)

where Pw is the state-space model that is ready for H∞ control design and analysis.

Wd and Wp have to be formulated into the state-space representation of Pw. This can

be done via MATLAB commands “augw", “sysic" or “iconnect".

More specifically, weighting functions Wd on the generalised disturbance vectors

d(s) emphasise the frequency regions, and the strength of these system disturbances.

Here, d(s) = Wd(s)d1(s). There are two aspects that have to be considered when

defining the proper weightings Wd(s): 1) Wd(s) are usually selected as active filters to

emphasise certain variables in specific frequency domains based on the understanding

of the design specifications. For example, reference inputs normally consisting of low

frequencies and noise inputs are often associated with high frequencies on the other

hand. These Wd(s) should be selected as low- and high- pass filters, respectively; and

2) except for the filter characteristics, the gains of Wd(s) are related to the maximum
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expected input values. For example, for a vehicle system, the unit of road disturbance

is m and the maximum road disturbance is normally assumed to be smaller than 0.5m.

The load transfer on the vehicle is at a magnitude of kN , however. Therefore, the

gain of the various components of Wp(s) has to be considered with the understanding

of the nature of the disturbances.

Weighting functions Wp on the generalised performance vectors emphasise the im-

portance of the control objectives in the frequency domain, similar to the weighting

functions for the inputs vectors. The frequency interest regions of Wp are dependent

on the understanding of the design specifications. Vehicle body acceleration, as an

example, only affects passenger comfort at low frequencies according to the ISO stan-

dard. Therefore, this part of Wp is usually chosen as a low-pass filter. The control

effort is sometimes used at high frequencies and this part of Wp is chosen as high-

pass filter instead. The gain of different parts of Wp represents the importance of

the corresponding design specifications. For example, assuming weighting functions

for body acceleration and tyre deflection are all low-pass filters, if the design of the

H∞ controller is focused on increasing the ride comfort rather than road holding, the

gain of the frequency weight on body acceleration has to be higher than the one on

tyre deflection. The relationship of the weighting functions on the outputs z should

make sense as a whole.

It is also noted that Figure. 2.16 is a typical example of augmented plant with

weighting functions. In addition to Wd and Wp, other weighting functions might be

also employed before and after the controller, such as some weighting functions used

to represent the dynamics of actuators that should be inserted between the controller

and the vehicle. These frequency weights should be finally absorbed into the controller

by post- and pre- multiplying in state-space representation.

2.5 Conclusions

This chapter has reviewed the state of the art of suspension systems classification

and the control algorithms of active suspensions. As the foundation of this project,

the previous studies of the SAVGS concept have also been reviewed. The commonly

basic quarter-, half-, and full-vehicle models are generally described. In next Chapter,

the modelling process of the double-wishbone quarter- and full-car SAVGS-retrofitted

models which adapted to high performance sports used in this thesis will be descried

in detail.





Chapter 3

Vehicle Modelling

Developing accurate models of vehicle systems is the foundation of this project.

As explained in the last section, the nonlinear quarter- and full- car SAVGS/passive

models can represent the vehicle for the SAVGS and assess its performance in the con-

text of comfort, road holding, and attitude control. In addition, for the development

of the H∞ controller, linearised models are most convenient for representing the accu-

racy in the range of operating conditions of interest for the study of the input-output

relationships in the frequency domain.

In Section 3.1.1, the starting point will be a description of the software packages

used for the development of multi-body vehicle models and for the validation of closed-

loop controlled SAVGS systems. The modelling of the multi-body quarter- and full-

car nonlinear models and the liberalisation of the quarter- and full-car models used in

this thesis then follows. Also, in Sections 3.2.1 and 3.2.2, a summary of the vehicle

parameters and actuator components, selected for the high-performance car used in

this study are provided. Section 3.3.3 describes the road modelling imposed on the

tyres at each corner of the vehicle and the relevant ISO standards are also explained.

Finally, a step-by-step guide of the closed-loop H∞ -controlled schemes developed in

this thesis in subsequent chapters are summarised for a better understanding of the

thesis structure.

3.1 Vehicle models

3.1.1 Software

The following software is used for the work of this thesis:
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Autosim Quarter- and full- car vehicle models as well as the actuators have been

built by the multi-body simulation code Autosim [6]. The linearised state-space

equations in Chapters 4 and 5 for analysis and controller development in MAT-

LAB or the nonlinear C-MEX code for the nonlinear simulation , can also been

generated in Autosim. In the latter case it writes the simulation code in C lan-

guage and C-MEX code that contains all the nonlinear equations of motion of

the SAVGS, which are then included into a Simulink block as an S-function for

controller validation purpose.

MATLAB + Simulink This project applies H∞ control theory in the SAVGS con-

troller design and application, and makes considerable use of MATLAB and the

Simulink Toolbox. Both MATLAB and Simulink have been extensively used in

this project in the following ways:

• Building in MATLAB the dynamic equations of the hand-derived (equiva-

lent) linearised quarter- and full- car models described in Chapter 6. MAT-

LAB is also used for the numerical calculation of equivalent parameters.

• Synthesis of H∞ controllers in MATLAB with the linearised models for

the performance improvement of ride comfort, road holding and attitude

control properties (Chapters 4 to 6).

• Simulink provides the test environment for the linear and nonlinear sim-

ulation to validate the effectiveness of the H∞ controllers (Chapters 4 to

7).

3.1.2 Types of models

The models developed and used in this project can be classified into two groups:

linearised models for the H∞ control design and nonlinear models for assessing and

comparing the performance of the vehicle systems. All the models that will be used in

the present work are listed in Table 3.1. Some of these models are based on previous

work [9, 11, 12] and some are newly developed (Sections 3.1.8 and 3.1.10).

The purpose and application of the 1 - 8 models in Table 3.1 are summarised

as follows:

• Linear models 1 , 2 , 3 , 4 are used for the design of the H∞ controllers from

Chapters 4 to 7. More specifically, quarter-car model 1 is initially used for the

application of the H∞ control to the SAVGS problem to improve the ride comfort

and road holding performance in a vertical direction. This is the first step to



3.1 Vehicle models 45

Table 3.1 Vehicle models used for the work of this thesis

Vehicle Model Types No. Name

Linear models
Quarter-car

AutoSim SAVGS linearised model
(Generated in Autosim)

1 QCL

Hand-derived SAVGS model
(Equivalent model)

2 QECL

Full-car
AutoSim SAVGS linearised model
(Generated in Autosim)

3 FCL

Hand-derived SAVGS model
(Equivalent model)

4 FECL

Nonlinear,
multi-body models

Quarter-car
Passive quarter-car model 5 Passive

SAVGS quarter-car model 6 QC

Full-car
Passive full-car model 7 PASSIVE

SAVGS ful-car model 8 FC

evaluate the suitability and effectiveness of the H∞ synthesis to the SAVGS

concept. Full-car model 3 is then used for the full-car SAVGS H∞ control

design where the movement at the mass centre, such as pitching and rolling

motions, are incorporated into the control scheme. Model 2 and 4 are the

SAVGS hand-derived linear models that have proved to have better robustness

and smaller state-space equation size to single-link rotations, compared with

1 and 3 in Chapter 4 and 6, respectively. Therefore, a quarter-car SAVGS

H∞ controller for the hand-derived quarter-car model based on 2 , which has

been obtained in previous work [13] will be compared with the controllers in

this thesis in Chapter 4. Meanwhile, Chapter 6 proposeds a full-car SAVGS

H∞ controller for the hand-derived full-car model 4 .

• Nonlinear models 5 , 6 , 7 , 8 are employed to validate the performance, and

to compare the active control results with the passive configurations. Nonlinear

models 6 and 8 are employed to assess the performance of the linearised

SAVGS H∞ controllers, which are developed based on the models 1 to 4 .

This is done by simulation and the results are also compared with the passive

configurations 5 , 7 . More specifically, quarter-car models 5 and 6 are

used for ride comfort and road holding studies in a vertical direction. Full-car

models 7 and 8 are used for assessing the vehicle’s more dynamic responses

such as pitching and rolling motions during turning manoeuvres.
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3.1.3 Reference frames

The reference frames used in this project are the right-hand orthogonal axis system.

The definition of this axis systems is initially presented in [SAE J670] [154] and the

coordinates centre is attached to the vehicle mass centre. When moving forward in

a straight line on the road, the axis system is with a positive x-axis substantially

horizontal and pointing forward, a y-axis pointing to the driver’s right, and a z-axis

pointing downwards, as shown in Figure 3.1.

Fig. 3.1 SAE vehicle axis system [154].

• Axis system for quarter-car models: The quarter-car models are used in

Chapter 4. The origin of the coordinate system is named as O
′

, and it is

attached to the sprung mass. The axes have been named to x
′

, y
′

and z
′

. As in

[SAE J670], the x
′

-axis designed to the vehicle’s horizontal direction, the z
′

-axis

points downwards, and the y
′

-axis points outwards the wheel and parallel to the

road surface.

• Axis system for full-car models: The full-car models are used in Chapters 5

to 7. Assuming the global reference frame is assume as xyz and local reference

frames are assumed as x′y′z′. At each corner of the vehicle, the frame transfor-

mations are shown in Figure 3.2 and defined as: 1) front left(i = 1) and rear

left(i = 3) wheels: x′ = −x, y′ = −y, z′ = z, 2) front right(i = 2) and rear

right(i = 4) wheels: x′ = x, y′ = y, z′ = z [11].
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Fig. 3.2 Global and local reference frames of full-car SAVGS configuration and the
external forces acting on the the vehicle during acceleration and cornering, in x-y (top),
y-z (middle) and x-z (bottom) planes respectively. The reference frames used in this
project are the right-hand orthogonal axis system. Positive lateral and longitudinal
accelerations are shown in this case (i.e, ax, ay > 0).

3.1.4 Symbols for vehicle models

The symbols used in this chapter for nonlinear model and the full-car SAVGS linear

hand-derived model are given in Table 3.2.

Except for the symbols given in Table 3.2, the following notations are used:

af and ar are the longitudinal distances between each axle and the centre of mass
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Table 3.2 Symbols of the SAVGS and hand-derived full-car model

Symbols Physical Meanings Unit
z̈si the ith sprung mass acceleration m/s2

∆lti the ith tyre deflection m
∆lsi the ith suspension deflection m

∆l̇si the ith suspension velocity m/s
zri the ith vertical road displacement cm
żri the ith vertical road height change m/s
zlini the ith equivalent linear actuator displacement m
żlini the ith speed for the equivalent linear actuator m/s

z
(e)
lini

the ith reference equivalent linear actuator displacement m
ż∗lini

the ith reference speed for the equivalent linear actuator m/s
θ∗ref i

the ith single-link reference angle deg
∆θSLi the ith single-link angle deg

θ̈, φ̈ pitching and rolling accelerations at CM rad/s2

θ,φ the rolling and pitching angles at CM rad
z̈CM vertical mass acceleration at CM m/s2

zCM vertical mass displacement at CM m
Tp, Tr pitch/roll torque at mass centre N.m
TSAVGSi the ith actuation torque N.m
ms total sprung mass kg
muf

g,murg front and rear unsprung mass kg
iFtx the ith tyre force in the longitudinal direction N
iFty the ith tyre force in the lateral direction N
iFtz the ith tyre force in the vertical direction N
ax, ay longitudinal and lateral acceleations m/s2

(CM).

tf and tr are the track widths, which is the lateral distance between the points of con-

tact of the tyres in each axle.

keq and ceq are the equivalent parameters of the spring and damper.

3.1.5 SAVGS quarter-car multi-body model (QC)

The SAVGS concept in this work is adapted to a high performance sports car with

double-wishbone arrangements. The AUTOSIM programme has been used to develop

the quarter- and full- car multi-body SAVGS models by C.Arana in [11, 13]. For a

comprehensive understanding of the development of these multi-body models and the

associated code, the reader can refer to the work in [11, 13].
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The quarter-car model is used to evaluate the controller’s performance to in a

vertical direction to improve passenger ride comfort and road holding. The passive

configuration comprises five major parts: 1) a rigid double-wishbone; 2) a rigid wheel

spindle; 3) a vertically compliant tyre; 4) a suspension spring and 5) a suspension

damper. The concept and principle of the SAVGS has been illustrated in Section

2.2.4. To build the multi-body model in AUTOSIM, the main assumptions are shown

in Table. 3.3 [13]:

Table 3.3 The main assumptions in the multi-body quarter-car model [13].

Suspension
Spring is linear and damper is non-linear.

Spring-damper (SD) unit can only produce forces along
the axis between points E and G.

Spring and damper act in parallel and are assembled together.

Tyre model
Comprises a linear vertical spring and a linear vertical damper
that act in parallel between the road and point I.

The movement of the wheel is restricted within the local y’z’ plane.

Unsprung mass Point H is the mass center of all the unsprung mass.

Others All joints are ideal revolutes.

The quarter car model used in this thesis extends the conventional quarter car to

include a double wishbone arrangement as shown in Fig. 3.3.

It involves a sprung mass (chassis) that is allowed to move vertically and an un-

sprung mass (wheel) that is connected to it via a massless double wishbone kinematic

linkage. A road tyre compression force Ftz proportional to the tyre deflection (the dif-

ference between the unsprung mass vertical displacement, zt, and road input vertical

displacement, zr), acts on the unsprung mass to support the overall mass of the quar-

ter car and to introduce the road forcing. A conventional suspension strut is combined

with the new SAVGS components (single-link and actuator) and to introduce the road

forcing that suspends the sprung mass on the unsprung mass.

3.1.6 SAVGS full-car multi-body model (FC)

The full-car multi-body model has been developed based on the quarter-car models.

That is, a 6 DOF chassis model has the same suspension system at each corner of the

vehicle. In addition, to evaluate the performance of the SAVGS on the attitude motions

and directional response of the vehicles, other subsystems are incorporated, such as
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Fig. 3.3 Quarter-car arrangement. Points A, C and G are attached to the chassis;
points E and F are fixed to the spring-damper unit; and points B,D, H and I are
fixed to the wheel. The length of the spring-damper unit and its orientation can
be continuously controlled through the rotation of the single-link with respect to its
default equilibrium position [9].

aerodynamic forces, steering system, powertrain, braking system, tyres and virtual

drivers. The final tree structure of the full-vehicle model is depicted in Figure 3.4 and

the details of these subsystems can be found in C.Arana’s work [11]. Diamond-head

arrows represent the commands sent from the virtual drivers, the thick black arrows

represent the tyre and braking forces and the dotted lines mean there are kinematic

constraints between these bodies. The x, y and z symbols show the rotational motion

allowed between a body and its parent body.

One quarter-car (rear left wheel) double wishbone arrangement of the full-car GT

is shown in Figure 3.5. Figure 3.5 (a) and (b) represent the passive and active config-

urations for the vehicle operating with nominal payload and driving with a constant

forward speed, no longitudinal or lateral acceleration. Typically, in Figure 3.5 (b), a

single-link variant of the SAVGS is inserted between points G and F that is controlled

by a actuation torque TSAV GS to the longitudinal axis that act through point G. The

nominal equilibrium of the active configuration is when the single-link at its nominal
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Fig. 3.4 Full-car multi-body structure [11]. Except for the chassis, S, which has six
degree of freedom, the other bodies shown in this model only have a rotational degree
of freedom. LW and UW are the lower and upper wishbones. AHC and HC represent
the hub carriers. WH refers to wheels and PIN refers to steering pinion. ICE is the
internal combustion engine, and CRW and DFG are the crown wheel and the gears in
the differential, respectively.

angle θ
(ne)
SL , in where θ

(ne)
SL ≈ θ

(min)
SL +∆θSL. ∆θSL is the single-link angle. When ∆θSL

equals to 90◦, the transfer function of the vehicle system has superior gains in the fre-

quency domain that indicates the linearised controller developed at this position could

offer the maximum control authority. The rotation of the single-link angle from its

nominal angle alters the length of the spring-damper unit and the system installation

ratio. Figure 3.5 (c) shows dynamic equilibrium position that the vehicle drive with

a given payload, longitudinal or later acceleration. The SAVGS operates to compen-

sates for the variation of the tire load and stabilise the vehicle motion with respect
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Table 3.4 The main constraints and assumptions in the linear quarter-car model

Sprung and unsprung mass Constrained to move vertically without rotation

Lateral tyre force Neglected

Vertical tyre force Act along the same line as the Spring-damper unit

Damping coefficient
c = 0.41 ∗ c0, c0 is the maximum slope in
the nonlinear damping force vs. damper extension
speed (see Figure 3.6)

to the cornering conditions or the speeding changing in longitudinal directions. The

reference frames used in this model are identical to the frames in Section 3.1.3.
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Fig. 3.5 One corner (rear right) configurations of the GT. (a) Passive suspension
configuration; (b) the extension of the passive suspension by employing the variant of
the SAVGS; and (c) dynamic equilibrium, in where the SAVGS compensates for the
increased tire load and ensures that the wishbones remain in their desired positions.

3.1.7 SAVGS Autosim quarter-car linearised model (QCL)

The SAVGS Autosim quarter-car linearised model can be generated automatically

in Autosim by linearising at a trim state of the nonlinear quarter-car SAVGS multi-

body model described in Section 3.1.5. When the vehicle parameters are converted

from multi-body model to the linear suspension model, there are several differences

between the linear and multi-body representations of the quarter-car. The main con-

straints and assumptions in the linear quarter-car model, are [13]:

In the multi-body system, the d and f are vectors of the generalised coordinates

and speeds. By defining the state variables, x =

�
d

f

�

, the linearised state-space equa-
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Fig. 3.6 Nonlinear damper force versus damper extension rate. c0 at the front axles is
12980Ns/m and c0 at the rear axles is 24236Ns/m. c0 is chosen such that the frequency
responses of the linearised GT model to an average quality random road match well
the PSDs of the nonlinear GT model for the same road.

tion of the quarter-car model at ∆θSL = 90◦ can then be expressed as follows:

ẋ = Ax+ Bu

y = Cx+Du

where the inputs u and outputs y of the plant are considered according to the multiple

control objectives.

3.1.8 SAVGS Autosim full-car linearised model (FCL)

Similar to the QCL model, the SAVGS full-car linearised model can also be gen-

erated by Autosim from the nonlinear full-car multi-body model presented in Section

3.1.6. In addition to the previous constraints and assumptions of the QCL model,

some more assumptions are made when converting the vehicle dynamics from a non-

linear model to a linear model, including: 1) fours wheel are fixed to the ground,

therefore the vehicle has no movement in lateral and longitudinal directions at the

four corners; 2) the aerodynamic effects are neglected; and 3) the vehicle front-rear

mass distribution ratio is 57 to 43.

3.1.9 SAVGS hand-derived quarter-car linearised model (QECL)

The SAVGS hand-derived quarter-car linearised model has been developed in [13]

with the aim to remove the main geometric nonlinearity associated with the single-link

rotation of the SAVGS. Control design based on this model is used in subsequent work
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in this thesis for comparison purposes and the work is briefly summarised here. An idea

of the desired model for control synthesis is given in Figure. 3.7 (b). Instead of taking

single-link velocity θ̇SL in the Autosim model as the control effort, this hand-derived

model uses a new signal u. An external look-up table α−1(u) is inserted between the

vehicle plant (QC) and u, which is the function of single-link angle to extract the

nonlinearities from the QC model. When doing so, the relationship between u and y

becomes independent of the single-link angle.

The representative of the equivalent hand-derived model of the model in Figure

3.7 (b) is shown in Figure 3.7 (c). As compared to the SAVGS-retrofitted double-

wishbone suspension in Figure 3.7 (a), the effect of the single-link (point G to F) can

be incorporated into the equations of motion in the hand-derived model by treating it

as a displacement input (zlin). Therefore, the suspension deflection (i.e. the distance

between the sprung and unsprung masses) can now be calculated by the sum of the

deflection of the equivalent spring-damper unit (keq and ceq) and the displacement of

an equivalent linear actuator (zlin).

SLθ

sm

um

sz

uz

sz
tctk

eqk eqc
sl

tl

( )eq
SDl

linz

11 ( )D uα −−

Fig. 3.7 SAVGS suspension and equivalent hand-derived model.

The calculation of these equivalent properties zlin, keq and ceq is taken from [13].

The relationship between żlin and α can be expressed as:

żlin = αθ̇SL , (3.1)

in where α is a function of the lower wishbone angle (∆θLW ) and single-link angle

(∆θSL), and:

α = −
1

RSD

dlSD
dθSL

, and RSD =
dlSD
dθLW

dθLW
dzH

(3.2)

in where RSD is the installation ratio of the spring-damper and lSD is the actual spring-

damper length of the real suspension. The term dθLW

dzH
can be calculated based on the
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passive suspension geometry and can be treated as a parameter. The term dlSD

dθLW
is a

function of ∆θLW and ∆θSL. In this thesis, the effect of ∆θLW will be neglected as the

maximum change of α is less than 4% with respect to the nominal α (∆θLW = 0.1881),

which has been proved in the previous work [13]. Therefore,

α = α(∆θLW ,∆θSL) ≈ α(∆θSL) (3.3)

In both real and equivalent suspension systems, the motion between the sprung and

unsprung masses is the single factor that effects the energy stored in the suspension

spring and the energy dissipated from the suspension damper. Assume the sprung

mass is fixed and the unsprung mass moves with the wishbones. It is convenient

to consider that the vertical motion of the equivalent unsprung mass is equal to the

vertical motion of point H in Figure 3.7. It is also noted that the rate of change of

the energy stored in the real and equivalent suspension springs must be equal to each

other. In the meantime, the rate of energy dissipated from the real and equivalent

linear dampers also must be equal. Thus, the spring stiffness and damper coefficient

of the equivalent suspension to be used in QECL can be calculated as follows:

keq = ksR
2
SD − FSD

dRSD

dzH

ceq = csR
2
SD

(3.4)

where cs and ks are the spring and damping coefficients in the real SAVGS-retrofitted

double-wishbone suspension. FSD is the force exerted by the real spring. Both coef-

ficients depend on the change of lower wishbone angle (∆θLW ) and single-link angle

(∆θSL).

With the system state vectors and inputs/outputs defined as follows:

x⊤ = [żs , żu ,∆ls ,∆lt , zlin] ,

u⊤ = [żr , żlin] ,

y⊤ = [z̈s ,∆ls ,∆lt] ,
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the state-space equation for the SAVGS hand-derived quarter-car linearised model is

given by:

�
A B

C D

�

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣
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ms

ceq
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ms

0 −keq
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⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

.

3.1.10 SAVGS full-car hand-derived linear equivalent model

(FECL)

The full-car hand-derived linear equivalent model is the (non-trivial) expansion of

the SAVGS hand-derived quarter-car linearised model in Section 3.1.9. The configu-

ration of the equivalent model is shown in Figure 3.8 and it is a contribution of this

thesis. This is a 7-DOF model where the sprung mass is defined to be a rigid body

with in vertical, pitching, and rolling freedoms (zCM , θ, φ), while a vertical displace-

ment freedom is also defined for each of the four unsprung masses (zu1, zu2, zu3, zu4).

Two external actions, namely the exogenous pitching and rolling moments (Tp, Tr),

are added to the chassis to simulate the movement of the vehicle with load transfer.

The state-space form of the equivalent full-car SAVGS model can be written as:

ẋ = Ax+ Bu

y = Cx+Du

The state vector is chosen as the follows for the minimal realisation of linear system:

xT = [żCM , θ̇, ϕ̇, żu1,żu2,żu3,żu4,∆ls1,∆ls2,

∆ls3,∆ls4,∆lt1,∆lt2,∆lt3,∆lt4, zlin1, zlin2, zlin3, zlin4]

The input vector u includes disturbances (time derivatives of the vertical road profiles,

the exogenous pitching and rolling torques) and control inputs (the actuator velocities
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Fig. 3.8 Full-car hand-derived linear equivalent model for the study of vehicle dynamic
response.

regarding to the single-link rotations):

uT = [żr1, żr2, żr3, żr4,Tp, Tr, żlin1, żlin2, żlin3, żlin4]

The outputs are selected as the displacements of equivalent linear actuators, the tyre

deflections, and mass centre accelerations (vertical, pitch and roll directions). The list

of these variables can be modified according to different control objectives:

yT =
�
zlin1, zlin2, zlin3, zlin4,∆lt1,∆lt2,∆lt3,∆lt4,∆l̇s1,∆l̇s2,∆l̇s3,∆l̇s4, z̈CM , θ̈, φ̈

�

Basic assumption of the linear equivalent model:

The linearised equations for the position and speeds of the sprung masses at each

corner of the vehicle are (subscripts f and r refer to the front and rear axes):

z1 = zCM − afθ −
�
tf
2

�
φ,
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z2 = zCM − afθ +

�
tf
2

�
φ,

z3 = zCM + arθ −
�
tr
2

�
φ,

z4 = zCM + arθ +

�
tr
2

�
φ,

The suspension deflections and deflection rates can therefore be calculated through:

∆ls1 = zu1 − z1 = zu1 − zCM + afθ +

�
tf
2

�
φ, ∆̇ls1 = żu1 − żCM + af θ̇ +

�
tf
2

�
φ̇

∆ls2 = zu2 − z2 = zu2 − zCM + afθ −
�
tf
2

�
φ, ∆̇ls2 = żu2 − żCM + af θ̇ −

�
tf
2

�
φ̇

∆ls3 = zu3 − z3 = zu3 − zCM − arθ +

�
tr
2

�
φ, ∆̇ls3 = żu3 − żCM − arθ̇ +

�
tr
2

�
φ̇

∆ls4 = zu4 − z4 = zu4 − zCM − arθ −
�
tr
2

�
φ, ∆̇ls4 = żu4 − żCM − arθ̇ −

�
tr
2

�
φ̇

Tyre deflections and deflection rates are simply ∆lti = zri − zui and ∆̇lti = żri − żui

respectively. The suspension forces produced by the spring-damper and the actuator

acting on the sprung mass as well as the tyre forces acting on the unsprung masses

are given by:

FSD1 = keqf (∆ls1 − zlin1) + ceqf

�
∆̇ls1 − żlin1

�
,

FSD2 = keqf (∆ls2 − zlin2) + ceqf

�
∆̇ls2 − żlin2

�
,

FSD3 = keqr (∆ls3 − zlin3) + ceqr

�
∆̇ls3 − żlin3

�
,

FSD4 = keqr (∆ls4 − zlin4) + ceqr

�
∆̇ls4 − żlin4

�
,

and

Ft1 = ktf (zr1 − zu1) + ctf (żr1 − żu1) ,

Ft2 = ktf (zr2 − zu2) + ctf (żr2 − żu2) ,

Ft3 = ktr (zr3 − zu3) + ctr (żr3 − żu3) ,

Ft4 = ktr (zr4 − zu4) + ctr (żr4 − żu4) .
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Equations of motion: The equations of motions are derived by using Newton’s

second law to the chassis and unsprung masses. Hence, the final equations of motion

of the SAVGS equivalent full-car model can be formalised as:

z̈u1 =
Ft1 − FSD1

Muf
= 1

muf
(ceqf żCM − ceqfaf θ̇ − ceqf

�
tf
2

�
φ̇− (ctf + ceqf) żu1

−keqf∆ls1 + ktf∆lt1 + ctf żr1 + keqfzlin1 + ceqf żlin1) ,

z̈u2 =
Ft2 − FSD2

Muf
= 1

muf
(ceqf żCM − ceqfaf θ̇ + ceqf

�
tf
2

�
φ̇− (ctf + ceqf) żu2

−keqf∆ls2 + ktf∆lt2 + ctf żr2 + keqfzlin2 + ceqf żlin2) ,

z̈u3 =
Ft3 − FSD3

Mur
= 1

mur
(ceqrżCM + ceqrarθ̇ − ceqr

�
tr
2

�
φ̇− (ctr + ceqr) żu3

−keqr∆ls3 + ktr∆lt3 + ctr żr3 + keqrzlin3 + ceqrżlin3) ,

z̈u4 =
Ft4 − FSD4

Mur

= 1
mur

(ceqrżCM + ceqrarθ̇ + ceqr
�
tr
2

�
φ̇− (ctr + ceqr) żu4

−keqr∆ls4 + ktr∆lt4 + ctr żr4 + keqrzlin4 + ceqrżlin4) ,

z̈CM =

�
FSDi

ms
= 1

ms
(keqf∆ls1 + keqf∆ls2 + keqr∆ls3 + keqr∆ls4 − keqfzlin1

−keqfzlin2 − keqrzlin3 − keqrzlin4 − ceqf żlin1 − ceqf żlin2

−ceqrżlin3 − ceqrżlin4 + ceqf żu1 + ceqf żu2 + ceqrżu3

+ceqrżu4 − 2(ceqf + ceqr)żCM + 2(ceqfaf − ceqrar)θ̇) ,

θ̈ =

�
My

Iyy
= 1

Iyy
(−af (FSD1 + FSD2) + ar (FSD3 + FSD4) + TP )

= 1
Iyy

(2 (ceqfaf − ceqrar) żCM − 2 (ceqfa
2
f + ceqra

2
r) θ̇ − afceqf żu1

−afceqf żu2 + arceqrżu3 + arceqrżu4 − afkeqf∆ls1 − afkeqf∆ls2

+arkeqr∆ls3 + arkeqr∆ls4 + afkeqfzlin1 + afkeqfzlin2 − arkeqrzlin3

−arkeqrzlin4 + afceqf żlin1 + afceqf żlin2 − arceqrżlin3 − arceqrżlin4 + Tp) ,
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φ̈ =

�
Mx

Ixx
= 1

Ixx

�
tf
2
(−FSD1 + FSD2) +

tr
2
(−FSD3 + FSD4) + Tr

�

= 1
Ixx

(−1
2
(ceqf t

2
f + ceqrt

2
r) φ̇− tf

2
ceqf żu1 +

tf
2
ceqf żu2 − tr

2
ceqrżu3

+ tr
2
ceqrżu4 −

tf
2
keqf∆ls1 +

tf
2
keqf∆ls2 − tr

2
keqr∆ls3 +

tr
2
keqr∆ls4

+
tf
2
keqfzlin1 −

tf
2
keqfzlin2 +

tr
2
keqrzlin3 − tr

2
keqrzlin4 +

tf
2
ceqf żlin1

− tf
2
ceqf żlin2 +

tr
2
ceqrżlin3 − tr

2
ceqrżlin4 + Tr) ,

z̈1 = z̈CM − af θ̈ −
tf
2
φ̈

=
�

keqf
ms

+
a2f keqf

Iyy
+

t2fkeqf

4Ixx

�
∆ls1 +

�
keqf
ms

+
a2fkeqf

Iyy
− t2fkeqf

4Ixx

�
∆ls2

+
�

keqr
ms

− afarkeqr
Iyy

+
tf trkeqr
4Ixx

�
∆ls3 +

�
keqr
ms

− afarkeqr
Iyy

− tf trkeqr
4Ixx

�
∆ls4

+
�

ceqf
ms

+
a2f ceqf

Iyy
+

t2f ceqf

4Ixx

�
żu1 +

�
ceqf
ms

+
a2f ceqf

Iyy
− t2f ceqf

4Ixx

�
żu2

+
�

ceqr
ms

− afarceqr
Iyy

+
tf trceqr
4Ixx

�
żu3 +

�
ceqr
ms

− afarceqr
Iyy

− tf trceqr
4Ixx

�
żu4

+
�
− 1

ms
− a2f

Iyy
− t2f

4Ixx

�
keqfzlin1 +

�
− 1

ms
− a2f

Iyy
+

t2f
4Ixx

�
keqfzlin2

+
�
− 1

ms
+

afar
Iyy

− tf tr
4Ixx

�
keqrzlin3 +

�
− 1

ms
+

afar
Iyy

+
tf tr
4Ixx

�
keqrzlin4

+
�

1
ms

− a2f
Iyy

− t2f
4Ixx

�
ceqf żlin1 +

�
1
ms

− a2f
Iyy

+
t2f

4Ixx

�
ceqf żlin2

+
�

1
ms

+
araf
Iyy

− tf tr
4Ixx

�
ceqrżlin3 +

�
1
ms

+
araf
Iyy

+
tf tr
4Ixx

�
ceqrżlin4

+
�
− 2

ms
(ceqr + ceqf)−

2af
Iyy

(ceqfaf − ceqrar)
�
żCM

+
�

2
ms

(ceqfaf − ceqrar) +
2af
Iyy

�
ceqfa

2
f + ceqra

2
f

��
θ̇

+
tf

4Ixx

�
ceqf t

2
f + ceqrt

2
f

�
φ̇− af

Iyy
Tp −

tf
2Ixx

Tr ,
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z̈2 = z̈CM − af θ̈ +
tf
2
φ̈

=
�

keqf
ms

+
a2fkeqf

Iyy
− t2fkeqf

4Ixx

�
∆ls1 +

�
keqf
ms

+
a2fkeqf

Iyy
+

t2fkeqf

4Ixx

�
∆ls2

+
�

keqr
ms

− afarkeqr
Iyy

− tf trkeqr
4Ixx

�
∆ls3 +

�
keqr
ms

− afarkeqr
Iyy

+
tf trkeqr
4Ixx

�
∆ls4

+
�

ceqf
ms

+
a2f ceqf

Iyy
− t2f ceqf

4Ixx

�
żu1 +

�
ceqf
ms

+
a2f ceqf

Iyy
+

t2f ceqf

4Ixx

�
żu2

+
�

ceqr
ms

− afarceqr
Iyy

− tf trceqr
4Ixx

�
żu3 +

�
ceqr
ms

− afarceqr
Iyy

+
tf trceqr
4Ixx

�
żu4

+
�
− 1

ms
− a2f

Iyy
+

t2f
4Ixx

�
keqfzlin1 +

�
− 1

ms
− a2f

Iyy
− t2f

4Ixx

�
keqfzlin2

+
�
− 1

ms
+

afar
Iyy

+
tf tr
4Ixx

�
keqrzlin3 +

�
− 1

ms
+

afar
Iyy

− tf tr
4Ixx

�
keqrzlin4

+
�

1
ms

− a2f
Iyy

+
t2f

4Ixx

�
ceqf żlin1 +

�
1
ms

− a2f
Iyy

− t2f
4Ixx

�
ceqf żlin2

+
�

1
ms

+
araf
Iyy

+
tf tr
4Ixx

�
ceqrżlin3 +

�
1
ms

+
araf
Iyy

− tf tr
4Ixx

�
ceqrżlin4

+
�
− 2

ms
(ceqr + ceqf)−

2af
Iyy

(ceqfaf − ceqrar)
�
żCM

+
�

2
ms

(ceqfaf − ceqrar) +
2af
Iyy

�
ceqfa

2
f + ceqra

2
f

��
θ̇

− tf
4Ixx

�
ceqf t

2
f + ceqrt

2
f

�
φ̇− af

Iyy
Tp +

tf
2Ixx

Tr ,

z̈3 = z̈CM + af θ̈ −
tf
2
φ̈

=
�

keqf
ms

− a2fkeqf

Iyy
+

t2fkeqf

4Ixx

�
∆ls1 +

�
keqf
ms

− a2fkeqf

Iyy
− t2f keqf

4Ixx

�
∆ls2

+
�

keqr
ms

+
afarkeqr

Iyy
+

tf trkeqr
4Ixx

�
∆ls3 +

�
keqr
ms

+
afarkeqr

Iyy
− tf trkeqr

4Ixx

�
∆ls4

+
�

ceqf
ms

− a2f ceqf

Iyy
+

t2f ceqf

4Ixx

�
żu1 +

�
ceqf
ms

− a2f ceqf

Iyy
− t2f ceqf

4Ixx

�
żu2

+
�

ceqr
ms

+
afarceqr

Iyy
+

tf trceqr
4Ixx

�
żu3 +

�
ceqr
ms

+
afarceqr

Iyy
− tf trceqr

4Ixx

�
żu4

+
�
− 1

ms
+

a2f
Iyy

− t2f
4Ixx

�
keqfzlin1 +

�
− 1

ms
+

a2f
Iyy

+
t2f

4Ixx

�
keqfzlin2

+
�
− 1

ms
− afar

Iyy
− tf tr

4Ixx

�
keqrzlin3 +

�
− 1

ms
− afar

Iyy
+

tf tr
4Ixx

�
keqrzlin4

+
�

1
ms

+
a2f
Iyy

− t2f
4Ixx

�
ceqf żlin1 +

�
1
ms

+
a2f
Iyy

+
t2f

4Ixx

�
ceqf żlin2

+
�

1
ms

− araf
Iyy

− tf tr
4Ixx

�
ceqrżlin3 +

�
1
ms

− araf
Iyy

+
tf tr
4Ixx

�
ceqrżlin4

+
�
− 2

ms
(ceqr + ceqf) +

2af
Iyy

(ceqfaf − ceqrar)
�
żCM

+
�

2
ms

(ceqfaf − ceqrar)−
2af
Iyy

�
ceqfa

2
f + ceqra

2
f

��
θ̇

+
tf

4Ixx

�
ceqf t

2
f + ceqrt

2
f

�
φ̇+

af
Iyy

Tp −
tf

2Ixx
Tr ,



62 Vehicle Modelling

z̈4 = z̈CM + af θ̈ +
tf
2
φ̈

=
�

keqf
ms

− a2fkeqf

Iyy
− t2fkeqf

4Ixx

�
∆ls1 +

�
keqf
ms

− a2fkeqf

Iyy
+

t2fkeqf

4Ixx

�
∆ls2

+
�

keqr
ms

+
afarkeqr

Iyy
− tf trkeqr

4Ixx

�
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�
keqr
ms

+
afarkeqr

Iyy
+

tf trkeqr
4Ixx

�
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+
�

ceqf
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− a2f ceqf

Iyy
− t2f ceqf

4Ixx

�
żu1 +

�
ceqf
ms
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Iyy
+

t2f ceqf
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�
żu2

+
�

ceqr
ms

+
afarceqr

Iyy
− tf trceqr

4Ixx

�
żu3 +

�
ceqr
ms

+
afarceqr

Iyy
+

tf trceqr
4Ixx

�
żu4

+
�
− 1

ms
+

a2f
Iyy

+
t2f

4Ixx

�
keqfzlin1 +

�
− 1

ms
+

a2f
Iyy

− t2f
4Ixx

�
keqfzlin2

+
�
− 1

ms
− afar

Iyy
+

tf tr
4Ixx

�
keqrzlin3 +

�
− 1

ms
− afar

Iyy
− tf tr

4Ixx

�
keqrzlin4

+
�

1
ms

+
a2f
Iyy

+
t2f

4Ixx

�
ceqf żlin1 +

�
1
ms

+
a2f
Iyy

− t2f
4Ixx

�
ceqf żlin2

+
�

1
ms

− araf
Iyy

+
tf tr
4Ixx

�
ceqrżlin3 +

�
1
ms

− araf
Iyy

− tf tr
4Ixx

�
ceqrżlin4

+
�
− 2

ms
(ceqr + ceqf) +

2af
Iyy

(ceqfaf − ceqrar)
�
żCM

+
�

2
ms

(ceqfaf − ceqrar)−
2af
Iyy

�
ceqfa

2
f + ceqra

2
f

��
θ̇
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4Ixx

�
ceqf t

2
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2
f

�
φ̇+
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Iyy

Tp +
tf

2Ixx
Tr ,

State-space equation:

The system matrices are A ∈ R
19∗19 , B ∈ R

19∗10 , C ∈ R
15∗19 , D ∈ R

15∗10, and are

shown below with their non-zero parameters:

A =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0

∗ ∗ ∗ 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0

∗ ∗ ∗ 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0

∗ ∗ ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗ 0 0 0 ∗

∗ ∗ ∗ ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ 0 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 ∗ 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦
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C =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗

0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0 0

∗ ∗ ∗ ∗ 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 0

∗ ∗ ∗ 0 ∗ 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0

∗ ∗ ∗ 0 0 ∗ 0 0 0 0 0 0 0 ∗ 0 0 0 0 0

∗ ∗ ∗ 0 0 0 ∗ 0 0 0 0 0 0 0 ∗ 0 0 0 0

∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

0 0 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 ∗ ∗ ∗ ∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0 0 0 0 ∗ ∗ ∗ ∗

0 0 0 0 ∗ 0 ∗ ∗ ∗ ∗

0 0 0 0 0 ∗ ∗ ∗ ∗ ∗

∗ 0 0 0 0 0 ∗ 0 0 0

0 ∗ 0 0 0 0 0 ∗ 0 0

0 0 ∗ 0 0 0 0 0 ∗ 0

0 0 0 ∗ 0 0 0 0 0 ∗

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

∗ 0 0 0 0 0 0 0 0 0

0 ∗ 0 0 0 0 0 0 0 0

0 0 ∗ 0 0 0 0 0 0 0

0 0 0 ∗ 0 0 0 0 0 0

0 0 0 0 0 0 ∗ 0 0 0

0 0 0 0 0 0 0 ∗ 0 0

0 0 0 0 0 0 0 0 ∗ 0

0 0 0 0 0 0 0 0 0 ∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦

, D =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎣

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 ∗ ∗ ∗ ∗

0 0 0 0 ∗ 0 ∗ ∗ ∗ ∗

0 0 0 0 0 ∗ ∗ ∗ ∗ ∗

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
⎦
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The non-zero parameters in matrix A are given as follows:

A(1, 1) = −2(ceqr + ceqf)/ms ;A(1, 2) = 2(ceqfaf − ceqrar)/ms ;

A(1, 4) = ceqf/ms ;A(1, 5) = ceqf/ms ;A(1, 6) = ceqr/ms ;

A(1, 7) = ceqr/ms ;A(1, 8) = keqf/ms ;A(1, 9) = keqf/ms ;

A(1, 10) = keqr/ms ;A(1, 11) = keqr/ms ;A(1, 16) = −A(1, 8) ;

A(1, 17) = −A(1, 8) ;A(1, 18) = −A(1, 10) ;A(1, 19) = −A(1, 10) ;

A(2, 1) = 2(ceqfaf − ceqrar)/Iyy;A(2, 2) = −2(ceqf(af )
2 + ceqr(ar)

2)/Iyy;

A(2, 4) = −afceqf/Iyy;A(2, 5) = A(2, 4);A(2, 6) = arceqr/Iyy;A(2, 7) = A(2, 6);

A(2, 8) = −afkeqf/Iyy;A(2, 9) = A(2, 8);A(2, 10) = arkeqr/Iyy;

A(2, 11) = A(2, 10);A(2, 16) = −A(2, 8);A(2, 17) = −A(2, 8);

A(2, 18) = −A(2, 10);A(2, 19) = −A(2, 10);

A(3, 3) = −0.5(ceqf(tf)
2 + ceqr(tr)

2)/Ixx;A(3, 4) = −0.5tfceqf/Ixx;

A(3, 5) = −A(3, 4);A(3, 6) = −0.5trceqr/Ixx;A(3, 7) = −A(3, 6);

A(3, 8) = −0.5tfkeqf/Ixx;A(3, 9) = −A(3, 8);A(3, 10) = −0.5trkeqr/Ixx;

A(3, 11) = −A(3, 10);A(3, 16) = −A(3, 8);A(3, 17) = A(3, 8);

A(3, 18) = −A(3, 10);A(3, 19) = A(3, 10);

A(4, 1) = ceqf/muf ;A(4, 2) = −ceqfaf/muf ;A(4, 3) = −0.5ceqf tf/muf ;

A(4, 4) = −(ctf + ceqf)/muf ;A(4, 8) = −keqf/muf ;A(4, 12) = ktf/muf ;

A(4, 16) = keqf/muf ;

A(5, 1) = ceqf/muf ;A(5, 2) = −ceqfaf/muf ;A(5, 3) = 0.5ceqftf/muf ;

A(5, 5) = −(ctf + ceqf)/muf ;A(5, 9) = −keqf/muf ;A(5, 13) = ktf/muf ;

A(5, 17) = keqf/muf ;

A(6, 1) = ceqr/mur;A(6, 2) = ceqrar/mur;A(6, 3) = −0.5ceqrtr/mur;

A(6, 6) = −(ctr + ceqr)/mur;A(6, 10) = −keqr/mur;A(6, 14) = ktr/mur;

A(6, 18) = keqr/mur;

A(7, 1) = ceqr/mur;A(7, 2) = ceqrar/mur;A(7, 3) = 0.5ceqrtr/mur;

A(7, 7) = −(ctr + ceqr)/mur;A(7, 11) = −keqr/mur;A(7, 15) = ktr/mur;

A(7, 19) = keqr/mur;

A(8, 1) = −1;A(8, 2) = af ;A(8, 3) = 0.5tf ;A(8, 4) = 1;

A(9, 1) = −1;A(9, 2) = af ;A(9, 3) = −0.5tf ;A(9, 5) = 1;

A(10, 1) = −1;A(10, 2) = −ar;A(10, 3) = 0.5tr;A(10, 6) = 1;

A(11, 1) = −1;A(11, 2) = −ar;A(11, 3) = −0.5tr;A(11, 7) = 1;

A(12, 4) = −1;A(13, 5) = −1;A(14, 6) = −1;A(15, 7) = −1;

The non-zero parameters in matrix B are given as:



3.1 Vehicle models 65

B(1, 7) = −A(1, 4);B(1, 8) = −A(1, 4);B(1, 9) = −A(1, 6);B(1, 10) = −A(1, 6);

B(2, 5) = 1/Iyy;B(2, 7) = −A(2, 4);B(2, 8) = −A(2, 4);B(2, 9) = −A(2, 6);

B(2, 10) = −A(2, 6);B(3, 6) = 1/Ixx;B(3, 7) = −A(3, 4);B(3, 8) = A(3, 4);

B(3, 9) = −A(3, 6);B(3, 10) = A(3, 6);

B(4, 1) = ctf/muf ;B(4, 7) = ceqf/muf ;B(5, 2) = ctf/muf ;B(5, 8) = ceqf/muf ;

B(6, 3) = ctr/mur;B(6, 9) = ceqr/mur;B(7, 4) = ctr/mur;B(7, 10) = ceqr/mur;

B(12, 1) = 1;B(13, 2) = 1;B(14, 3) = 1;B(15, 4) = 1;B(16, 7) = 1;B(17, 8) =

1;B(18, 9) = 1;B(19, 10) = 1;

The non-zero parameters in matrix C are given as:

C(1, 16) = 1;C(2, 17) = 1;C(3, 18) = 1;C(4, 19) = 1;

C(5, 12) = 1;C(6, 13) = 1;C(7, 14) = 1;C(8, 15) = 1;

C(9, 1) = −1;C(9, 2) = af ;C(9, 3) = tf/2;C(9, 4) = 1;

C(10, 1) = −1;C(10, 2) = af ;C(10, 3) = −tf/2;C(12, 5) = 1;

C(11, 1) = −1;C(11, 2) = −ar;C(11, 3) = tr/2;C(12, 6) = 1;

C(12, 1) = −1;C(12, 2) = −ar;C(12, 3) = −tr/2;C(12, 7) = 1;

C(13, 1) = −2(ceqr + ceqf)/ms;C(13, 2) = 2(ceqfaf − ceqrar)/ms;

C(13, 4) = ceqf/ms;C(13, 5) = ceqf/ms;C(13, 6) = ceqr/ms;

C(13, 7) = ceqr/ms;C(13, 8) = keqf/ms;C(13, 9) = keqf/ms;

C(13, 10) = keqr/ms;C(13, 11) = keqr/ms;C(13, 16) = −C(13, 8);

C(13, 17) = −C(13, 8);C(13, 18) = −C(13, 10);C(13, 19) = −C(13, 10);

C(14, 1) = 2(ceqfaf − ceqrar)/Iyy;C(14, 2) = −2(ceqf (af)
2 + ceqr(ar)

2)/Iyy;

C(14, 4) = −af ceqf/Iyy;C(14, 5) = C(14, 4);C(14, 6) = arceqr/Iyy;

C(14, 7) = C(14, 6);C(14, 8) = −afkeqf/Iyy;C(14, 9) = C(14, 8);

C(14, 10) = arkeqr/Iyy;C(14, 11) = C(14, 10);C(14, 16) = −C(14, 8);

C(14, 17) = −C(14, 8);C(14, 18) = −C(14, 10);C(14, 19) = −C(14, 10);

C(15, 3) = −0.5(ceqf (tf)
2 + ceqr(tr)

2)/Ixx;C(15, 4) = −0.5tfceqf/Ixx;

C(15, 5) = −C(15, 4);C(15, 6) = −0.5trceqr/Ixx;C(15, 7) = −C(15, 6);

C(15, 8) = −0.5tfkeqf/Ixx;C(15, 9) = −C(15, 8);C(15, 10) = −0.5trkeqr/Ixx;

C(15, 11) = −C(15, 10);C(15, 16) = −C(15, 8);C(15, 17) = C(15, 8);

C(15, 18) = −C(15, 10);C(15, 19) = C(15, 10);

The non-zero parameters in matrix D are given as:

D(13, 7) = −C(13, 4);D(13, 8) = −C(13, 4);D(13, 9) = −C(13, 6);

D(13, 10) = −C(13, 6);D(14, 5) = 1/Iyy;D(14, 7) = −C(14, 4);

D(14, 8) = −C(14, 4);D(14, 9) = −C(14, 6);D(14, 10) = −C(14, 6);
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D(15, 6) = 1/Ixx;D(15, 7) = −C(15, 4);D(15, 8) = C(15, 4);

D(15, 9) = −C(15, 6);D(15, 10) = C(15, 6);

3.2 Vehicle and SAVGS parameters

In this thesis, a vehicle representative of a Grand Tourer (GT) has been considered

to explore the SAVGS performance. One of the representative models of the GT car

is Ferrari F430, as shown in Figure 3.9.

Fig. 3.9 Ferrari F430, the high performance sports car used in this thesis.

3.2.1 Main vehicle parameters

The fundamental properties, such as masses, inertias and lengths, which determine

the dynamic response of the high performance car used in this project, are summarised

in Table 3.5. To see the selection process of the vehicle chassis and subsystems param-

eters, the reader is refered to the earlier work [11]. The QC model in Chapter 4 uses

the rear wheel axle parameters.

3.2.2 SAVGS parameters

The selected actuator of the SAVGS in this thesis comprises one Kollmorgen

AKM33H, which is a Permanent Magnet Synchronous Motor (PMSM), and one Dana-

her UT075-40, which is an epicyclic gearbox. The main properties of the single-link,

PMSM, gearbox and converters selected for the GT are shown in Table 3.6. The

details of the selection and sizing of the SAVGS components are found in [11].
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Table 3.5 Full-car vehicle parameters

Parameter Symbol Units Axle Value

Sprung mass ms kg - 1325
Unsprung mass muf

/mur kg F/R 62.5/62.5
Wheelbase l m - 2.6
Mass center height hCM m - 0.424
Weight distribution % F/R 57/43
Tyre track tf/tr m F/R 1.669/1.615
Spring stiffness ksf/ksr N/mm F/R 92/158
Damping coefficient∗ csf/csr Ns/m F/R 5321/9937
Tyre stiffness ktf/ktr N/mm F&R 275
Tyre damping ctf/ctr Ns/m F&R 300
Chassis xx inertia Ixx kgm2 - 300
Chassis yy inertia Iyy kgm2 - 1500
Chassis zz inertia Izz kgm2 - 1500

∗ Damping coefficient (Ns/m) for linear analyses

3.3 Road models

As the main excitation source, the modelling of the road profile is important for

simulations of the vehicle models. The vehicle body accelerations, suspension travel,

rotational motions, and vehicle displacements are all determined by the vehicle’s dy-

namic responses to the road input. Road disturbances when analysing a vehicle dy-

namic’s response can normally be classified into two groups:

• Deterministic roads, such as bump waves and sine waves, which are often used

to analyse the response of the vehicle in the time domain when it travels at low

speeds.

• Random roads, which allow for the validation of the responses of the vehicle in

the time domain when it travels at high speeds.

3.3.1 Sinusoidal input

Vehicle motions are often studied using sinusoidal inputs. In Chapter 4, a 2Hz

frequency is selected to investigate the superior improvement of the H∞ controller

near the natural frequencies of the quarter-car vehicle.
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Table 3.6 SAVGS parameters

Component Parameter Units Value

SAVGS Single-link lengths (front/rear) mm 15.0/11.0
SL equivalent inertia (front & rear) kgm2 0.16
Actuator mass (front & rear) kg 6

Gearbox Gear ratio - 40
Efficiency % 90
Max. acceleration torque Nm 205
Static output torque Nm 97
Max. speed rpm 137.5

PMSM Static friction Nm 0.026
Winding (damping) coefficient Nms/rad 0.000038
Number of pole pairs - 4
dp resistance Ω 0.91
dp inductance mH 2.05
Flux linkage due to the rotor magnets mV s/rad 61.8
Stray losses coefficient mVs/rad 4.6
Core resistance Ω 250
Max. cont. phase current amplitude A 8.0
Max. peak phase current amplitude A 21.0
Max. DC voltage V 320

Converters DC-DC converter efficiency % 95
DC-AC converter efficiency % 98
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3.3.2 Smoothed bump input

A smoothed bump change in the road height is another road perturbation used

to evaluate the performance of the controllers. The step is given by the following

expression in the time domain:

f(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

hb

2

�
1− cos

�
2π

V

wb
t

��
0 ≤ t ≤

wb

V

0 t >
wb

V

(3.5)

in which hb is the height of the bump, wb is the width of the bump, and V represents

the forward velocity of the vehicle.

3.3.3 Random road profiles

In this work, two approaches to generating random road profiles, which can be

expressed using power spectra density (PSD), are considered based on [ISO 8608:1995]

[85].

• First approach used in Chapter 4: In this approach, the random road profile

can be calculated through the integration of a random white noise signal that

represents the road roughness with respect to the longitudinal velocity. As low

frequencies are not expected in the suspension studies, a coloured noise source

that limits the average power at low frequencies is used instead. In addition, a

geometric filter that corresponds to the wheel radius of the vehicle is employed

to emulated the effect of the tyre.

The road disturbance can be characterised in terms of its displacement power

spectral density (PSD), in m2/(rad/m), which can be approximated to be [36]:

Φ(ω) =
(σ2/π)αV

ω2 + α2V 2
, (3.6)

in which ω is the angular spatial frequency in rad/m, σ2 is the road roughness

variance in m2, V is the forward velocity of the car in m/s, and α depends on

the quality of the road and has units of rad s/m2. The road disturbance with

the PSD can be produced by solving the differential equation

żr(t) + αV zr(t) = w(t), (3.7)



70 Vehicle Modelling

in which zr is the road vertical displacement disturbance and w(t) is a white

noise process with spectral density 2σ2αV .

• Second approach used in Chapters 5 to 7: This approach can be obtained

as the sum of a series of harmonic signals with varying amplitudes and spatial

frequencies with respect to the vehicle longitudinal velocity. This approach is

simpler than the previous approach and eliminates the high frequency interfer-

ence in the previous case.

Roads are modelled as the sum of harmonically related signals with varying spa-

tial frequencies and amplitudes, which can be obtained in longitudinal direction,

x, through:

h =
nmax�

ni=nmin

Aicos(2πnix+ φi) (3.8)

where h is the random road height. Sinusoidal components are associated with

the spatial frequency ni, and the random phase φi which are distributed uni-

formly over the range (0, 2π). [nmin, nmax] = [0.1, 10] cycles/m are defined

as the lower and higher end of the spatial frequency in [ISO 8608:1995], which

implies that frequencies outside this range are not relevant for the excitation of

road vehicles. The amplitude, Ai, can be approximately derived from a given

displacement power spectral density (PSD) [85]:

Gd(ni) = Gd(n0)(
ni

n0

)−ω = lim
∆n→0

Φ(ni)
2

∆n
(3.9)

in which n0 is the reference spatial frequency, ∆n is the spatial frequency step,

and ω is a constant exponent. Φ(ni)
2 = Ai

2/2 represents the average power of

a harmonic signal, and Gd(n0) = 10−6 · 22k [85] where k corresponds to different

road roughness A to H.

The power spectral density (PSD) plots of the random road profiles used in Chap-

ters 5 to 7 based on this approach, with the values of the road parameters n0 =

0.1 cycles/m, ∆n = 0.005 cycles/m, ω = 2, are depicted in Figure 3.10.

3.4 Type of closed-loop control schemes

In this thesis, three robust H∞ control designs are formulated based on the models

1 , 3 and 4 shown in Table 3.1 to solve the disturbance attenuation problem with
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Fig. 3.10 Example PSDs for road profiles with roughness A and C considered in this
chapter, shown in red and green lines, which correspond to good and average quality
road. Gd is the displacement power spectral density as a function of spatial frequency,
n. Classification of roads A to H are defined in [ISO 8608:1995] [85].

linearised quarter- and full- car models in the high-frequency suspension functions and

an overall full-car control framework is also constructed for the purpose of tackling

both the low- and high- frequency suspension functions. For a complete understanding

the effectiveness of the H∞ techniques on SAVGS control and to assess the potential of

the SAVGS both the low- and high- frequency suspension functions, an H∞ controller

based on the hand-derived equivalent model (model 2 in Table 3.1) and a PID

controller for the chassis attitude control proposed in the previous studies ([10] and

[12]) are also introduced in Chapter 5 and 7 to help to identify the best control

approach. More specifically, the H∞ controller based on the hand-derived model is

employed to confirm that the H∞ synthesis for quarter-car hand-derived model has

better level of robustness to single-link rotations, which is the motivation of the design

in Chapter 6 of an H∞ control synthesis for full-car hand-derived model. The latter

one, the PID controller is employed to compared with the overall full-car control in

the low-frequency suspension functions. As the overall full-car control in Chapter 7 is
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achieved thoroughly blending an H∞ controller (develop in Chapter 6) together with a

new PID controller (develop in Chapter 7), the pure H∞ -controlled scheme in Chapter

6 and the pure PID control scheme developed in previous studies [12] are compared

to ensure that the overall control framework improves comfort and road holding in

high frequency vehicle dynamics and chassis attitude motion in low frequency vehicle

dynamics simultaneously while the different control objectives do not interfere with

each other.

3.4.1 Quarter-car closed-loop control schemes

In Chapter 4, a SAVGS H∞ -controlled scheme based on the Autosim quarter-car

linearised model, denoted by QA-SAVGS, is proposed and investigated by nonlinear

simulation for a range of disturbances. The results of the QA-SAVGS are compared

with the passive quarter-car system, denoted by Q-Passive, to understand the effec-

tiveness and potential of H∞ synthesis with the SAVGS.

3.4.2 Full-car closed-loop control schemes

Six full-car closed-loop nonlinear control schemes in this thesis are listed in Table

3.7, in where the controllers developed in Chapters 4 to 7 are installed on the passive

nonlinear full-car model, and their performance will be examined in the frequency and

time domains for various operating manoeuvres. The goal of this project is to compare

these closed-loop SAVGS H∞ controlled schemes with the passive nonlinear full-car

model (denoted as PASSIVE) to identify the final overall control approach, which

could provide excellent ride comfort, road holding, and attitude control performance,

simultaneously. In Table 3.7, F-SAVGS, Q1-SAVGS, and Q2-SAVGS will be compared

in Chapter 5 to investigate whether the closed-loop control scheme with a full-car

H∞ linear controller performs better than the control scheme with four quarter-car

H∞ linear controllers equipped at four corners of the vehicle, in terms of ride comfort

and road holding enhancement. Then, in Chapter 6, FE-SAVGS and F-SAVGS will be

compared to assess whether the H∞ controller developed based on the hand-derived

full-car linear model performs better than the H∞ controller based on the Autosim

model due to its improved robustness to single-link rotations. Finally, in Chapter 7,

FE-PID-SAVGS, FE-SAVGS, and PID-SAVGS, are compared to see whether the FE-

PID-SAVGS could tackle both the dynamics under low frequencies for attitude control

of PID-SAVGS and high frequencies for ride comfort and road holding enhancement

of FE-SAVGS simultaneously.
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Table 3.7 Full-car nonlinear control schemes in this thesis

Chapter Control Scheme
Controller

CompareH∞ controller based on
PID

QCL QECL FCL FECL

4 Q1-SAVGS � ♦
# Q2-SAVGS � ♦
5 F-SAVGS � ♦ ∇
6 FE-SAVGS � ∇ �

# PID-SAVGS � �

7 FE-PID-SAVGS � � �

• #: these control scheme were proposed in the previous SAVGS studies [10] and [12].
• ♦: indicates that these control schemes will be compared in Chapter 5.
• ∇: indicates that these control schemes will be compared in Chapter 6.
• �: indicates that these control schemes will be compared in Chapter 7.
• � : four quater-car H∞ controllers are equipped at four wheels of the full-car model.

3.5 Conclusions

In this chapter, the linear and nonlinear multi-body models used in this thesis

have been presented. The software packages used to build the multi-body models and

validate the vehicle’s system performance are introduced. The multi-body quarter-

and full- models are high fidelity models that are representative of a high-performance

sports car. Linearised vehicle models can be generated automatically by Autosim. In

addition, quarter- and full- vehicle hand-derived models are another approach to derive

the linearised models of the SAVGS in MATLAB. A summary of the main vehicle and

the SAVGS parameters are also provided. Furthermore, the modelling of road profiles

used to analyse the vehicle’s dynamic responses is presented. Finally, the closed-loop

control schemes in this thesis are briefly described. In the subsequent chapters, these

closed-loop H∞ -controlled schemes will be developed in detail.





Chapter 4

H∞ control synthesis for

quarter-car comfort and road

holding enhancement

The previous chapters described the H∞ synthesis and SAVGS modelling. In this

chapter, the aim is to design a linear H∞ scheme to control a nonlinear quarter car

model with SAVGS, representative of one corner of a high performance car with a dou-

ble wishbone suspension arrangement. More precisely, the objectives are to: 1) design

control for vertical acceleration, tyre deflection and suspension travel using a linearised

quarter car model; and 2) investigate the performance of the closed loop system by

implementing the H∞ controller to the nonlinear quarter car. This will result in a

multi-objective H∞ control strategy, which can provide optimal road disturbance and

external vertical force rejection to improve passenger ride comfort and road holding.

At the same time, the operating constraints of the suspension should be satisfied for

a range of road and external vertical force disturbances.

The successful application of the SAVGS H∞ control scheme in this chapter will

provide a solid foundation for understanding the effectiveness and potential of H∞ synthesis

on the SAVGS. Furthermore, it would be an important step forward for full-vehicle

control if the quarter-car SAVGS H∞ control can provide promising simulation results.

This chapter is organised as follows: Section 4.1 describes the model of the SAVGS

quarter car; Section 4.2 provides the control schematic of the nonlinear simulation;

Section 4.3 details the development of the SAVGS H∞ -controlled scheme based on

the quarter-car linearised model; in Section 4.4, the simulation results of the passive

and SAVGS H∞ -controlled nonlinear quarter car are conducted and compared, for a

range of road and external force disturbances; a full-car nonlinear model simulation



76
H∞ control synthesis for quarter-car comfort and road holding

enhancement

with the proposed quarter-car controller is investigated in Section 4.4.2; and finally,

the key findings from this study and the brief instructions for future work are presented

in Section 4.5.

4.1 Quarter-car multi-body model (QC)

The quarter car model used in this chapter extends the conventional quarter car to

include a double wishbone arrangement, as has been described in Fig. 3.3 in Chapter

3.

4.2 General Control Scheme

Depending on the use of the quarter-car model the SAVGS part is added in one of

two ways: (a) for linear analysis and control design, instead of using the torque TSAVGS

as described above, the velocity of the single-link is used as an input and controlled

directly, and no actuator dynamics are employed; this allows to reduce the complexity

of the H∞ control design prior to installing it on the full nonlinear model, and (b) for

nonlinear simulation purposes the actuator dynamics are included with the plant and

the actuator torque TSAVGS is generated by an inner control loop that aims to reduce

the error between a single-link angle input reference value and the actual single-link

angle; the angle reference is calculated by integrating the output of the designed H∞

controller.

The control schematic of the nonlinear simulation is shown in Fig. 4.1. There are

two control loops involved, as introduced above. Firstly, Kslp is the position control

scheme for the angle of the single-link. It makes use of saturation functions to ensure

that operating and design constraints of the real system, such as the maximum single-

link rotation angle and the maximum actuator torque, speed and power, are respected

under any circumstances. This controller has been presented in [9] and the relevant

schematic is shown here in Fig. 4.2. Secondly, K∞ is the H∞ control scheme to be

developed in this work which aims to reduce the body acceleration, tyre deflection and

suspension deflection (defined as the vertical component of the distance between the

centres of mass of the sprung and unsprung masses) under external road disturbance

forcing. The design procedure will be explained in detail in the next section. θ∗ref is

the reference rotational angle of the single-link, which is generated by the integration

of the output from the K∞ block, and is subsequently tracked precisely by the inner
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position control loop. The saturation block in front of θ∗ref is needed to ensure that

the rotation of the single-link remains between chosen design boundaries (0◦ − 180◦).

CAR+-
θref θ

∗

ref θerr

θ

y

Kslp

∫ TSAV GS

K∞

Fig. 4.1 Nonlinear control scheme (QA-SAVGS) for the quarter-car model.
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Fig. 4.2 Details of position control, Kslp, of the single-link shown in Fig. 4.1. Starting
from the position error signal, controllers B, C1 and C2 are combined with several
dynamic saturation blocks and feedback loops in order to generate suitable voltage
commands for the bridge converter that drives the PMSM actuator. The proposed
scheme provides good position tracking performance and ensures that none of the
physical or design limitations of the actuator are violated under any circumstances.
Further details can be found in [10].

The multibody modelling code AutoSim [6] is used to generate the overall quarter-

car model. The control design is performed in Matlab and tested by simulation in the

Simulink environment.

The symbols of the SAVGS model used in this chapter are listed in Table 4.1:

4.3 H∞ control synthesis framework

4.3.1 Quarter-car Autosim linearized model (QCL)

For the purposes of control design the quarter-car equations of motion are linearised

around a trim state of 90◦ single-link angle. The equilibrium state and equilibrium

actuator torque are found by running a nonlinear simulation. Under the selected trim

condition, the sensitivity of the suspension force increment to a single-link rotation is
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Table 4.1 Quarter-car SAVGS symbols

Symbols Physical Meanings Unit
z̈s the sprung mass acceleration m/s2

∆lt the tyre deflection cm
∆ls the suspension deflection cm
zr the vertical road displacement cm

θ̇SL the single-link reference velocity rad/s
θSL the single-link actual angle deg
∆θSL the single-link angle deg
TSAVGS the actuation torque N.m
Fexf the external vertical force N

maximised and therefore, the controllability of the system is maximised. To investigate

the effect of the nominal single-link angle to the SAVGS control ability, the rear

left quarter-car frequency responses from the single-link speed to the sprung mass

acceleration, dynamic suspension and tyre deflection as a function of the single-link

angle ∆θSL are provided in Fig. 4.3. It can be observed that the trim state when

∆θSL = 90◦ offers the maximum control gains and the gains are able to maintain their

level around this range, which implies that designing a controller at this trim state

can offer the best control performance as well as be effective under a wide range of

operating conditions.

Fig. 4.3 Bode plots of the quarter-car model from single-link angle and nominal single-
link offset angle ∆θ

(ne)
SL to (a) sprung mass acceleration, (b) suspension deflection, and

(c) tyre deflection.

The linearized Autosim quarter-car model (QCL) can be generated automatically

in Autosim based on the nonlinear quarter-car SAVGS multi-body model (QC) at a

trim point.
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In the multi-body system, the d and f are vectors of the generalised coordinates

and speeds, with the state variables defined as, x =

�
d

f

�

, then the linearised state-

space equation of quarter-car model at ∆θSL = 90◦ is given as follows:

ẋ = Ax+ Bu (4.1)

y = Cx+Du (4.2)

And

A =

⎡

⎢⎢⎢⎣

−1.227 10.54 0 0

−10.54 −1.227 0 0

0 0 −14.91 74.28

0 0 −74.28 −14.91

⎤

⎥⎥⎥⎦

B =

⎡

⎢⎢⎢
⎣

−9.104 −0.001107 0.1716

−46.1 0.0008234 0.8578

35.47 −0.0009173 2.434

324.4 0.003702 0.5751

⎤

⎥⎥⎥
⎦

C =

⎡

⎢
⎣
0.0005323 −0.003532 0.0006099 0.002529

0.3827 −2.429 0.5959 −0.1897

0.002177 0.01821 0.0005254 0.002592

⎤

⎥
⎦

D =

⎡

⎢
⎣

0 0 0

0.05637 0.002535 −0.06168

0 0 0

⎤

⎥
⎦

The inputs and outputs of the plant are considered according to the multiple control

objectives:

• Plant inputs u = [u1 u2 u3]
T are chosen as the rate of change of the road height

(also known as road irregularities), the external vertical force (represents the load

transfer during acceleration in both longitudinal and lateral directions) acting

on the sprung mass and the angular speed of the single-link (also known as the

sinlge-link velocity).
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• Plant outputs y = [y1 y2 y3]
T are chosen as dynamic tyre deflection, vertical

acceleration of the sprung mass and suspension deflection for vehicle road holding

and ride comfort enhancement.

4.3.2 Frequency response

In this chapter, the acceleration, suspension deflection and tire deflection are the

control objectives of interest and their attenuation will be used to judge the effec-

tiveness of the performance of the closed-loop suspension system. However, many

research papers [74, 95] indicated that, based on the analysis from a two-degree-of-

freedom model, there are some inherent performance limitations on the behaviour of

suspension systems, whether they be active or passive. By analysing the frequency

response functions of the quarter-car model, some ‘invariant points’ can be found at

specified frequencies that depend only upon the tyre stiffness kt, sprung mass ms, and

unsprung mass mu. The invariant points of an active suspension indicate that at spec-

ified forcing frequencies, active parameters have no effect at all on certain important

response, even the most aggressive control strategies are not omnipotent. The basic

equations and main conclusions of the invariant points can be found in [22].

The input to output frequency responses of the plant P at the trim state where

∆θSL = 90◦ are shown in Fig. 4.4, to help identify the principles of the selection

of weighing functions in the H∞ controller synthesis and to learn more about the

quarter-car model by analysing its invariant points and the trade-off constraints.

From the frequency response plot above, the following points can be observed:

1. Invariant points and their influence: The transfer functions of these con-

trol objectives and their invariant points can be obtained through the following

Laplace transformation (s = jω) of Equations (4.3) to (4.5) [22]:

(a) Acceleration transfer function (HA(jωinv1)) and the invariant point (ωinv1):

HA(jωinv1) = j

√
mukt
ms

and ωinv1 =

�
kt
mu

(4.3)

(b) Suspension deflection transfer function (HSD(jωinv2)) and the invariant

point (ωinv2):

HSD(jωinv2) = j
ms +mu

mu

√
ms +mu

kt
and ωinv2 =

�
kt

ms +mu
(4.4)
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Fig. 4.4 Magnitude Bode plots of the quarter-car vehicle plant. From vertical road
speed (top row) , external vertical force acting on the sprung mass (second row) and
single-link rotational velocity (third row) to dynamic tyre deflection (left column),
sprung mass acceleration (middle column) and dynamic suspension deflection (right
column).

(c) Tyre deflection transfer function (HTD(jωinv3)) and the invariant point

(ωinv3):

HTD(jωinv3) = 0 and ωinv3 = 0 (4.5)

where ms = 313 kg and mu = 53 kg represent the sprung and unsprung

mass of the quarter-car vehicle body. The vertical stiffness of the tire is

represented by the spring kt = 275000N/m. For the values given above,

invariant points of the acceleration and suspension deflection are at ωinv1 ≈
11.47Hz and ωinv2 ≈ 4.36Hz. From Equation (4.5), it can be seen that

when ω > 0 the tyre deflection transfer function does not process any

invariant point.

In Fig. 4.4, for the case with road irregularities as input (first row), the plots are

typically double-hump responses. The first peak is the sprung mass resonance

frequency and the later peak is the unsprung mass resonance frequency. It can be
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observed that the unsprung mass resonance frequency is approximately 11.5Hz

which is close to the acceleration invariant point ωinv1. Therefore, regardless of

the values of the active suspension control law θ̇SL and the suspension stiffness

ks chosen, the sprung mass acceleration will not be changed at the unsprung

mass resonance frequency. The suspension deflection invariant point ωinv2 also

indicates that at about 4.36Hz the suspension deflection cannot be improved

upon, irrespective of what active suspension forces are introduced.

2. The trade-offs between the control objectives using invariant points:

H∞ control aims to develop an optimal trade-off solution between the sprung

mass acceleration, suspension deflection and tyre deflection. The relationship

and constraints between the three transfer function and the invariant points

should be analysed. The following asymptotic properties can be found [22]:

(a) Trade-off between ride comfort and road holding: In [22], it is shown that

changing the ride comfort transfer function (δHA(jω)) will affect the change

of the tyre deflection transfer function (δHTD(jω)). The relation equation

can be written as:

δHTD = −ϵHTD(jω) +
ϵ

α1(ω)
jr1ω (4.6)

where

α1(ω) = r1(ω
2 − ω2

inv1) , r1 =
mu

ms
and ϵ = −

δHA(jω)

HA(jω)

In Equation (4.6), when the frequency in lower than ωinv1 (ω < 11.47Hz),

the second term is negligible and the first term will dominate the equa-

tion. Therefore, at a low frequency range, tyre deflection and sprung mass

acceleration can be improved simultaneously.

On the other hand, at high frequencies close to ωinv1 (acceleration is un-

changeable at ωinv1), the second term in Equation (4.6) will become ex-

tremely large. Any improvement in sprung mass acceleration will result in

a dramatic deterioration in tyre deflection.
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(b) Trade-off between ride comfort and suspension deflection: The relationship

between the change in the acceleration transfer function (δHA(jω)) and the

suspension deflection transfer (δHSD(jω)) function can be written as:

δHSD(jω) = −ϵHSD(jω)− ϵ(
ms

mu
+ 1)

jω2
inv2

ω(ω2 − ω2
inv1)

(4.7)

In Equation (4.7), when ω is close to 0 and 11.47Hz (ωinv1) where the

second term dominates, the acceleration can only be improved by sacrificing

the performance in suspension deflection. At the other frequencies, both

the sprung mass acceleration and suspension deflection can be improved

simultaneously.

3. Consider the frequency response for the case with single-link velocity θ̇SL (third

row in Fig.4.4) as the active suspension control law of this particular control

problem.

(a) The sprung mass acceleration and dynamic tyre deflection bode plots at

low frequencies are with + 20 dB/decade, while the suspension deflection

is drop off with -20 dB/decade. Hence, very little ride comfort and road

holding performance improvement can be obtained at low frequencies. At

low frequencies, it is best to concentrate on suspension deflection in terms

of providing better attitude control.

(b) It can be seen that the second and third frequency response plots at the

third row in Fig. 4.4 have a zero at the sprung mass acceleration and

suspension deflection invariant points, which are ωinv2 = 11.47Hz and

ωinv1 = 4.36Hz. When close to these invariant points, the ride comfort

and suspension deflection of SAVGS cannot be improved compared with

the passive case regardless of the value of the single-link velocity θ̇SL.

(c) The suspension deflection and tyre deflection transfer functions roll off at

-40dB/decade at high frequencies, which indicates that it is very hard to

improve the road holding properties at high frequencies. The sprung mass

transfer function has a constant high frequency asymptote (ω > ωinv1) that

implies that ride comfort can be improved at high frequency range. How-

ever, as argued in Section 3.3 the very high frequencies are not considered

in this project since they are outside the human sensitive frequency range

in [ISO 2613-1:1997].
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To improve ride comfort and road holding without deterioration in the suspen-

sion deflection, based on the above observations and analysis, the suggestions for the

H∞ control are:

1. Dynamic weighting functions should be selected to reduce the sprung mass ac-

celeration at the sprung mass resonance frequency, which is approximately 2Hz

for the vehicle under study.

2. Significant reduction should also be achieved in suspension deflection and tyre

deflection at the sprung mass resonance frequency.

3. Avoid any deterioration in all three control objectives at the unsprung mass

resonance frequency.

4. Avoid any control effort at very low and high frequencies.

4.3.3 Controller design

The design procedure involves the use of dynamic weighting functions to shape the

plant transfer functions to meet the required design specifications. In the controller

synthesis stage the plant transfer functions in Equation (4.2) are replaced with their

frequency weighted versions. Figure 5.4 shows the control scheme structure and the

weighting functions used.

P (s)

K(s)

Wperf1

Wact1Wact3

Wdist1

z1(s)

z2(s)

y1(s)u(s)

d1(s)

Wperf3

Wperf2

z3(s)

Wact2

y2(s)

Wdist2

d2(s)

Fig. 4.5 New H∞ control scheme for disturbance rejection showing weighting functions,
Wperf1, Wperf2, Wperf3, Wact1, Wact2, Wact3, Wdist1, Wdist2.
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In the figure, d1(s) and d2(s) represent the vertical road disturbance and vertical

external force disturbance; y1(s) and y2(s) are the vertical body acceleration and sus-

pension deflection used for feedback control; u(s) is the controlled signal representative

of the single-link velocity; and z = [z1 z2 z3]
T is the new output vector corresponding

to tyre deflection, body acceleration, and suspension deflection. Wperf1 , Wperf2 and

Wperf3 are defined as low pass filters to penalise the appropriate low frequency ranges

of tyre deflection, sprung mass acceleration and suspension deflection, corresponding

to road holding, passenger comfort and rattle space respectively. Wact1, Wact2 and

Wact3 are used for ‘loop shaping’ and are finally absorbed into the controller such

that the final controller is found by post-multiplying. This means that the frequency

properties of these two weights will be inherited by the controller. Wact1 and Wact2 are

chosen as bandpass filters to concentrate the controller action in the frequency range

of interest without expending much actuator power outside this range, while Wact3 is

a given constant value to keep the controller complexity low. Further design issues are

the weight of the road disturbance input and external vertical force input, Wdist1 and

Wdist2, where it was found from trials that a non-dynamic function is adequate.

The final weighting functions are given as follows:

Wperf1 =
245(0.001s+ 1)

s+ 314
,

Wperf2 =
351.86(0.001s+ 1)

s+ 628
,

Wperf3 =
351.86(0.001s+ 1)

s+ 314
,

Wact1 =
3 · 105s

(s+ 1200)(s+ 1200)(s+ 180)
,

Wact2 =
2 · 105s

(s+ 1200)(s+ 1200)(s+ 180)
,

Wact3 = 0.01, Wdist1 = 0.7, Wdist2 = 0.3.

The optimisation problem is defined in Matlab and the H∞ problem is solved us-

ing the function hinfsyn. The controller that results has 16 states. Some iteration

was involved in selecting the final weights by considering the performance of the lin-
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ear closed-loop system and also by taking into account the resulting stability of the

nonlinear closed loop system as found by simulation in the next section.

In order to analyse the frequency response of the linearised closed-loop SAVGS

H∞ -controlled system and the linearised open-loop vehicle system and to investigate

the controller attenuation performance in the frequency domain, singular value plots

are required. Similar to the Bode magnitude plot for single-input and single-out (SISO)

system, singular values plots are the extension of the Bode magnitude response to

analyse the robustness of MIMO systems. Define the augmented Autosim passive

linearised quarter-car system with frequency weights as Pq and the augmented Autosim

closed-loop H∞ controlled quarter-car system as F (P,K). Both systems are with 2

inputs (i.e. road height rate of change and external load transfer) and 3 outputs

(i.e. tyre deflection, vertical body acceleration and suspension deflection). The input

signals u(t) with unit length is a complex exponential of the form u(t) = �uejωt, with

�u ∈ C2. The output signals y(t) is y(t) = �yejωt, with �y ∈ C3 [99].

Taking the Laplace transform of the state-space equations evaluated at s = jω:

�y = Pq(jω)�u

�y = F (P,K)(jω)�u

It is noted that the system state-space equations are changing with frequency ω.

At a given frequency ω, the singular value decompositions of Pq and F (P,K) are given

by:

Pq = Up(jω)Σp(jω)V
H
p (jω),

F (P,K) = Uf (jω)Σf(jω)V
H
f (jω)

where square matrices Up and Uf with size 2×2 are the left singular input vectors,

square matrices V H
p and V H

f with size 3×3 are the right singular output vectors, and

Σp and Σf is a 2×3 matrix whose main diagonal is composed of the positive singular

values of the systems. Singular value plots contain valuable information about the

properties of the system. In particular, they represent the gains of the system and show

the changing of the gains with frequency. In Figure, 4.6, the closed-loop (F (P,K))

and open-loop Pq systems are compared. It is observed that, in the frequency ranges

of interest (2-8 Hz), the H∞ controller proposed for the closed-loop system augmented

with all the frequency weights in this chapter achieves significant gain reductions. The

nonlinear simulation results and comparison will be shown in next section.
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Fig. 4.6 Singular value plots for the closed-loop (dotted) and open-loop (solid) systems
with all the frequency weights.

The frequency response of the resulting controller is shown in Fig. 4.7. As de-

sired, the controller has a ‘bandpass’ nature and the transfer function from vertical

body acceleration and suspension deflection to single-link velocity are rolling off at

approximately 30 Hz.
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Fig. 4.7 Frequency response of the designed H∞ controller.
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4.4 Simulation results

4.4.1 Quarter-car simulation results

In this section, the performance of the proposed H∞ controller is tested by sim-

ulation, using the configuration shown in Fig. 4.1. The appropriate interaction of

the H∞ controller and the inner position control loop is critically important for the

success of the overall scheme. This generally means that the H∞ controller is required

to be designed with its frequency response gain not as large as to saturate too heavily

the response of the inner loop.

A controlled nonlinear quarter-car model (denoted as QA-SAVGS) associated with

a high performance sports car is used in the simulation. The selected actuator com-

prises one Kollmorgen AKM33H, which is a Permanent Magnet Synchronous Motor

(PMSM), and one Danaher UT075-40, which is an epicyclic gearbox. The main vehicle

and the SAVGS parameters for the quarter car control scheme can be found in Tables

3.5 and 3.6 in Chapter 3. The quarter car is run over a road surface with a) sinusoidal

undulations (0 − 30Hz); b) a random road profile (ISO 8608:1995 [85]); c) smoothed

bump; and d) an external vertical load transfer, to cover a wide range of operating

conditions. The offset angle of the single-link has been set at 90◦ to correspond to the

control design strategy in the previous section. For comparison purposes, the results

for the quarter-car equiped with purely passive suspension (denoted as Q-Passive)

are also obtained. Since the control objective is to improve ride comfort and road

holding, the outputs selected and investigated in this section focus on body vertical

acceleration, tyre deflection, and suspension travel.

Sinusoidal road forcing

Fig. 4.8 presents the time response results for the body acceleration, tyre deflec-

tion and suspension travel of the quarter-car in response to a sinusoidal road distur-

bance of 2 Hz, both for the passive (Q-Passive) and active suspension configuration

(QA-SAVGS). The superiority of the SAVGS in reducing the amplitude of all output

variables, as compared to the passive suspension, and leading to improved ride comfort

and road holding is demonstrated. In particular, a reduction of approximately 65% in

the amplitude of the body acceleration and tyre deflection, and a smaller reduction in

the amplitude of the suspension travel, are observed. The figure also shows the single-

link angle time history that achieves the SAVGS performance mentioned above. This

angle needs to change between ±25◦ of its nominal offset value. Other simulations for
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different frequencies from 1 Hz to 10 Hz have also been carried out demonstrate the

positive performance of the SAVGS and H∞ control scheme. Therefore the expecta-

tion is that the performance will be similarly improved in the case of more general

road disturbances. This is investigated below.
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Fig. 4.8 Quarter-car time responses under 2 Hz sinusoidal roadway displacement with
amplitude of 0.01 m, for the passive suspension and SAVGS H∞-controlled configura-
tions.

Random road forcing

The generation of a random road profile to be studied here is based on the ISO

8608:1995 standard [85]. The random road profile used in this section is identical to

the expression of the first approach in Section 3.3.3 in Chapter 3. A typical highway

road surface is generated by this expression in Simulink, with V = 30.6m/s, α =

0.127 rad s/m2 and σ = 7.5× 10−3 m. However, this road profile does not consider the

geometry of the tyre.
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Hence, a rigid ring tyre model with a fixed radius of 0.341 m is considered and a

corresponding geometry filter is implemented to create a filtered version of the original

road profile. Fig. 4.9 depicts the final filtered random disturbance to be used as the

road input.
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Fig. 4.9 Random road profile for 30.6 m/s forward vehicle speed.

Nonlinear simulation results examining the performance of the quarter-car with

SAVGS undergoing the random road disturbance are presented in Fig. 4.10.

It can be seen in the first two plots that the body vertical acceleration and tyre

deflection have reduced peak values once the SAVGS with H∞ control scheme is em-

ployed, as compared to the passive suspension case. This indicates the improved

comfort and road holding properties of the active scheme. Also, the third plot in

Fig. 4.10 illustrates that the maximum and minimum values of the suspension travel

are not negatively affected by utilising the active control scheme, while the final plot

shows the corresponding usage of the single-link angle in the SAVGS.

The nonlinear quarter-car, regarding both passive and active configuration, PSDs

are presented in Fig. 4.11 to examine and compare the frequency responses of the

variables of interest. The frequency responses for the sprung-mass vertical acceleration,

tyre deflection and suspension travel, for the passive and SAVGS cases, are calculated

and presented in Fig. 4.11.

It can be seen in all three frequency responses associated with the passive system

that the vertical dynamics of the vehicle exhibit the typical behaviour for this vehicle

category, the dominant effect is the existence of two resonance peaks at approximately

2 Hz and 10 Hz, corresponding to sprung and unsprung mass resonances, respectively.

The former peak falls in the range of frequencies where the human body is most

sensitive to vertical acceleration (ISO 2361-1:1997 [82]). It is precisely in that frequency

range that the H∞ controller acts to reduce the vertical acceleration gain, as shown in

Fig. 4.11 (a), to improve the ride comfort. The achieved reduction in acceleration gain
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Fig. 4.10 Quarter-car time responses for the random road excitation in Fig. 4.9, for
the passive suspension and SAVGS H∞-controlled configurations. Results obtained
for the passive suspension and SAVGS H∞-controlled configurations

is up to approximately 8 dB at the resonance frequency near 2 Hz. Fig. 4.11 (b) shows

that road holding is also improved since the SAVGS achieves a reduction in the tyre

deflection gain at low frequencies (1−7Hz) by up to 8 dB. This allows the tyre to run

over the road with reduced variation in its normal load and therefore an improved grip.

The frequency response presented in Fig. 4.11 (c) shows that overall, suspension travel

is not adversely impacted while the controller is addressing the other two objectives.

Its gain, as compared to the passive case, is even improved by up to 3 dB in the range

of 1.7 − 4.4Hz, while at frequencies lower than 1.7 Hz its gain deteriorates. These

results can be explained by Equation (4.7), which shows that in the frequency ω

close to 0 Hz, there is a trade off between sprung mass acceleration and suspension
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Fig. 4.11 Bode magnitude plots for the nonlinear quarter car model with random road
disturbance inputs to the outputs: a) body vertical acceleration, b) tyre deflection
and c) suspension travel.

deflection. Therefore, there is an amplification in suspension deflection to achieve a

gain reduction in sprung mass acceleration at low frequencies for improvement in road

comfort. However the gains involved are much smaller than at higher frequencies and

the overall performance will not be impacted to a great extent.

The time responses are now analysed in more detail by making use of two standard

fitness functions, the ride comfort and road holding indexes.

Ride comfort index (RCI) The ride comfort index is the rms bounce acceleration

according to the ISO 2631-1:1997 standard [82]:

RCI =

�
1

T

� T

0

a2(t) dt

� 1
2

(4.8)

in which T is the vibration duration time and a is the body vertical acceleration.

Table 4.2 presents results for the RCI and a further fitness function, the maximum

vertical acceleration, for the responses in Fig. 4.10. The calculated RCI for the

quarter-car with SAVGS and H∞ control is 49.7% less than for the passive system,

and the maximum acceleration is similarly reduced by 50.7%. These results imply the

improvement in the ride comfort due to the implementation of SAVGS with the H∞

control feedback loop.
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Table 4.2 Ride comfort analysis (SI units)

Fitness function Passive SAVGS Improvement
RCI 1.4330 0.7213 49.7%
max(|a|) 4.2013 2.0718 50.7%

Road holding index (RHI) The performance index for road holding is chosen to

be the rms value of the tyre deflection zdef (= zt − zr) given by [141]:

RHI =

�
1

T

� T

0

z2def(t) dt

� 1
2

(4.9)

Table 4.3 presents results for the RHI and a further fitness function, the maximum

tyre deflection, for the tyre deflection responses in Fig. 4.10. The RHI for the quarter-

car with SAVGS and H∞ control is reduced by 27.3% and the maximum tyre deflection

is reduced by 22.6%, as compared to the passive system. This demonstrates that the

H∞ controller can enhance the road holding ability of the car.

Table 4.3 Road holding analysis (SI units)

Fitness function Passive SAVGS Improvement
RHI 0.0022 0.0016 27.3%
max(zdef )-min(zdef) 0.0137 0.0106 22.6%

Smoothed road bump

The final road perturbation used to evaluate the performance of the controller is a

bump change in the road height. To avoid numerical problems and to better represent

the finite geometry of the tyre, the step is smoothed and is given by the following

expression in the time domain:

f(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

hb

2

�
1− cos

�
2π

V

wb
t

��
0 ≤ t ≤

wb

V

0 t >
wb

V

(4.10)

in which hb is the height of the bump and wb is the longitudinal distance to rise

from zero to the step height value. In the present case, a low driving speed with



94
H∞ control synthesis for quarter-car comfort and road holding

enhancement

V = 5.56m/s over a road step change with dimensions hb = 0.05m and wb = 2m, is

considered.

Figure 4.12 presents the simulation results of the nonlinear passive and controlled

systems.

0 0.5 1 1.5 2
-10

0

10

z̈ s
(m

/s
2
)

Q-Passive QA-SAVGS

0 0.5 1 1.5 2
Time(s)

0

100

200

θ
S
L
(◦
) QA-SAVGS

0 0.5 1 1.5 2
-10

0

10

∆
l s
(m

m
)

Q-Passive QA-SAVGS

0 0.5 1 1.5 2
-1

0

1

∆
l t
(m

m
)

Q-Passive QA-SAVGS

Fig. 4.12 Quarter-car time responses when running over a road bump of 0.05 m
height at 5.56 m/s forward vehicle speed, for the passive suspension and SAVGS H∞-
controlled configurations.

Compared with the passive system, the SAVGS H∞-controlled system offers a good

disturbance attenuation and quick response with a short settling time; thus once again

demonstrating its better comfort and road holding properties.

External vertical force

Fig. 4.13 and Fig. 4.15 assess the performance of the SAVGS H∞-controlled

system in the time and frequency domains respectively, when an external vertical

force disturbance occurs.

Fig. 4.13 depicts the time histories for one cycle of a sinusoidal external force

disturbance. The formulation of the disturbance is defined as: Fexf = 2132 sin(2 π2.8 t)

for t ∈ [0, 1.8] s. The results are as good as for the road bump as the SAVGS H∞-

controlled system significantly reduces the sprung mass acceleration for improved ride
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comfort. The controller also produces a shorter settling time than the passive case

during the impact of the vertical external force. The same trend is also observed for the

tyre deflection and suspension deflection. The benefits of H∞ control are evident in

the time domain, and the performance of the H∞ regarding external force disturbance

in the frequency domain will be investigated next.
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Fig. 4.13 Quarter-car time responses with a sinusoidal external force disturbance with
forward velocity 5.56m/s, for the passive suspension and SAVGS H∞-controlled con-
figurations.

Fig. 4.15 shows the PSD plot in the frequency domain when the quarter-car op-

erates on a random external force disturbance. The external vertical force profile is

shown in Fig. 4.14.

The SAVGS H∞-controlled system out-performs the passive system over most of

the frequency ranges regarding the sprung mass acceleration, tyre deflection and sus-

pension deflection. In the first plot regarding the sprung mass acceleration, the passive

system exhibits one peak at chassis resonance (± 2Hz), and the SAVGS H∞-controlled

system performance is superior at this point, in that the amplitude is 8.5 dB lower than

the corresponding passive amplitude. The second and third plots regarding tyre and

suspension deflection exhibit low pass features in the frequency domain; the presented

results show that the SAVGS H∞-controlled system responses are slightly better than



96
H∞ control synthesis for quarter-car comfort and road holding

enhancement

0 0.5 1 1.5 2 2.5 3 3.5
Time(S)

-500

0

500

1000

1500

F
ex

f
(N

)

Fig. 4.14 Random external vertical force profile

100

Frequency (Hz)

-50

-40

-30

-20

-10

0

PS
D

 (d
B/

H
z)

z̈s

QA-SAVGS
Q-Passive

100

Frequency (Hz)

-120

-110

-100

-90

-80

-70

-60

-50
∆lt

QA-SAVGS
Q-Passive

100

Frequency (Hz)

-100

-90

-80

-70

-60

-50

-40
∆ls

QA-SAVGS
Q-Passive

Fig. 4.15 Bode magnitude plots for the nonlinear quarter car model with random
external force disturbance to the outputs: a) body vertical acceleration, b) suspension
deflection and c) tyre deflection.

the passive responses. Consequently, the attenuation of the vertical external force dis-

turbance in this case, proves the improved ride comfort and road holding properties

of the SAVGS H∞-controlled system.

Position controller performance

The position controller for the single-link angle presented in Section 4.2 and Fig.

4.2 is designed to maintain operational limits to protect the PMSM and its servo-drive,

to avoid damage of the gearbox, and to set the desired electric power consumption by

the controller. In the present control scheme, the maximum output torque (on the low
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speed side of the gearbox) is limited to 200 Nm, which is the peak limit for the selected

actuator to evaluate the potential of the H∞ control synthesis. Thus it is possible to

maintain the average power consumption below 220W for the bump and random road

profile and external force input cases. The single-link rotational speed is constrained

within a physical limit ±13 rad/s, and a soft constraint of ±1500W is imposed on the

electrical power flow from/to the PMSM.

Fig. 4.16 shows the evolution of the output torque against single-link speed for

random road, random force, bump road, and bump force events studied using the

simulation. It also shows the limit boundaries in actuator torque, speed and power.

The figure clearly demonstrates that the operating points for all the simulations remain

well within the design and operating constraints of the real system.
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Fig. 4.16 Output torque vs. single-link speed characteristics for bump and random
disturbance forcing events of the nonlinear quarter-car with SAVGS, presented in
Figs. 4.12, 4.10, 4.13 and 4.15. The actuator limit boundaries are symmetric about
the horizontal axis.

Overall, the results show that the H∞ controller scheme can improve the perfor-

mance of the suspension while satisfying the stringent actuator performance limits.

4.4.2 Full-car simulation results with quarter-car controller

The previous simulation shows that the SAVGS H∞ control scheme has the po-

tential to improve passenger ride comfort and road holding without deteriorating of

suspension travel on the quarter-car multi-body model. In this section, this same con-

troller is tested in the full-car nonlinear model, which is the first step to designing a

suitable control scheme for the full-car H∞ control.

Two basic types of full-car implementation methods are developed based on a

comprehensive review of the literature:
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1. The first method is straightforward. We design two quarter-car controllers for

the front right and rear right corners of the car. Then, the full-car vehicle consists

of these four quarter-car controllers at each corner, with the front right controller

used twice in the front left and right, and the rear right controller used twice in

the rear left and right. In this way, these four controllers will work independently

under the same principle of the quarter-car.

2. The second method is to develop a new controller for the full-car model by im-

plementing the proposed H∞ control idea for the quarter-car design. We have

successfully obtained the linear quarter-car H∞ controller and are familiar with

the designing and testing procedure in MATLAB. The selection and testing of

dynamic weighting functions must consider the stability of the final nonlinear

closed-loop system and balance the performance of different design objectives.

This process is very time consuming and takes many iterations to be finalised.

This step can be reduced by keeping the properties of the weighting functions con-

sistent with the design for the quarter-car. For example, the output weightings

need to maintain their ‘lowpass’ nature to penalise the appropriate low frequen-

cies of vertical acceleration and tyre deflection, which correspond to passenger

comfort and road holding. Additional weighting functions may be introduced for

the pitching and rolling motions, as there are extra rotational DOF in the full-car

model. This type of controller will be developed in Chapter 5, and the results of

this method will be compared with the first method, which is developed in this

section.

The first method is denoted as the Q1-SAVGS control scheme, while the passive

full-car configuration is denoted as Passive. These two cases are compared in the

following simulation results.

1. The equation of a typical bump road perturbation for the front wheels is the

same as Equation. (4.10). In these equation, hb = 0.05m is the height of the

bump and ωb = 2m is the longitudinal distance of the bump. The forward ve-

locity of driving is V = 20m/s. For the rear wheels, the motion caused by the

same road perturbation is delayed. The delay time depends on the wheelbase

length of the full-car vehicle. The nonlinear simulation results examining the

performance of the full-car SAVGS with four H∞ controller under bump distur-

bance are presented in Figs. 4.17 - 4.20
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Fig. 4.17 Vertical acceleration at each corner of the full-car vehicle when running over
a road bump at 20 m/s forward speed, for the SAVGS H∞ scheme and the passive
suspension. The bump starts at 0.5 s.

Figs. 4.17, 4.18, and 4.19 show that the body acceleration, tyre deflection, and

suspension deflection are reduced once the SAVGS with H∞ control scheme is

employed to the full-car vehicle. Simulation results demonstrate the positive per-

formance, which is similar to that of the quarter-car results. Fig. 4.20 contains

the operation of the single-links at each corner, proving that the single-links

are actively rotated to achieve the performance described above. The series of

other tests for the quarter-car including random road, random external vertical

force, smoothed bump and sinusoidal disturbances are also conducted using the

full-car vehicle equipped with the previous H∞ controller at four corners. The

results are not shown here as they are comparable to the quarter-car simulation

regarding ride comfort and road holding improvement in the vertical direction.

The next simulation is made between the full-car SAVGS H∞ -controlled scheme

and passive suspension by considering the standard open-loop low frequency ma-

noeuvres to assess the potential of the SAVGS for attitude control performance.

2. The second test is a braking event from steady-state circular motion based on

ISO 7975:2006. Simulations have been obtained for evaluating the performance
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Fig. 4.18 Tyre deflection of each corner at the full-car vehicle when running over a road
bump at 20 m/s forward speed, for the SAVGS H∞ scheme and the passive suspension.
The bump starts at 0.5 s.

of the SAVGS with H∞ control for the full-car configuration. Initially, the car is

driven at a constant speed of V=100 km/h and turned in a radius of R=100 m

with a normal acceleration of 7m/s2. Then, maintaining the position of the

steering wheel, with the deceleration of 6m/s2, the forward velocity is decreased

from 27m/s to 3m/s.

Figs. 4.21 to 4.24 depict the evolutions for SAVGS with H∞ controlled vehicle

and the passive cases. Similar to the previous cases, the acceleration and the tyre

deflection are significantly reduced with respect to the passive case according

to the rotation of the single-link presented in Fig. 4.23. Due to the turning

behaviour, in Fig. 4.23, the single-link angles are distant from their offset angle

(90◦) before the deceleration phase begins. Pitch and roll evolutions are shown in

Fig. 4.24. Roll and pitch do not perform better than the passive case but are also

fully under control with the SAVGS H∞ -controlled scheme. In addition to the

braking event from steady-state circular manoeuvres, a step steering manoeuvre

has also been investigated to understand the performance of the controller for
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a road bump at 20 m/s forward speed, for the SAVGS H∞ scheme and the passive
suspension. The bump starts at 0.5 s.

roll mitigation. Similar to the case in this section, roll performance of the SAVGS

H∞ controlled full-car vehicle is much the same as the passive response. This

is caused by the ‘bandpass’ nature of the controller as shown in Fig. 4.7, which

doesn’t act at low frequencies.

4.5 Conclusions

Using a quarter-car model of a high performance car with double wishbone kine-

matic linkage and series active variable geometry suspension, a linear H∞ control

scheme is developed in this chapter to reduce the impact of external road disturbances.

The simulation results with and nonlinear controlled system, for a range of road and

external vertical force input disturbances demonstrate that, as compared with a con-

ventional passive suspension: a) the SAVGS with the proposed H∞ controller offers

a significant improvement in ride comfort and road holding of the vehicle, due to

the reduction of body vertical acceleration and tire deflection, with limited impact on

suspension travel, and b) the operation of the closed-loop system for realistic road con-
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ditions requires low power consumption and satisfies the torque and speed constraint

characteristics of relatively small actuators, already available on the market.

Other conclusions of this work and the suggestion for future work are summarised

as follows:

• The magnitude of the Bode plots in Fig. 4.3 show that ∆θSL = 90◦ has the max-

imum gain and maximum control authority and the bode plot remains largely

unchanged around 90◦. Hence, the linearised quarter-car model (QCL) should

be obtained at this trim state and the SAVGS control scheme based on this

model could offer the best control performance. This finding is also applicable

to later research on the linearised full-car model (FCL).

• The suspension system has two invariant points: 1) one for vertical body accel-

eration, and 2) one for the suspension deflection transfer function. The analysis

of these invariant points shows the trade-off within the control objectives. To

improve ride comfort and road holding without impacting the suspension travel,

the following points can be considered while designing the controller: 1) achieve

significant reduction in vertical body acceleration, suspension deflection and tyre
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Fig. 4.21 Vertical acceleration at each corner of the full-car vehicle for a brake in turn
event. Braking starts at 0.5 s.

deflection at the sprung mass resonance frequency; 2) avoid any deterioration

in all three control objectives at the unsprung mass resonance frequency; and 3)

avoid any control effort at extremely low and high frequencies.

• The bandpass nature in the frequency domain of the proposed H∞ controller is

expected since the desired controller should avoid expending much power outside

the frequency range of interest. A small gain in the low frequency range (ω <

1Hz) is desired since the H∞ -controlled scheme could guarantee a short settling

time (e.g, in bump disturbance). Furthermore, the analysis of the invariant point

shows that a trade-off exists between ride comfort and rattle space when ω is

close to 0Hz. The improvement in acceleration for the low frequencies can only

be obtained with a deterioration in rattle space.

However, the full-car simulation in Section 4.4.2 indicates that small gain in low

frequency is not able to provide significant roll and pitch correction the during

turning manoeuvres. In Chapter 6 and 7, this will be solved by introducing

separate PID controllers for the control of chassis attitude motions, which work

together with the H∞ controllers for the full car. In this case, mitigation of
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attitude motions, as well as comfort and road holding enhancement are simulta-

neously considered as control objectives.

• The controller obtained for the quarter-car model has been applied to test the

full-car nonlinear model and represent a good reference point for developing

full-car specific controllers. In the next chapter, full-car H∞ control requires

additional weighting functions for the pitching and rolling motions at the vehicle

mass centre. The selection of the rest of the weighting functions can be tuned

based on the experience of this chapter.





Chapter 5

H∞ control synthesis for

full-car comfort and road

holding enhancement

The previous chapter explored the effectiveness of H∞ control applications on

the SAVGS quarter-car, thereby laying the foundation for applying the same control

methodology to a full-car vehicle. In the latter case it is envisioned to have one SAVGS

system retrofitted at each of the four corners of a full vehicle with conventional inde-

pendent passive double-wishbone suspension. In addition to the quarter-car control

objectives involving vertical motions and according to ISO standard [82], rotational

motions are also important in assessing comfort when considering full-car vehicle re-

sponses.

Thus, this chapter provides a comprehensive study of a full-car SAVGS model and

its control in the context of high frequency vehicle dynamics, to demonstrate the opti-

mal road disturbance rejection that improves passenger ride comfort and road holding.

The performance objectives are achieved by constructing the full-car linear H∞ multi-

objective control framework to minimize vertical accelerations and tire deflections for

all corners of the vehicle simultaneously, and also to minimize variables related to

the pitching and rolling motions of the chassis. This is a significantly more complex

control problem than what has been tackled in previous work due to the much larger

number of states, inputs and outputs of the full-car model as compared to those of the

quarter-car model, but also due to the interacting SAVGS dynamics among the four

corners of the vehicle. The developed controller is ultimately tested in this work by

simulation with the nonlinear full-car model with SAVGS, under various types of road

disturbances, to verify its performance, robustness characteristics and satisfaction of
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actuator and suspension operating constraints, in a more realistic context that with a

quarter-car.

This chapter is organised as follows: Section 5.1 describes the full-car SAVGS

model. Section 5.2 and Section 5.3 respectively, provide the general control scheme,

and detail the H∞ control synthesis and the multi-objective approach to H∞ controller

design with weighting functions. In Section 5.4.1, a Grand Tourer (GT) vehicle with

SAVGS is used for the assessment of performance. The proposed full-car controller

in this chapter is virtually tested through standard simulations and compared with

the results of the full-car model equipped with the quarter-car controllers developed

in [30] and [12] at four corners. Finally, conclusions are drawn and the suggested next

steps are outlined in Section 5.5.

5.1 Full-car multi-body model (FC)

The vehicle model used in this chapter is the full-car SAVGS multi-body model

(FC), which has been described previously in Section 3.1.6 in Chapter 3.

Table 5.1 full-car SAVGS symbols

Symbols Physical Meanings Unit
z̈si the ith sprung mass acceleration m/s2

∆lti the ith tyre deflection cm
∆lsi the ith suspension deflection cm
zri the ith vertical road displacement cm

θ̇SLi the ith single-link reference velocity rad/s
∆θSLi the ith single-link angle deg

θ̈, φ̈ pitch/roll mass centre acceleration rad/s2

Z̈ vertical mass centre acceleration m/s2

Tp, Tr pitching/rolling torque at mass centre N.m
TSAVGSi the ith actuation torque N.m

5.2 General Control Scheme

The objective of this work is to develop a controller based on the full-car dynamics,

which can control the rotation of the single-link angle to achieve the desired perfor-

mance under certain conditions. The full-car SAVGS model will be used differently

via two stages, corresponding to the development and validation of the controller:
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For the linear analysis and robust controller design, which will be explained in the

next section, the velocities of the single-links are selected as the controlled inputs.

The actuator dynamics (PMSM and gear box) providing torque, TSAVGS, are not

included in the linearised SAVGS model. This allows for reduced complexity of

the H∞ control design prior to installing it on the full nonlinear model. Fig. 5.1

demonstrates the feasibility and reliability of this simplification. The reference

for the single-link velocity is provided by the robust controller and the changing

of this velocity is induced by random road excitations. Good quality road A and

poor quality road C, detailed later in this chapter, are investigated. It can be

seen that the small tracking error implies that the reference single-link velocity

is traced precisely and quickly by the inner position control loop of the actuator.

a)

For nonlinear validation purposes, the nonlinear SAVGS model contains the

actuator dynamics which is the approximation of the real car. Torque TSAVGS is

provided by the actuator to track the reference angular position for the single-

link.

b)
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Fig. 5.1 Responses at the rear left wheel of the GT. Power spectral density (PSD) plots
of the reference single-link velocity and the actual velocity generated by the actuator
undergoing random road classes A and C.

The general control scheme for this work is shown in Fig. 5.2. The closed-loop SAVGS

involves two controllers which are connected in series to tackle multiple control objec-

tives.

1. The inner position control loop contains the actuator (PMSM and gear box)

and the single-link position controller (Kslpi) at each corner of the vehicle. It
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measures the rotational error (θerri) and generates the aforementioned TSAVGS to

follow the rotational references (θ∗ref i) while satisfying all the physics and design

constrains of the real systems (i.e., voltage, power, current, speed and single-link

rotation limits). θ∗ref i
is obtained by the integration of the output (θ̇SLi) of

the H∞ controller. Saturation blocks have been placed between the integrators

and the reference angles to guarantee the single-links operate within the chosen

rotational limits. In this work, to improve the efficiency of the controller, we

define the allowable range as θ∗ref i
∈ [θ

(min)
SL , θ

(max)
SL − 20◦], since the recent work

[11] indicates that the final 20◦ to θ
(max)
SL (=θ

(min)
SL +180◦) offers small installation

ratio changes. The details of Kslpi has been explained in [9], and the relevant

schematic has been presented in Fig. 4.2 in the previous section.

2. The outer loop H∞ controller takes the measurement signals (y) of the vehicle

as the feedback input, and produces the reference single-link velocities (θ̇SLi) as

controlled input. The controller to be developed in this work aims to reduce

the body accelerations and tyre deflections in terms of improving ride comfort

and road holding properties, respectively, while simultaneously constraining the

suspensions to move within their travel limits.
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The full-car model (FL) [9] is a high-fidelity dynamic system that has been devel-

oped using Autosim [6]. The Autosim model is first used to generate a state-space

equation for the linear analysis, and the controller will be designed with Matlab at a

defined trim condition. As explained in the previous section, in Fig. 4.3, the trim con-

dition is selected as ∆θSL = 90◦, in which the linearised system offers the best control

authority. The Autosim model can also can be written in C format code containing

all the nonlinear equations of the SAVGS, which will be included in a Simulink block

as an S-function for numerical integration and controller validation purposes.

5.3 H∞ control synthesis framework

5.3.1 Full-car Autosim linearized model (FCL)

Frequency response

Frequency domain analysis makes system analysis much more straightforward and

provides hints in next section for tuning weighting functions. Bode magnitude plots

of the linear full-car model (Fig. 5.3) show the behaviors of the SAVGS system;

this helps to investigate the relationship between performance factors (outputs) and

control parameters (inputs) over a wide range of frequencies. Fig. 5.3 represents the

response of both the rear left corner and the mass centre at the trim state, ∆θSL =

90◦. The other three corners have similar shapes and magnitudes. The inputs at

the four corners are considered the rate of change of the road heights (to represent

the exogenous road disturbances), the angular speeds of SL (to represent the control

effort) and the exogenous pitching and rolling torques applied at the mass centre (to

excite the rotational movements). The output performance factors are chosen as the

sprung mass accelerations (i.e., corners, pitching and rolling), suspension deflections

and tyre deflections, which are related to the main control objectives in terms of

comfort, suspension travel limit, and road holding respectively.

The shapes of the bode plots in the first row of Fig. 5.3 reflect the typical double

resonant peaks around 2 Hz and 10 Hz, that are associated with the vertical motion of

the cabin and the tyres, respectively. In the bode plots of the second row, dominant

peaks are found at and close to 1 Hz, which is associated with the exogenous torques

with regards to the rotational motions. The bode plots in the third row indicate the

control capability of the robust controller to be developed. It can be seen that: 1) the

gains roll-up with a slope of +20 dB/dec at low frequencies (≤ 2 Hz) for vertical and

rotational accelerations and remain as constant gains at high frequencies with small
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dips close to 12 Hz; 2) the gains roll-down with a slope of -20 dB/dec and -40 dB/dec

at low and high frequencies for tyre and suspension deflections. These observations

imply that the closed-loop SAVGS controlled scheme has the potential of improving

ride comfort and road holding at low frequencies. At high frequencies, even if the road

holding will not be improved due to small control gains, the ride comfort performance

still has the capability to be further enhanced.
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Fig. 5.3 Bode plots of the full-car linearised model. The gains correspond to the
nominal offset angle θneSL = θmin

SL +∆θSL when ∆θSL = 90◦. The responses are from the
inputs: vertical road speeds (first row), exogenous torques at the mass centre (second
row), and SL angular speed. To outputs: vertical acceleration, suspension deflection
and tyre deflection at the rear-left wheel (first three columns), as well as pitching
(forth column) and rolling (fifth column) accelerations at centre of mass of the GT.

5.3.2 Controller design

Multiple control objectives

The main control objectives of this study are to improve ride comfort and road

holding. These specifications correspond to minimising the body accelerations (i.e.,

vertical, pitching, and rolling) and tyre deflections of the vehicle, which is achieved

by designing an effective H∞ controller to isolate the vibrations caused by road irreg-

ularities. The suspension deflections and the actuator limits (i.e., power, torque and

single-link speed limits) will be evaluated after the controller design.
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Robust control scheme

Fig. 5.4 shows the H∞ control scheme structure and the weighting functions based

on the required design specifications. The mass centre of the linearised car model with

zero forward velocity and tyres do not leave the ground. To estimate all the possible

situations of the car, road displacements at the four corners and the pitching and

rolling torques must be considered. The input vector containing these disturbances is

then defined as d = [d1 . . . d6]
T = [zr1 zr2, zr3, zr4, Tp, Tr]

T .

For outputs, the ride comfort is qualified by the root mean square (RMS) of vehicle

body accelerations at the four corners and the mass centre. Additionally, road holding

is qualified by the tyre deflections at each corner of the vehicle. Hence, the vector

of the regulated output variables minimised by the control system is chosen as: z =

[z1 . . . z11]
T = [z̈s1, z̈s2, z̈s3, z̈s4, ∆lt1, ∆lt2, ∆lt3, ∆lt4, Z̈, θ̈, φ̈]

T
.

The measurement signals, y, to be fed to the controller are chosen based on the

availability of the sensors in our lab and the literature review of common sensors

used for active suspension control. In summary, uniaxial accelerometers are used to

detect the accelerations with regards to passenger ride comfort, and position sensors

are used to measure the suspension deflections pertaining to the road holding per-

formance. Thus, the vector of measurement signals is defined as y = [y1 . . . y7]
T =

[∆ls1, ∆ls2, ∆ls3, ∆ls4, Z̈, θ̈, φ̈]
T
. Finally, as explained in the previous section, the

controlled inputs are chosen as the single-link velocities u = [θ̇∗SL1, θ̇
∗

SL2, θ̇
∗

SL3, θ̇
∗

SL4]
T

in

the linearised model to be tracked by the car.

Selection of the weighting functions

In the H∞ framework, dynamic frequency weightings are employed to shape the

plant transfer functions to achieve the closed-loop performance and robustness speci-

fications that can be expressed in the frequency domain. In Fig. 5.4, the plant P and

final controller K are the generalised plants in Equation (2.14) multiplied by frequency-

dependent design weights. The output weightings between z̄ and z are used to penalise

the body accelerations and tyre deflections for particular frequency ranges. Based on

the ISO 2351-1 [82], humans are more sensitive to vibrations acting in the frequency

range of 1∼8 Hz and 1∼2 Hz for the vertical and rotational accelerations and 1∼4 Hz

for tyre deflection. Fig. 4.3 also shows that the body resonances of acceleration and

tyre deflection at each corner of the vehicle is lower than 10 Hz. Therefore, the weight-

ings are defined as low and band pass filters with cut-off frequencies, which cover these

frequency ranges. The scaling factors in the front of the weighting functions reflect
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ū4

.
.
.

u4

u1

.
.
.

d1

d2

d3

d6

.
.
.

Wsd4

P

K

Fig. 5.4 H∞ control scheme.

the relative importance of each regulated output:

Wt1 =
21.98(0.01s+ 10)

s+ 62.8
,

Wt2 = Wt3 = Wt4 = Wt1

Wza1 =
40.82(0.01s+ 10)

s+ 125.6
,

Wza2 = Wza3 = Wza4 = WZ̈o = Wza1,

Wθ̈o =
204.1s

(s+ 3.5)(s+ 3.5)(s+ 3.5)
, Wφ̈o = Wθ̈o.
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Controller H∞ is solved by computing the minimum H∞ norm of the closed-loop

SAVGS system using an algebraic riccati method. The pre- and post-weighting func-

tions in the series of the controller are used for ‘loop-shaping’ and will be absorbed

by the H∞ controller. The pre-weightings for suspension deflections and accelerations

are defined as band-pass filters to avoid the controller expending too much power to

extreme low- and high-frequencies. Moreover, to reduce the complexity of this con-

trol problem, the following non-dynamic scalar weightings are selected to modify the

controlled input:

WvSL1 = WvSL2 = WvSL3 = WvSL4 = 0.25,

Wsd1 =
100s

(s+ 100)(s+ 100)(s+ 100)
,

Wsd2 = Wsd3 = Wsd4 = Wsd1,

Wθ̈ =
200s

(s+ 100)(s+ 100)(s+ 100)
, Wφ̈ = Wθ̈.

The closed-loop SAVGS controlled scheme is formulated in Matlab and the H∞

optimal controller is computed by using the function hinfsyn. Arriving at the fi-

nal satisfactory controller involves several iterations over the tuning of the frequency

weightings by evaluating the performance and robustness specifications of the linear

closed-loop system, as well as the analysis of the resulting stability of the nonlinear

closed-loop system that was found by the simulation described in the next section.

The singular value plot of the obtained H∞ controller is shown in Figure. 5.5. The

singular value plot of the closed-loop and open-loop weighted system is shown in Fig-

ure. 5.6. The next section will demonstrate the effectiveness of the proposed control

system using full-car nonlinear Autosim models.

5.4 Full-car simulation results and comparison

In this section, two kinds of road forcing have been carried out to assess the po-

tential of the proposed H∞ controller equipped in a high-performance sports full-car

nonlinear model: 1) two sets of random road profiles representative of good roughness

road A and poor roughness road C at a constant longitudinal velocity of 100 km/h.

Each set of road level roughness (road A or C) also includes two different profiles

acting on the left and right wheels to observe the pitch and roll motions; and 2) a
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Fig. 5.5 Singular value plot of the designed H∞ controller.
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Fig. 5.6 Singular value plots for the weighted systems: closed-loop system with dotted
line and open-loop system with solid line.

smooth bump disturbance with a low-speed constant velocity of 20 km/h. The model

in [11] is a high-fidelity dynamic system and the main objective is to improve passen-

ger comfort and road holding properties. Since the full-car model contains nonlinear

factors, including a dynamic actuator, a well designed controller must also maintain
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the actuator limits to protect the motor and gearbox. The relevant full-car GT and

SAVGS parameters can be found in Tables 3.5 and 3.6 in Chapter 3.

5.4.1 Controllers for comparison

To investigate the effect of the proposed SAVGS H∞ controlled scheme, three other

suspension simulation results subjected to random road roughness are carried out and

presented for comparison purposes. Then Power Spectral Density (PSD) plots of

frequency domain are provided to analyse the suppressive effect over the human body

sensitive frequency range. The full-car SAVGS with full-car H∞ controller scheme

(denoted by F-SAVGS) proposed in this work is compared to: 1) the full-car SAVGS

with the original quarter-car H∞ controller obtained in [30] which is equipped at the

four corners of the vehicle (denoted by Q1-SAVGS), 2) the full-car SAVGS with the

quarter-car H∞ controller based on a new hand-derived quarter-car model in [12]

(denoted by Q2-SAVGS), and 3) the passive configuration (denoted by PASSIVE).

5.4.2 Random road profile

Based on the equations (3.8) and (3.9) in Chapter 3.3.3, 1 km long random dis-

turbances with road roughness A and C are generated for the simulation, with n0 =

0.1 cycles/m, ∆n = 0.005 cycles/m, ω = 2 and forward velocity V = 100 km/h. Level

A and C represent the very good and average road profile, respectively for a high per-

formance car. In each simulation, random road disturbances passing the left and right

side wheels of the vehicle are assumed to be different, but exhibit the same level of

roughness (A/C). The response of the rear wheels is delayed according to the wheelbase

and the height between the right and left wheels varies according to the randomness

of the two sides of the road. Hence, together with the responses of the vehicle at the

four corners, pitching and rolling accelerations at the sprung mass centre will also be

evaluated as additional assessments of comfort.

To analyse these results in time time domain, Tables 5.2 and 5.3 present the nu-

merical results. The ride comfort index (RCI) used to assess the ride comfort is the

RMS bounce acceleration according to the ISO 2631-1:1997 standard [82, 86, 118]:

RCI =

�
1

T

� T

0

a2(t) dt

� 1
2

(5.1)

in which T is the vibration duration time and a is the body vertical acceleration

at each corner of the vehicle. The road holding index is selected as changes in the



118
H∞ control synthesis for full-car comfort and road holding

enhancement

peak-to-peak tyre defection [1]. For poor quality road C, the results show that RMS

accelerations have reduced by approximately ∼ 13% for front wheels and ∼ 23%

for rear wheels, and peak-to-peak tyre deflections can be maintained at the passive

level and exhibit a minor improvement for the F-SAVGS case. For a quality road

A, the vertical acceleration RMS values of the three controlled SAVGS suspensions

are consistently improved when compared with the passive system. It also can be

observed that F-SAVGS has the best road disturbance attenuation performance due

to the largest RMS reductions. The tire defections on such a high quality road are

reasonably small (≤0.5 cm) and are irrelevant to compare.

Table 5.2 Ride comfort index (m/s2) at four corners ((%) = Performance Improvement
(%) compared to Passive)

Road A
Passive Q2-SAVGS (%) Q1-SAVGS (%) F-SAVGS (%)

z̈s1 0.78463 0.67381 14.12 0.64993 17.16 0.5716 27.14
z̈s2 0.81504 0.71001 12.89 0.68897 15.46 0.5915 27.14
z̈s3 0.68165 0.56032 17.80 0.55994 17.85 0.3998 41.35
z̈s4 0.68165 0.56032 17.80 0.55994 17.85 0.3998 41.25

Road C
Passive Q2-SAVGS (%) Q1-SAVGS (%) F-SAVGS (%)

z̈s1 2.0773 1.8054 13.09 1.8014 13.28 1.8741 12.63
z̈s2 2.1384 1.8566 13.18 1.8529 13.35 1.8741 12.63
z̈s3 2.1439 1.6393 23.54 1.7108 20.57 1.6411 23.45
z̈s4 2.1439 1.6393 23.54 1.7108 20.57 1.6411 23.45

Table 5.3 Peak values of tyre deflection (cm) at four corners, ((%) = Performance
Improvement (%) compared to Passive)

Road C
Passive Q2-SAVGS (%) Q1-SAVGS (%) F-SAVGS (%)

| ∆lt1 | 3.18 3.24 -1.89 3.30 -3.77 3.12 1.89
| ∆lt2 | 2.97 2.94 1.01 3.00 -1.11 3.05 2.69
| ∆lt3 | 3.02 2.87 4.87 2.80 7.28 2.96 1.99
| ∆lt4 | 3.02 2.83 6.29 2.89 4.30 2.97 1.66

To further analyse the frequency domain, Fig. 5.7 and 5.8 present the PSD plots

for vertical acceleration at the four corners of the vehicle for road classes C and A,

concerning the passenger comfort on different seats. For poor quality road C and

good quality road A, the figures show that the F-SAVGS design in this approach is

the most effective, because: 1) F-SAVGS has relatively smaller gains than Q1-SAVGS
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at the dominant range of human sensitive frequencies (1∼8 Hz) [82], especially for

random road class A, which indicates a better vibration attenuation performance; and

2) the PSD magnitudes of the Q2-SAVGS are highly regulated in the frequency range

1∼5 Hz; however, the F-SAVGS approach in this work covers a wider frequency range

of the sensitivity of the human body to vibrations. Therefore, the full-car SAVGS

control approach is highly significant to improve the comfort of the human body.

More specifically, compared to the passive case, the gain reductions of F-SAVGS are

up to 6.5 dB and 7.3 dB for good road A regarding the front and rear axles near the

sprung mass resonance peak (2 Hz) and with 4.3 dB and 7.1 dB maximum reductions

for the front and rear axles for poor road C.

Fig. 5.7 Sprung mass vertical acceleration PSDs for each corner of the GT under uneven
an random disturbance (Road class C). The results of the aforementioned controllers
in 5.4.1 are compared with passive suspension.

To investigate the performance of H∞ control scheme at the mass centre of the

vehicle, Figs. 5.9 and 5.10 present the PSD for pitching and rolling accelerations.

Similar to Figs. 5.7 and 5.8, the magnitude of the pitching and rolling accelerations

of the three H∞ controlled systems decreased over a wide frequency range, especially

for the low-frequency range (≤2 Hz), thus, affecting human comfort with rotational

variations [82]. Compared to the passive suspension, the pitching acceleration gain

reduction achieved by the F-SAVGS is up to approximately 3.7 dB and 6.1 dB near

the resonant peaks for pitching close to 1 Hz [82], with respect to road classes A and

C. In terms of rolling acceleration, an even higher reduction (4.4 dB and 3.9 dB) is
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Fig. 5.8 Sprung mass vertical acceleration PSDs for each corner of the GT under uneven
random disturbance (Road class A). The results of the aforementioned controllers in
5.4.1 are compared with passive suspension.

achieved. To analyse in a time domain, the mass centre comfort index (MCI) can be

calculated by an expression similar to Eq. 5.1, given as:

MCI =

�
1

T

� T

0

a2mc(t) dt

� 1
2

(5.2)

where amc is the total acceleration at the mass centre calculated as the root-sum-of-

squares value with respect to pitching and rolling accelerations:

amc(t) =
�
a2p(t) + a2r(t)

� 1
2 (5.3)

where ap and ar are the pitching and rolling accelerations at time t. The numerical re-

sults are shown in Table.5.4 with promising improvement. The reductions of F-SAVGS

approach in this work are larger than Q1-SAVGS and Q2-SAVGS, which illustrate the

ride comfort improvement of rotational motions due to the implementation of the

SAVGS and the full-car H∞ control scheme.

Fig. 5.11 presents 5 s time history simulation results for the rear-right wheel and

sprung mass centre undergoing random road class A of F-SAVGS. The first plot is the
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Table 5.4 Mass centre comfort index (MCI) (m/s2), ((%) = Performance Improvement
(%) compared to Passive)

Road A
Passive Q2-SAVGS (%) Q1-SAVGS (%) F-SAVGS (%)

MCI 1.0015 0.8691 13.22 0.8506 15.06 0.4304 57.02

Road C
Passive Q2-SAVGS (%) Q1-SAVGS (%) F-SAVGS (%)

MCI 2.5296 2.2316 11.78 2.2132 12.46 2.0513 18.91

Fig. 5.9 Pitching and rolling accelerations PSD plots at the mass centre of the GT
under an uneven random disturbance (Road class C). Results of the controllers in 5.4.1
are compared with passive suspension.

random road profile. The second plot is the rotation angle of the single-link from its

equilibrium offset θ
(ne)
SL . It can be noted that the actuator is actively reacting and is

rapid within its operation limit. A comparison reveals that by using the proposed H∞

controller, most of the peaks in the SAVGS corner, pitching and rolling accelerations

are reduced with respect to the passive suspension.

5.4.3 Smoothed bump profile

The smoothed bump event in this section is identical to the expression in 4.10 in

Chapter 3, in which V = 20 km/h is the forward speed with bump height h = 5 cm

and width w = 2m. For the purpose of evaluating the pitch and roll mitigation, the
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Fig. 5.10 Pitching and rolling accelerations PSD plots at the mass centre of the GT
under uneven an random disturbance (Road class A). Results of the controllers in 5.4.1
are compared with passive suspension.

H∞-controlled SAVGS full-car system only undergoes bump disturbance through the

left wheels of the vehicle.

Fig. 5.12(a) and 5.12(b) investigates the disturbance attenuation of the sprung

mass vertical acceleration and tyre deflection, which corresponds to ride comfort and

road holding objectives. The blue lines demonstrate that the full-car SAVGS H∞-

controlled system performs as desired. Improvements in terms of RMS values are

more than 32% for vertical acceleration and more than 25% for tyre deflection. Fig.

5.12(c) depicts that the maximum suspension deflection is reduced by 21%, which

demonstrates that the performance enhancement does not degenerate the suspension

working limits. Fig. 5.12(d) shows that the single-link angle operates quickly and

effectively within its allowable range (0-160deg) to achieve the desired performance.

Once the bump is over, the single-link reverts back to its offset position without

activating any further undesirable dynamics. Similar results are also observed in the

plots of the other three wheels, which demonstrates the overall improvement in ride

comfort and road holding due to the implementation of SAVGS with the H∞-control

full-car feedback loop.

Fig. 5.13 presents the results for the pitch and roll motions at the mass centre

over this smoothed bump. RMS values for pitch and roll accelerations in the SAVGS

suspension are reduced by 44% and 67% with respect to the passive case.
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Fig. 5.11 The 5 s to 10 s time series simulation results under random road class A.
The plots are: 1) road profile; 2) single-link angle; and 3) vertical acceleration at the
rear-right wheel; 4) pitching; and 5) rolling accelerations at the sprung mass centre.

5.4.4 Inner position controller performance

As mentioned in Fig. 4.2, the inner position controller scheme is used to limit the

operation of the single-link inside the gearbox and motor duty zone to protect the

gearbox and motor under any circumstances and to set the maximum electric power

consumption by the controller. The robustness of the controller is validated by the plot

of the output torque against a single-link speed under the condition of random road

C (worse roughness than road A and operates more aggressive than bump excitation),

which shows the single-link operation boundaries of the four corners of the car. In Fig.
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Fig. 5.12 Response at the rear-left wheel while running over a smoothed bump at the
left wheels. Passive suspension and SAVGS H∞-controlled system (F-SAVGS) are
undergoing the same smoothed bump excitation with a 5 cm height and 2m width.
The other three wheels have similar simulation results.
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Fig. 5.13 Rotational accelerations (F-SAVGS and PASSIVE) at the mass centre under
smooth bump disturbance at the left wheels: (a) pitching acceleration; and (b) rolling
acceleration.

5.14, the operating envelope consists of the maximum actuation torque (on the low

speed side of the gearbox) ±200N.m, the soft constraint of the electric power ±500 W

in the driving mode (flow from the PMSM) and ±1500 W in the regenerating mode

(flow to the PMSM). The maximum single-link rotational speed is set to ±13 rad/s.

The operating locus is located inside these boundaries. Small distances between the

operation edges and the power constraints exist due to the power losses in the PMSM

and gearbox, which are summarised in Table. 5.5. The expression of the these losses

in the actuator can be found in [11].
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Fig. 5.14 The boundaries of the output torques vs. single-link speeds characteristics
for random road C of the H∞ controlled SAVGS system (F-SAVGS). 1, 2, 3, and 4
match actuators in the different corners presented in Fig.3.2.

Table 5.5 Power losses in the actuator

Component Power losses
PMSM Copper (resistive)

Core (eddy current & hysteresis)
Stray
Mechanical (friction & windage)

Gearbox Roller bearings, gears, seals

Fig. 5.14 clearly demonstrates that the operating points for all the simulations

remain within the design and operating constraints of the real system. It also shows

that under the excitation of rough road class C, the SAVGS controlled system can

reach the physical limit boundaries but not to exceed them. This proves that the

H∞ controller can make the most efficient use of the gearbox to achieve performance

specifications without sacrificing system stability. Moreover, the energy consumption

of all the simulations in driving mode is less than 500 W (below rated power of the

selected PMSM). This is relatively lower than the maximum energy demand (1-7 kW)

of other active partially/fully loaded suspensions [54].
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5.5 Conclusions

A high-performance full-car vehicle with a new concept of series active variable ge-

ometry suspension (SAVGS) has been presented in this chapter. A linear H∞ SAVGS

control scheme is then formulated as a closed-loop optimisation problem. Dynamic

saturations and proper gains of the controller are considered to guarantee the physical

and design constraints of the nonlinear SAVGS model. Through proper selection of

the weighting functions, a multi-objective H∞ controller is successfully obtained. The

performance of the designed controller has been verified in frequency and time domain

through nonlinear full-car simulations. Compared with a conventional passive suspen-

sion and the two H∞ controllers obtained in previous works, the results of this H∞

controlled SAVGS system, under random and bump disturbances, demonstrates the

significant improvement in ride comfort and road holding of the vehicle, due to the re-

duction of body acceleration and tyre deflection. Moreover, to validate the robustness

of the controller in realistic situations, the operation points of the controlled system

have been analysed. The results show that the torque, speed, power, and single-link

rotation satisfy the constraints of the actuators (PMSM+gearbox). This indicates the

robust behaviour of the proposed H∞ controller.

Some suggestions for future work, are:

• The outputs regarding the control objectives in this chapter are selected as

sprung mass accelerations, four wheels tyre deflections, and four wheel verti-

cal body accelerations. Among them, the sprung mass accelerations including

vertical body acceleration, pitching, and rolling accelerations have a certain de-

gree of repetition with the four wheel vertical body accelerations. In the next

design, it is suggested to remove one such group of objectives to decrease the

complexity of the controller design.

• Further effort can be done to improve the performance of the full-car H∞ controller

through extensive frequency weight tuning.

• In this Chapter and the previous Chapter, the H∞ control synthesis is obtained

with Autosim linearised vehicle models. The results presented in these two

chapters of the SAVGS H∞ -controlled schemes show that the Autosim linearised

models are a good representation of the vehicle model. Meanwhile, another hand-

derived linearised quarter-car model of the SAVGS was carried out by C.Arana

in his work [13] which introduces another exogenous input to track the single-link

position command provided by higher level controller. This enables the controller



5.5 Conclusions 127

to tackle the low frequencies disturbances to improve the suspension performance

such as step steering or other cornering manoeuvres. The next chapter will focus

on the construction of the full-car hand-derived vehicle SAVGS model and then

investigate the SAVGS full-car H∞ control scheme (FE-SAVGS) performance

based on the new obtained hand-derived model.





Chapter 6

H∞ control synthesis with

hand-derived model for full-car

comfort and road holding

enhancement

The previous chapter explored the potential of the SAVGS for ride comfort, road

holding enhancement and pitching and rolling motion enhancement of the chassis

in the context of high frequency vehicle dynamics. The full-car linear H∞ multi-

objective control framework is developed based on the linearised Autosim full-car

model. The developed final controller is ultimately tested by simulations with the

nonlinear full-car model with SAVGS, results are compared with the nonlinear full-

car model equipped with the quarter-car controllers obtained in previous work [30]

and [12] at four corners of the vehicles. The conclusion drawn from these results are

that, the proposed controller in the last chapter provides the best road holding and

ride comfort performance as well as the largest gain reduction for pitching and rolling

motions of the chassis.

This chapter introduces a new linear equivalent hand-derived full-car model that

successfully removes the main geometric nonlinearity associated with the single-link

rotation of the Autosim linearised full-car model, which achieves a higher level of

robustness to single-link rotations. In addition, higher level controller references are

introduced for tracking of the single-link position commands as exogenous references,

which are provided by the PID controller in the next chapter for good attitude control

capabilities. H∞ control synthesis is applied to this linear equivalent hand-derived

full-car model to minimise vertical accelerations and tire deflections for all corners
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of the vehicle simultaneously, and to minimise variables related to the pitching and

rolling motions of the chassis.

Section 6.1.2 provides the schematic of the SAVGS linear equivalent hand-derived

full-car model and the equations of motion. The frequency response of the equiva-

lent hand-derived model at the nominal equilibrium position is also analysed. Section

6.2 constructs a linear multi-objective H∞ control framework by selecting proper fre-

quency weights. The nonlinear control scheme (FE-SAVGS) is depicted in Section

6.3, and simulation results and a comparison are provided in Section 6.4.1. Finally,

conclusions are drawn in Section 6.5.

6.1 Full-car model

6.1.1 SAVGS nonlinear multi-body model

The vehicle model used in this chapter is the full-car SAVGS multi-body model

(FC), which has been described previously in Section 3.1.6 in Chapter 3.

6.1.2 SAVGS linear hand-derived equivalent model

The full-car model (FL) described in Chapter 3 [9] is a high-fidelity dynamic non-

linear system that has been developed using AutoSim [6], which is an excellent model

for virtually testing the SAVGS, to assess its performance in the context of comfort,

road holding, and attitude control. However, the nonlinear full-car model is not the

most suitable model for control synthesis. For the development of the H∞ controller,

linear models are good representative models for depicting the accuracy in the range

of operating conditions of interest and for the study of the input-output relationships

in the frequency domain.

In [30], a linearised AutoSim quart-car model of the SAVGS-retrofitted suspen-

sions has been used for H∞ control synthesis and the results proved that it is a good

representative of the system for the SAVGS. One concern of this linearised AutoSim

quarter-car model is whether this is the best representation of the system when the

system is far away from its trim state (i.e. when the single-link is rotated from its

default position (θ
(ne)
SL = 90◦) or operational limits are reached). To analyse this prob-

lem, refer to Figure 4.3 in Chapter 4, where the bode plot of the quarter-car AutoSim

model at the rear left corner of the GT as a function of the nominal angle offset,

∆θ
(ne)
SL , is presented. The plot depicts the effect of the nominal single-link angle on the

frequency response of the SAVGS. It is observed that when the single-link rotation



6.1 Full-car model 131

angle is close to the trim state for H∞ control design with θ
(ne)
SL = 90◦ less than ±40◦,

system gains are not very insensitive to single-link angle. Outside this range, the nom-

inal AutoSim model cannot precisely estimate the gains from single-link speed, θ̇SL,

to the corresponding outputs.

In this chapter, a new full-car model with better robustness to single-link rotation

is derived (see the concept in Figure 6.1), which idea is based on the previous work

[12] for the quarter-car model. Instead of taking single-link velocity θ̇SLi as the control

effort, this hand-derived model introduces new signals ui. External look-up tables

α−1
f/r(u) for front and rear axles are inserted between the vehicle plant (FC) and ui

that lump the main geometric nonlinearity associated with the single-link rotation of

the SAVGS. When doing so, the relationship between the control effort u and system

outputs y becomes strongly independent of the single-link angle. d represents the

exogenous disturbances that are unrelated to the single-link position.

FC

1SLθ11 ( )fD uα −−
1u

4SLθ11 ( )rD uα −−
4u

Fig. 6.1 A new model with better robustness to single-link rotation

The proposed model at the rear left corner of the GT, called the hand-derived

equivalent model, is shown in Figure 6.2. Compared to the SAVGS-retrofitted double-

wishbone suspension, the effect of the single-link (point G to F) can be incorporated

into the equation of motions in the hand-derived model by treating it as a displacement

input. Therefore, the suspension deflection (i.e. ls3, the vertical distance between the

centers of the sprung and unsprung masses) can now be calculated using the sum of
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the deflection of the equivalent spring-damper unit (lSD3) and the displacement of an

equivalent linear actuator (zlin3).

ru
m

3linz

3uz

3rz
rt
c

rt
k

reqk reqc
3sl

3tl

rs
m

3z

3SDl

Fig. 6.2 SAVGS-retrofitted double-wishbone suspension (left) and equivalent hand-
derived model of the rear left corner of the GT (right). The full-car equivalent
schematic has been shown in Figure 3.8.

The schematic of the SAVGS full-car linear hand-derived model and the equations

governing the dynamic motion of the hand-derived equivalent full-car model equipped

with SAVGS have been described in detail in Chapter 3 Section 3.1.10. In addition,

the symbols used in this chapter for the full-car SAVGS nonlinear multi-body model

and linear hand-derived model has also been given in Table 3.2 in Chapter 3. In

summary, by defining the following state, control input, and disturbance vectors:

xT = [żCM , θ̇, φ̇, żu1,żu2,żu3,żu4,∆ls1,∆ls2,

∆ls3,∆ls4,∆lt1,∆lt2,∆lt3,∆lt4, zlin1, zlin2, zlin3, zlin4]

uT = [żr1, żr2, żr3, żr4,Tp, Tr, żlin1, żlin2, żlin3, żlin4]

yT =
�
zlin1, zlin2, zlin3, zlin4,∆lt1,∆lt2,∆lt3,∆lt4,∆l̇s1,∆l̇s2,∆l̇s3,∆l̇s4, z̈CM , θ̈, φ̈

�
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the state-space equations of the hand-derived equivalent full-car model can be

written as:

ẋ = Ax+ Bu

y = Cx+Du

where A ∈ R19∗19 , B ∈ R19∗10 , C ∈ R15∗19 , D ∈ R15∗10 are system matrices.

Equivalent parameters

The full-car vehicle parameters for the GT have been listed in Table 3.5 in Chapter

3. In addition, in this equivalent car model, the effects of the single-link in active

suspension are considered as equivalent speed inputs (i.e. żlin1, żlin2, żlin3 and żlin4 in

Figure 3.8), rather than the single-link velocity inputs in the SAVGS double-wishbone

model. The suspension deflection is the sum of two parts: 1) the deflection of the

equivalent spring-damper unit with equivalent coefficients keqf/r and ceqf/r , and 2)

the displacement of the equivalent linear actuators, zlin1, zlin2, zlin3 and zlin4, which

accounts for the contribution of the single-link angle at each corner of the vehicle.

The calculation of these equivalent properties zlini, keqf/r and ceqf/r can be found

in the SAVGS dimensioning equations (3.1) and (3.4) in Chapter 3. Figure 6.3 depicts

the curves of af and ar as a function of the single-link angle, ∆θSL = θSL − θ
(min)
SL ,

for the front and rear axle of the GT. The shape of af and ar can be approximated

to a negative parabola function with zeros at ∆θSL = 0◦ and 180◦, and with peak

values of ∼25 mm/rad (a
(peak)
f ) and ∼18.5 mm/rad (a

(peak)
r ) at ∆θSL = 90◦. Compared

to the single-link rotation, the influence of the variation of the lower wishbone angle

is reasonably small and can be neglected, as the grey bands (see Figure 6.3), which

show only ∼4% difference with respect to the nominal equilibrium position (red lines),

∆θLW = 0.1881 rad.

Figure 6.4 depicts the evolution of keqf/r (top row) and ceqf/r as the function of

the single-link angle ∆θSL and the lower wishbone angle ∆θLW . To obtain a linear

time invariant (LTI) model, the influence of the variation of lower wishbone angle and

the single-link angle on af/r, keqf/r and ceqf/r will be neglected. Thus, the equivalent

properties in Figure 6.3 and 6.4 at the nominal equilibrium position (∆θ
(ne)
SL = π

2
and

∆θ
(ne)
LW = 0.1881) will be used in the rest of this chapter.
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Fig. 6.3 Evolution of af (front axle) and ar (rear axle) as a function of the single-

link angle ∆θSL = θSL − θ
(min)
SL . Red lines represent the curves of af and ar at the

nominal equilibrium position in which ∆θLW = 0.1881 rad. The gray bands indicate
the influence of lower wishbone angular change around the nominal case, ∆θLW ∈
[0, 0.3] rad.

Frequency response of the equivalent hand-derived model

Based on the observations of Figure 4.3 in Chapter 4, the trim state of the AutoSim

model corresponding to θ
(ne)
SL = θmin

SL +∆θSL and ∆θSL = 90◦ provides the best control

performance. Therefore, the trim state of the linear hand-derived equivalent model can

also be derived at a trim state corresponding to ∆θSL = 90◦, at the four corners of the

vehicle. To obtain a LTI system for linear control synthesis, the equivalent coefficients

keqf/r and ceqf/r can be computed through (3.4) at ∆θ
(ne)
SL = π

2
and ∆θ

(ne)
LW = 0.1881.

For the front axle:

k(ne)eqf
= keqf (∆θ

(ne)
SL =

π

2
,∆θ

(ne)
LW = 0.1881) = 3.5409 ∗ 104N/m

c(ne)eqf
= ceqf (∆θ

(ne)
SL =

π

2
,∆θ

(ne)
LW = 0.1881) = 1.4925 ∗ 103Ns/m

And for the rear axle:

k(ne)eqr = keqr(∆θSL =
π

2
,∆θLW = 0.1881) = 5.8963 ∗ 104N/m

c(ne)eqr = ceqr(∆θSL =
π

2
,∆θLW = 0.1881) = 2.0274 ∗ 103Ns/m



6.1 Full-car model 135

5

6

0.3

104

100

7

0.2
0.10

3.2
3.4

0.3

104

3.6

100

3.8

0.2
0.10

1800

2000

0.3100

2200

0.2
0.10

1200

1400

0.3100

1600

0.2
0.10

Fig. 6.4 Evolution of keqf/r (top row) and ceqf/r (bottom row). The red lines represent
the curves of keqf/r and ceqf/r at the nominal equilibrium position in which ∆θLW =
0.1881 rad.

The main input-output frequency responses of the hand-derived equivalent model

at the trim state are shown in Figure 6.5.

The following points can be observed from the frequency response plot in Figure

6.5 at the trim state:

• The top row shows that the body acceleration at the centre of the mass displays

the typical double-hump response to road disturbance: first at the sprung mass

resonance frequency and later at the unsprung mass resonance frequency. The

equation of calculating the unsprung mass resonance frequency is approximately

given by

�
ktf/r
mu

, which is the same expression as the invariant point for sprung

mass acceleration. Thus, regardless of how the active suspension control law

(i.e. żlini) is chosen, the sprung mass acceleration will not be changed at the

unsprung mass resonance frequency. Therefore, dynamic weighting functions

should be selected to reduce the sprung mass acceleration at the sprung mass

resonance frequency, and to avoid any deterioration in all three control objectives

at the unsprung mass resonance frequency.
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Fig. 6.5 Frequency response from the exogenous disturbances (i.e. road speed at four
corners (top), pitch and roll torque at CM (middle), and the speeds for the equivalent
linear actuators (bottom), to suspension velocity and tyre deflection at the rear left
corner of the GT (left two columns), and vertical, pitching and rolling accelerations at
CM (right three columns). The results are obtained at the nominal single-link angle

θ
(ne)
SL = θmin

SL + 90◦.

• The left two columns are the output responses of the tyre deflection and suspen-

sion velocity at the rear left corner of the GT. It is observed that the green lines,

associated with the exogenous disturbances at the rear left corner of the GT,

have much higher frequency gain (average ∼30 dB) at the frequency range of

interest (1-10 Hz). This indicates that the tyre and suspension responses at each

corner of the GT are mainly affected by exogenous disturbance at that corner.

Therefore, the dynamic weighting functions on tyre deflections and suspension

velocities can inherit the idea that is used to tackle the quarter-car control prob-

lem in Chapter 4.

• The middle row shows that, at the centre of the sprung mass, frequency response

of the vertical acceleration, and pitching acceleration have higher frequency gain
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to the exogenous pitch torque disturbance Tp than the roll torque disturbance

Tr. The opposite characteristics are observed for the frequency response of the

rolling acceleration. As in [ISO 2613-1:1997] [82] the vertical body acceleration

is considered as the main criteria for passenger ride comfort performance, the

frequency weights on pitch torque could be selected larger than the weights on

the roll torque to emphasise the ride comfort properties, by minimising the body

vertical acceleration.

• The last row shows the results obtained for the case with speeds for the equivalent

linear actuators as inputs, which will be chosen as the control efforts in the next

section. Slopes at the low frequencies remain constant for suspension velocity

which indicates that the SAVGS has the capability to provide attitude control

at low frequency ranges (f < 1 Hz), by a higher level controller that will be

developed in the next chapter. At high frequencies, the suspension deflection and

tyre deflection transfer function roll off at -40 dB/decade, which indicates that it

is very hard to improve the road holding properties at high frequencies. On the

other hand, the sprung mass transfer functions have a constant high frequency

asymptote implying that ride comfort can be improved at a high frequency range

within the space travel limits.

6.2 H∞ control design

6.2.1 Control objectives

In this section, the control objectives are achieved by constructing a full-car H∞ multi-

objective control framework based on the hand-derived equivalent state-space formula,

which is formulated as a disturbance rejection problem to exploit linearised dynamics

of the closed-loop system. To emphasise the importance of the control objectives in

the frequency ranges of interest, the closed-loop system is thus augmented by selecting

frequency weights on the relevant input-output paths. The control objectives of this

chapter are briefly summarised as follows:

1. In the low frequencies (f < 2 Hz), the tracking of the single-link position com-

mands as exogenous references, provided by higher level controllers should be

considered. These references will be generated by the PID controller in the next

chapter for good attitude control capabilities.
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2. In the frequency range 2∼ 8 Hz, where humans are most sensitive to variation,

significant reduction should be achieved in vertical body acceleration, pitching,

and rolling acceleration at the centre of the sprung mass to improve passen-

ger ride comfort. Vertical body acceleration is the prioritised control objective

according to the description in [ISO 2613-1:1997] [82].

3. The gains of tyre deflections at each corner of the GT should be reduced in the

frequency range of 1∼ 5 Hz for improvement in road holding properties.

4. The control efforts (the speeds for the equivalent linear actuators) should mainly

work in frequencies lower than 20 Hz to prevent power consumption on very high

frequencies for the region of non-interest. The magnitude of the speeds for the

actuators should be limited to protect the gearbox and motor.

6.2.2 Robust control scheme

Figure 6.6 shows the closed-loop H∞ control structure augmented with frequency

weights, where the weighting function blocks and signal labelling will be described in

this section. The thin blocks and signals are singular weighting functions and signals at

the mass centre of the vehicle model. However, the bolded blocks and signals contain

four weighting functions and signals at each of the four corners of the vehicle model.

For example, frequency weights Wref correspond to diag(Wref1, Wref2, Wrer3, Wref4)

and bT
I is equal to [b1, b2, b3, b4].

The frequency weights on the exogenous disturbances and control objectives, Wd

= diag(Wref , . . . , Wlp) and Wz=diag(Wact, . . . ,Wcmr), are selected to emphasise the

frequency regions of most significant disturbance strength and most importance to

system performance, respectively. d̃ and z̃ are modelled as normalised signals d and

z shaped by the weighting functions Wd and Wz, respectively, given as:

d̃ = Wdd, z = Wzz̃

With the frequency weights Wd and Wz augmented into the state-space represen-

tation, Pω is ready for H∞ controller design and analysis.

The selection of the frequency weights in Wd and Wz, exogenous disturbances,

control objectives, and measurement signals for the H∞ control synthesis are described

as follows. The scaling factors in front of the weighting functions reflect the relative

importance of each regulated input and output.



6.2 H∞ control design 139

Full-car 
equivalent

model
(FECL)

Wtqp

Wtqr

M

K

dI

dII

d̃I

d̃II

−+

d9

d̃10

d̃9

z̃III

z̃II

z̃I

d

d10

Fig. 6.6 Interconnection for H∞ control synthesis.

Exogenous disturbances, d, and frequency weights

Ten inputs are considered in this chapter for the control synthesis, which can be

categorised into three parts: 1) the rate of change of the road heights at each of the

four corners of the vehicle model; 2) exogenous position commands for the single-links

at each of the four corners of the vehicle model; and 3) pitch and roll torque at the

centre of the sprung mass.

The exogenous references of the single-link position, d̃T
I =[d̃1, d̃2, d̃3, d̃4]=[z

(e)
lin1,

z
(e)
lin2, z

(e)
lin3, z

(e)
lin4], in low frequencies (f<2 Hz) are provided by the higher level controllers.

These references will be generated by the PID controller in the next chapter to increase

ground clearance and to compensate for road disturbance and load transfer during turn-
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ing manoeuvres, and acceleration and braking. In this hand-derived equivalent model,

the equivalent displacement z
(e)
lini is the corresponding parameter to represent the single-

link rotate angle. The frequency weights (i.e. Wref=diag(Wref1, Wref2, Wrer3, Wref4))

for the exogenous references are chosen as low pass filters with a cut-off frequency of

2 Hz and the zero frequency gain is defined related to the maximum equivalent displace-

ment zlini ≈ 0.02m corresponding to the maximum single-link rotation (i.e. ∆θSL = 0◦

or 180◦). This gives:

Wref1 = Wref2 = Wref3 = Wref4 = 0.02 ∗
1

1
2∗π∗1

s+ 1

The rates of change in road heights, d̃T
II=[d̃5, d̃6, d̃7, d̃8]=[żr1, żr2, żr3, żr4], at each

of the four corners of the vehicle model are considered as the main exogenous distur-

bances on the active suspension system. Bump, step and random road are the main

excitations to evaluate through simulations in the literature, which introduce large

amounts of energy from the wheel to the chassis in a wide range of spatial frequen-

cies. Typically, 0.01 to 10 cycles/m are most relevant based on [ISO 8606:1995] [85].

The frequency weights (i.e. Wrd=diag(Wrd1, Wrd2, Wrd3, Wrd4)) selected for the road

height changes are:

Wrd1 = Wrd2 = Wrd3 = Wrd4 = 0.25

The rotational motion during braking, accelerating and turning manoeuvres are

captured in the model by the external pitch (d̃9 = Tp) and roll (d̃10 = Tr) torques

acting at the centre of the sprung mass. The scaling factor of the frequency weights

for pitch and roll torque are related to the maximum torques of the maximum lateral

and braking accelerations, which are relative to the force causing rotational motions

on the front/rear wheels times the perpendicular distance to the centre of the vehicle.

The constant weights (i.e. Wtqp and Wtqr) selected for the pitch and road torque are:

Wtqp = 4350

Wtqr = 2700

To conclude, the 10 input vector representing the exogenous disturbances is defined

as:

d̃T = [d̃I , d̃II , d̃9, d̃10] = [z
(e)
lin1, z

(e)
lin2, z

(e)
lin3, z

(e)
lin4, żr1, żr2, żr3, żr4, Tp, Tr]
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Control objectives, z, and frequency weights

The control objectives in this chapter, which have also been summarised in Section

6.2.1, are: 1) to minimise the tracking errors between the single-link position references

that are provided by the higher level controller and the single-link angle outputs of the

vehicle model. In the hand-derived equivalent model, zlin is used to account for the

effect of the single-link angle; 2) to improve ride comfort that is qualified through the

vertical, pitching, and rolling accelerations; 3) to improve road holding by reducing

the tyre deflections at the four corners of the vehicle model; and 4) to penalise the

high speeds for the equivalent linear actuators, thus ensuring the power and torque

limits of the actuators are not exceeded.

Weighting functions (i.e. Wact=diag(Wact1, Wact2, Wact3, Wact4)) are defined as

high-pass filters to penalise high-frequency content of the speeds for the equivalent

linear actuators z̃TI =[z1, z2, z3, z4]=[żlin1, żlin2, żlin3, żlin4] and thus limit the control

bandwidth:

Wact1 = Wact2 = Wact3 = Wact4 = 0.15 ∗
1

(2∗π∗10)2
s2 + 2

2∗π∗10
s+ 1

1
(2∗π∗100)2

s2 + 2
2∗π∗100

s+ 1

Tracking errors, z̃TII=[z5, z6, z7, z8]=[z
(e)
lin1−zlin1, z

(e)
lin2−zlin2, z

(e)
lin3−zlin3, z

(e)
lin4−zlin4],

are considered as one control objective so that the vehicle’s single-link angle is able to

follow the desired reference signals provided by the higher level controller to tackle the

low frequency attitude control problems. The frequency regions of the weighting func-

tions for the tracking errors are given as low pass filters, which should not overlap the

frequency weights for the control of acceleration and tyre deflection objectives over the

frequency range 2∼10 Hz. The weights (i.e. Wtrk=diag(Wtrk1, Wtrk2, Wtrk3, Wtrk4))

are chosen as:

Wtrk1 = Wtrk2 = Wtrk3 = Wtrk4 = 0.006 ∗
1

2∗π∗120
s + 1

1
2∗π∗0.3

s+ 1

The main control objectives in this chapter are to improve passenger ride comfort

and road holding performance. For ride comfort, minimising the vertical z̃13 = z̈CM ,

pitching z̃14 = θ̈ and rolling z̃15 = φ̈ acceleration at the centre of the sprung mass are

the major targets of control synthesis. For road holding, the dynamic tyre deflections,

z̃TIII=[z9, z10, z11, z12]=[∆lt1, ∆lt2, ∆lt3, ∆lt4], at each corner of the vehicle model are

also set to be penalised in some frequency range. According to [ISO:2631-1:1997] [82],

the sensitive frequencies of the human body are 1∼2 Hz for rotational motions and

2∼10 Hz for vertical acceleration. It is also noted that, in [ISO:2631-1:1997] [82], vi-
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bration on the vertical direction is defined as the principal factor related to the health

and comfort of the passenger. On the other hand, the measurement of rotational vi-

brations is defined as an additional factor of vibration effects on comfort. Therefore,

in this work, the gain on the vertical acceleration is selected to be higher than the

pitching and rolling accelerations. In addition, as the SAVGS PID controller in the

next chapter is designed as a roll focus controller, the gain on the pitching acceleration

in this chapter is selected higher than the rolling acceleration to counterbalance the

overall control. The ride comfort (i.e. Wcmv, Wcmp and Wcmr) frequency weights are

chosen as low pass filter, and road holding (i.e. Wtd=diag(Wtd1, Wtd2, Wtd3, Wtd4))

performance weights are selected as band-pass filter to penalise the disturbances be-

tween 1∼5 Hz:

Wcmv = 3 ∗
1

1
2∗π∗20

s+ 1

Wcmp = 4.8 ∗
1

1
2∗π∗1

s+ 1

Wcmr = 1.44 ∗
1

1
2∗π∗1

s+ 1

Wtd1 = Wtd2 = 0.5 ∗
1

2∗π∗0.001
s + 1

1
(2∗π)2∗5

s2 + 6
2∗π∗5

s+ 1

Wtd3 = Wtd4 =
1

2∗π∗0.001
s+ 1

1
(2∗π)2∗5

s2 + 6
2∗π∗5

s + 1

To conclude, the 15 output vector representing the control objectives is defined as:

z̃T = [z̃I , z̃II , z̃III , z̃13, z̃14, z̃15]

= [ż∗lin1, ż
∗

lin2, ż
∗

lin3, ż
∗

lin4, z
(e)
lin1 − zlin1, z

(e)
lin2 − zlin2, z

(e)
lin3 − zlin3,

z
(e)
lin4 − zlin4,∆lt1, ∆lt2, ∆lt3, ∆lt4, z̈CM , θ̈, φ̈]

Measurement signals, y, and frequency weights

The measurement signals used by the feedback controller are chosen based on the

availability of the sensors in the lab, and the literature review of common sensors

is used for active suspension control. In summary, uniaxial accelerometers are used
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to detect accelerations at the centre of the sprung mass with regards to passenger

ride comfort, and LVDT linear position sensors are used to measure the suspension

deflection velocity pertaining to road holding performance. Encoders are embedded to

measure the single-link angle and are then converted to the equivalent displacement

for calculating tracking errors.

In addition, to cancel the steady-state tracking error, free integrators (bolded block

M=diag(M1, M2, M3, M4) in Figure 6.6) are included before the tracking errors are

fed back to the H∞ controller. Thus, the transfer function of M for ‘loop shaping’ is

absorbed into the final controller K such that the final controller is found by post-

multiplying. The transfer functions of M have been selected as:

M1 = M2 = M3 = M4 =
8

s

The 11 vectors of measurement signals are defined as:

yT = [yI ,yII , y9, y10, y11]

= [z
(e)
lin1 − zlin1, z

(e)
lin2 − zlin2, z

(e)
lin3 − zlin3, z

(e)
lin4 − zlin4,∆l̇s1, ∆l̇s2, ∆l̇s3, ∆l̇s4,

z̈CM , θ̈, φ̈]

where

yT
I =[z

(e)
lin1−zlin1, z

(e)
lin2−zlin2, z

(e)
lin3−zlin3, z

(e)
lin4−zlin4] and yT

II=[∆l̇s1,∆l̇s2,∆l̇s3,∆l̇s4]

Control efforts, u, and frequency weights

Due to the torque and current constraints of the inner position controllers Klsp of

the actuators [11] at the four corners of the vehicle, the rapid change of the single-link

velocity will not be tracked precisely greater than a certain frequency (∼18 Hz). Thus,

the nominal actuator dynamics are represented by the following first-order transfer

functions Wlp=diag(Wlp1, Wlp2, Wlp3, Wlp4):

Wlp1 = Wlp2 = Wlp3 = Wlp4 =
1

1
2∗π∗17.8

s+ 1

The expression of the final control feedback signals to the vehicle plants are stated

as follows:

ũ = Wlpu
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Thus, the control efforts are chosen as the reference speed of the equivalent actua-

tors, i.e.,

uT = [u1, u2, u3, u4] = [ż∗lin1, ż
∗

lin2, ż
∗

lin3, ż
∗

lin4]

where ũT=[ũ1, ũ2, ũ3, ũ4]=[żlin1,żlin2,żlin3,żlin4].

The full-car linear H∞ -controlled scheme in Figure 6.6 is formulated in MATLAB

and controller K is obtained using hinfsyn by absorbing the integrator unit M into

the H∞ controller. The final controller is determined after several iterations by tun-

ing the frequency weights and by adjusting the performance and the stability of the

effectiveness of the proposed H∞ controller in the nonlinear simulations. The Bode

magnitude plot for the finalised H∞ controller from 11 measurement signals y to the

first control effort u1 = ż∗lin1 at the front left corner of the vehicle is shown in Figure

6.7. The Bode magnitudes from the same inputs to other control efforts at the other

three corners have very similar results to the curves in Figure 6.7.The single-link po-

sition tracking error signals are low-pass filtered (see in red lines). Thus, the vehicle

dealing with the control feedback signals from the higher level controller only in the

low frequency range as desired. Bode plots of acceleration and suspension deflections

velocity signals to the equivalent actuator velocity ż∗lin1 at the front left corner with

regards to passenger ride comfort and road holding performance are with ‘bandpass’

nature.
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Fig. 6.7 Bode magnitude plot of controller, from 11 measurement signals y to the first
control effort u1 = ż∗lin1 at the front left corner of the vehicle. The other three corners
of the vehicle have very similar results to the shapes of these curves.
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6.3 Nonlinear control scheme

In the last section, the proposed full-car linear H∞ controller aims to minimise

accelerations at the centre of sprung mass and tyre deflections for all corners of the

vehicle in the context of high frequency vehicle dynamics, and to track the exogenous

single-link position at low frequencies. To assess the performance of the proposed

controller, it is installed on the nonlinear full-car SAVGS model (FC). The general

nonlinear control scheme of this chapter is shown in Figure 6.8.
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Fig. 6.8 General nonlinear control scheme (FE-SAVGS).

The closed-loop SAVGS involves two controllers which are connected in series to

tackle multiple control objectives:

1. The inner position control contains the actuator (PMSM and gearbox) and the

single-link position controller (Kslpi) at each corner of the vehicle. It measures

the single-link tracking error (θ∗ref i
-∆θSLi) and then generates the torque TSAVGSi

to follow the single-link position reference (θ∗ref i). Meanwhile, the physical and

design constraints (i.e., voltage, power, current, speed and single-link rotation

limits) must also be satisfied at all times. The design of the inner position control

of the SAVGS actuator and the details of the physical and design constraints

have been explained in [9], and for the relevant schematic refer to Fig. 4.2.
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θ∗ref i
is obtained by integration of the control feedback of the proposed H∞

controller. In practice, the SAVGS becomes ineffective when the single-link

angle rotation is close to 180◦ , whereby the vehicle is approximately equivalent

to the passive configurations and single-link offers negligible installation ratio

changes. Therefore, saturation blocks are introduced between the integrators

and the reference angles to guarantee the single-links operate within the chosen

rotational limits (θ∗ref i
∈ [θ

(min)
SL , θ

(max)
SL − 20◦] and θ

(max)
SL =θ

(min)
SL + 180◦)

2. The outer H∞ controller, which has been proposed in the last section, reads the

measurement signals (y) of the vehicle as the feedback inputs, and generates the

reference single-link velocities (θ̇∗SLi
) as control inputs to the vehicle plant.

Equivalent parameters αf/r and βf/r as a function of ∆θSLi are used for the

conversion from the reference angular speeds (θ̇∗SLi) and the angles (∆ θSLi) for

single-links to the reference linear speeds (ż∗lini) and displacements (zlini) for the

equivalent linear actuators, respectively, giving the expressions as:

ż∗lin = α(∆θSL)θ̇
∗

SL

zlin = β(∆θSL)

where the evolution of αf and αr is shown in Figure 6.5 (the red lines). βf and

βr can be calculated through the integration of the equation (3.1). Figure 6.9

shows the evolution of βf and βr.

6.4 Simulation results and comparison

In this section, the nonlinear simulation results obtained for the GT car traveling

on: 1) random roads with various road roughness, and 2) a smoothed bump at the

left side wheels, are presented to assess the different full-car control schemes’ steady-

state and transient response characteristics, respectively. While the random road

simulations describe the average control performance and the performance can be

analysed in frequency domain, the smoothed bump emphasises the vehicle response

on sudden event performance properties. The main vehicle and the SAVGS parameters

for the nonlinear control scheme have been given in Tables 3.5 and 3.6 in Chapter 3.

For a full-car vehicle, passenger weight changes are added close to the vehicle sprung
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Fig. 6.9 Evolution of βf and βr as a function of ∆θSL.

mass centre. Hence, in this chapter, the improvement in vehicle acceleration at the

centre of the sprung mass (z̈CM) using of the H∞ -controlled SAVGS systems is mainly

examined. The tyre deflection and suspension deflection are also investigated for the

road holding capability. Maximum allowable power, torque and single-link speed limits

of the actuator (i.e. PMSM and gearbox) are applied to explore the potential of the

SAVGS H∞ -controlled scheme.

The following types of nonlinear control scheme have been considered in the simu-

lations:

• Pure passive nonlinear full-vehicle system (PASSIVE).

• SAVGS H∞ controller proposed in the last chapter developed based on the full-

car AutoSim linearised model implemented to the passive nonlinear full-vehicle

system (F-SAVGS).

• SAVGS H∞ controller proposed in this chapter developed based on the full-car

hand-derived equivalent model implemented to the passive nonlinear full-vehicle

system (FE-SAVGS).

6.4.1 Response to random road profiles

The two full-car active control schemes and one passive nonlinear system have

firstly been simulated when traveling with a constant speed of 100 km/h in a longitu-

dinal direction and a nominal angle offset ∆θ
(ne)
SL = 90◦. Two random roads, with the
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same level of roughness are generated to excite the left and right side of the wheels

in one simulation. Thus, the pitch motion of the vehicle can be assessed due to the

delay of the responses on the front and rear wheels associated to the wheel base of the

vehicle. Roll motion can be assessed due to the height difference between the left and

right wheels according to the randomness of the two random road profiles on the two

sides. 1km long random road sections with road class A and C (good quality road

and poor quality road for the GT, see in Figure 3.10) that are generated based on the

second approach in Section 3.3.3 in Chapter 3, with the values of the road parameters

n0 = 0.1 cycles/m, ∆n = 0.005 cycles/m, ω = 2. The class A road section contains

road profile A1 and A2 on the right and left side of the vehicle respectively, and the

class C road section contains road profile C1 and C2 on the right and left side of the

vehicle respectively.

The PSDs for sprung mass vertical, pitching and rolling accelerations at the mass

centre are presented in Figure 6.10. The main peaks (∼2 Hz) in the PSDs of the

vertical, pitching and rolling accelerations of controlled active suspension systems (i.e.

FE-SAVGS and F-SAVGS) are significantly reduced for road A and C compared with

the passive system. Specifically, regarding the vertical acceleration spectral (left col-

umn), which is the principal factor corresponding to ride comfort, the FE-SAVGS

offers much better attenuation than the F-SAVGS in the frequency range of interest

(1-8 Hz). At the sprung mass resonance frequency (∼ 2 Hz), compared to the pas-

sive system, the FE-SAVGS achieves gain reductions of approximately 12.57 dB and

11.32 dB that are higher than 7.98 dB and 6.46 dB of the F-SAVGS, with respect to

road roughness A and C. The pitching acceleration spectral (middle column) of the

FE-SAVGS and F-SAVGS systems show similar improvements compared to the pas-

sive case. The rolling acceleration spectral of the FE-SAVGS system has a less gain

reduction than the F-SAVGS system, which is expected due to: 1) rolling motion is

the additional factor related to the health and comfort of the passenger compared to

vertical acceleration; and 2) the PID controller for attitude control in the next chapter

is defined as a roll focus controller to compensate for the rolling gain of the H∞ control

in this chapter.

The PSDs for the tyre deflections at four corners of the vehicle system with road

class C are presented and compared in Figure 6.11. In the frequency range from 0.3 to

the unsprung mass resonance frequency, a trade-off of attenuation and amplification is

observed for the H∞ controlled systems and passive systems. In the frequency range

from 0.3 to 4 Hz, the FE-SAVGS controlled system shows the best attenuation of the

amplitude spectra. The maximum reduction at sprung mass resonant frequency is up
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Fig. 6.10 PSDs for sprung mass vertical, pitching and rolling accelerations at the mass
centre of the GT with road class A (bottom row) and C (top row).

to 3.03 dB and 8.75 dB for front and rear wheels. In the higher frequency range above

4 Hz, the FE-SAVGS and F-SAVGS controlled systems slightly amplify the responses.

The tyre deflection PSDs for good quality road A are irrelevant to compare, as the

tyre deflections on four corners of both active and passive systems are extremely small

(<0.005 m).

Figure 6.12 shows the 5 s period simulation results of the FE-SAVGS and passive

systems for random road class C. Figure 6.12(a) is the road profile C2 on the rear left

wheel. The FE-SAVGS has a better ride comfort property compared with the passive

system, due to the peak reduction at the sprung mass centre (Figure 6.12(b)-(d)).

Most of the peaks for tyre deflections on the rear left wheel (Figure 6.12(e)) are also

reduced, which demonstrates that the FE-SAVGS controlled system of this work is

able to improve ride comfort without compromising road holding ability. The results

of the other three wheels perform similarly. Figure 6.12(f) shows that the single-link

angle is rotated actively within the allowable range (0-160◦) to achieve the performance

improvements above.

The pitch and roll angles for the random-profiled road are examined and very small

rotational angles are found for random road class A and C. Specifically, the pitch angle
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Fig. 6.11 PSDs for tyre deflections of four corners of vehicle systems with road class
C.

for road class A and C are within ±0.5◦ and ±2◦, respectively. For the roll angle, road

class A and C excited maximum roll angle does not exceed ±0.1◦ and ±0.5◦. Therefore,

such small rotational angles will not affect the feeling of human comfort.

6.4.2 Response to a smoothed bump

To evaluate the transient response of the systems, the vehicle models are subjected

to a one sided smoothed bump, with the bump only acting on the left wheels of the

vehicle. This type of terrain excites both the pitch and roll motions of the sprung

mass. The expression of the smoothed bump and the driving conditions of the vehicle

in this section are identical to the situation in Section 4.10 in Chapter 3, where the

bump height h=0.05m and width w=2m, at the forward speed V =20 km/h. where
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Fig. 6.12 Response time histories of vehicle systems for random class C during a 5 s
period simulation.

the bump height h=0.05m and width w=2m, at the forward speed V =20 km/h. For

the purpose of evaluating the pitch and roll mitigation, the systems only undergo

bump disturbance through the left wheels of the vehicle. In time domain, the road

profiles on the four tyres are given in Figure 6.13 (a).

The time histories of the vehicle models excited by this one sided smoothed bump

are presented in Figure 6.13. It shows the mass centre accelerations (Figure 6.13 (b)-
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(d)) and the tyre deflection at the rear left corner of the vehicle (Figure 6.13 (e)) to

assess the ride comfort and road holding. By examining these plots, the FE-SAVGS

and F-SAVGS exhibit better acceleration and tyre deflection attenuation with shorter

settling time than passive suspension. The FE-SAVGS provides the best results in

terms of superior peak reduction on vertical acceleration at the centre of the sprung

mass without compromising road holding ability.

Fig. 6.13 Response time histories of vehicle systems for one side bump disturbances:
(a) road inputs at four corners; (b) vertical accelerations at mass centre; (c) pitching
accelerations; (d) rolling accelerations; (e) tyre deflection at rear left wheel; (f) single-
link rotation for SAVGS controlled systems at rear left wheel.

6.4.3 Position controller performance

The inner position controller aforementioned in Figure 4.2 is designed to protect the

PMSM and its servo-drive, to ensure the single-link rotates within its operational lim-

its, and to set power and torque consumption by the controller. The operational limits

in this chapter are identical to the constraints in Section 5.4.4, Chapter 5. The output

torque-speed operating points for the actuators (i=1,...,4) are plotted in Figure 6.14

alongside the power, torque and speed constraint envelop. The most power consuming

events, the poor quality random road C, is examined. Gaps between the operation

points and the power constraints occur due to the power losses in the PMSM and

gearbox, which are summarised in Table 5.5. Result shows that the operating points
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locate within the designed constraints of the real system, therefore demonstrating the

robustness behaviour of the overall controlled system.
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Fig. 6.14 Output torque vs. single-link velocity characteristics for random road class
C (only shows the boundaries), presented in Figure 6.12. The black envelop is the
actuator limit boundaries.

6.5 Conclusions

This chapter has explored the potential of the H∞ control of the full-car SAVGS

for ride comfort and road holding enhancement based on a new linear equivalent hand-

derived full-car model. The dynamic equations are firstly obtained and include the

SAVGS action through an equivalent linear displacement actuator. The equivalent

parameters of the spring-damper unit are also calculated. Its main advantages over

the linearised AutoSim full-car model used in Chapter 5 are: 1) it removes the main

geometric nonlinearity associated with the single-link rotation when away from its

equilibrium position; and 2) higher level reference commands for the single-link posi-

tions are introduced as exogenous inputs to follow the low frequencies signals provided

by the PID controller in the next chapter for good attitude control ability. Through

proper selection of the weighting functions, a multi-objective H∞ controller was suc-

cessfully obtained. The proposed controller was then applied to the nonlinear SAVGS

full-car model. Comparing simulation results with the passive suspension and the

SAVGS full-car H∞ -controlled scheme developed in Chapter 5 to the random road

and bump disturbances, the proposed controller showed the best performance in ride

comfort and road holding ability. The robustness of the controller is then validated by
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analysing the operation positions of the controlled system. The results show that the

torque, power, and single-link rotational speed satisfy the constraints of the actuators

(PMSM+gearbox). This indicates the robust behaviour of the proposed H∞ controller

in this chapter.

The next chapter develops an overall control framework to achieve the mitigation

of attitude motions and comfort and road holding enhancement simultaneously. This

can be achieved by blending the proposed controller in this chapter for high frequency

vehicle dynamics control together with the attitude controller approach proposed in

[10] for low frequency vehicle dynamics control. The attitude controller is a PID roll

focus controller that provides single-link position references in low frequencies, which

can be treated as the exogenous inputs (i.e. d̃T
I =[d̃1, d̃2, d̃3, d̃4]=[z

(e)
lin1, z

(e)
lin2, z

(e)
lin3,

z
(e)
lin4]) of the proposed controller in this chapter.



Chapter 7

Full-car overall control for

combined attitude control,

comfort and road holding

improvement

Owing to the previous efforts and experience on SAVGS control in the context of

high frequency vehicle dynamics in Chapters 4 and 5 that validated the effectiveness of

H∞ control application on the SAVGS quarter- and full- car configurations, and due

to the previous work [12] that introduced a simplified hand-derived quarter-car linear

model, it was managed to remove the main geometry nonlinearity associated with

the single-link rotation when away from its equilibrium position, and a quarter-car

H∞ controller was then successfully synthesised.

Chapter 6, based on the foundation of previous studies, proposed an H∞ control

scheme of the full-car SAVGS configuration (FE-SAVGS) based on a full-car hand-

derived model to demonstrate its performance improvements for passenger ride comfort

and road holding ability, in the context of high frequency vehicle dynamics. The per-

formance objectives are achieved by constructing a full-car linear H∞ multi-objective

control framework to minimise accelerations for the centre of the sprung mass and tyre

deflection for all corners of the vehicle simultaneously. Extensive simulation results

demonstrated that FE-SAVGS is the best H∞ control approach on SAVGS from what

has been tackled in the previous chapters due to: 1) In the frequency range of interest,

FE-SAVGS offers much better attenuation performance for vertical sprung mass accel-

erations, which is the principal factor corresponding to ride comfort. It also achieves

the superior tyre deflection reduction at the sprung mass resonance frequency. 2) The
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proposed H∞ controller in FE-SAVGS managed to remove the strong dependency that

exists on the single-link angle, which indicates that the whole range of single-link mo-

tions is efficiently used for control. 3) Reference commands for the single-link positions

are introduced as exogenous inputs that provide a possible solution to follow the low

frequencies for the attitude control problem.

This chapter, aims to construct an overall control framework that achieves the

mitigation of attitude motions and comfort, and road holding enhancement simultane-

ously. This is achieved by thoroughly blending the proposed controller in Chapter 6

for high frequency vehicle dynamics control together with the chassis attitude motions

control approach based on the work already published in [12] for low frequency vehicle

dynamics control. The overall control framework and the attitude control scheme is

introduced in Section 7.1. In Section 7.2, a comprehensive set of manoeuvres is em-

ployed to test the performance, robustness, satisfaction of actuator, and suspension

operating constraints of the overall SAVGS controlled framework with the attitude and

H∞ controller. Then, simulation results are ultimately compared with the results of

the full-car model which is equipped with the H∞ controller or the attitude controller

separately. Finally, Section 7.3 has some conclusion remarks.

7.1 Overall control framework for comfort, road hold-

ing enhancement and attitude control

The overall SAVGS control framework is shown in Figure 7.1, which is the expan-

sion of the nonlinear control scheme in Figure 6.8, in which the exogenous inputs for the

single-link position references z
(e)
lin1 to z

(e)
lin4 are the outputs calculated by the attitude

controller (outer PID controller) for the corresponding reference. The H∞ controller

and PID controller work collaboratively to tackle the ride comfort, road holding and

attitude control objectives simultaneously.

7.1.1 Overall SAVGS control framework

The outer H∞ controller for passenger ride comfort and road holding improvement

in the context of high frequency vehicle dynamics and the inner loop controller for

single-link position tracking have been covered in detail in Section 6.3.
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Fig. 7.1 Overall SAVGS control framework (FE-PID-SAVGS).

7.1.2 Attitude control

The attitude controller in this chapter is developed based on the previous idea

in [10], which studied the effectiveness of the control of SAVGS attitude motions. In

Figure 7.1, the outer PID controller calculates position references (∆θ
(e)
SL1, ..., ∆θ

(e)
SL4) of

the single-link actuator for each corner of the vehicle. For the corners i = 1, ..., 4, the

position reference is the combination of three increments, where ∆θ
(1)∗

SLi is associated

with the vertical motions (heave) of the centre of the sprung mass (∆zCM , żCM , and

z̈CM ), ∆θ
(2)∗

SLi is associated with the pitching rotations of the chassis (θ, θ̇, and θ̈), and

∆θ
(3)∗

SLi is associated with the rolling rotations of the chassis (φ, φ̇, and φ̈).

Then, the position references (∆θ
(e)
SL1, ...,∆θ

(e)
SL4) of the single-link actuator for each

corner of the vehicle are converted to the reference linear positions (z
(e)
lin1, ..., z

(e)
lin4)

for the equivalent linear actuators, through the equivalent parameters βf/r as a func-
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tion of ∆θSLi. Finally, the tracking errors (z
(e)
lin1 − zlin1, ..., z

(e)
lin4 − zlin4) are fed back

to the H∞ controller as exogenous inputs to ensure zero steady-state tracking errors

for realistic control demands. As seen in Figure 6.7, as is desired, the transfer func-

tions (red lines) from tracking error (z
(e)
lin1 − zlin1, ..., z

(e)
lin4 − zlin4) to the control efforts

(ż∗lin1, ..., ż
∗

lin4) are shown with a low-pass nature which indicates that the position refer-

ences for the control of attitude motions dominate at low frequency vehicle dynamics.

A low-pass filter (LF in Figure 7.1) is employed before the PID measurement

signals, v, for uncoupling the fast dynamics of the four actuators and emphasising the

importance of the signals in the low frequencies. The time constant, τ , for the low-pass

filter is chosen as 0.005s. The nominal height of the centre of the sprung mass is chosen

as the reference for the heave control, and the reference for pitch and roll motions are

set as constant zero. To calculate the outputs in terms of the vertical (heave), pitch

and roll motions, the expressions of the PID controller in the time domain are given

as follows [10]:

∆θ
(1)
SL1 = ∆θ

(1)
SL2 = +K

(1)
pf żCM +K

(1)
if

∆zCM +K
(1)
df

z̈CM

∆θ
(1)
SL3 = ∆θ

(1)
SL4 = +K

(1)
pr żCM +K

(1)
ir ∆zCM +K

(1)
dr

z̈CM

(7.1)

∆θ
(2)
SL1 = ∆θ

(2)
SL2 = −K

(2)
pf θ̇ −K

(2)
if

θ −K
(2)
df

θ̈

∆θ
(2)
SL3 = ∆θ

(2)
SL4 = +K

(2)
pr θ̇ +K

(2)
ir

θ +K
(2)
dr

θ̈
(7.2)

∆θ
(3)
SL1 = −∆θ

(3)
SL2 = −K

(3)
pf φ̇−K

(3)
if

φ−K
(3)
df

φ̈

∆θ
(3)
SL3 = −∆θ

(3)
SL4 = −K

(3)
pr φ̇−K

(3)
ir

φ−K
(3)
dr

φ̈
(7.3)

The final overall controlled system is very sensitive to the selection of the con-

trol gains. The finalised control gains are obtained after several iterations to bal-

ance the performance of ride comfort, road holding and attitude motions control.

When the H∞ controller has been obtained, the principles when blending together

the H∞ control and attitude control include: 1) the low-pass cut-off frequency of the

attitude controller in the frequency domain should not largely overlap with the band-

pass frequency of the H∞ controller, to ensure the different control objectives do not

interfere with each other. This has been double secured by the low-pass natured trans-



7.2 Simulation results and comparisons 159

fer functions from tracking errors to the control efforts (i.e., red lines in Figure 6.7)

and the low-pass filter before the PID measurements signals (i.e. LF block in Figure

7.1); and 2) the gains of the PID controller cannot be set too large to cancel out the

power drop of the cut-off frequency of the tracking errors to the reference single-link

velocities (red lines in Figure 6.7). The selected control gains used in this chapter are

given in Table 7.1.

Table 7.1 Attitude control gains

PID control Eq. Axle P I D

Heave (7.1) F&R 0.1 2 1
Pitch (7.2) F&R 1 5 0.04
Roll (7.3) F&R 0.5 2.5 0.004

7.2 Simulation results and comparisons

In this section, the following types of nonlinear control scheme are considered for

the simulations and comparisons:

• Pure passive nonlinear full-vehicle system (PASSIVE).

• The overall control framework proposed in this chapter, which aims to achieve

the mitigation of attitude motions and comfort and road holding enhancement

simultaneously (FE-PID-SAVGS).

• H∞ -controlled SAVGS full-car system for comfort and road holding enhance-

ment in the context of high frequency vehicle dynamics control proposed in

Chapter 6, based on the full-car hand-derived equivalent model (FE-SAVGS).

• PID-controlled SAVGS full-car system for the low frequency attitude motions

control based on previous work in [10] (PID-SAVGS).

To evaluate the effectiveness of the overall control of the SAVGS (FE-PID-SAVGS)

on the dynamic response of the GT, six simulation results are carried out. Random

roads and smoothed bump simulations are firstly obtained to assess the high frequency

responses for ride comfort and road holding enhancement, which are compared with

the H∞ -controlled scheme (FE-SAVGS) in the last chapter. Then, the standard

steady-state cornering and step steer manoeuvres are investigated to assess the atti-

tude capabilities of roll mitigation and rapid transients, respectively. The results are
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compared with vehicles equipped with attitude controller (PID-SAVGS) based on the

previous work [10]. Finally, pure longitudinal acceleration and braking manoeuvres

are simulated to study the pitch mitigation in low and high frequencies for the tran-

sient events and for the accelerating/decelerating process. Thus, PID-SAVGS and

FE-SAVGS schemes are both employed for comparison purposes of this simulation.

The key parameters for the GT and the SAVGS for the nonlinear control scheme

used in the simulations are given in Tables 3.5 and 3.6. Human sensitive frequencies

for vibration are 2∼8 Hz. In the frequencies of interest for passenger ride comfort, the

reduction in vertical vehicle acceleration at the centre of the sprung mass is the main

criteria to be examined. Pitching and rolling acceleration is the additional criteria for

ride comfort. Tyre deflection and suspension deflection are also investigated for road

holding. For attitude motions control capability, roll and pitch angle mitigation are

the main control objectives to be investigated. Unlike other active suspension systems,

in which actuators with large strokes are placed in parallel with the spring-damper

unit, the SAVGS in this project is placed in series with the spring-damper unit with a

short single-link length (i.e., 15 cm for the front axle and 11 cm for the rear axle).Thus,

the suspension deflection of the SAVGS is limited by its geometry and will not travel

beyond the allowable bounds. As a consequence, the suspension deflection (suspension

travel) has been dropped from the controller synthesis stage and this index will not be

shown in the following simulation results. The overall controlled system must operate

within the power, torque, voltage, current and speed constraints of the actuator during

these simulations to prevent damage to the motor and gearbox. This will be examined

at the end of this section.

7.2.1 Random road profiles

The overall controlled SAVGS system (FE-PID-SAVGS) traveling on random road

profiles with a longitudinal forward speed of 100km/h is simulated to assess the ride

comfort and road holding ability over the range of human sensitive frequency to vibra-

tion (2∼8 Hz). All simulations have been performed at nominal offset angles ∆θ
(ne)
SLi =

90◦.

The road profiles used for this simulation are identical to the ones in Section 6.4.1,

which are generated based on [85], and the road modelling details can be found in the

second approach in Section 3.3.3. The power spectral density (PSD) representation

of the road profiles is a shown in Figure 3.10. In summary, two random roads with

the same level of roughness are generated to excite the left and right wheels of the

vehicle in one simulation. Thus, together with vertical acceleration in the centre of the
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sprung mass, pitching and rolling accelerations are also evaluated as the additional as-

sessments for ride comfort. In this chapter, road section of class A and C, representing

very good and poor quality road for the GT are used for vehicle excitation. In each

case, the class A road section consists of road profiles A1 and A2 and class C road

section consists of road profiles C1 and C2 on the right and left side of the wheels of

the vehicle, respectively.

To understand the performance of the overall controlled system and the influence

of the implementation of attitude control to the H∞ -controlled SAVGS system, the

response in frequency domain is compared with that of the original passive config-

uration (PASSIVE) and the H∞ -controlled SAVGS system (FE-SAVGS). In Figure

7.2, the PSDs of the body vertical acceleration (z̈CM), pitching (θ̈) and rolling (φ̈)

accelerations are presented. Compared with the passive configurations (PASSIVE),

significant magnitude reduction over the frequency range of interest for human sensi-

tivity (2∼8 Hz) is observed in the PSDs of the vertical and pitching accelerations of the

overall controlled system (FE-PID-SAVGS). In the meantime, the rolling acceleration

is not getting worse than the passive configuration by the implementation of the PID

controller for other control objectives. Compared with the H∞ -controlled SAVGS sys-

tem (FE-SAVGS) proposed in the last chapter, the FE-PID SAVGS system performs

as well in terms of magnitude reductions in the vertical and rolling accelerations. Es-

pecially for the vertical accelerations, which is the main criteria for the assessment of

passenger ride comfort, the achieved acceleration gain reduction with respect to pas-

sive is up to approximately 12.47 dB and 9.65 dB at the resonant frequency near 2 Hz

for road class C and A, respectively. The pitching accelerations’ gain reductions are

even improved by up to 5 dB and 6.5 dB in the in the range of 0.5 - 3Hz and 0.3 - 6Hz

of road class C and A, respectively. These results indicate the improved ride com-

fort properties of the overall controlled SAVGS. Furthermore, implementation of the

PID attitude control does not affect the positive performance improvement in vertical

acceleration, as the main criteria for the assessment of passenger ride comfort.

To analyse the controlled systems in the time domain, the root mean square (RMS)

for the sprung mass centre acceleration is used to assess system performance for the

good and poor quality road (A and C). The results are summarised in Table 7.2.

The RMS of the vertical sprung mass acceleration (z̈CM ) is consistently improved by

∼40% and ∼35% for road class A and C. Compared to the PASSIVE, the RMSs of

the pitching and rolling accelerations improvement of the FE-PID-SAVGS is smaller

than the results of the FE-SAVGS due to the combination of the PID controller in

low frequencies for attitude motion control. As mentioned previously, vertical sprung
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Fig. 7.2 PSDs for sprung mass vertical, pitching and rolling accelerations at the mass
centre of the GT with random road sections of class C (top row) and A (bottom row).

mass acceleration (z̈CM ) is the main criteria for assessing passenger ride comfort and

the FE-PID-SAVGS system performs much better on ride comfort, compared with the

passive configurations.

The pitch and roll angles for the random-profiled roads are examined and very

small rotational angles are found for random road class A and C. Specifically, the

pitch angle for road class A and C are within ±0.5◦ and ±2◦, respectively. For the

roll angle, the excited maximum roll angle of road class A and C did not exceed ±0.1◦

and ±0.5◦. Therefore, such small rotational angles will not affect the feeling of human

comfort. The pitch and roll angle mitigation will be investigated in the step steer

and steady-state cornering simulations for attitude motion control in the following

sections.

Figure 7.3 presents 20 s-time response of the FE-PID-SAVGS and PASSIVE sys-

tems for random road class C. Random road class A has similar responses in the time

domain. Figure 7.3(a) shows the random road profile acting on the rear left wheel of

the vehicle systems in time domain, which refers to the green line of the PSDs plot for

road profiles in frequency domain in Figure 3.10. It can be seen in Figures 7.3(b) and
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Table 7.2 RMS of vertical, pitching and rolling accelerations ((%) = Performance
Improvement (%) compared to Passive)

Road class A (A1 on left wheels, A2 on right wheels)
Passive FE-SAVGS (%) FE-PID-SAVGS (%)

z̈CM 0.3171 0.1704 46.26 0.1917 39.55

θ̈ 0.3743 0.2963 26.18 0.3505 6.36

φ̈ 0.9395 0.8220 12.51 0.9019 4.00

Road class C (A1 on left wheels, A2 on right wheels)
Passive FE-SAVGS (%) FE-PID-SAVGS (%)

z̈CM 1.1509 0.7635 33.66 0.7365 36.01

θ̈ 1.055 0.9136 13.40 1.0404 1.38

φ̈ 2.3015 2.1725 5.61 2.3125 -0.48

7.3(c) that the vertical acceleration at the sprung mass centre and tyre deflection at

the rear left corner of the vehicle (the other three corners have similar results) have

mostly reduced peaks once the overall control framework is employed, as compared to

the passive configuration, which demonstrates the improved comfort and road hold-

ing properties of the controlled system. The last plot in Figure 7.3(d) illustrates the

corresponding usage of the rear left single-link angle of the overall controlled SAVGS

system, which is rotated actively within the allowable operation range (0∼160◦) to

improve system performance. The other three corners of the controlled system have

similar single-link rotation results.

7.2.2 Smoothed bump

Simulation results for a smoothed bump at the left side wheels are presented to

assess the overall full-car control schemes (FE-PID-SAVGS and FE-SAVGS) transient

response characteristics compared to the passive configuration (PASSIVE), in the con-

text of high frequency vehicle dynamics.

The expression of the smoothed bump and the driving conditions of the vehicle

in this section are identical to the situation in Section 4.10 in Chapter 3, where the

bump height h=0.05m and width w=2m, at the forward speed V =20 km/h. This

bump only acts on the left side of the vehicle so that the attitude motions of the

sprung mass can be assessed by analysing the pitching and rolling accelerations. Figure

7.4 presents the simulation results of the FE-PID-SAVGS, FE-SAVGS and PASSIVE

systems. It can be observed that the FE-SAVGS performs slightly better than the

FE-PID-SAVGS but the differences between these two SAVGS controlled systems are
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Fig. 7.3 Response time histories of vehicle systems for random class C during a 20 s
period simulation.

very small. Both SAVGS controlled systems, compared with the passive configuration,

offer good disturbance attenuation, smaller tyre deflection and quick response with

shorter settling time, which proves better ride comfort and road holding properties.

7.2.3 Steady-state cornering

This open-loop test based on [ISO 4138:2004] [83] is employed to assess the po-

tential of the PID-FE-SAVGS for roll mitigation, which will be compared with the

PID-SAVGS system. According to this test, vehicles are driven on a circular path with

a fixed radius of 100m. The driving speed remains constant at different speeds from

10 m/s to 30 m/s, which correspond to lateral accelerations from 1m/s2 to 10m/s2.

Figure 7.5 shows the roll reduction with respect to the response of the passive

vehicle during the steady-state cornering test. It can be clearly seen that the overall

controlled system (PID-FE-SAVGS) developed in this chapter offers as good roll mit-

igation performance, which is very similar as compared with the attitude controlled

system (PID-SAVGS). This proves that the implementation of the H∞ controller will
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Fig. 7.4 Response time histories of vehicle systems for one sided bump disturbances:
(a) road inputs at four corners; (b) vertical accelerations at mass centre; (c) pitching
accelerations; (d) rolling accelerations; (e) tyre deflection at rear left wheel; (f) single-
link rotation for SAVGS controlled systems at rear left wheel.

not affect the low frequency responses (≪1 Hz) due to the controller’s band pass na-

ture for the ride comfort and road holding objectives. When the lateral accelerations

are smaller than 5m/s2, which roll angles of the SAVGS controlled system are com-

pletely neutralised, and the roll reduction achieved is even ∼50% with the maximum

expected lateral acceleration of 10 m/s2.

7.2.4 Step steer

This open-loop test based on [ISO 7401:2011] [84] is used to assess the potential of

the PID-FE-SAVGS for roll mitigation during rapid transient conditions, which will

be compared with the PID-SAVGS system.

Vehicles are initially driving with a forward speed of 100km/h in a straight line.

Then, a sudden steering wheel angle is applied at a constant rate of 500deg/s from



166
Full-car overall control for combined attitude control, comfort

and road holding improvement

2 4 6 8 10
alat (m/s2)

0

20

40

60

80

100

R
ol

l r
ed

uc
tio

n 
(%

)

PID-SAVGS
PID-FE-SAVGS

Fig. 7.5 Roll reduction during steady-state cornering at different lateral accelerations.

0◦. The final change of the steering wheel angle, δ(ss), is obtained by the passive

configuration when maintaining a certain level of steady-state lateral acceleration,

a
(ss)
lat with a constant forward speed of 100km/h.

Figure 7.6 shows the reduction in peak roll angle during the step-steer test with

respect to the response of the passive vehicle. It is noted that the PID-SAVGS pro-

vides attitude control as good as in the steady-state case in Figure 7.5. The differ-

ences between the FE-PID-SAVGS and PID-SAVGS controlled systems are due to the

high frequency disturbance that occurs during the rapid transients which trigger the

H∞ controller whose main control objective is the attenuation of the vertical sprung

mass acceleration in the high frequency range, rather than the attenuation of rolling

acceleration. However, the FE-PID-SAVGS system also achieves a significant roll peak

reduction, which is approximately ∼70% up to 5m/s2 and ∼50% up to 10m/s2.

7.2.5 Pure longitudinal accelerating and braking

The pure longitudinal accelerating and braking manoeuvre is used to assess the

ability of the overall controlled system (FE-PID-SAVGS) for pitch mitigation in low

and high frequency vehicle dynamics, PID-SAVGS and FE-SAVGS schemes are both

also employed for the purpose of comparison.
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Fig. 7.6 Roll peak angle reduction for different lateral accelerations during step steer.

The evolution of the speed changing in this manoeuvre is given in Figure 7.7, which

starts with a hard accelerating process from 1km/h to 75km/h in 5.7 s, keeps the speed

for 2.8 s period and is followed by an emergency stop.
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Fig. 7.7 Forward speed velocity profiles for the longitudinal accelerating and braking
manoeuvre.

Time responses of the pure longitudinal accelerating and braking manoeuvre are

shown in Figure 7.8. The attitude controlled scheme (PID-SAVGS), in Figure 7.8(a),

is capable of maintaining a flat pitch angle during the acceleration phase and achieves

significant (∼ 50%) pitch angle correction during the emergency stop. However, the
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responses in Figure 7.8(b) and 7.8(c) show that the PID-SAVGS performs best peak

reduction at the begining of the transient event (∼9.5s) both for the pitching acceler-

ation and the vertical sprung mass acceleration at the rear left corner of the vehicle.

However, compared with other control schemes and passive system, it causes continues

oscillation and longer setting time when the transient event finish. In contrast, the

H∞ controlled scheme (FE-SAVGS) offers good attenuation performance associated

with the pitching accelerations and the vertical sprung mass acceleration at the rear

left corner of the vehicles during the emergency stop with reduced peak acceleration

and shorter settling time. However, in Figure 7.8(a), it shows that the FE-SAVGS

is not working to correct the pitching angles during the acceleration phase and the

emergency stop, due to the band-pass nature of the H∞ controller which main con-

trol objective is the minimisation of sprung mass acceleration in the context of high

frequency vehicle dynamics. Compared with the previous two approaches, the overall

controlled system (FE-PID-SAVGS) is observed to have the best control performance

as it achieves as good a pitch angle correction as the PID-SAVGS case in Figure 7.8(a)

and shows better acceleration attenuation properties in Figure 7.8(b) and 7.8(c). Thus,

this demonstrates once again that the full-car overall control scheme achieve the miti-

gation of attitude motions and ride comfort enhancement simultaneously.

7.2.6 Position controller performance

The aforementioned inner position controller in Figure 4.2 is designed to protect

the PMSM and its servo-drive, to ensure the single-link rotates within its operational

limits, and to set power and torque consumption by the controller. In this chapter,

maximum allowable power flow from the PMSM in driving mode is set as 500 W

and the power flow to the PMSM in regenerating mode is set as -1500 W, and the

maximum torque limits (±200Nm) of the actuator are applied to explore the potential

of the overall control scheme. The maximum single-link rotational velocity is set as

±13rad/s.

The output torque-speed operating points for the actuators (i=1,...,4) are plotted

in Figure 7.9 alongside the power, torque and speed constraint envelope. The most

power consuming events, poor quality random road C and accelerating/braking ma-

noeuvre are examined in 7.9(a) and 7.9(b), respectively. Gaps between the operation

points and the power constraints occur due to power losses in the PMSM and gearbox,

which are summarised in Table 5.5. This figure shows that the operating points are lo-

cated within the designed constraints of the real system demonstrating the robustness

behaviour of the overall controlled system. Furthermore, in these two power consump-
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Fig. 7.8 Simulation results for the longitudinal and braking manoeuvre: (a) pitch
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tion events, the single-link uses the full permitted region to achieve the maximum

potential of the control of the SAVGS, without damage to the system stability. The

average power consumption for one actuator of these two events is 452 W for random

road class C and 27 W for accelerating and braking.

Fig. 7.9 Output torque vs. single-link velocity characteristics for: (a) random road
class C (only shows the boundaries); (b) longitudinal acceleration and braking event
of the nonlinear simulations, presented in Figures 7.3 and 7.8. Black envelope is the
actuator limit boundaries.

7.3 Conclusions

This chapter constructed a full-car overall control framework for the combined at-

titude control, ride comfort and road holding enhancement. This is achieved through

blending the full-car H∞ -controlled scheme for high frequency vehicle dynamics con-

trol and the full-car chassis attitude motion control low frequency vehicle dynamics con-

trol together. The full-car H∞ -controlled scheme of the SAVGS configuration based

on a full-car hand-derived model has been proposed in Chapter 6, which showed perfor-

mance improvement in comfort and road holding. This chapter developed an attitude

controller with outputs that are used as the exogenous inputs for the H∞ controller

for single-link position tracking. The finalised control gains are selected after sev-

eral iterations to balance the performance of ride comfort, road holding, and attitude

motions control. Six events of simulation results are carried out with the overall con-
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trolled scheme (FE-PID-SAVGS) to assess the control performance, demonstrate that,

as compared with the H∞ -controlled scheme (FE-SAVGS), the attitude controlled

scheme (PID-SAVGS) and the passive configuration (PASSIVE): a) the full-car over-

all control scheme tackles the ride comfort, road holding and attitude control objectives

simultaneously, due to the reduction of body acceleration and tyre deflection during

the random road, smoothed bump and braking/accelerating manoeuvres with high

frequency disturbance contents, as well as the significant roll and pitch mitigation

during turning and braking/accelerating manoeuvres with low frequency disturbance

contents; b) the working frequency of the H∞ controller and the attitude controller

inside the overall control framework do not largely overlapped with each other, which

is suitable to tackle different control objectives as the measurement signals can be

filtered and fed to the correct controller according to the frequency contents of the

signals; c) the operating points of the overall controlled framework for all of the simu-

lations are located within the designed constraints of the real system, already available

on the market, which demonstrates the robustness of the overall controlled system.





Chapter 8

Conclusions and future work

8.1 Conclusions

This project has set out the aim of developing control strategies for the recently

introduced Series Active Variable Geometry Suspension (SAVGS) concept. To this

end, work on the H∞ control synthesis from quarter- to full-vehicle single-link variant

of the SAVGS control has been successfully carried out with promising results. The

final overall SAVGS control framework obtained in this work achieves comfort and

road holding, and chassis attitude motion enhancement for both the low- and high-

frequency suspension functions simultaneously. Meanwhile, the physical and design

constraints of the real mechanisms of the actuator in the real-world test rig, such

as torque and power limitations, are all respected throughout all the simulations in

this thesis. Thus, the results of this thesis lay the foundation for the success of the

experimental study of the single-link variant of the SAVGS and the implementation

of the control technique to other vehicle models.

This thesis, firstly, provides a comprehensive review of the basic disciplines related

to automotive suspensions, placing a special focus on the characteristics and classi-

fication of active suspension. A brief review of previous SAVGS studies is supplied

to contribute to better understanding of this new concept. In addition, several as-

pects of the performance indices that allow engineers to compare the different control

strategies for active suspensions are discussed. The most widely employed control

techniques for active suspension control problems are investigated, specifically empha-

sising on the H∞ robust control strategy, which is used to solve multivariable problems

in the frequency domain in this project. An explanation of the modelling process of

both the nonlinear and linear vehicle models used throughout this project, including

the quarter- and full- vehicle models developed for assessing vehicle performance in
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the context of comfort, road holding, and attitude control and the linearised models

developed for the control synthesis, then follows.

The controller design starts with the quarter-car single-link variant of the SAVGS

control, which is achieved by constructing a linear H∞ control scheme to reduce the

impact of external road disturbance and load transfer on the vertical direction. The

frequency weight selection and tuning process are discussed in detail, providing a

reliable reference for frequency weight selection in the subsequent controller design

process. The simulation results carried out using the nonlinear controlled system

demonstrate that the SAVGS with the proposed H∞ controller performs better in

terms of ride comfort and road holding compared to the passive nonlinear quarter-car

configuration, due to the reduction of body acceleration and tyre deflection of the high

frequency suspension functions. During the simulations, very low power consumption

is observed and actuator constraints, such as torque and speed limits, are all respected.

The proposed H∞ controller is also applied to test the full-car nonlinear model by

equipping it at each corner of the vehicle. In addition, the results of the full-car

SAVGS nonlinear model shows that the roll and pitch at high frequencies are fully

under control with the implementation of the quarter-car H∞ controller which implies

a good performance in ride comfort and road holding, but it does not perform better

than the full-car passive case in terms of the low frequency suspension functions. This

finding motivates the design of a separate attitude controller for the control of chassis

attitude motions that works collaboratively with the H∞ controller to achieve multiple

control objectives in Chapter 7.

This quarter-car control technique is then extended to the full-car SAVGS and its

control by considering the pitching and rolling motions as additional objectives for

the high frequency suspension functions. This is a significantly more complex control

problem than that tackled in the quarter-car work, as the number of states, inputs and

outputs of the full-car model is much larger and the SAVGS dynamics among the four

corners of the vehicle interact. Two approaches to the full-car single-link variant of the

SAVGS control are introduced in this thesis and presented in sequence in Chapter 5 and

6. Firstly, in Chapter 5, the full-car linear H∞ multi-objective control framework based

on the linearised AutoSim full-car model, which is linearised at the trim state of the

vehicle that provides maximum control authority, is developed. Secondly, in Chapter

6, a full-car linear H∞ multi-objective control framework is developed based on a

new linear hand-derived equivalent full-car model that removes the main geometric

nonlinearity associated with the single-link rotation of the AutoSim linearised full-car

model. This approach achieves a higher level of robustness for single-link rotations,
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especially when the single-link rotates away from its trim state. Thus, the full-car

H∞ controller proposed in Chapter 6 is selected as the final H∞ controller to improve

ride comfort and road holding properties in the context of high frequency vehicle

dynamics. Simulations were conducted to test both control approaches, under various

types of road disturbances, which demonstrates that the latter control approach has

the best performance and robustness characteristics, while satisfying actuator and

suspension operating constraints.

The overall control framework for the full-car single-link variant of the SAVGS

control is presented in Chapter 7. This control framework is achieved by blending

together an H∞ controller and an attitude controller. The H∞ controller chosen is

the controller proposed in Chapter 6, in which extra exogenous inputs for tracking the

single-link position commands of the attitude controller are included. The attitude

controller is obtained after several iterations to balance the performance of the ride

comfort, road holding, and chassis motions control to ensure that the different control

objectives do not interfere with each other. Extensive simulation results, including

random profiles, smoothed bump, steady-state cornering, step-steer and emergency

braking are carried out to assess the overall control performance. Compared with the

pure H∞ -controlled scheme, pure attitude control scheme and the passive configu-

ration, the full-car overall control scheme tackles the ride comfort, road holding and

attitude control objectives simultaneously, due to the reduction of body acceleration

and tyre deflection during the random road, smoothed bump and braking/accelerating

manoeuvres with high frequency disturbance contents, as well as the significant roll

and pitch mitigation during the turning and braking/accelerating manoeuvres with

low frequency disturbance contents.

8.2 Future work

Based on this work on control strategies for Series Active Variable Geometry Sus-

pension (SAVGS), the following is recommended for further research:

• Based on the outcomes of this thesis, the experimental validation of the single-

link variant of the SAVGS control can be processed. In particular, a quarter-car

test rig control has been published in [187], in which experiments are presented

for the demonstration of the SAVGS practical feasibility, performance enhance-

ment, and robustness behaviour of the controller. The experimental evaluation

of the controller for the full-car SAVGS model could be explored on road tests.



176 Conclusions and future work

• Vehicle uncertainties and parameter changes, such as damping coefficient, pas-

senger mass, and actuator unmodelled nonlinearities, should be introduced into

the H∞ control synthesis and the overall control framework for improved system

robustness, for example through the µ-synthesis framework.

• Other control methodologies for the single-link variant of the SAVGS control for

the GT in this work, such as model predictive control (MPC) with previewed

road information and fuzzy logic control, could also be investigated. In addition,

the problem formulation in this thesis can also be expressed in terms of linear

matrix inequalities (LMI) associated with its state-space realisation. It enables

to characterise various properties of dynamic systems in the frequency domain

in terms of LMIs.

• The control techniques used in this work could be applied to other vehicle models,

for example the sport utility vehicles (SUV).
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