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INCOME INEQUALITY BY ADDITIVE FACTOR COMPONENTS

Introduction

The inequality of family income distribution has long been recognized
as an important social problem in both the rich and poor countries, But
only recently has there been an increasing awareness that our basic under-
standing of the relationship between growth and income distribution must
be substantially improved if both LDC and donor policies are to be in s
position to minimize the conflict between these objectives, Our aim is a
fairly ambitious deterministic theory of income distribution, but we must
try to approach it one step at a time., The first step, focused on in
this paper, is the evolution of a framework of measurement which Qill
facilitaxe'the‘pursuit of a causal enalysis underlying the determine~
tion of the distribution of income.

As is well known, economists have long learned to measure the
—degree of income distribution inegquality, with the use of. the Lorenz
Curve and the Gini Coefficient, at least since the beginning of this
century. And yet while intuitife notions gbound, there exists, at
the present time, no satisfactory theory which explains how this inequality
is being determined., In short, our kﬁowledge on this subject is still
largely in the state characterized by “measurement without theory".

What is missing is a framework of data processing based on preconceived
theoretical ideas, so that the empirical evidence (i.e., the statis-
tical data) can be scrutinized more efficiently and be made more

conduCive to the requirements of a positive theory of the determina-

tion of income distribution inequality. The present paper aims to construct

such a framework.,




A respectable theory of income distribution inequality must
give prominent recognition to three facets of the problem, First,

family income consists of different types of factor income (e.g., wage,

property and transfer income); thus, the inequality of total family
income is attributable to the inequality of factor incomes, for example,
property income. Second, factor income can, in turn, be traced to the

distribution of factor ownership (e.g., family ownership of capital and

labor force) and factor prices (e.g., wage rates and rates of return to

capital). Finally, factor ownership and factor prices change mainly as

a result of economic development. This chain of reasoning suggests that
income distribufion in LDCs is essentially a growth-relevant and growth-
sensiﬁive issue. The recent empirical findings of Kuznets and Adelman,
to the effect that "income distribution musf get worse before it gets
better" lend support to this viewpoint.

Two types of questions may thus be raised. First, how, or, in
what way do the factor distributi m and factor prices affect the total
family income distribution? Secojd, how does economic development affect
fiactor distribution and factor prices] Our paper addresses mainly the
first question--for unless we have a firm answer to this question, it
is obviously premature even to raise the second question, It should -
be noted that the second question belong properly to the domain of
theories of economic development. This paper aims to build a bridge
between income distribution theory and development theory.

An exploration of the first question could start with the intuitively

obvious point that the very unequal distribution of a particular factor




income (e.g., wage income) can contribute to total inequality especially

when that factor income also accounts for a large distributive share

of national income (e.g., 65%). However, imagine a case when the property
income is concentrated very heavily in the hands of a few very wealthy
families,(i.e., very unequally distributed) and where government welfare
payments are made mainly to a small number of very poorifamilies, thus,
also very unequally distributed. Thus, the unéqual- factor distribu-
tion in the former'(i.e., property income) contributes to the overall
inequality wﬁile the opposite is true in the latter case. This unequal
distribution of welfare payments favoring ﬁhe poor can contribute to over-
vall equality. To put it diffgrently, the unequal diétribution of factor
income can contribute to inequality or equality depending upon the
degfee of correlation between the factor income and the total income.
The more precise meaning of this relatiomship will be explored belo&.

In order to fully assess the effect of a particular factor
income distribution on total family income distribution, at least three
dimensions are involved: the relative gize of the factor's distributive
~ share, the degree of inequality of factor income distribution, and the
degree of correlation between factor income and total income. This
paper will design a statistical method for decomposing these effects.
This method will allow us to trace the total family income inequality
to the various factor components (e.g., wage, property, and transfer
income), and will be applied to the case of Taiwan as a pilot empirical

effort.

Turning to the second issue, the impact of economic development on

income distribution can be analyzed in terms of the above (three) effects.




The economist is familiar with the impact of growth on distributive
shares, e.g., through analysis of the elasticity of substitution and,
to this extent, our analysis is directly tied to growth theory. The
impaét of grqwth on factor distribution inequality and the correlation
of factor with total income distribution are less familiar. As we
shall see, many of the ambivalent and intuitive notions of how "growth"
affects "income distribution" feally allude to "these" unfamiliar
effects, Our paper finally tries to indicate the direction of future
research on these relatively unfamiliar issues.

In Section I, we introduce the familiar Gini Coefficienﬁ as a mea-
sure of total income distribution inequality. We also introduce two
less familiar, but useful concepts, one the so-called Pseudo-Gini Coeffi-
cient; and the other the Gini Error term. In Section II, we formally in-
troduce the vartous components of total family income and analyze the
contribation of various factor incomes to total income inequality using
the concepts of Section I. In Section II1 and IV, we analyze the nature
as well as the magnitude of the inequality effect and the correlation
effect of factor components on total income distribution. The émpirical
application of these methods to the case of Taiwan is presented in Section
IV. Finally, the significance of our analysis for linking income dis-
tribution theory to growth theory is introduced in Section VI. The conclusion
is presented in Section VII. Some of the technical details are relegated to

the Appendices.




SECTION 1

Gini Coefficient and Gini Error

Let there be n-families, a pattern of family income distribution

is denoted by a non-negative row vector Y:

Y, ...Y), Y.20,i=1,2, ...n (1.1)

v= (g, Y, n i

When Y is normalized, we have

a) y = (yl’y2’ vee yn) where (1.2)
b) v, = Yi/sy i=1,2, ...n and

c) Sy = Yl + Y2 + ... + Yn

d) vy + Y, +. ... F v, = 1

In (1.2) Sy is the national income and s is the fraction of national
income received by the i-th family.

When we use the Gini Coefficient as a measure of the degree
of inequality of Y, the fractions (yi) must be rearranged in a monotonic-
ally non-decreasing order. In other words, there is a permutation
(il, i2, e in) of the first n-integers (1, 2, ... n) such that the

following condition is satisfied:
Y; 2V, S e 2V, (1.3)

A Lorenz Curve is a real-valued function, defined on (1/n, 2/n, ... n/n)

such that
LY(j/n) =y, +y., + ... +y, i=1,2, ...n (1.4)

This is illustrated by the following example.
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Example 1

Let there be four families (i.e., n = 4); and, let Y = (20, 40, 10, 30)
with y = (yl = .2, v, = Aa, V3 = .1, Y, = .3). Then, in a monotonically

non-decreasing order,

e 5 Y. 5 ¥, 5 ¥, )
1l 12 13 14>

(y3 = .1, v, = .2, Y4 = .3, Yy = 4).
In diagram la, these income fractions are marked off on the vertical
axis of a unit square with the positive fractioms, 1/4, 2/4, 3/4, 4/4,
marked off on the horizontal axis. The Lorenz Curve is abed.

Let the area under the Lorenz Curve be denoted by B. The Gini

Coefficient is defined as 1 - 2B. Thus:
G =1-2B 1.5
v | (1.5)

where B is the area under the Lorenz Curve of Y.

We then have the following theorem:

Theorem 1.1 The Gini Coefficient of Y (1.1) is

- (a) G_ = au_ - b, where (1.6)

y y
(b) a=2/n; b= (n+ 1)/n, and
(c) uy = Alyil + Azjiz + ... + Anyin_’ where

Proof: The area above the Lorenz Curve is

1-B= (yl/z + Y, + ...A+ yn)/n + (y2/2 + Vg + ... + yn)/n + ... (yn/z)/

= (yl + ¥, + ... + yn)/n + (y2 + Vg + ... + yn)/n + ... + yn/n -
(Yl + Yy + ... yn)/Zn

= (lyl + 2y2 + ... + nyn)/n - 1/2n by (1.24)




n

- _ ¢ 1
Gy =1-2B=1+2 [iil 1yi)/n 7 1] Q.E.D.

There is a perfectly natural economic interpretation of‘uy in

(1.6¢), namely, that it is the weighted average of the ranks of families (Ai),

weighted by the income fractions (yi Y. Thus uy will be called the
h|

rank index of Y. Theorem 1.1 states that the Gini Coefficient is a

linear transformation qf the rank index of Y. Thus a higher value of
the rank index implies a hiéher value of Gy, i.e., a more unequal pattern
of income distribution.

When a Y (1.1) is given, we may also define a Pseudo-Lorenz Curve
which is similar to the formal definition of a Lorenz Curve (1l.4) except
that the income fractions v in (1.2a) are not arranged in a monotonically
non-decreasing order. Thus, formally, the Pseudo-Lorenz Curve is

defined as:

s . _ _ .o ‘
LY (j/n) = v1 + Yy + ... + yj i 1, 2, ... n (1.7

This is illustrated in the following example:

Example 2

For the pattern of income distribution given in Example 1, the

Pseudo-Lorenz Curve is a'b'c'd' in diagram 1b.

When we denote the area under the Pseudo-Lorenz Curve as B, a Pseudo-

Gini Coefficient can also be defined in a way similar to (1.5), namely:

C =1 - 25 | 1.8
3 | | (1.8)

where B is the area under the Pseudo-Lorenz Curve. We can then deduce:




Theorem 1.2, i.e,, the Pseudo~Gini Coefficient of Y (1.8) is

~

= aﬁy - b, where » (1.9)

@l

(a)
(b)

y

el
i

v Alyl + Azyz + ... + Anyn

and where a, b and Ai are defined in (1.6b = d).

The Gini-Error of Y is simply defined as the difference between

the Gini Coefficient and the Pseudo-Gini Coefficient:

e =G -G =2(u -u)/n ... by 1.6a and 1.9a 1.10
y ( v y) y ( )

In Section IV, we shall prove that the Gini Error is always non-
negative; hence, the Gini Coefficient is'always larger than the Pseudo-

Gini Coefficient. It follows from this definition that:
e, = (- 2B) - (1 - 2B) = 2(B - B) (1.11)
which leads to the following geometric interpretation of the Gini Error:

Theorem 1.3 The area between the Pseudo-Lorenz Curve and the Lbrenz

Curve is one-half the value of the Gini Error.

In diagram 1b, the dotted Lorenz Curve of diagram la is reproduced,
and the shaded area is one-half the value of the Gini Error. Notice that
when condition (1.3) is satisfied to begin with, we have tﬁe following

corollary:

Corollary 1.1 If the income distribution pattern Y(1.1l) satisfies the

monotonic condition (1.3), then the Pseudo-Gini Coefficient

equals the Gini Coefficient (Gy = ay) and the Gini Error equals

0, (¢y = 0)

In this section we shall state one more very obvious theorem:
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Theorem 1.4 If X = kY, (k > 0) (i.e., X is a scalar multiple of Y)

then G = G , G =G and e_=¢
X X y X

y y

This theorem states that the Gini coefficient, the Pseudo~-Gini
Coefficient and the Gini Error depeﬁd only on the proportionality of
the family income distribution, y(1l.2b) and that the overall level of
income is irrelevant. We shall make use of this theorem in a later
section.

We .shall now explore the economic significance of the Pseudo-Gini
Coefficient and the Gini Error when the income pattern (Y) has several

components.



SECTION IT

Factor Components of Total Income

Suppose income Yi(l.l) is classified into several types such
as Wage Income, Wi, Property. Income, Ri’ and Transfer Income,_Ti. Then:
Yi = Wi + Ri + Ti’ i=1, 2, ... n ) (2.1)

The distributive shares of the total income SY may be denoted by

(a) ¢w = Sw/Sy (wage share); ¢r = Sr/Sy (property share);

(2.2)
and ¢, = st/sy (transfer share)
n n : a1
(b) S = IW,3S =3 R3S = % T.
R R T

() ¢, +o +¢ =1

Then, the i-<th family receives the following shares of income for

each factor:
W= Wi/sw; r, = Ri/sr; t, = Ti/st’ i=1,2, ...n <2f3)
We then readily see the following:

Theorem 2.1 The total income share of the i-th family is the weighted

average of the factor shares, i.e.,

v; = ¢Wwi +ér, + ¢tti, i=1, 2, ... n (2.4)

where the weights are the national factor distributive Shares. (2623)

i

Proof: y.

+ +
i (Wi Ri Ti)/sy

(sw/sy)(wi/sw) + (sr/sy)(Ri/sr) + (St/Sy)(Ti/St) Q.E.D.

11
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In the rest of this paper, we shall assume that the total family

income, Yi(l.l), is arranged in a monotonically non~-decreasing order, i.e.:

Y, < ... Y (2.5)

n

so that the first family is the poorest and the last family is the

wealthiest. Under this convention, the factor incomes in (2.1) do not

always satisfy

(@) W, =
() Ry =
() Ty 2

=
A

the following monotonic conditions, i.e.:

ces W _ (2.6)

3
1A

.. <R

=3
A -

.« 2T
= n

In general, property income is probably more likely to satisfy

(2.6b), i.e., property income is more likely to be concentrated among’the

wealthier families, while transfer income is the least likely to satisfy

(2.6c). Thus,

for each factor component, we can define its Gini Coefficient,

Pseudo-Gini Coefficient and Gini Error. Using the wage income as an illus-

_ tration, we have, from (1.6)(1.9) and (1.10):

(é) G, =
(b) c';w =
(@ ¢ =
@ wu, =
(e) Gﬂw =

Aw,. A w, + ...+ xnwi (where W, =<=w ,...—;f:w

au_ - b  (Gini Coefficient of W) ' 2.7
aﬁw - b (Pseudo-Gini Coefficieht of W)

G -G orG =G - €& (Gini Error of W)
W W W W

)

1 1l 2 12 n i1 2 o in
Alwl + Azwz + ...+Ahwh

The economic interpretation of the Gini Coefficient, Gw’ is that it

measures the degree of the inequality of the distribution of wage income.

The economic significance of the Pseudo-Gini Coefficient is seen from the

following theorem:




Theorem 2.2 The Gini Coefficient of the total family income (Gy) is the

weighted sum of factor Pseudo-Gini Coefficients.

+¢_ G+, G . (2.8)

where the national distributive shares are the weights.

Proof: By (1.6a)

n n , ' :
uy = .E Kiyi = 'Z Ai(¢wwi + ¢rri + ¢tti) . . « by (2.4)
i=1 i=1
= q)wuw + ¢r u_ + ¢t u, . by (1.9b)

Then, by (1.9a)

G = au - b = a(¢wﬁw + ¢rﬁr + ¢tﬁt) -b(g t ot o) .. by (2.2c)

¢W(aGW -b) + ¢r(aﬁr - b).+ ¢t(aﬁt - b)
= ¢ EW + ¢ G +'¢ G .. .Dby (1.9

Q.E.D.

It follows from this theorem that we can estimate the Gini Coefficient

of the total income as the sum of two termsi

(a) Gy = H - E where, 2.9)

(b) H

+
qJW GW ¢I‘ Gl’ + ¢th

=
]

() by Eg ¥ O B T 05,

.13
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The term H (2.9b) is the weighted sum of the factor Gini Coefficients
and E (2.9¢c) is the weighted sum of the factor Gini Errors. Noﬁice that
when the errors are small, i.e., E is negligible, H can be taken as an
approximation of GY' When this is the case, we can use this approximation

(H) and say that a factor income contributes to inequality of total family

income distribution when the factor is very unequally distributed, i.e.,

Gw, G, G_ are large, and/or when a factor distributive share is large, (as. indi-

cated earlier). However, when the Gini Errors are large, i.e., when
E is not negligible, this approximation cannot be taken for granted. 1In
the following sections, we shall analyze the forceé that determine the
direction of'change as well as the magnitude of the Gini Error.

The ideas in this section can be illustrated by the following numerical

example.

Example 3

| In Table 2.1, we illustrate the computational procedure. Rows 1-4
of columh I show the total and factor incomes of-four families which are
the primary data (2.1). Condition (2.5) is satisfied by total income.
Total incomes and factor distributive shares (2.2) are in column II.

The total and factor income fractions (i.Zb and 2.3) are shown in rows
5-8 of column I. Since condition (2.6) is not éatisfied, the factor
shares are rearranged into a monotonic order as shown in columm II. The
computation of the u-index (1.9b) is shown in rows 9-13 of colummn I, while
the u-index (rank index of Y, 1.5c) is calculated in célumn IT. The
-Pseudo-Gini Coefficients (1.8a), the Gini Coefficients (1.6a) and the

Gini Errors (1.10) are computed in rows 14-18. Equation (2.9) is calculated

as follows:
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.311

~
[}

~

=
i

.30(.465) + .45(.320) + .25(.110)

.061

.30(.030) + .45(.055) + .25(.120)

~
=2
S~
=
il

(¢) G =H~-E-=.250

The value of Gy computed this way is seen to have the same value as

those shown in row 15 of Column II in Table 2.1.

(2.10)
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SECTION III

Gini Error and Rank Correlation

For any particular type of factor incomé, e.g., wage income,
we can distinguish two effects of the impact of factor income distrib-
ution on total income distribution inequality because Gy is the weighted
sum of the component Pseudo—qui.Coefficients, EW, whiéh is the differ-
ence of two terms, the factor Gini Coefficient, Gw’ and the Gini Error,
€y (see 2.7c and 2.8). The factor Gini Coefficient term measurgs the

inequality effect on total family income, while the Gini ErrQr measures

the correlation effect. In this section, we will show that the Gini

Error measures the degree of correlation between the factor income pattern

and the total family income pattern,

Definition: Given a wage pattern w = (w, , W. , ....w, ) (2.3), the
i 2 In
wage pattern space contains all the wage patterns formed

of permutations of w,, w R
p l’ 2’ n

Formally, let Qi - (jl, j2, e jn) be a permutation of the integers
(1, 2, ... n). The n; permutations of (1, 2, ..., n) and the corresponding

wage patterns in the WPS may be denoted as:
(a) Qi = (jl, j2’ .o jn) i=1,2, ... n!
' . (3.1)
() w(R.,) =(w, , w, 5 0w, ) i=1,2, ...nl
+ I1 ) In

Notice that all the wage patterns in the WPS obviously have the same

factor Gini Coefficient (Gw). They differ from each other only in respect to

the order in which the wage income fractions of different magnitudes appear.

17
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Thgs the wage pattern space contains all conceivable patterns of
family wage income which have the same inequality effect (i.e., same
value for wage Gini Coefficient, G, as defined in 2.78), but, different
Gini errors (i.e., different values for G _ as defined in 2.7b). Thus
the WPS allows us to concentrate on the analysis of the variation of the
Gini Error term while isolating the inequality effect. Our immediate
task in this segtion ig to show that the Gini Error term reflects a
correlation effect between the wage income and the total income of the
families. The result of our an;lysis in this section allows us to
intérpret E= ¢w;w + ¢r€r + ¢tet (2.9¢c) as a weighted average of the
"correlation effects" just as the term H = ¢ G _+ ¢ G + ¢ G (2,9b) can be
interpreted as the weighted average of the inequality effects. The
terms H and E which affect.total income distribution inequality (as seen
in 2.9a) are not statistical artifacts but can be interpréted in real
economic terms which will be explored in the latter part of this paper.

Two wage patterns in the WPS deserve special emphasis:

i.e., the wage patterns associated with the natural and the inverse ngemutation:

(a) the natural permutation Q, = (1, 2, ... n)

1 (3.2)

(b) the inverse permutation Q_; = (n, n-1, ... 1)

(a) the natural wage pattern w(Q,) = (W;, Wo, «c. W)
1 1 2 n (3.3)

. Y = (
(b) the inverse wage pattern W(th) (Wh_l, wn-2’ vee Wl)

Intuitively, these two wage patterns lie at the "extreme ends" in the

"scale of correlation." All the other wage patterns in WPS lie between

these two extremes.

Example 3.1

Let n = 4% the 4!= 24 permutations of (1, 2, ... n) are written in
the brackets of diagram 3.1. The natural permutation (1, 2, 3, 4) and

the inverse permutation (4, 3, 2, 1) are written at the Very top and




19
bottom, respectively. (A bracket in this chart represents a particular
permutation (3.la) as well as a particular wage pattern (3.1b) associated
‘'with it, although the latter is not shown explicitly).

Let us adopt the convention defined in (2.5) and assume that the first
(last) family is the poorest (wealthiest) from the'viewpoint of total income.
Second, we will adopt the convention that the momotonic condition defined in
(2.6a) is satisfied by the natural Qage pattern (3.3a). G}iven» these conventions,
in the inverse wage pattern of (3.3b), the first (1ast). family receives the

highest (lowest) wage income.,

Since it is assumed that the total family income satisfies the mono-

tonic condition (2.5), the total income ranks of the n-families are

indicated by the natural permutation Ql,l(B.Za). The natural wage pattern
W(Ql) satisfies the monotonic condition, (2.6a). Thus the wage income
rank for the wage pattern W(Ql) is Ql, and the wage income rank for

a wage pattern.w(Qi) is Qi. Thus, using the Spearman Formula of rank
correlafion we have:

Definitiqn: TheArank correlation between total family income (2.1) and

wage pattern W(Qi) is

() R'= (8, w(®)) =1 (614D /n> - n) where
where (3.4)

. 22
® 4 =a-3pP+@-ipit . @m-i)

The ordinary correlation between the wage pattern w(Qi) and the natural

wage pattern W(Ql) is:
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() R= w(2)), (@)

(3.5)

n
z

- - - 2 - .2
(Wi - Wi)(Wj. - Wji)ﬂ/ E(Wi - Wi) Z(le - Wji) where

1 i

® W= =
1

=Nl

In (3.4), the rank correlation is between the rank of total family
income and the rank of wage income, while, in (3.5), the ordinary
correlation is between the wage:fractions of a particular wage pattern
in'the WPS and the fractions of the natural wage pattern. The above will

be illustrated in the next example.

Example 4 Referring to diagram 3.1, of example 3, the ramnk correiation
for each wage pattern is indicated by the first number in
parentheses next to each permutation. For the computation
of the ordinary correlation, the magnitudes of the wage
income fractions for this numberical example are w(Ql) =

= ,20; w, = .30} w

{w, = .05 w = .45). The ordinary

1 2 3 4
correlation coefficient is indicated by the numbers below
the rank correlation.

Referring to diagram 3.1, as we move upward in this diagram from
the reverse wage pattern to the natural wage pattern,the value of R
and R' generally show an increasing tendency. The arrows in the di-

agram are intended to show that the wage pattern in the WPS are incom-—

pletely ordered according to the following definition.

Definition: A permubation X = (Xl, Kgseee xﬁ)-af (X, 2, ... n) is a
succesgor of Z = (zl, Zys o Zn) in notation X = S(Z)
if X can be obtained from Z by interchanging two adjacent
integers such that the larger integer is moved to the right
in that exchange.

This definition is illustrated by the following example:
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Example 5

Let Z = (1, 4, 3, 6, 2, 5). Interchange the two underlined ad-
jacent integers by moving ﬁhe larger integer "6" to the right to obtain
- X= (1, 4, 3, 2, 6, 5). Thus X is a successor of Z, or X succeedé Z,
i.e., X = S(Z). |

The successor rélation'X = S(Z) is shown diagramatically in diagram
3.1 by an arfow which initiates from "Z" and terminates at '"X", i.e.,
the arrows point at the successor of a permutation. When X and Z in the
above definition are interpreted as the factor income rank for the wage
pattern space, the economic interpretation of X = S(Z) is that the rank
of wage pattern w(X) is closer to the rank of the natural wage pattern
W(Ql) (which is the same as the rank of the total income pattern). than

w(Z). This is illustrated in the following example.

Example 6
Referring to example 4, suppose w(Z) = (Wl, Wys Was Wes Wy, WS) =
(.05, .19, .15, .30, .10, .21) and w(X) = (.05, .19, .15, .10, .30, .21).

The natural wage psttern is (.05, .10, .15, .19, .21, .30).

Thus by moving the larger wage fraction(w6 = .30) to the right, the wage
pattern w(X) is closer to the natural pattern than w(Z).

Let ¢, and €, denote the Gini Error of the wage pattern of X and

X

Z, respectively. We have the following theorem:

" Theorem 3.1 If X = S(Z) (i.e., X is a successor of Z) then:

a) The ‘Rank Correlation Rf(ﬂl, w(X)) > R'(Ql, w(Z))

b) The Ordinary Correlation CPefficient R(W(Ql), w(X)) > R(W(Ql), w(Z))

¢) The Gini Error of €y = €5

The proof of this theorem is given in Appendix I.
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This theorem states that if X is a successor of Z, i.e., if the wage
pattern w(X) is closer to the natural wage pattern than w(Z), the cor-
relation coefficients (Ri and R in 3.4 and 3.5) for X are higher and the
value of the Gini Error, GW is lower than for ‘Z. In this sense, a larggr Gini
Errorvcorresponds to a lower degree of co;relation between the factor
income raqk and the total income rank. ‘

Since the wage patterns in the wage pattern space (WPS) have the seme wage
Gini Coefficient (Gw), i.e., the same degree of inequality of the distribution of
vage income, thg economic interpretation of the above theorem is that the wege Gini
Error can exercise an additional influence on total income distribution
inequality. This influenceywhich is attributable to the degree of rank
correlation between the factor income,(i.e., in this case the wage
income) and total incomey can either contribute to inequality or contri-
bute to equality. Although property income énd welfare (i.e., transfer)
income may be both very unequally distributed, i.e., Gr and Gt are large,
the property income contributes to the inequality of total income dis-
tribution_ while the transfer income contributes to equality (see
above)., This is because .property income usually has a high positive
correlation with total income and hence a low value of Gini Error,(i.e(,
er:is low) while the transfer income usually has a low, and possibly
negative, correlation with that of total income and hence a large Gini

Error term (i.e., €y is high). This will be fully exploréd in the next section

and may be summarized here as follows?
Summary: The distribution of factor income (e.g., wage or property

or transfer income) exercises two influences on the inequality

of family income distribution: (a) the inequality effect as

measured by the factor Gini Coefficient, G .eand (b) the correlation

effect as measured by the Gini Error, € . The net impact is
. L ) .

measured by the Pseudo-Gini Coefficient, éx = GX ~ € , which is
‘ X



2%

the difference between these two effects,

The above is illustrated by another example:

Example 6:

In diagram 3.1, the Gini Errors are indicated by the

third number beside each permutation. As we move upward
along the arrows in this chart, we see that the Gini Error
decreases while both the Rank and Ordinary Correlation

Coefficients increase.
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SECTION IV

The Magnitude of the Gini Error and the Pseudo-Gini Coefficient

In the last section, we identified two types of effects, i.é., the
inequality effect and the correlation effect, that a factor income dis-
tribution may have on total income distribution inequality. In this section,
we want to analyze the magnitude, i.e., the absolute value and the sign of
the Gini Error and the Pseudo-Gini Coefficient. Analysis of the above
will show that factor incgme distribution can contribute "heavi;y" or
"lightly" to income distribution inequality. It may, in fact, contribute
to equality rather than inequality as a result of the magnitude of the Gini
Error and the Pseudo-Gini Coefficient. The analysis of this section then
provides a rational economic framework for interpreting the decomposition
of the empirical data presented in the next section.

Refefring to diagram 3.1, we see that as we move upward along a
path formed by consecutive arrows, the value of the Gini Error decreases.
Since by (corollary 1.1) the magnitude of the Gini Error associated with

the natural wage pattern is zero, we have:

Theorem 4.1: The value of the Gini Error of a factor pattern (e.g., ew)

is always non-negative. The value is zero when the factor

pattern is the natural one (W(Ql)), i.e., when the factor

pattern satisfies the monotonic condition (2.6a).

This theorem is verified by the following example:

lA rigorous proof of this theorem requires that, in diagram
3.1, every permutation lie on a path linking the inverse permutation with
the natural permutation. This will be proved in Appendix I.
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Example 7:

Referring to table 2,1 and example 3, we see that all the Gini Errors
" shown in rows16-18 (column III) take on positive values.

Using 2.7c, equation 2.8 can be rewritten as:

G =¢G +¢ G + ¢G
vy ¢w w ¢rGr ¢th

(4.1)

¢W(GW - eW) + ¢r(Gr - Er) + ¢’t(Gt - et)

Thus, in estimating Gy (the family income distribution inequality)
according to this equation, we have to make a downward adjustment of the
factor Gini Coefficients (GW, Gr’ Gt) by corresponding magnitudes of the
Gini Error before the weighted average can be taken. This downward adjust-
ment is determined by the degree of correlation between the factor income
distribution and the total income distribution. The less the factor income
is correlated with the total family income (e.g., the transfer income),

the more such an adjustment needsSto be made. This may be summarized as

follows:

Corollary 4.2 The value of H = ¢WGW + ¢rGr + ¢th (2.9b) always over-
estimates G_.
This is verified by the numerical example summarized in equation 2.10.
To explore the magnitude of the Gini Error further, the scatter
diagram between the Rank Correlation Coefficient, R', (3.4a) and the
Gini Errors in (2.7c) is shown in diagram 4.1. R', varying between +1
and -1, is measured on the horizontal axis and the Gini Error is measured

on the vertical axis. This diagram is constructed for the case when there
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are five families, i.e., n = 5, and hence there‘are 5¢ = 120 points in
the wage paftern space. The numerical values assumed for the natural
wage pattern is (wl, Wos Was Wy WS) = (.05, .15, .20, .25, .35).

Notice that as R; decreases the value of the Gini Error increases;
however, the relation is not an exact one. Instead, thefe appears to be
a linear regression line Between.R% and €, The linear regression in
this numerical example .has a good fit, with a correlation coefficient
between RQ and €y of .969.l Thus, for each value of Rank Correlation R',
there is an expected value of the Gini Error satisfying the regression

result:
A = ' . ! - t . .
B =c+ dRW , ~where R' =R (w(szl), w(szi)) (4.2)

To find the value of "c¢" and "d" in this regression equation, we have the

following theorem:

Theorem 4.2

¢

a) ¢

0 when R' =1
W W

b) €

2G_ when R' = -1
W W W

The validity of (4.2a)follows directly from Theorem 4.1, namely, for the

natural wage pattern, the rank correlation is +1 and the Gini Error is

zero. The validity of (4.2b)can be seen in the following way. In diagram
)

lc, the Pseudo-Lorenz Curve for the inverse wage pattern is the curve

a"b"c"d". Since the shaded area above the 45 degree line obviously equals

lIn Appendix I we shall explain why this is so.
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the area below the 45 degree line, it follows frbm_ theorem 1.3 that
ey = 2(24) = ZGW where A is the value of the shaded area below the 45
degree line. This is a rigorous proof of (4.2b).

Using Theorem 4.2ab, and equation 4.2,the values "c¢" and "d" can
be determined as ¢ = Gw and d = —QW, leading to the following regression

line:
g = — 1
Ew GW ( RW) (4.3)

In diagram 4.1, this equation is represented by the straight line AGC
where the dist;nce 0G is the Gini Coefficient (GW).and the distance BA
is twice the value of GW. In the remaindef of this section, we shall
assume that the approximation equation (4.3) is valid in the expectations

sense. Using this approximation, we have

G = - = -— Yy = L ’ °

G G GW GW(l eW/GW) G R (4.4)
which shows that the Pseudo Gini Coefficient is the product of the Gini
Coefficient Gw and the Rank Correlation Coefficient (R'). Thus, using the

notation "=" to stand for "approximately true', we have:

~ ] 1 t 4.5
G, 2 4, (GR!) + 0, (6RD) + ¢, (GRY) (4.5)

From this we readily see that there are two types of cases depending upon
the sign of the rank correlation, R', i.e., positive or negative. The con-

clusion may be summarized as follows:




Conclusion
.a) The Pseudo Gini Coefficient is approximately the préduct
of the factor Gini Coefficient and the factor Rank Correlation.
b) The Pseudo-Gini Coefficient is positive (negative) when the

rank correlation, R', is positive (negative).

Later, we shall use the approximation equation (4.5) to help us examine

the relation between growth and income distribution,with the under-
standing that all such inferences will only be approximately
true.

Up to now in this section. we have only ma&e use of the Rank Correla-
tion‘Coefficient R' as defined in (3.4). All the results are still
valid if we use the Gdinary Correlatidn Coefficient, R, as defined in
(3.5),1in place of R'. 1In diagram 4.2, the scatter diagram bgtween
RW énd Ew is shown. (The same numerical data are used in.this diagram as
in diagram 4.1.) Thé same regression equation line (4.3) is fitted for
this scatter diagram,which also appears to be a good fit, The correlation

coefficient is .974 in this case.

31
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SECTION VY

EMPIRICAL APPLICATION’

The framework which we have developed can now be used to
vanalyze empirical data for total income (Yi) and for factor income
(Wi, Ri’ Ti) as defined in (2.1). The empirical analyéis can provide
numerical answers to several tybes of questions. The first question we
can raise is: how good is H (2.9b), i.e., the weighted average of factor
Gini Coefficients as an estimator of the family income distribution, Gy?
Since H always overestimates Gy (Corollary 4.2), we can define the

degree of overestimation by:
d= (4 - Gy)/Gy (degree of overestimation) (5.1)

If "d" is small, we can, for practical purposes, accept the validity
of the estimator equation (2.9b). This implies that the correlation
effects of factor income distribution can be neglected as a first approx-

imation.

The second question we can raise is: which factor is more responsible
for the inequality of income distribution? We can divide equation (4.1)

by Gy to obtain:

a) 1=F +F 4+ F where
W r -t

= G M = —. 4 = G . - .2
b) FW ¢WGW/Gy’ Fr ¢rGr/Gy’ Ft ¢th/Gy (5.2)
o 1 ‘ ol 1 ‘ = ]
c) L ¢WRWGW/Gy, F_ ?rRrGr/Gy, F ¢thGt/Gy

F, Fr’ Ft will be referred to as factor inequality weights, FIW.

w




The FIW are the pfoduct of the Pseudo-Gini Coefficients ('éx) and the
relative share of national income (¢x) , : expressed as a fraction of
the total Gini Coefficient. They correspond to the fraction of inequal-
ity (i.e., fraction of Gy) accounted for by the various factor income
components. Thus a factor contributes heavily to total income distri-
bution inequality when its distributive share is large and/or when the
Pseudo-Ginl Coefficient is large'relative to the total Gini Coefficient.
Notice that when the ' Rank Correlation Coefficient, R'x, is negative in
(5.2c), the FIW is negative. This means that this factor contributes to
equality rather than inequality.

Using equation (2.7c) we can decompose the FIW into an ipequality

effect and a correlation effect:

F o= %t _ bty P = ¢y _ br€y . F = ¢S _ e (5.3)
w G G > 'r G G > Tt G_. G :
y y y y y y

where the inequality effect is q)XGX/Gy and the correlation effect is
¢xex/Gy. Notice that the inequality effect and the correlation effect
are both non-negative. When the correlation coefficient, R', is
positive, the inequality effect outweighs the correlation effect, and
both the Pseudo-Gini Coefficient and the FIW are positive. Conversely,
(i.e., when e >G, end R' is negative), the _in_equa.lity effect is outweigh ed
by the correlation effect, and both the Pseudo-Gini Coefficient and the
FIW become negative.

The third quéstion we can raise is the causation of change of the
magnitude of.income distriﬁution inequality (Gy) in a statistical sense.
Using the notation N to denote the rate of change of the time variable,

X, we have from (4.5):

33




(a) n =FV + FV + FV where
G W W rr tt
y
b) V. = + ; = + = +
(b) v Ny g Fnpe s Vo= o Fng gy 5 V=g Fong 4 ong,
W W w r r t t t

which states that the rate of growth of “he Gini Coefficient, G , is the
J

weighted aVeragg of the sum of the rates of growth of ¢ , G and R;;

This statistical technique may be first illustrated by a numerical example:

Example 8

In the following numerical example, there are five families.
Property income is assumed to concentrate very heavily in the hands of
transfer income is assumed to concen-

the wealthiest families,while

trate in the hands of the poorest families.

Family 1 Family 2 Family 3 Family 4 Family 5 Total

Wage Income 3 1 17 15 9 45
(rank) 2) (1) (5) (4) (3)

Property Income 0 0 2 8 25 35
(rank) (0 (2) (3) (4) (5)

Transfer Income 8 12 0 0 | 0 20
(rank) (4) (5) (3) (2) (1)

Total Income 11 13 19 23 34 100

The total income is $100 of which the wage share is 457 (¢w), the property
share is 357 (¢r) and the transfer share is 20% (¢t). The factor income
rank for each family is indicated by the numbers in brackets.

are shown in Table 5.1 and are self-

The computationsal results

explanatory. The estimated Gini Coefficient, H, according to (2.9b) is in

34

(5.4)
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row 3. The Pseudo~Gini Coefficients are shown in row 5 and the Gini
Coefficient for total family income, Gy’ as defined in (2,.8), is shown
in row 6., The Factor Gini Errors, as defined in (2.7c), are shown in
row 8, The E term, as defined in (2.9¢) is shown in row 9. The factor
inequality weights, FIW, as defined in (5.2b), are shown in row 7. The
inequality effects and the correlation effects, as defined in (5.3), are
shown in rows 4 and 10, respectively. |

The degree of over-estimation, (5.,1), is:

d = (.5360-,2239)/.2239 = 1,39 (5.5)
This means that the over-—estimation of Gy is more than 100%Z! Thus,
in this example, the estimator; H, (2.9b), cannot be accepted |
as it neglécts all the correlation effects,' |

Referring to the FIW in row 7, we see that the propefty FIW (Fr = 1,936)
accounts for a major share of the inequality., Its weight is due to a
compounding (i.ei, product) of the large property income as a distributive
éhare (¢r = ,35) and a Paeﬁdo—Gini Coefficient, (Er = ,6628), which is the
largest, Notice that the FIW for transfer income is not only the lowest
but is in fact negative (i.e., F = ~+500). Thus, transfer income con~-
tributes to equality.

The decomposition of FIW'into»the iﬁequality effects and the correla-

tion effects yields the fbllbwing:

Wage Properﬁy Transfer Total (5.6)
Inequality Effect .7862  1,0362 5717 2,394
Correlation Effect 03222 0,0000 1.,0719  1.394
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From these.results we see that total income inequality is due mainly to
the inequality effect of property income (Fr). On the other hand,
transfer income contributes to equality mainly because of its negative
correlation effect., When all three ﬁypes'of factors are considered
together, the total inequality effect is 2,394 versus a correlation
effect of 1,394,

The Rank Correlation coefficients (R' as defined in 3.l4) are shown
in row 11, To verify equation (4,3), the terms ex/Gy are shown in row
13 which should be approximately the same as row 12, The approximate
errors are indicated in row 14, To verify the approximation equation

(4.5) we have:
(5.7)
Gy o (¢45) (63912) (.5) 4+ (.35) (.6628) (1.0) + (.2) (.64) (~.824)

= ,215

As compared with the trudc value of Gy = ,2239, there is an underestimation
of 4Z%.

The above analysis may:now be applied to_empirical data collected
for Taiwan, AThe year we have chosen is 1972, For that year, the primary

economic data are listed in Table 5.2.l

In Column 1 we show the 23 income classes. The range of income of

each class is listed in Columm 2 (in units of 1000 New Taiwan dollars, N.¥.).

1Source: Report of the Survey of Family Income and Expenditure,
Taiwan Province, Republic of China, 1972, Table 5: Composition of Total
Current FeceIpts and Expenditures of All Households by Income Size.

) .
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The number of families for each income class is listed in Column 3. The
total income for each income class is shown in Column 4.1 These
incomes are divided into five components, namely wage income (Column 5),
profit income (Column 6), mixed income2 (Column 7), transfer income3
(Column 8), and other incame (Column 9), The total income of eachitype

is indicated at the bottom of the table,

The results of our computation are shown in lable 5.3 which has the same

structure as Table 5.,1. The degree of overestimation (5.1) is:

ds= (0285 -12823)/02823 = ,009 (5-8)

Thus the degree of over-estimation is less than 1%, This implies that
there is a large positive correlation between factor incomes and total
income for all major components, i.e., those with large distributive
shares, and hence the correlation effect can be neglected? (See row 1 and
row 11).
From row (7) and (1), we see that those factors which, together, contribute
about 94%Z of total income inequality are the three major components which

account for 95% of national income. The comparative magnitudes of FIW for

these major components are:
FIW (wage) = ,5187 > FIW (mixed) = ,2882 > FIW (property) = ,1322  (5.9)

lThis conventional way of listing the primary data involves the specifie-~

cation of family classes, class income range and class frequency, and re=-
quires a redesign of the computational procedure for the Gini Coefficient,

the Pseudo=Gini coefficient and the Rank Correlatzon, which will be
explained in Appendix II,

2Mixed Income includes Net Operation Surplus, Net Professional Income
and Net Agricultural Income,

3Transfer Income includes Gifts, Transfers and other Receipts from
‘Government, Households, Enterprises, and Abroad.

hThus, for the year 1972 we picked, the analysis of the correlation effect,
e.g., the approximation errorvin row 1k, in this section is negligible and is
undertaken only to illustrate the methodology involved.
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From this evidencé, we see that the wage income appears to have contri-

buted the most to total inequality while profit income does not contribute

as much as we would have intuitively expected. However, when the distri-
butive sﬁares and the Pseudo-Gini Coefficients of these campoments are listed

separately below, we see!

Wage Mixed Property (5.10)
Distributive ]
Share 582 > 275 > .093
Pseudo Gini «2516 < «2958 <« +4013

From this, we see that the FIW for wage (profit) is the largest
(smallest) primarily because of its largest (smallest) distributive share,
but, the Pseudo-Gini Coefficient for wage (profit) is the smallest (largest).
Tﬁe féct that the Pseudo-Gini Coefficient for property income is nearly 1.6
times the value of that for wage income, represents an important empirical

finding, as we will see below,

A decomposition of the FIW into the inequality effect and the corre-

lation effect shows that the correlation effects for all the major components

are negligible, and thus, supports our previous assertion (5.8).

Wage Mixed Property Total (5.11)
Inequality Effect 5191 #2891 «1324 1,0100 -
Correlation Effect .0004 .0010 +0003 _«0100
FIW 5187 2882 1321 1.0000

In applying our method of smalysis to the case of Taiwan, three remarks
should be added, First, Taiwan had & peculier pattern of post-War growth
and the year picked (1972) probably non-optimal.l Hence, the empirical results can

" be interpreted as typical for Taiwan during its entire labor surplus period,

lIt fell in the post—turning point era. It is interesting and relevant from
a growth-theoretical point of view (see below).




or relevant for other ILDC's, Second, the primery economic data, i.e.,
the Taiwan authorities'! classification of income into these five categories,
was not guided by any clear theoretical notions. For example, the category

ef '"mixed income,”" which includes a mixture of "agricultural income, net

operational surplus of small enterprises and professional income,”" is a
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1
mixture of property and wage income which ideally should have been separated,

"Transfer income" which includes receipts other than government transfer
payments does not meet the theoretical requirement which allows us to
assess the pure impact of government policy on income distribution, Thus,
to increase the usefulness of our future empirical research, we need to
refine the data and orient it more to our theoretical requirenents,

We have to date limited our empirical application to the statistical
data for one random year just to test out the methodology.2 This precludes
a mofe important analysis of the causation of the change of income distri-
bution inequality through time as traced to factor components. Since
changes in income distribution through time are growth relevant issues,

we shall now turn to the investigation of the relation between income

distribution and growth in the next section.

1Since "mixed" income is a mixture of "wage and property" income we
expect that it shows those characteristics that lie between wage and
property income. Our empirical findings in this section confirms this
expectation.' For example, the Pseudo-Gini Coefficient for mixed income,
as shown in 5.10, lies between those for property and wage income.’

2The empirical analysis in this section should thus be regarded only
as a preliminary pilot study. A larger scale study based on cross-sectional,
cross~country, and time-series data, beyond the scope of the present paper,
can be easily carried out given the framework developed in this paper.
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SECTION VI

The Impact of Growth on Income Distribution

In the last section we have shown the potential usefulness of owr framework
for an empirical analysis of the impact on total income distribution
inequality through factor income distribution patterns. In this sectionm,
we want to show the usefulness of our framework as a conceptual tool
for the analysis of the impact of economic development on income dis-
tribution. The wage and property income pattern can be traced to factor
ownerships, factor prices and the degree of employment so that:
a) W (Wl.Wz,u..Wn) = (Vl ml Ll,vzmsz,....Vnann)
R.+ (Rl'Rl""’Rn) = (p1 kl,p2 kz,....pnkn) where

b) L= (L ,Lyyeeecl) ooocofamily ownership of labor (6.1)
K= (Kl,Kz,....Kn) eeessfamily ownership of capital

c) v= (vl,vz,....vn) «eeeoWage structure

p= (pl,pz,....pn) .esssStructure of the rates of return to capital

d) m= (mi,mz,....mn) «eseeB8tructure of labor employment rates




Having identified factor ownership (6.1b), factor prices (6.1lc), and

employment rates (6.ld) as those factors that detemmine factor incomes

(6.1), we can easily see that whatever impact. economic development has on

income distribution is really brought about by its impact on these under-
lying factors. At the present time, the economic literature is full
of intuitive statements of this type.

The inequality of the famiiy ownership of capital stock (K in 6.1b)
and of the differentiated wage structure (v in 6.1lc), traced to differences
in education and skills, are probably the two most important causes of
family income inequality. Economic development, through the accumulation
of physicak and human capital, will obviously affect income distribution,
When the capital market is imperfect, as in most LDC's, there is a
differentiated atruéture in the rates of return to capital (p in 6.1c)l
which is known to gradually modify as the financial institutions develop
in the growth process, Changing female participation and the variation
of the age composition of the labor force also change the structure of
labor ownership (L, 6.1b). Finally, there may be a differentiated pattern
of unemployment rates (6.1d) because of "premature"unionization2
Aand/or "over-education"3 of the labor force. All these dimensions can be,
and indeed have been,identified as relevant to both growth and income

distribution,

ié.g., in many LDC's,the wealthy are benefitted by political forces

which allow them to have a higher rate of return to capital.

2Non--union labor tendsto have a higher unemployment rate.

3It is well known that many LDC's have an "educated unemployed'class.

44
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There is another kind of linkage between growth and income distri-
bution and that is with the ~theory of development in an aggregate or macro
theoretic construct. In conforming with this type of theory, the proportionality
of the variables in K,L,v,p,m are assumed to be fixed over time while
their magnitudes increase, Denoting the total labor force (capital
stock) by SL (sk) and the absolute real wage (rate of return to capital)
by va (pa) and denoting thé average employment rate by m, , we can rewrite
6.la as:

(6.2)

a) W(t) = (wl(t), Wo(t)y eeee W (€)) = & (v) ma(t) v (t) (81s8y0000:8)
b) R(t) = (REE), BLE), +eu R{E)) = S,.(8) p_(£) (h, hyy euesh)

where the row vectors (gl,gz,.....gn) and (hl,hz.;....hn) (See Appendix
III) are assumed to be constant (i.e., maintaining constant proportibnality)
while the inérease of wage and property income levels of the families

over time (i.e., Wi(t) and Ri(t)) are determined by total capital stock
(Sk(t)), total labor force (SL(t)), abgolute factor prices (va(t))and

pa(t)) and the aggregate employment rate (ma(t)).

Traditional aggregate growth theory is essentially concermed with such
macro economic variables as the growth of total capital stock (Sk(t)),
population growth (SL(t)), the wage rate (Va(t))’ the rate of return to capital
¢>a(t», and the average unemployment rate (ma(t)).

Economists have had a long standing

interest in the question of whether or not labor's distributive share
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?L is likely to rise or to fall at the expense §f the capital share ¢K over
tﬁne.l Inspite of the interest in this issue on functional (or social)
income distribution grounds, there is still no theory that links the behavior of
factor shares (¢L, ¢K) to family income distribution inequality, i.e.,
there is still no link between the "functional” and the "size" distribution of
income,

To see how our ftamework!néy provide an answer, we see that under
the special assumption of constant proportionality (6.2), the Pseudo~

Gini Coefficient remains constant over time (see Theorem li4). Equation

4,1 then shows that an improvement of labor's distributive share will also improve in-

come distribution inequality provided the following condition is satisfied,

i.e., provided that

(6.3)

(p}]
A
ol

i,e., provided the Pseudo-Gini Coefficient f?r wage income 1s smaller than
the Pseudo-Gini Coefficient for property income, However,whether or not this holds
can only be answered on empirical grounds. Our empirical amalysis in
Section V implies that this is indeed the case in Taiwan.
The above analysis indicates that, during the process of growth,

changes in the values of the factor Pseudo-Gini Coefficient are brought

1This interest has been manifested both on the theoretical front
and on an empirical front., With respect to the former, amalytical concepts
employed include the elasticity of substitution and the degree of factor
bias of innovation.
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about by variations in the proportionality of the variables in :L,K,v,p,m,
i.e, variations in the proportions of the capital stock (and labor force)
owned by families, and variations in relative factor prices, and in
employment rates. Our paper suggests that such variations will affect
income distribution inequality through an inequality effect and a correla-
fion effect, the two component parts of the Pseudo-Gini Coefficient.

These two effects may be illistrated via variations in the relative capital
ownership (Kllﬂk,Kzlsk) as an example. There are two types of
variationq, corzesponding to the two effects., In the first case, the rank-
ings of ﬁhese ratios are not disturbed} which means that capital owning
families may own more (or less) capital than before and hence the ownership
of the capital stock can become more (or less) unequal. However, the
correlation effect does not change. In the second casg the rankings of
these ratios are disturbed (i.e, reversed) which means that some relative-
ly poor families which previously owned little or no capital are successful
in acquiring more capital leading to an improvement in their capital-
owning ranking. In this type of variation both effects will be present.

The feasibility of rapid capital augmentation in the course of development

not only increases the overall size of the capital stock (as envisioned inraggre-
gate growth theory), but also opens up opportunities for the participa-

tion of families to imfrove their relative status in respect to the ownership

of capital stock. & is conceivable that the impact of growth on income
distribution may be brought about through this type of upward family "mobility."
A similar type bf reasoning lies behind the variation of the proportionality

of other variables in K,v,p, and m. This type of problem really eludes the

traditional aggregate theory and requires further study.

,1For example the inequality of (Kllslﬁ -_<_K2/51,-2 < eeees <Kn/Sk ) is pre-
served through time, o < n
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Section VII
Conclusion

We have tried, in this paper, to provide a conceptual framework for
disaggregating total family income inequality into its factor components.
The impact pf each component on overall inequality can be traced to three
separable effects, the impact of that factor's distributive share, the
impact of that factor's own income inequality, and the impact of the
correlation.between that factor's income and total income. We can say that
if a factor's income is positively correlated with total income, its contri-
bution to total inequality increases as (i) its distributive share increases
and/or (ii) its income inequality increases and/or (iii) the degree of
positive correlation increases. The precise opposite is true when the
correlation is negative. This conceptual apparatus permits us to assess the
quantitative importance of various factor contributions to overall inequality.
Moreover, it paves the wayufbr the next important step, i.e. tracing various
factor.income distributions ip turn directly to the impact of such basic
growth relevant forces as those determining factor ownership, factor prices,
and factor employment rates. Thus the overall distribution of income will
ultimately be seen to be determined by the same basic forces which determine
-the growth performance of an economic System'over time. Our future research
efforts will in large part be directed here.

Two types of ﬁolicy implications are indicated by the.results of this
baper. The first follows directly from our decomposition analysis and
permits us to examine the quantitative impact of government tax and transfer

payments on overall family income distribution. The regressiveness or pro-
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gressiveness of any system of taxes and transfers is customarily considered
an important potential tool of government redistributive policy. The actual
impact of such policies on the overall size distribution of incomé can now
be analyzed in terms of the share effect, the inequality effect and the
correlation effect for T, as discussed above. For example, a larger govern-
ment welfare budget unequally distributed (and concentrafed in the hands of
the pporest families) would serve to make the overall distribution of income
more equal. Our framework thus allows us to measure the actual historical
impact of government tax and transfer activity on the overall distribution
of income in a given country and to assess its quantitative importance as
a potential tool of redistributive policy in the future.

‘More important is the examination of the indifect effects of govern-
ment policy on income distribution via growth. An analysis'of'%hese
effects can be umdertaken by means of the type of structural analysis we
have merely begun to outline in Section VI of this paper and which we intend
to pursue more fully in our future work. By understanding the basic forces
of growth which affect factor rewards, factor distribution, factor employ- |
ment rates, etc., in different phases of a country's growth process, and
how these forces can be affected thfough the whole arsenal of public
policies, we are at the same time understanding--and learning how to affect--
the overall distribution of income, The,majér brunt of our further theoreti-
cal and empirical work will be directed at the construction of such a deter-

ministic theory of income distribution.
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APPENDIX I

In this appendix, we shall first prove theorem (3.1) in the text.

We assume X = S(Z), i.é., the wage pattern X is a successor of the wage

pattern Z., Let wage pattern Wl = W2 :,... = Wn (arranged in the monotonic

order) be rearranged to become X = (W, oy W, yeeoW, ) and Z = (W, Wi ,o0aWy )
1 2 n 1 2 n

where Qi = (11, 12,;..1n) and Qk = (kl, Kz,...kn) are two permutations of

(1, 2,..se.n), From (1.10) the Gini Error of a wage pattern is:

(A.1)
a) Gw = (2/n) dw where
b) dw =u -u = Alwi + Azwz + cee + XnWﬁ - Aiwil - gzwiz.... + Aﬂwin

Apply (A.1b) to X and Z, separately, we have:
(A.2)

a) dX) = Ay (v =w, )+ 20w, =w, )+ eeee kA (W o-w, )

1 2 n

b) d(Z) = A (wl - wkl) + >«2(w2 - wkz) +oeees A (wn - wkn)

HA

We want to shown d (X) = d(Z) which obviously implies that e ; L by
(A.la). Since X = S(Z) the permutation (il, i2, ...in) is obtained

from (kl, kz, ...kﬁ) by exchanging two adjacent integers such that

(A.3)
a) lp = kp+1; 1p+1 = kp
>
b) k > k orw, >w or v. - W, (by A.3a)
P p+l kp kp+l lp+1 lp

c) iq = k.q for q ¥ p and q # p+l
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Let the difference between d(Z) and d(X) be denoted by:

§=d(2) - d(X) = A (w~-w )+ 2 . (v -w, )
P P kp ptl 7 ptl kp-l'l

pt+l (wp-l-l - wip-o-l) —=— by (A.3c)

ey S ) F A (= )m—aA

P P p+l p+l
-Ap(wi -w, )

p ‘pHl

- ):p (W;;"vip) =

w -W —
f i ) by A.3a

+A (
p+l p+l P

=y, (A =)\ ) - w, (A =2_..)
i 1
P P vp+ 1p+l p p+l
Thus § > O if and only if

, >
w., (A_ = Ap+1) - W, (Ap - xp+l) or

i i1
wv. (A A) =w. (A ) or
4 PP i, ey
>
W, ® W, e—meeee--- because A > A
i i 1 P
p+l P L

The last inequality is seen to be true by (A.3b). This proves ex z €ge
Next we want to prove that the ordinary correlation coefficient

R(X, W(Ql)) - R(Z, w(91)) where W{Ql) = (Wl, Yo ...W3) is the natural
wage pattern (i.e., wage pattern is in monotonic order). By (3.5ab), the

correlation coefficient can be written as:

. (A.4)
n n oL/
8) R, w(a) = £ (v -1/m)(w, =-1/0)/ 1 (v -1/o)"

k=l k k=1

l'Not':ice that (W, , W. seesWw, ) is merely a permutation of (W., W,, <..¥ )

i,’ 1, i, 2 n

so that .;(Wk - 1/n)2 = (. = 1/n)2.
k k 'k
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n n 2
= (I ww., -1/m) / (f v~ =1/n)
k=1 E iy el E
= [n(w,w, +WW, + 000 VW )al] [/ n ¥°a1)
1 11 2 12 _ n in k=1 k
[ T v 2
= . W W w W - ¥ -
b) R(zZ, w(ﬂl) , n(WlWkl + ¥, ke + nk) 1] ¢ (nE Vi 1)
, n k=1

We see that S = (R(X, w(nl))' - R(z, w(2,)) 2 if, end only if,

. i . > .
wlwi * w2wi + oo + wnwi = wlwk + wzwk + see + wﬁwk or
1 2 n 1 2 n

w e, = )4tu,(w, =w )+ ..+v (W, -w )Z0 or
1 i, kl 2 12 k2 n in | kn

w_ (w w o)+ (w w. ) 20 by A.3
e - wp‘l g = ¥g ) =0 —=== by A3c

P P b P

Compare the sbove inequality with expression A in the early proof,

A

<
we see that, since wP they can take the place of:Ap = A in A.

Wp-i-l p+l

This provés that S z 0.

Finally, we want to prove that the Rank Correlation coefficient

R'(Ql, x) 2 R' (9., z) vhere @, = (1,2,....n) is the natural permitation.

1’ 1

It follows from the definition of the rank correlation in (3.4)"
' (A.5)

a) B'(2,, ;) = 1 = (6/(a® = n)) (uFiﬂg*@-i£2+“.+h-iJ%

o) Bi(a, 8) = 1= (6/% - n))  ((L-x)® e @-k)P 4w (= a))
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Hence § = R'(Q,, 8,) - R'(al; ) =0 if, and only if,

=12+ @124 o t@-102 2 Q=52 e 2-xy)% ¢ -k ) o

2 .2 < 2 2
(p - ip) + (p+l - 1p+l) = (p-kp) + (p+1 f kp+l) by (A.3c) or
(=102 + (41 -1 2 S(p-t 2+ (pr1 =1 )% by (A3e) or
P=p P p+l g P
<
S

which is seen to be true by (A.3ab). This completes the proof of theorem
(3.1) in the text.
In the rest of this appen&ix we want to investigate the reasons that
lie behind the linear regression relations shown in the scatter diagram
4.1. The successor relation X = S(Z) is indicated in caused order chart
(Diagram 3.1) by the arrows initiating from Z and teminating at X. A number

of such consecutive arrows form a directed path, P(Z,V), leading from a

permutation Z to a permutation V, The above theorem immediately implies
that compared with Z, the Gini Error at V is smaller while the correlation
coefficient is higher. A rigorous formulation of the idea of a directed

path, P(Z,V), is that an incomplete orderi&g is introduced on the wage

pattern space according to the following definition of "Dominance":

Definition: A permutation V dominates Z, in notation, V = D(Z), when

V= S(S (S xXxx S(Z)))

Thus when "V dominates Z" we can obtain V from Z by interchanging adjacent

integers, in a finite number of steps, always moving a larger integer to




- the right. This can be illustrated by the following example for
Z = (4,3,5,1,2) and V = (3,4,1,2,5),. ve see:

Z= (ig_3_9501:2) "_-9 (3’40_5_»_];92) "‘“'9 (394)1131_2,) ‘—‘}(3“‘:10295) =V

So it takes three steps to transform Z into V and V = D(Z) (i.e., there

is a directed path P(Z,V)). A direct corollary of theorem 3.1 is:

Corollary AL When V = D(Z)

a) R'(2, V) Z R'(9,2)
b) R(W(R)), W(V)) 2 R(W(R)), W(Z)

c) €

It follows from this corollary that we can say, unambiguously, that the
Gini Errorldecreases (and correlation coefficient increases) only when this
relation of dominance exists. If, fof a pair of permutations (E,F) such

a path does not exists, then (a) (b) and (¢) in the above corollary may

not be valid. The relation of dominance,is, then, an incomplete ordering

of the points in the wage pattern space.

When there are n-integers (i.e., n-families) we can define an oxrder

of a permutation according to the following definition:




Definition: The order of a permutation (il, iz, vees in) is the number
of "adjacent integer exchange" (moving a larger integer to
the right) which transforms it into the natural order (1,2, ceee N),

To compute the order for (5,3,2,1,6,4,) we see:

1) It takes 1 step to move § into its natural place (5,3,2,1,4,6)

2) v n 4steps " " 5 = " " " (3,2,1,4,5,6)
e S " (3,2,1,4,5,6)
§ " m s w o, 3 n " " " (2,1,3,4,5,6)
DN Lstept v m W, (1,2,3,4,5,6)

Thus, the order is 8 (=1 + 4 + 9+2+1), 1f m, is the number of inte-
gers smaller than "i'" that occupy positions to the right of "i" in 4

given permutation, then the order of the permutation ig:

Order = m1 + m2 +* oceeee + mn

We readily gee that the natural (reverse) Permutation has the ninimum (maxi-

mim) order given by the formula

(A.7)
a) Order of (1,2,,...0) = ¢

b) Order of (n, n-1,..,.1) = n(n~-1) /2

g
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directed edges initated from vertices of a given order are also shown. The economic
interpretation of a permutation having a lower order is that the wage income
ranking conforms more closely to the total income rank, and hence, the

wage pattern tends to have a higher correlation coefficient in the sense

of theorem 3.1.

For the case n = 5, the gscatter diagram between the oxder and the Rank
Correlatign Coefficient R'((1,2,3,435), (igs ise iq iy iS)) is given in
diagram Al. The scatter diagram between the order and the Gini Error1 is
given in diagram A2. We see that the “order" is positively (negatively)
correlated with ¢(R'). This is the reason that lies behond the negative
correlation between R' and € as showmn in dihgrém 4.1 in the text. From
the causal order chart, diagram 3.1, we see that the incompleteness of
the relation of dominance really lies behiﬁd the linear regressions in
these scatter diagrams. The parameters in the linear regression equation
(4.3) in the text and the correlation coefficient implied therein have
not been deduced rigorously in this paper. A formal derivation of these
parameter values necessitates a fuller understanding of the relation of
dominance. A few remarks may be added-on this issue for future reference.

When there are n-families the wage pattern space has n!.points (or
vertices). One can easily verify that the total aumber of directed edges
(i.e., total number of successor relations) as:

(A.8)
Number of successor relations = (n-1) nl/2 :

1For this numerical example we assume (w1 = .05, w, = .15, wy = .20,

= ,25, Wo = +35).

Y4 5
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forming a directed linear graph. This graph is connected and circuit free
(i.e., there is no directed closed path).v The natural (reverse) permutation
is a sink (source), i.e., a vertex which is not an initiating (a terminating)
vertex of any edge. The maximum length of the directed path is the maximum
order (A.7b). All paths with the maximum length connect the sink and the
source. All paths leading from a vertex to the sink have the Qame length
which means that the order of a vertex is uniquely determined. Every verfex
lies on a path of the maximum length which is the reason that lies behond
theorem 4.1 in the text, When the direction of all edges are reversed,

a linear graph is formed which is isomorphic with the given linear graph.
Under this isomorphism, the sink (source) becomes the souree (sink). A
rigorous investigation of the relation between the Gini Error and the Rank
Correlation Coefficient would have to be based on further exploration of

these properities.
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APPENDIX I1

Computation Procedure

In this Appendix, we will discuss the coméutational procedure for
the Gini Coefficient, the Pseudo-Gini Coefficient and the Rank Correla~-
tion Coefficient when the primary economic data is in thg form of a
frequency distribution table, e.g;, Table 5.3 in the text for Taiwan.
Abstractly,.the primary data is shown in Columns (1}, (2), (3) in Table

AII.1, i.e., the class rank (Column 1), the class frequence, n.,

(Colunn 2) and total class income, 2 (Column 3).

The conventional method for computing the Gini Coefficient from the

frequency tables begin with the computation of the class population

share, @i =n, / N, and the class income share, Bi - zi/Z, where:

(AIL.1)

a) N=n +n

l 2+ R X} +nm

b) Z =2z +‘? 4 ceee +zm

1 2

are the total frequences (i.e., the total number of families) and the

total income (i.e., the national income), respectively. The cumulative
class income and the weighted cumulative class income are shown in Columns

(6 and 7), the sum of the latter is demoted by B, i.e.j:

(AII.2)

B = 0,£B, /2) + 0, (B; + By /2) + ceuvne + 0 (B, + By + eeue +8 , 8,/2)

and the Gini Coefficient is computed as:
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Gy = 1-2B, where (AII1.3)

B is the area under the Lorenz curve which is conventionally comstructed
from the frequency distribution data.

In the theory presented in the text, the N families ar; not stratified
into income classes. Furthermore, for the non-stratified data, the Gini

Coefficient is defimed by (eq. 1.6).

a) g= 2(u)/N - (N+1)/N where (AII.4)

In (AIIL.4b), hi is the income share of the i~th family arranged in a

monotically non-decreasing order (AIL.é4c).
To compute the Gini Coefficient according to (AIL.4a), the u-index
(AIL.4b) is computed as follows. The income, Yi' and the income share,

Yi/Z, of a typical family in the i-th income class is shown in Columns

(8) and (9). Conceptually, the n families in the i-th income class

receive the weights from n, + n, +* eeee + n._3 + 1 to n, + n, + eeee + n..

Since all the families in this class receives the same income share,Yi/Z,

the u-index is computed as:

- 62
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(AIL.5).

a) u = Vl(Yllz) + VZ(YZ/Z) + ceee + Vm(Ym/Z) where
_ b) Yi = zi/ni = Bi/N@i; im= 1.A2,oooom

c) Vi = (Si + 1) + (Si +2) + eees (Si + ni); Si = o +.n2 + ceee + LI

Conceptually, the computation of the u-index is indicated in Column (10) and
(11). To show that the conventional method of computation is relevant to
our paper, we have the following theorem:

Theorem AII.1 The Gini €oefficient conventionally computed (i.e., b

AII.2 and AlI.3) is exactly the same as that theoretically

defined (i.e., by AIL.4 and AII.5).

Proof: From (AII.2) and (AII.3):

y
=B + B, *.ee. v B -21[8,(6,/2+0,+.... em)’......
+8,(0,/2 4 65+ caae +0)) ¥ sees + By (e /2)]
= BlJ1 + 8232 + teee ¥+ qum vhere

e

3. = 1-0, - 2(0 +o) m——————8)

i+l+ i+2 s0 00

On the other hand, V. in (AII.5c) can be rewritten as:




Vi *n.8, + (142 + ,...* ni) =ns

154 + ni(ni +1)/2 = ni(zsi + o, + 1)/2

i

) +n, +#1)/2 {b)

=ni [2(nl+n * e

2 +n 1

By (AII.L4) and (AII.5)%

€= (Z/N) [viBi/e_lN + V282/92N * oeees t vmsm/emN] IR RN N
- (N +1)(8 + By + ceee +:B )/N
= lel + k282 * ceee + kmBm where
' = _ ' 2
k, = 2v, /%, - (N+ 1)/N = (2v, - (N + 1) No,)/N%,

[n; [2(n * 5, + ceeu + 0 ) +n +1] = (N +1) Ne,]/N0,

[9; [2(6) + 0, + suous +0; 1) +6; +1] -0 (m+1)/N]/0,

2(0, +0,+ cees + 0, 1) + 0, +1 =1 = i/N

2 vi/Neei - (N + 1)/

n, [2(n1 to,t ...t ni_l) o+ l]/N?‘ei - (N + 1)/N

e, (2(9l +0, 4 aeent 91-1) + 0, + 1/N)/6i - (N+1)/N

i

+1/N-1-1/8

2 (1—(ei +o,, cees + em)) + 6

1 * i
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ki Fla-2 (ei + ei+ vees + em) +0

1 * i

% - - - = oligile
1-2 (0 + em) 6, =J; Q.E.D.

1+l LR XN

The Pseudo-Gini Coefficient in the text (1.9) is defined by (AII.4ab)
where (AII.lhc) is not satisfied, i.e., when the income share of the families

(hl’,hz' ....hn) appear in the given -order:

(AII.6)

[»!]
]

2(u)/N - (N + 1)/N where

+‘00.. +Nh

e\
]

1 hl +2h

2 N

We can use the same table (AII.1) to compute the u~index with the under-
standing that the typical family income, Y, in Column (8), now appear in

the given order not satisfying:

< < (AII.T)

<
Yl -Yz"’ easece -Yn

The sum B in Column (7), now denoted by E is the area under the Pseudo-

Lorenz Curve, The Pseudo-Gini Coefficient is computed as

(A1I.8)

Since, in the proof of theorem (AII.1), the ordering of 18} (i.e., whether

or not (AII.7) is satisfied) is irrelevant, (AII.8) will lead to the same



value of the Pseudo-Gini Coefficient as theoretically defined in (AII.6).
The computational procedure for the Gini Coefficient and for the

Pseudo-Gini Coefficient are illustrated by the two numerical examples

indicated at the bottom of Table AII,1, The numbers writteniithout

& bracket in the table is the example in which the typicel family incomes |

do appear in the natural order. The values of B = ,4325 and u » 57.25 lead

to alternative methods for the computation of the Gini Coefficient which

lead to the same result, i.e.¥

(AII.9)
a) G=1l-2B=1 - 2 x L35 = ,135

b) G =2u/N - (N +1)/N = 2(57.25)/100 - 101/100 = ,135

The numerical example in the brackets shows that the typical family
incomes (Column 8) do not é.ppea;r in a monotonic order. This leads to
B = (U675 and 4 = 53,75 for the two slternative methods for the compute~

tion for the Pseudo-Gini Coefficient and both yield the same result:

(AI1,10):

a) G

1-2B=1-2 (L4675) = .07

b) G=2a/N - (N+ 1)/N = 2(53,75) - 101/100 = ,07
In actual practice, we recommend the use of the conventional method.
Notice that in this numerical example, the number without the brackets

is merely a reordering of the families for the numbers within the brackets.
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(See Columns 2 and 3). Thus the true Gini Coefficient for the latter is
given by AII.9. Hence the Gini Error isi

o (AII.11)
€= G-§= 135 - 0T = 0065

Finally, for the computation of the Rank Correlation Coefficient
from this frequency table, let us assume that (AII.7) is not satisfied.
Let us denote the factor income rank of the first family in the i-th

class by Hi + 1, the factor income rank of n, families in this- class

are then?
(A11.12)
Hi +1, Hi + 25 eees Hi +n,
while the total income rank of these families are:
(A11.13)

Si + 1, Si + 2' XX Si + ni

where Si is defined in AII.S5c. The sum of the squares of the differences

in rank (d) for the ni families in this class 1is then:

)2 (ATT,1k)

D, = ni(si - Hi

i

The computational procedure for the Rank Correlation Coefficient (R') is

jllustrated for the numerical example within the brackets of Table AII.l.
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The vslues for Si are shown in Column 12, The values of Hi are shown
in Column 13. (Notice that for each income class, Hi is the sum of

the frequencies of classes with income less than that of the i-th class).
The values of (Si - Hi)2 and ni(Si - Hi)2 are shown in Columns 13 and

1k leading to the sum of the differences squaredi

(AII.15)

t1
[
i

~ 2 2 2
5 .E D, = nl(Sl - Hl) + n2(S2 - Ha)  cees + nm(Sm - Hm)

indicated at the bottom of Column 15 ( I d12 = 90,000), Thus the Rank

Correletion Coefficient is:

o (AII1.16)

6L dy 6 X 90,000 N

R! = ] o cogeemcies & cccogmenceee = 46
'nE.- n 1063-- 100




The derivation of (6.2) from (6.1) in the text:

The five row vectors L, K, v, p and m in 6.1 bed can be normalized by the

following
A3.1) a).
b)
c)

so that the wage

A3.2). a)
b)
c)
d)
e)
£)

g)

W and K are seen to be determined by certain aggregate economic variables,
"i.e., the total labor force (SL) and capital stock (Si), the absolute factor
price level (vl) and (pl) and the average employment rate (ma) as well as
certain "structural vectors' representing relative factor prices (Vi’ P in

o K
A3.2cd), relative factor ownership (Li, ki in A3.2ef) and relative employment

Appendix III

magnitudes

SL = Ll + L2 + ... + Ln

Sk = Kl + K2 + s.. t Kn

m, = _(mlLl + m2L2 + .ee + ann)/sL

I
W = mlmé”.”%9= m.L.,v.m
K = (K ,K K) = N
= (K Kpsee e sK) = pySy (Pykyspoky e
s % ®
ViaVoaeeeaVy) = (v /v VoV sees v /vy)
*

L )
(PysPgses+sp ) = (P1/P1sPy/Pys- -« 5P, /Py)

WD %

LI
Lyl seensly) = (D078 3L, /8 50 etk /S )
%% *
(k) oKy senn sk ) = (K /8y Ky /Sy 5ee e K /8y )
L &

(ml,m2,...,mn) = (ml/ma,mz/ma,...,mn/ma)

% %

- 3P

and property income vector (6.la) can be written as

vym Sy, (vymyDg Vool seeesvym Ly

* %
k ) where
nn
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V &
rate (mi in A3.2g). Thus the vectors (gl,gz,...,gn) and (hl’h2f""hn) in (6f2)

in the text are seen to be determined completely by the structural vectors.



In the aggregate model described by (6.2) in the text, the under-
lying assumption is that all the structural vectors are held constant
through time. Under this assumption, we see that the Pseudo-Gini Coeffi-
cient as well as the Gini Coefficient are invariant through time (by
theorem l.ubin the text). Thus, these coefficients are determined by
the structural vectors (A3.2c-g). Therefore, we see that theories on the
Gini and Pseudo-Gini Coefficients belong to the domain of general equili-

brium theory rather than macro or micro economics.
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