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Abstract: A system of N weakly interacting particles whose dynamics is given in terms of jump-
diffusions with a common factor is considered. The common factor is described through another
jump-diffusion and the coefficients of the evolution equation for each particle depend, in addition
to its own state value, on the empirical measure of the states of the N particles and the common
factor. A Central Limit Theorem, as N — oo, is established. The limit law is described in terms
of a certain Gaussian mixture. An application to models in Mathematical Finance of self-excited
correlated defaults is described.
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1. Introduction

For N > 1,let ZM1 ... ZN:N be RY valued stochastic processes, representing trajectories of N particles,
which are described through stochastic differential equations (SDE) driven by mutually independent
Brownian motions(BM) and Poisson random measures(PRM) such that the statistical distribution of
(ZN-1) ..., ZNN) is exchangeable. The dependence between the N stochastic processes enters through
the coefficients of the SDE which, for the i-th process, depend in addition to the i-th state process,
on a common stochastic process (common factor) and the empirical measure p¥ = % Eiil d,n.i. The
common factor is a m-dimensional stochastic process described once more through a SDE driven by
a BM and a PRM which are independent of the other noise processes. Such stochastic systems are
commonly referred to as weakly interacting Markov processes and have a long history. Some of the
classical works include McKean[15, 16], Braun and Hepp [1], Dawson [3], Tanaka [23], Oelschaldger [19],
Sznitman [21, 22], Graham and Méléard [8], Shiga and Tanaka [20], Méléard [17]. All of these papers
treat the setting where the ‘common factor’ is absent. Most of this research activity is centered around
proving Law of Large Number results and Central Limit Theorems(CLT). For example one can show
(cf. [21, 19]) that under suitable conditions, if the joint initial distributions of every set of k-particles,
for every k, converge to product measures as N — oo then the same is true for the joint distribution
of the stochastic processes(considered as path space valued random variables) as well. Such a result,
referred to as the propagation of chaos is one of the key first steps in the study of the fluctuation theory
for such a system of interacting particles.

Systems with a common factor arise in many different areas. In Mathematical Finance, they have
been used to model correlations between default probabilities of multiple firms[2]. In neuroscience mod-
eling these arise as systematic noise in the external current input to a neuronal ensemble[6]. For particle
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approximation schemes for stochastic partial differential equations (SPDE), the common factor corre-
sponds to the underlying driving noise in the SPDE[13, 14]. The goal of this work is to study a general
family of weakly interacting jump-diffusions with a common factor. Our main objective is to establish
a suitable Central Limit Theorem. A key point here is that due to the presence of the common fac-
tor, the limit of % Zi\;l dzn~,i will in general be a random measure. This in particular means that the
centering in the fluctuation theorem will typically be random as well and one expects the limit law for
such fluctuations to be not Gaussian but rather a ‘Gaussian mixture’. Our main result is Theorem 2.4
which provides a CLT under Conditions 2.1, 2.3, 6.2, 7.1, and 7.4. The summands in this CLT can be
quite general functionals of the trajectories of the particles with suitable integrability properties. The
key idea is to first consider a closely related collection of IV stochastic processes that, conditionally on a
common factor, are independent and identically distributed. By introducing a suitable Radon-Nikodym
derivative one can evaluate the expectations associated with a perturbed form of the original scaled
and centered sum in terms of the conditionally i.i.d. collection. The asymptotics of the latter quantity
are easier to analyze using, in particular, the classical limit theorems for symmetric statistics[4]. The
perturbation arises due to the fact that in the original system the evolution of the common factor jump-
diffusion depends on the empirical measure of the states of the N-particles whereas in the conditionally
i.i.d. construction the common factor evolution is determined by the large particle limit of the empirical
measures. Estimating the error introduced by this perturbation is one of the key technical challenges
in the proof.

In a setting where there is no common factor such central limit results have been obtained in the
classical works of Sznitman[22] and Shiga and Tanaka[20]. In this case the limit law is Gaussian and
the probability law of the actual N-particle system can be realized exactly through a simple absolutely
continuous change of measure from the probability law of an i.i.d. system. Another aspect that makes
the analysis in the current work significantly more challenging is that unlike [22, 20] the dependence of
the coefficients of the model on the empirical measure in nonlinear.

Central limit theorems for systems of weakly interacting particles with a common factor have previ-
ously been studied in [14]. This work is motivated by applications to particle system approximations to
solutions of SPDE. In addition to the fact that the form of the common factor in [14] is quite different
from that in our work, there are several differences between these two works. The model considered
in the current work allows for jumps in both particle dynamics and the common factor dynamics nei-
ther of which are present in [14]. Also, in [14] the fluctuation limit theorem is established for centered
and scaled empirical measures considered as stochastic processes in the space of (modified) Schwartz
distributions which in practice yields a functional central limit theorem for smooth functionals that
depend on just the current state of the particles. In contrast, the current work allows for very general
square integrable functionals that could possibly depend on the whole trajectory of the particles. Thus,
in particular, unlike [14], one can obtain from our work limit theorems for statistics that depend on
the particle states at multiple time instants. In Section 8 we sketch an argument that shows how one
can recover convergence of modified Schwartz distribution valued stochastic processes from our main
convergence result (Theorem 2.4). A key difference in the argument here (from [14]) is that we do not
require unique solvability results for SPDE in order to characterize the limit. More precisely, in [14] the
limit law is characterized through the solution of a certain SPDE and one of the key technical challenges
is proving the wellposedness of the equation, whereas in the current work the description of the limit
law is given in terms of a certain mixture of Gaussian distributions (see (2.11)). We note that in some
respects the results in [14] are more general in that they allow for infinite dimensional common factors
and weighted empirical measures. Our proofs rely on a Girsanov change of measure which requires the
diffusion coefficients to satisfy a suitable non-degeneracy condition. Although the proofs in [14] are quite
different and the form of state dependence allowed there is somewhat more general, it is interesting to
note that the approach taken in [14] also requires a non-degeneracy condition on the diffusion coefficient
(see Condition (S4) in Section 4 of [14]).

One of our motivations for the current study is to establish central limit results for models in Mathe-
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matical Finance of self-exciting correlated defaults[2]. In Section 9 we describe how Theorem 2.4 yields
such results.

The paper is organized as follows. In Section 2 we begin by introducing our model of weakly interact-
ing jump-diffusions with a common factor. Next in Section 2.1 we present a basic condition(Condition
2.1) that will ensure pathwise existence and uniqueness of solutions to the SDE for the N-particle sys-
tem and also for a related family of SDE describing a nonlinear Markov process. These wellposedness
results are given in Theorem 2.2 the proof of which is given in Section 3. The proofs are based on
ideas and results from [12, 11, 14]. In Section 2.2 we present the main Central Limit Theorem of this
work. Introducing conditions for the theorem requires some notation and thus we postpone some of
them to later sections (specifically Conditions 6.2, 7.1 and 7.4 are introduced in Sections 6, 7.1 and
7.2 respectively). Section 3 is devoted to the proof of Theorem 2.2. In Section 4 we recall the classi-
cal result of Dynkin and Mandelbaum|[4] on limit laws of degenerate symmetric statistics described in
terms of multiple Wiener integrals. Section 5 introduces the Girsanov change of measure that is the key
ingredient in our proofs. Section 6 enables the estimation of the error due to the perturbation described
earlier in the Introduction and Section 7 contains the proof of Theorem 2.4. In Section 8, using Theorem
2.4, we sketch an argument for proving weak convergence of scaled and centered empirical measures as
stochastic processes with values in the dual of a suitable Nuclear space. Finally Section 9 discusses an
application of Theorem 2.4 to certain models in Mathematical Finance.

The following notations will be used. Fix T' < oco. All stochastic processes will be considered over the
time horizon [0, T']. We will use the notations {X;} and {X ()} interchangeably for stochastic processes.
Space of probability measures on a Polish space S, equipped with the topology of weak convergence,
will be denoted by P(S). A convenient metric for this topology is the bounded-Lipschitz metric dg,
defined as

dgp(v1,v2) = sup |{f,v1 — v2)|, 11,12 € P(S),
fEB:
where B; is the collection of all Lipschitz functions f that are bounded by 1 and such that the corre-
sponding Lipschitz constant is bounded by 1 as well; and (f,u) = [ fdu for a signed measure p on S
and p-integrable f : S — R. For a function f : [0, 7] — R* || f|l+.c = supg<s<; | £(s)|l, t € [0,T]. Also,
for p; : [0,T] — P(S), i = 1,2, o

dpor (1, p2) s = sup dpg(p1(s), p2(s)).
0<s<t

Borel o-field on a Polish space S will be denoted as B(S). Space of functions that are right continuous with
left limits (RCLL) from [0, 0o) [resp. [0, T]] to S will be denoted as Ds[0, oo) [resp. Ds[0, T']] and equipped
with the usual Skorohod topology. Similarly Cg[0,c0) [resp. Cg[0,T]] will be the space of continuous
functions from [0, 00) [resp. [0,T]] to S, equipped with the local uniform [resp. uniform] topology. For
x € Dg[0,7] and ¢ € [0, T, z04 will denote the element of Ds[0,¢] defined as x4 (s) = (s), s € [0,1].
Also given x ) € Ds|0,t], 04 (s) will be written as x,. Similar notation will be used for stochastic
processes.

For a bounded function f from S to R, || f||cc = sup,es |f(2)|. Probability law of a S valued random
variable n will be denoted as £(n) and its conditional distribution (a P(S) valued random variable)
given a sub-o field G will be denoted as L(n | G). Convergence of a sequence {X,,} of S valued random
variables in distribution to X will be written as X,, = X. For a o-finite measure v on a Polish space S,
L2, (S, v) will denote the Hilbert space of v-square integrable functions from S to RE. When k = 1, we
will merely write L*(S, v). The norm in this Hilbert space will be denoted as || - || 12(s,,,)- We will usually
denote by k, k1, ks, -, the constants that appear in various estimates within a proof. The values of
these constants may change from one proof to another.
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2. Main results

Let

X, =[0,t] xR x Ry, X%=10,t] x R™ xRy, t €[0,T].
For k € N, let Ci, and Dy, denote Cgx [0, T] and Dy« [0, T] respectively. Let My [resp. M,,] be the space
of o-finite measures on Xr [resp. X%] with the topology of vague convergence.

For fixed N > 1, consider the system of equations for the R? valued RCLL stochastic processes Z™V:,
i=1,...N and the R™ valued RCLL process U given on a filtered probability space (£2, F, P, {F;}):

) ) t
2= 2 [z v s+ / (24U i B
0 0

1/}d( ﬁszNaus ) Uy h)d (21)

t
UN = Uo+ / (U i )ds+ [ o0 S
b [ U Yy, (2.2)
X¢

Here B!, i € N are r-dimensional Brownian motions(BM); B® is a m dimensional BM; n’, i € N
are Poisson random measures (PRM) with intensity measure v = Ap ® v ® Ao on Xy, where Ap

[resp. Aso| is the Lebesgue measure on [0, T] [resp. [0, oo)] and is a finite measure on R% n® is a

PRM with intensity measure v° = Ay ® 7° ® A on X%, where 7° is a finite measure on R™. All
these processes are mutually independent and they have independent increments with respect to the
filtration {F}. Also u} = & sz\il v and ¥g,1ba, are maps defined as follows: For (z,y,6,u,h, k) €
RY x R™ x P(RY) x Ry x R x R™

Va(z,y,0,u, h) = hlo de,y.0,m)(0); Vo (Y, 0,u, k) = kLo dy(y,0,k) (1),

where d and dy are nonnegative maps on R“™ x P(R?) x R? and R™ x P(RY) x R™ respectively.
Roughly speaking, given (th\i’z,Ut ) = (z,y,0), the jump for ZN at instant ¢ occurs at rate
Jga d(z,y,0,h)y(dh) and the jump distribution is given as ¢ - d(z,y, 6, h)y(dh) where ¢ is the normal-
ization constant. Jumps of U™V are described in an analogous manner.

We assume that {Zév . *, arei.i.d. with common distribution py and Uy is independent of {Zév g N

and has probability dlstrlbutlon po- Also, {Zév l}fvzl and Up are Fg measurable.

Conditions on the various coefficients will be introduced shortly. Along with the N-particle equations
(2.1)-(2.2) we will also consider a related infinite system of equations for R4 x R™ valued RCLL stochastic
processes (X', Y), i € N given on (2, F,P,{F;}).

t t
X; =X} +/ b(XL, Yy, ps)ds +/ o(X!,Ys, ps)dBL
0 0
+ 1/}d(X;.—a}/S*7,UJS*7ua h)dnz (23)
Xe
¢ ¢
Yy :Y0+/ bo(Ys,/Ls)d8+/ o0 (Ys, pis)dB]
0 0
[ V), 24)
X7
Here i, = limp o0 1 Zle dxs, where the limit is a.s. in P(R?). As for the N-particle system, we assume
that {X{}ien are i.i.d. with common distribution g and Yy is independent of Xo = {X{};ey and has

probability distribution pg. Also, {X{}ien and Yy are Fo measurable.
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2.1. Well-posedness.

We now give conditions on the coefficient functions under which the systems of equations (2.1)-(2.2)
and (2.3)-(2.4) have unique pathwise solutions. A pathwise solution of (2.3)-(2.4) is a collection of
RCLL processes (X%Y), i > 1, with values in R? x R™ such that: (a) YV is {G?} adapted, where
GV = o{Yy, B, n°([0,7] x A),r < 5,4 € B(R™ x R})}; (b) X is {F;} adapted where X = (X%);en;
(c) stochastic integrals on the right sides of (2.3)-(2.4) are well defined; (d) Equations (2.3)-(2.4) hold
a.s. Uniqueness of pathwise solutions says that if (X,Y) and (X',Y”’) are two such solutions with
(Xo,Yp) = (X{,Y]) then they must be indistinguishable. Existence and uniqueness of solutions to
(2.1)-(2.2) are defined in a similar manner. In particular, in this case (a) and (b) are replaced by the
requirement that (Z™{ UN)N | are {F;} adapted.

We now introduce conditions on the coefficients that will ensure existence and uniqueness of solutions.

Condition 2.1. There ezist ¢, K € (0,00) such that
(a) For all z = (z,y) € R x R™, v € P(RY), (h,k) € R* x R™,
€< dnh) S K0 doly k) < K, [ [hIPa) < K2 [P0 < K
Rd Rm

and

max {|[o(z, V), ooy, V)l [[6(z, )], Ibo(y, )]} < K.
(b) For all z = (x,y),2 = (2',y") € RT x R™, v,v/ € P(RY) the functions o,00,b,by satisfy

lo(z,v) = oz, V)l + ooy, v) = oo(y/, V)| < K([|z = 2’| + dpu(v, 1))
16(z,v) = b(=", V)l + [Ibo(y, v) = bo (v, V)| < K([l2 = 2’| + du (v, 1))

and the functions d,dy satisfy

TP = G Wl (@) < Kl = 2]+ duuon )
R

TP oy ) = ol () < Ky = ']+ 1)

Under the above condition we can establish the following wellposedness result.

Theorem 2.2. Suppose that

[ lalotdz) + [ 1l po(ay) < oo (2:5)
and Condition 2.1 holds. Then:

(a) the system of equations (2.3)-(2.4) has a unique pathwise solution.

(b) the system of equations (2.1)-(2.2) has a unique pathwise solution.

Proof of the theorem is given in Section 3.
Remark 2.1. (i) We note that the unique pathwise solvability in (a) implies that there is a measurable
map U : R™ x Cy, X My, — Dy, such that the solution Y of (2.4) is given as Y = U(Yy, B®,n?).
(ii) Recall that G° = o{Yo, B2, n°([0,7] x A),r < s,A € B(R™ x R})}, s € [0,T)]. Let G° = G%. Then
exactly along the lines of Theorem 2.3 of [13] it follows that if ({X*},Y) is a solution of (2.3)-(2.4) then
pe = LX) | §°) = LXT(t) | 60, t € [0,T), i € N. (2.6)

In particular, there is a measurable map IT : R™ x Cpp X My, = Dp(gay [0, T] such that TI(Yp, B, n%) = u
a.s.
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/CLT for Weakly Interacting Particles 6
2.2. Central Limit Theorem.

The main result of this work establishes a CLT for 3 Zi\il dzn.i. For that, we will make additional
assumptions on the coefficients.

Condition 2.3. For some p € N, r = d + p and for all (z,y,v,k) € R? x R™ x P(R%) x R™,
o(z,y,v) = [laxa, ()], do(y,v, k) = do(k) where Iyxq is the d x d identity matriz and &(z) is a d X p
matriz.

Note that o is allowed to depend on (y,v).

Remark 2.2. Tt is easily seen that if b is of the form b = (b,0)" where for some ¢ < d, b is a R? valued
function then one can relax the assumption on ¢ by allowing it to be of the form

oz, y,v) = ( Iyxq  012(2) )

521 (JJ) 5’22 (ac)

We will need additional smoothness assumptions on the coefficients b, d, by and oo (Conditions 6.2,
7.1 and 7.4) however stating them requires some notation which we prefer to introduce in later sections.
As argued in Section 7.3, these conditions are satisfied quite generally. Below is the main result of this
work. We begin by introducing the following canonical spaces and stochastic processes. Let

Qi =Cr x Mg xDy, Qp, =Cp X Myy X Dis,s

Recall from (2.3)-(2.4) the processes (B',n')ien, and the pathwise solution ({X}ien,Y’). Define for
N € N the probability measure PN on 2n = 2, x Ql]i\’ as

PY = £((B%n’Y), (B, n', X"),... (BY,nV, XT))
Note that PV can be disintegrated as
PN (dwg dw; - - - dwy) = a(wo, dwi) - - - a(wo, dwn) Py (dwy), (2.7)

where Py = L£(B% n°Y). For @ = (wo,w1,...,wn) € 2, VI(®) = w;, i = 0,1,..., N and abusing
notation,

Vi=(B'n', X", i=1,...,N, VO=(B%n"Y). (2.8)
Also define the canonical process Vi, = (By, Ny, X,) on 24 as
Vi(w) = (Be(w), ns(w), Xu(w)) = (w1, we,ws); w = (w1, wz,ws) € 24. (2.9)

We denote by A the collection of all measurable maps ¢ : Dy — R such that ¢(X.) € L?(£24, a(wo,-))
for Py a.e. wg € 2. For ¢ € A and wy € 2, let

molen) = | plX.(@n)alun,din), By = plX.) = myfun) (2.10)

Let for wp € £2,, and ¢ € A, 0%, € Ry be defined through (7.42). Denote by 7% the normal distribution
with mean 0 and standard deviation of, . Let 7% € P(R) be defined as

¥ = / Ffopo(dWQ). (211)
S

m

Finally with {ZN:"}N | as defined in (2.1) and ¢ € A, let
_ 1 X . _
VG =V (5 0@ —ma(v) |
j=1

where V0 = (B, n®,U(Uy, B°,n°)) and U is as introduced below Theorem 2.2. Denote by 5 € P(R)
the probability distribution of V§. The following is the main result of this work.
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/CLT for Weakly Interacting Particles 7

Theorem 2.4. Suppose that Conditions 2.1, 2.3, 6.2, 7.1 and 7.4 hold. Then, for all p € A, 74
converges weakly to 7% as N — oo.

Rest of the paper is organized as follows. In Section 3 we present the proof of the wellposedness
result (Theorem 2.2). Section 4 recalls some classical results of Dynkin and Mandelbaum[4] on limits
of symmetric statistics. In Section 5 we introduce the Girsanov change of measure that plays a key role
in proofs and Section 6 gives some moment bounds that will be frequently appealed to in our proofs.
Section 7 contains the proof of our main result (Theorem 2.4). In Section 8 we discuss how Theorem 2.4
can be used to prove central limit theorems for centered and scaled empirical measures. Finally Section
9 considers an application of our results to certain models in mathematical finance.

3. Proof of Theorem 2.2.

Proof of the theorem follows along the lines of [13], we sketch the argument for the first statement in
Theorem 2.2 and omit the proof of the second statement. Namely, we show now that if {X¢,i € N}
and Y are as defined below (2.4); (2.5) holds; and Condition 2.1 is satisfied, then the systems of
equations (2.3)-(2.4) has a unique pathwise solution. We first argue pathwise uniqueness. Suppose that
R ={R' = (X'Y),i € N} and R = {R* = (X',Y),i € N} are two solutions of (2.3)-(2.4) with
Ro = Ro. Then using Condition 2.1 and standard maximal inequalities, for ¢ € [0, T],

1/2
E

/0 o(RE 1) — o(RL, i)dB:

t
< rk1 KE [/ (”Rl - RZ”*,S + dBL(M»a ﬂ-)*,s)2d8]
*,1 0
< R KVIE(|RY = Rl s+ diw (p, fi) 1)

Here, fi; = limg_ o % Zle 55(2 and k1 is a global constant. Similarly,

E

/[ | d[wd(Ré—uus—uuah) - wd(éi—aﬂs—auuh)]dni
0, ] xR

*,t

B [ Rt ) = alRe i )
X

SB[ AR o) — R e )l s
[0,t] xR4

<r [ B = R dusle ) )
[0,2]

where the last inequality uses Condition 2.1(b). One has analogous estimates for terms involving oy,
dp, b and bg. Also by Fatou’s lemma,

k
~ ~ Lol i _ i i_ i
Edgy (pty i )ss =E sup sup [{f, gy — )| < liminf — ZEHX — Xss <supE|| X" — X*||ss-
0<u<s fEB, koo ki i

Letting
a0 = SUpE|[ X’ — X7l s + E|Y = V., ¢ € [0,7]

we then have from the above estimates that for some k3 € (0, 00)

t
a; < Hg(/ asds + \/Eat), t€[0,7T)
0
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/CLT for Weakly Interacting Particles 8

Taking ¢ sufficiently small we see now that a; = 0 for all s € [0,¢]. A recursive argument then shows
that as = 0 for all s € [0, T]. This completes the proof of uniqueness.

Next we prove existence of solutions. We will use ideas and results from [13] (specifically Lemma 2.1
and Theorem 2.2 therein). Define for ¢ € [0,7] and n > 1, D"(t) = %, B =B, B = B,
n™i(Ar x [0,4]) = ni(A; x [0, 2)) nm0(4, x [0,1]) = n(As x [0, 21]), A, € B(R? x [0,T)), Ay €
B(R™x[0,T]). Let R* = (R™* = (X™*,Y"),i € N) be the solution of (2.3)-(2.4) with dt, (B*, B", n’, n")
and ¢ replaced by dD"(t), (B™%, B™?,n™ n™%) and pf = limj_o0 1 Zle 5X:l,¢, respectively. Note
that the solution is determined recursively over intervals of length 1/n and pu} is well defined for every
t € [0,T] since limg o0 £ Zle Jxn.i exists a.s. from the exchangeability of {X{"",i € N} which in turn
is a consequence of the exchangeability of {X¢,i € N}. Using the boundedness of the coefficients it is
straightforward to check that
[n(t+7)] — |nt]

n

B (||R3, = By | Fi) <k e, T—rr=0ieN,
where k4 is a constant independent of n,4,¢,7. It then follows that for each i € N, { R}, ¢ is tight in
Dga g [0, T]. This proves tightness of the sequence {R"}nen in (Dgaygn [0, 7)), A similar estimate
as in the above display shows that for i, € N, {R™® + R™J},cn is tight in Dgaygm[0,T]. Thus we
have that {R"},en is tight in Digaygmyes=[0,T] (see for example [5], Problems 3.11.22 and 3.11.23).
Let R = {R' = (X’,Y)}ien denote a sub-sequential weak limit point. Then {X*} is exchangeable as
well and so fi; = limg_, o % Zle 55(2 is well defined where the limit exists a.s. From Lemma 2.1 in [13]
(see also [11]) it now follows that (along the chosen subsequence) (R", u™) converges in distribution to

(R, 1), in Dgaxgm)oe xp@a)[0, T].
We note that 1 regarded as a map from R? x R™ x P(R?) to L2, (R4 x R%, Ao ®7) is a continuous
map. Indeed for 2 = (x,y), 2’ = (2/,9') € R? x R™ and v, € P(R?)

/ lva(z, v,u, h) — a(2', v, u, h)||*duy(dh) :/ |kl |d(z, v, h) — d(2', v, h)|y(dh)
Ry xRd Rd

< K(llz =2l + dew (v, )

where the last inequality is from Condition 2.1. Similarly 14, is a continuous map from R™ x P(R9)
t0 L2n (Ry X R™ Ay ®7°). Fix p €N, 1,9 € L2,(Ry X R4, Ay @) and @1, - - @y € L2 (R X
R™, Ao ®7°). Let IM(t) = [y, @j(u,h)dn™", I2(t) = fxg @i(u,k)dn™°, j = 1,...p, t € [0,T).
Fix £ € N. Consider the vector of processes consisting of (XY™ um), b((X™ Y i), oo(Y, ™),
bo(Y™, u™), B™", B™°, Igj’_i, IZ;Z, g (XY™, abg, (Y™, ), i < £, § < p. Then by the continuity of
b, by, 0,00 and the continuity property of ¢4, 104, noted above this vector of processes converges in distri-
bution in Dx[0, T to the vector of processes obtained by replacing (X™¢ Y™, u", B B0 nmi nno)
with (X%, Y, i, BY, B°,n', n%). Here E = R¥ x wa(RJr xR Aoo X 7) x L2, (Ry x R™ Aoy, x 4°) for a
suitable value of k. From Theorem 4.2 of [12] it now follows that (X*,Y) is a solution of (2.3)-(2.4) with
(B, BY, n’, n°) replaced with (B!, B, i, i) proving the existence of a weak solution of (2.3)-(2.4).
From pathwise uniqueness established earlier it now follows that there exists a strong solution of (2.3)-
(2.4). Exactly along the lines of the proof of Theorem 2.3 of [13] it follows that {su} is {G?} adapted.
Also, using Condition 2.1, if (Y, y) and (Y, z) solve (2.4) then Y and Y are indistinguishable. From this
and the classical Yamada-Watanabe argument (cf. [10], Theorem IV.1.1) it follows that {Y;} is {GY}
adapted as well. This completes the proof of pathwise existence and uniqueness of solutions. o

4. Asymptotics of Symmetric Statistics.

The proof of the central limit theorem crucially relies on certain classical results from [4] on limit laws
of degenerate symmetric statistics. In this section we briefly review these results.

imsart-generic ver. 2011/11/15 file: mainrev2.tex date: September 16, 2018



/CLT for Weakly Interacting Particles 9

Let X be a Polish space and let {X,,}5°; be a sequence of independent identically distributed X-
valued random variables having common probability law v. For k=1,2,... let L?(v®%) be the space
of all real valued square integrable functions on (X%, B(X)®* v®k). Denote by L2,,,(v®%) the subspace

of symmetric functions, namely functions ¢ € L?(v®*) such that for every permutation 7 on {1,---k},

(b(‘rla" . 7‘Tk?) = ¢(x7'r(1)7' o 7x7'r(k))7 V®k a.e (xlu' :I:k)

Given ¢y, € L v®k) define a symmetric statistic o} (¢y) as

sym(

o (dr) = > or(Xiys. .o, X;,) forn >k
1<i;<ig--<ip<n

=0 forn<k.

In order to describe the asymptotic distributions of such statistics consider a Gaussian field {I;(h); h €
L?(v)} such that

E(L () = 0, E(Ii()(g)) = (h 912w for all hyg € L2(v),

where (-,+)12(,) denotes the inner product in L?(v). For h € L*(v) define ¢} € L2, (v®%), k > 1 as

sym

gbZ(a:l,...,:zrk) = h(x1) - h(zk), (T1,...,78) € Xk

We set ¢h = 1.

The multiple Wiener integral(MWI) of ¢}, denoted as Ij(¢?), is defined through the following for-
mula. For k > 1

Lk/2] !

Ii(¢1) = jz:(:) (=1 Crjl| b Fag,y (1 (1)), where Gy ;= h=2j)127 " J=0,...,[k/2].

The following representation gives an equivalent way to characterize MWI of QSZ, k>1.

=tk 2 9
k'Ik(¢k) = exp tIl(h) - 5||h||L2(u) ,te Ra

where we set Io(¢f) = 1. We extend the definition of Ij, to the linear span of {¢!!,h € L%(v)} by
linearity. It can be checked that for all f in this linear span

E(Ix(f))? = K f11%, (4.1)

where on the right side || - || denotes the usual norm in L?(v®*). Using this identity and standard
denseness arguments, the definition of Ij(f) can be extended to all f € L2 ®%) and the identity

(4.1) holds for all f € L?

Theorem 4.1 (Dynkin-Mandelbaum [4]). Let {¢r}32, be such that, for each k> 1, ¢p € L2, (v®F),
and

(v
sym
(v®*). The following theorem is taken from [4].

sym

/(bk(xl,...,:ck,l,x)u(daj) =0 for @1 e (X1, Tp—1) -

Then

(”7%02(%))@1 = <%Ik(¢k)) .

as a sequence of R* valued random variables.

imsart-generic ver. 2011/11/15 file: mainrev2.tex date: September 16, 2018



/CLT for Weakly Interacting Particles 10

5. Girsanov Change of Measure

For N € N, let 25, PV, Vi i=0,...,N,Y, u be as in Section 2.2. Also let u = II(Yy, B®,n°). With
these definitions (2.3)-(2.4) are satisfied fori = 1,..., N; us = L(X(s) | ) = L(X(s) | G9), s € [0, T,
i=1,...,N;and Y is {GY} adapted, where G? = a{Yy, B, n°([0,7] x A),r < s, A € B(R™ x R} )} and
G’ = g3

In addition to the above processes, define Y as the unique solution of the following equation
t t
VYo [ ds + [ oo X B+ [ g e’ (5.1)
0 0 X0

where Y = % Zi\;l dxi-
Letfori=1,...,N,u€R,, h€ R and s € [0, T
R' = (Xivy)v RN = (XivyN)v Biv’i = b(Rév’iaﬂiv) - b(Réaﬂs)u
. (h) = d(R3™, i’ h), dy(h) = d(BS, ps, h),

d." ()

e () = a5 (k) = dy(h), 73" () = Tz () 0g

Write BY = (W*, VNVl), where Wi, W' are independent d and p dimensional Brownian motions respec-
tively. Define {H™ (t)} as
HY(t) = exp (J¥H(t) + TV2(1))

where

N t . o1t )
A Z(/O gre-awi—g [

=1
and

2d8>
N

N2 Vi _ Vi e
J Z( [t = [ (h)v(dh)d>

i=1

Letting for ¢t € [0,T], FN = o{Vi(s),0 < s <t, i =0,..., N}, we see that {H}N} is a F} martingale
under PV . Define a new probability measure Q~ on Qy by
aQv

_ N

Expected values under PV and QV will be denoted as Ep~ and Eg~ respectively.

By Girsanov’s theorem, {(X*,..., XN, YN V9)} has the same probability law under Q™ as {(Z™:!, ...
ZNN UN V)1 (defined in (2.1) - (2.2) and above Theorem 2.4) under PY. Thus in order to prove the
theorem it suffices to show that

Jim Egn exp(i{\/_ ! iw VO))})
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/CLT for Weakly Interacting Particles 11

which is equivalent to showing

N
Jim Ep exp (i{\/ﬁ(% Y (X)) = my(VO)} + ST + JN’Q(T))

j=1
1,2
= g exp _E(Uwo) Py(dwy) . (5.2)
This will be shown in Section 7.6. We begin with some estimates.
6. Estimating YV — Y.

The following lemma is immediate from the fact that, under PV, {X7};cy are iid, conditionally on G°.
We omit the proof.

Lemma 6.1. For each l € N, there exists ¥; € (0,00) such that for all t € [0,T)

9
Nyl l
sup Epn|[(f, e — py )" < 72"
1 loe<1 NY
We now introduce a condition on the coefficients by and og. Write o9 = (o},--+ ,05"), where each

06 is a function with values in R™. Denote by j the collection of all real functions f on R™+d that
are bounded by 1 and are such that z — f(g,z) is continuous for all § € R™. We say a function
¥ R™ x P(R?) — R™ is in class S; if there exist &, € (0,00), a finite subset 7y, of J, continuous and
bounded functions ¢, 1) from R™ x P(R?) to R™*™ and R™ x P(R?) x R? to R™ respectively; and
0y : R™ x R™ x P(R?) x P(R?) — R™ such that for all y,3' € R™ and v,/ € P(RY)

(' V) =y, v) = 0V @)y —y) + @ (@), (¢ =) + 0y, v ), (6.1)
where
104 (y, 9", v, V)]l < ey <||y' =yl + max [{f(y,-), (v — V)>|2> : (6.2)
fedy
Furthermore,
[(y, v) = vy V)] < ey <|Iy -yl + max [(fy, ), (v = V')>|> : (6.3)
W
Condition 6.2. The functions by and o, i =1,--- ,m are in Sy.

Lemma 6.3. Suppose that Conditions 2.1, 2.3 and 6.2 hold. Then for each | € N, there exists a
9 € (0,00), such that for all t € [0,T

Uy
Eps [V - Yill' < 175

Proof. Fix [ € Nand ¢ € [0,7]. By standard martingale inequalities and property (6.3) for ¢ = bg, o,
t=1,---,m, we have that for some k; € (0, 00)

t t
B [V = Vill < ks [ VY = Villds+ ke [ (070, (0 = )l
0 0 feq

where 7 = (Jy,)U (Uﬁzljgg). The result is now immediate from Gronwall’s lemma and Lemma 6.1. O

The following lemma follows on using classical existence/uniqueness results for SDE and an applica-
tion of Ito’s formula. We will use the following notation

V=(Y,B% ), 2= (Y,p), Z¥ =", u"). (6.4)
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/CLT for Weakly Interacting Particles 12

Lemma 6.4. Suppose that Conditions 2.1, 2.3 and 6.2 hold. Fort € [0,T]
1 & :
Y;N — Y; = N Z SO,t(X[JO)t]av[O,t]) + TN(t),
j=1

where

t m t
'TN(t):&/ 5;19b0(25,z§)ds+25t/ E710,5(25, ZY)dBY*
0 =1 0

t
ICY R R ESUNER
k=1

t m t
50X Vo) = & / (2, XD )ds + Y & / 1ok (g, X9)dBok
k=1

—Z&/ & 1o6 V(2,08 P2, X1 )ds,

{&:} solves the m x m dimensional SDE
&:I+/ b5 (2 8ds+2/ D (z,)Eaw,

b((f)’c(y, v,Z) = b((J2) (y, v, T) —/ b(2)(y,1/ 2 v(dd"), (y,v,z) € R™ x ’P(Rd) x R?
Rd

k,(2),c

and o, is defined similarly.

Proof. Using (6.1) with ¢ = by, 0%, i = 1,--- ,m, we have that
t t
VY= Yi= [(0(2) - bo(2)ds + [ (ou(2) - on(2.)dB()
0 0
o @)
= [ (@0 Y+ O ) =) + 00, (22,21
0
+ Z/ YN = Yo) + o8 @ (2o, )il = ) + 0,520, 2)) dBIE,

A standard application of Ito’s formula shows

t
Y;N Y. = gt/ gs_l (<b((J2)(287 ')7/@[ - NS> + ebo(Z&ZsN)) ds

0
m t
+> & / & ({06 P (20, )1l = ) + 0y (24, 2) ) aBY*
k=1 70
m t
_ Zf,‘t/ £lob W (z,) (<o§=(2>(ZS, Dyl = ps) + 0,1 (ZS,ZjV)) ds.
k=1 70

The result now follows on rearranging terms and noting that
N
(05 (2, ), il — ) = Zb@ X9), (o8 @ (20, ). 1Y — i) = Z o3P (2,, X).
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/CLT for Weakly Interacting Particles 13

O

The following lemma follows on using the boundedness of coefficients, an application of Gronwall’s
lemma, Holder’s inequality, Lemmas 6.1 and 6.3 and properties of 6y for ¢ in class S;. The proof is

omitted. Let hf = s0,:(X} 4, Vo), t € [0, T)-
Lemma 6.5. Suppose that Conditions 2.1, 2.8 and 6.2 hold. Then for each | € N

sup sup (Epn[[&]' + Epn &) < 00
neNt€(0,T]

and there exists w € (0,00) such that for all t € [0,T]

w

Bl LS hI? < Z, B [TV O < 2

Jj=1

7. Proof of Theorem 2.4.

7.1. Asymptotics of JN:1.

In Lemmas 7.2 and 7.3 below we study the asymptotics of the first and second sums in J™V'! respectively.

For this we introduce an additional condition on the coefficient b. Denote by J the collection of all real
functions f on R¥+™*d that are bounded by 1 and are such that = — f(Z,¢, ) is continuous for all
(#,7) € R+,

Condition 7.1. There exist ¢, € (0,00); a finite subset Jp of J; continuous and bounded functions
b, by from RIH™ x P(RE) to R¥*™ and RIH™ x P(R?) x R? to R respectively; and 0, : RIT™ x RI+™m x
P(R?) x P(R?) — R such that for all z = (x,y),2" = (x,9') € R™ and v,/ € P(RY)

b(z' V') = b(z,v) = ba(z,0)(y —y) + (b3(z,v,-), (V' —v)) + Op(2, 2", v,V)

and

106z 20,01 < <|y’ P+ max (£, 0/ - u>>|2) | (7.1)

Lemma 7.2. Suppose that Conditions 2.1, 2.8, 6.2, 7.1 hold. For N € N,

/ BNiawi = NZ/ b5 (R uS,Xﬂ)dWHL—Z/ bo(RL, s )hIdWE + RY,

i#] i#]

where RY converges to 0 in probability, where

bs(z,y,v, &) = bs(z,y,v,7) — / bs(z,y,v, 2" v(da'), (v,y,v,2) € RT™ x P(RY) x R
Rd

Proof. By Condition 7.1 it follows that, for s € [0,T],

B = ba(RL ue) (VN = Y2) + (ba(RY sy ), () — ) + (N, (7:2)
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where (N' = 0,(R%, RN% g, uY). Next, from (7.1) we have
N T ) ) 2 N T .
. <Z / czwczvv;) =3 [ Bl
i=170 i=170
N T
<my / Epx (Y - Y, |*)ds
fny Y [ e R Y s

i=1 feJr
Since f is bounded by 1; Jr is a finite collection; and conditionally on G°, X are i.i.d., the second term

on the right side using Lemma 6.1 can be bounded by ko/N for some kg € (0,00). Also, from Lemma
6.3 the first term converges to 0. Combining the above observations we have, as N — oo,

N T
> / ¢N4dW? — 0, in probability . (7.3)

Now consider the second term in (7.2):
N T ) )
S [ bR ) 0 =
=1
- _Z/ bS(RY, ps, X)dW?E + Z/ bS(RY, ps, X2)dW?. (7.4)

i#]

Using the boundedness of b3 it follows that,
—Z / bS(RY, s, X))dW? — 0, in probability . (7.5)

Finally consider the first term in (7.2). From Lemma 6.4, for t € [0, T],

i N i i i i
Z/ ba(RL, 1s) (YN = Y,)dW! = NZ/b2 Ri pg)hldW? + NZ/ ba(RE, g ) B AW

i#£]
+Z/ ba(RL, )TN (s)dW.

The first term on the right side converges to 0 in probability since bg,béi),og’(i) are bounded. Also,

using the boundedness of bs and Lemma 6.5, the third term converges to 0 in probability. Result now
follows on combining the above observation with (7.3), (7.4) and (7.5). O

For the next lemma we will need some notation. Define functions sy 4, s§ , from R x Dgza-m yp(ra) [0, ¢]

to R as follows: For (907Uﬁfé))t]?UCE(?))t]?y[o,t]?w[o,t]aV[o,t]) = (z,(o,) € R% x Dgzat2m  pwa)[0, 1]

s1,0(7, Co.1) = ba(@, Y, v1)80,(Cfo ) - bl 9o, 1) 80,0 (Cy)
81.4(7, Clo,1)) = 81.4(, Cjo,1) — M1,¢(Clo,g)
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where C[(Oi)t] = (;vfé)t],y[oﬁﬂ,w[oyt], Vo,1)), and the function my; ; from Dgea+2m  p(ray[0, ] to R is defined as
m1,t(<[0,t]) = /d Sl,t(I/aC[O,t])Vt(d‘T/)'
R

Next, define for ¢ € [0, 7], functions s34, 85, from R? X Dpaat2m wp(ra)[0,t] to R as follows:

82,0(, Co.11) = 2ba(, o, 1) 80,0y 1)) - b5 (2, o, v, )
85 (7, Cjo,1)) = 82.t(, Cjo,1)) — M2,¢(Cjo,4)
where the function my ; from Dgzat2m . pra)[0,t] to R is defined as
1

m?,t(C[O,t]) = 5 Z /d Sat (JI/, xfoz?t] ) xfé,)t] ) y[O,t] ) w{O,t]u V{O,t])yt (dxl)
i.je{1,2hizi 7 ®

Also, define functions s3, 8§ from R34 x P(R?) to R as follows: For (z,z("), 2y, v) € R3+m x
P(RY)

33($7$(1)7x(2)7y71/) = b§($,y7lj,$(1)) : bg(,@,yﬂ/,x(z)),

sg(IaI(l)aI(2)ay7V) = 33(35735(1)733(2),2177/) - mg(x(l),x(2),y, V)v

where m3 from R24+™ x P(R?) to R is defined as

ma(zM, 2?) y v) = /83(96’,90(1),96(2),y,l/)l/(d:v').

Finally, define m; from Dgeat2m prae)[0, ] to R as follows.

2
mt(C[O,t]) = Z mi,t(C[o,t]) + ms(x§1)7 UCEQ), Yt Vt)-
i=1

Recall the process V from (6.4).
Lemma 7.3. For N € N,

N 1 T ‘ .
Z/O 185" [P ds = Z/O M (X0 4> X0, Vion)dt
i=1 £k

N T
1 . .
TN > /O m(Xif g5 Xip.p Vio.n)dt + R, (7.6)
Jj=1

where RY converges to 0 in probability.
Proof. For N e N, i=1,...N and s € [0, 7]
18012 = Ib(R, 1Y) — bR, ) |12
= ||b2(R§a /’LS)(YSN - }/S) + <b3(Réa Hs, ')a (‘ué\f - /LS)> + eb(Rév Ré\hla s ,u’éV)H2
= [1b2(Re, ps) (Y = Yo)lIP + (103 (RE, s, ), (1 = p1)) 12

H1100(RE, RV g, )12 + 2b2(RE, ) (VN = Vo) - (bs(RY, g, ), (12 — ) + T3 (),
(7.7)
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where the term 7'1N’i(s) consists of the remaining two crossproduct terms. Using (7.1) and Lemmas 6.1
and 6.3, we see that

N T
Z/ 06(R:, RN g, uN)||?ds — 0 in probability as N — oo. (7.8)
— Jo
Similar estimates show that
N T )
Z/ |7V (s)|ds — 0 in probability as N — oo. (7.9)
Next, using Lemma 6.4, we have

b2 ( Ry, ) (VY = Vi) |I? = ||—Zb2 5 )R

+|Ib2( i) TP+ T3 (s),

where TQNl(s) is the corresponding crossproduct term. Making use of Lemma 6.5 we can bound
]EPN7QO|7-2N)7;(S)| by sz for some k1 > 0 that does not depend on s € [0,7] and i, N € N. Sim-
ilarly, the expected value of the second term in the above display can be bounded by % for some
k9 > 0. Thus

Z/ o, ) (VY = Vo) ds—z/ Il—sz LuhllPds 4 RY,(710)

where 7@{\[ — 0 in probability as N — cc.
Recalling the definition of s7

/D\—sz s hﬂ|\2ds—sz/ bR, )bl - bR, ) s

i,k

N2 Z/ S1,t XtaX[()t]vX[Ot V[Ot)

.5,k

The above expression can be written as

N2Z/ slt tv [ot Ot]a Ot]dt+NZ/ mlt [Ot X[Ot] V[Ot])d

i,5,k
+NZ/O ma (X, s X0 Vio.s)dt. (7.11)
J

From the boundedness of s ;, conditional independence of X i X7, XF* for distinct indices i, j, k and the

fact that for all (x,xfé?t],xfgy)t],v[o)t]) € R4 x Dgzat2m pra)[0, t]

c [ 1 2 ¢ ! ;
Epws§ o(X], 2y 2oy v0.0) = Epv st (@, Xo g, {0y Vo)
c 1 ]
=Epn~ 317t($, xfo?t]vX[JO,t]’v[Ovt]) =0,

it follows that the first term in (7.11) converges to 0 in probability.
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Next,
b3 (RY ), (= o)) * = NQZbC Ry e, X2) - 5(RE, 1, XE).
Thus
N T .
S [ IRl ) G = e ds—WZ/ BS(RY oy X3) - BS(RE, pay XE)ds
=1 1,7,k
N2 Z/ 83 X;ngaX‘fv}/Sa,us)ds
i,k

The above expression can be rewritten as

NE] Z/ S(XL,XI, XE)Y, us)ds—i— / ms(X7, XF Y, pug)ds
J#k

+N;/O mg(Xg,Xg,YS,,us)ds.

As before, the first term in (7.12) converges to 0 in probability.

Finally we consider the crossproduct term in (7.7):
ZbQ YN Y) <b3(RZshu57)7(,UJiv _:US)>

= _2 Z b2(Révﬂs)h£ ’ bg(staﬂquf)
3,7,k
1 - )
+ N Zb2(R157MS)TN(S) ’ bg(szﬂquf)
ik

=75 (s) + 73" (s)

17

(7.12)

where the equality follows from Lemma 6.4. Using Lemma 6.5 we see that fOT TN (s)ds converges to 0

in probability as N — oco. For the term T3V (s)

N2Z/ bo(RL, s)h? - bS(RE, s, X¥)ds = — 3 Z/ 85.+(X{, X1 1 Xo,00 Vo)t

.5,k .5,k

+ - / m2 t [0 t] X[O t] V[Q t])d
J#k

¥ XJ: /0 a2, (X 0 Xi > Vio.y dt-

The first term on the right side once more converges to 0 in probability. The result now follows on

combining the above display with (7.7), (7.8), (7.9), (7.10), (7.11) and (7.12).

7.2. Asymptotics of JN-2.

We now consider the term J™:2. Recall the constants €, K from Condition 2.1.

O
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From Taylor’s expansion, there exists a k1 € (0,00) such that for all o, 5 € (¢, K)

log 5 = (5= 1) = 5(5 — D+ 95§ ~1)"

BB B
where |0(a, )| < k1. Letting 9V (h) = 9(dY*(h), d"(h)), we get

B0 (80 (Y g (80 )
di(h) di(h) 2\ di(h) dg(h)
Thus

/ N (u, h)dn — / et (h)(dh)ds = / o o) (B2 1) g
Xr 0.7)xRE wp e d,_(h)

S

1 iy \’
- = 110 gi u 5= —1| dn’
Q/XT 0.ai_ () )<d1(h) )

S

. 3

i dl'(h) ;

+/X Lo, () ()02 (h) < - 1) dn’,
T

d;,_(h)
(7.13)

where 72’ is the compensated PRM: 72’ = n’ —v. In the lemmas below we consider the three terms on the
right side of (7.13) separately. We introduce the following condition on the coefficient d. Denote by J the
collection of all real functions f on R¥*™+24 that are bounded by 1 and are such that x ~ f(%, 7, h,z)

is continuous for all (7,7, h) € RI+m+d,

Condition 7.4. There exist cq € (0,00); a finite subset Jr of J; continuous and bounded real functions
da, d3 from RIT™Hd x P(RY) to R™ and RAT™Hd x P(RY) xR? to R respectively; and 0, : R&T™ x RT+H™ x
PRY) x P(R?) x R — R such that for all z = (z,y),2 = (z,y') € R™ h € R? and v,v' € P(R?)

d(Z/,I//,h) - d(Z,V,h) = (y/ _y) ' dQ(Zahvy) + <d3(2,h, Vv')v(l/ - V)> +9d(Z,Z/,V,I//,h)

and
6ue, 2 v,)] < ca (|y' ol e (7 u>>|2) | (7.14)

€eJr

Next let d§ from R¥™ x R? x P(R?) x R? to R as

dg(I,y,h,V,.f) = dg(I,y,h,,V,.i) _/

d3(x7 Y, h7 v, I/)V(d$/).
Rd

Lemma 7.5. For N € N

EN/ 1 (u) d,~" (i) 1) ani = X > / 1 ( )—1 dS(R!_,h X7 )dn'
i U : — n = i U)— _shops—, X;_)dn
2 [, i d_(h) N ey 0 (W) Gy G o

i#j
+iZ/1 : (u)h—gd (RL_, h, pis_)dn’
Ni;&_j o [0,di_(h)] di,(h) 2\ Ll 1y hs—
+RY,

where RY converges to 0 in probability.
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Proof. From Condition 7.4
dl (h)—d(h) = (YN =Y.)-da (R, hy )+ (da(RE, hy prs, ), () — pps)) +0a(RE, Y, s, Y ). (7.15)

Since
N

> O3(RL RY g, pd  h) <2 Z (lle - YNt + max [(F(RL By ), () = us)>l4> , (7.16)
p F

i=1 i=1

we have from (7.14), Lemma 6.3 and Lemma 6.1 that, as N — oo

1 . . _
> / Lo.a: (m)] (u)di—(h)od(R;,, RN e uN  h) dR' — 0 in probability . (7.17)
T s5—

Next consider the second term on the right side of (7.15).

1 . )
S Lo oy (W)= (s (R by pro ), (1. — i) dit’

[Oxdsf(h)] 7 s§— Y I 9 S
~ di_(h)

N
1 1 c 7 [ ~
= N Z Loai(ny (W) ———ds(R_, b, ps—, X;_)dn

d;_(h)
1 . .
=S 1y dS(R!_ h, ps_, X0 _)dR'. 7.18
; [0,d%_ h) d () 5( K ) ( )
i#j
Since {n'}Y | are independent, as N — oo,

! Z / 1 (u) ! dS(R!_,h X! ) dn' — 0 in probabilit (7.19)
— i U)—— e hyps—, X2 in pr ility. .
N —~ 7 [O)dsf(h)] ds_(h) 3

Finally consider the first term on the right side of (7.15). Using Lemma 6.4

(VN —Y5) - do(RE by i) = Zhﬂ do(Ry, b, pis)
j 1
+ 7;N . dQ(Rzu h7 Ms)ds
1 N
_ j i >N ,i
:NZhg-dz(Rs,h,us)JrT (). (7.20)

Using Lemma 6.5 we see that, as N — oo,

TN dn' — 0 in probability. 7.21
Z/ a0 (0 g T 5) probability (.21)

For the first term on the right side of (7.20) note that

k! ;
N Z/ [Od h) d (h) dQ(Rs—ﬂhalfLs—) dn

z_]l
J

h . .
_ 1 s dy(RL_ by ) AR
z/ 0

h‘; % ~
Z - 0 dl r(h) . dQ(RS_, h, /145—) dn’. (722)
Z#J ST
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/CLT for Weakly Interacting Particles 20

As before, using the independence of {n*}¥ | as N — oo,

N j
1 / h’ . i
— Loai (ny) (W) == - do(R;_, h, pis—) dn' — 0 in probability.
N Zl 7 [ 57( )] ds— (h)

The result follows on combining the above display with (7.15), (7.17), (7.18), (7.19), (7.20), (7.21) and
(7.22). O

We now consider the second term on the right side of (7.13). As for the proof of Lemma 7.3, we will
need some additional notation. Define for ¢ € [0, T], function 814 from R? x Dgaa+mpga)[0,t] x R to

R as follows: For (xaxfé?t]uxf§7)t]uy[O,t]aw[O,t]ay[O,t]ah) = (z,([0,4) € R? x Dgza+2m xpray[0,t] X R4

81,t(7, Co,, h) = HSOt C[Ot ~da(x,yi—, hy v ),

d(z,yi— v, )

where CO 4= = (z E(;)t] s Y[0,]> W(0,¢] s V[O,t])- Also define the function m; ; from DR2d+2mX7)(Rd) [0, ] x R% to R

as
ml,t(C[O,t]u h) = /d gl,t (xlu C[O,t] ) h)yt(dxl)-
R
Next, define for ¢ € [0,7], function 8y from R? X Dgaat2m p(ra)[0, ] x R? to R as follows:

2d§($7yt*a hv Vi—, Ii(ﬁg))
d((E, Yt—, Vt—, h)

82.4(x, o, h) = $0.4(Coy) * A2 (@ ye— b v ).

Also define the function 7 ¢ from Dgaa+m «p(ray[0,t] X R? to R as

_ 1 j
m2,t(<[0,t]a h) = 5 Z /d Sa t(ﬂf :EEO)t] Eé?t]vy[o,t],w[o,t], Vio,t]> h)Vt(dxl)-
ige{1,.2}yiz5 R

Define function 33 from R3%+™ x P(R?) x R? to R as follows: For (x, ("), 2(2) y, v, h) € R34+m x P(RY) x
Rd
H?:l dic’;(xv Y, hv v, I(l))
d(I, y7 V’ h)
and let mg3 be the function from R24+™ x P(R?) x RY to R defined as

g0 o) = [ sala o0,y ().

53(55755(1)755(2)797 v, h) =

Finally, define m; from Dg2atm »p(ra)[0, ] X R? to R as follows.

Co,g:h Zmlt [0,¢]> 1 h) + g, oy, v, ).

Recall the process V introduced in (6.4).
Lemma 7.6. For N ¢ N

N N,i 2
d,'(h) :
lio.ai (u) | = -1 dn’
> e <ds<h> )

1 _
N Z /[0 T]xRd e (X [0 t] X[O t] » Vo), h)y(dh)dt
7k
1 4
iy /[0 rpene ™ Ko X Vo Wy(dhyde + R, (7.23)
X
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/CLT for Weakly Interacting Particles 21
where RY converges to 0 in probability as N — oc.
Proof. From (7.15)

3
(A (h) = di(h)? = (T (s) + T3 (s) + =D (T )P +2Y T ()T (s),

m=1 m<l

where

ﬂNl(S) (YN Y) dQ(RZ h :uS) TNZ( ) = <d3(Riah7,UJ57 ')7 (:uév - IUS)>5
ENJ(S) = ed(szRé\mvﬂsaﬂs Jh).

As for (7.17) we have, as N — oo,

Z/ Lio.ai ) ( (d (h)) (TNZ( —))%dn’ — 0 in probability. (7.24)

Similar estimates show that for m = 1,2, as N — oo,

1 N,i N,i ; . .
i g [T (5= "(s=)|dn' — 0 bability. 7.95
Z/ 0,di_(h)] (dzs_(h))2|Tm (s—)|73 " (s—)|dn* — 0 in probability. ( )

Next
(Vs = (T + T @) = (T () + (B (@) + 2T ()Y ),

where

N
i 1 ; ;
TS = 5 SO b (R, ws), TV () = T - da( B D).

Jj=1

As for (7.21), we see that, as N — oo,

Z/ Lio.ai ) ( (d 1(h)) (TNZ( —))%dn’ — 0 in probability. (7.26)

Next, using the observation that Ep~ So)t(XijO t],v[oyt]) =0, for all j € N and vjg 4 in Dgzm . p@a)[0,];
and making use of Lemma 6.5 once more, we see that, as N — oo,

1 N,i N ,i ] . o1s
lig.ai u)—— T, " (s—)T; " (s—)|dn* — 0 in probability. 7.27
L o) gl T T o) probability (r.27)

Also,

1 . , . ,
N2 Z/ [0,di _ h) ( ) (h‘é ’ dQ(RZ—v hvﬂs—))(h‘g ) d2(st—7h7NS—))dnl
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The above can be rewritten as
1 (/ 1 . . & ) )
N2 1 0,di_(h (u)li(hg ’ dQ(szv h, Ms—))(h‘s ~dy (Réfv h, /J'S—))dnl
N2 e\ g, OO G ()2

- ‘/[0 TIxR ml,t (X[]67t]7 X[If),t] ) V[O,t]u h)/Y(dh)dt>
T

1 _
+ NZ / oy (X 0 X .00 Vi, I)v(dh)dt

+= Z / 1t(X.0 X1 Vo, h)y(dh)dt. (7.28)
OT]XRd

A similar argument as below (7.11) shows that the first term in the above display converges to 0 in
probability, as N — oo.

Combining (7.26), (7.27) and (7.28) we have that

N
1 N ,i 2 i
Loai_(n (U)ii(T *(s—))*dn’
;/XT a1 (W G
1 / ) —
N ma (X7 0, X (6.9, Vi, h)y(dh)dt
N#Zk [0,7] xR Lt\A o1 0,47 V[0,]

1 _ . . ~
T Z / ml,t(Xfoﬁt] ’ X{Qﬁt] ) V[O,t]u h)/}/(dh)dt + R{V7 (729)
[0,T] xR

where R{V converges to 0 in probability as N — oc.

We now consider the term TQNl(s) Writing

2 1 c( i i\ g ( i
(T"1())° = 73 D d5(RY o pra, XDA5(RY D i, XE)
i,k

we see
al 1
i - TN 2dnt
5 T ) g 6D
1 1 . . . _
= lig gi ) ————dS(R:_ hy ps—, X2 _)dS(RE_ by pus—, X5 )dn?
e ZJ;/XT 0. (m)( >(d;_(h))2 s(Re sy ps, X0 )ds (R hyps—, XJ)

The above can be rewritten as

1 . . . & .
0,d:_(h (u)iidg(stfvha,uS*anf)dg(fo’hv:usvasf)dnl
Wéqis”]@mw
[0,T] xR
1

1 _ o
k7 [0 T]xRE [0,T) xR
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As before, the first term above converges to 0 in probability, as N — oo. Thus

1 i 2.
Z/ 0.di_(m) (U 7(di_(h))2(7éN’ (s—))%dn

:NZ/[ _— ma(X], XF, Yy, e, h)y(dh)dt
J#k X

1 o .
ESS / m(X], X7, Yo, e, By (dh)dt + R, (7.31)
N 7 J10,T]xR?

where Rév converges to 0 in probability as N — oo.
We now consider the term 27, (s) T (s).

27-1N)i(5)7-2N7i(5) = 2(Y;N - YS) ' dZ(sta hu Ns)<d3 (Rév hu Hs, ')7 (Miv - /J'S)>

2 j i c 7
= m Z hé ’ dQ(Rsv ha :us)d3(Rsa hv:uSvX.f)
7,k

2 N 7 c " k
+N;7; 'd2(RS’h?:u’S)d?)(Rsvh’a,uS;Xs)
=75 "(s) + T7 " (s): (7.32)

For the term 7‘6N’i(s) note that,

N
1 N i
Z/ 1[o,dz,<h>1(u)(di (h>)27'6 "(s=)dn
= Z 1 ; ——hI - dy(RL_ by )dS(RY By s, XE )dnt (7.33)
2 [Odh) (d(h)) s— 10 Prs— U3\ s —y 10y Fls—» S
1,5,k
As in (7.30) and (7.31), we can now write the above as
N
1 N .
1io.qs (u) ——=T5 “(s—)dn'
Z/ N D

1 _
= Z / mo t(X[O t]’ X[]Byt] ’ Yv[O,t] ) N[O,t] ) h)’)/(dh)dt
1 . j 5N
t¥ > M, ( X s Xio 4 Yioaps 0,17 B)y(dh)dt + R, (7.34)
where Rév converges to 0 in probability as N — oo. Also, as for (7.27), as N — o0,

1 N _
Lio.ai u)————|7>""(5s—)|dn" — 0 in probability.
Z/XT i) (0) g | 775 probability

The result now follows on combining the above display with (7.24), (7.25), (7.29), (7.31), (7.32), (7.34).
O

Recall the function ¥ introduced at the beginning of the subsection. Using very similar estimates
as in the proof of Lemma 7.6, one can establish the following result. We omit the proof.
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Lemma 7.7. As N — oo,

N . le(h) 3 i
Z/X Lio,ai_(ny (w52 (h) d;,(h)_l dn

i=1 T

converges to 0 in probability.

7.3. Comment on Smoothness Conditions.

Conditions 6.2, 7.1 and 7.4 on by, b and d can be regarded as smoothness conditions. These conditions
are satisfied quite generally. We give two examples to illustrate this.

Example 7.1. Let d = m = 1. Let b : R¥*?> — R be bounded Lipschitz and twice continuously
differentiable, with bounded derivatives, in the last k + 1 variables. Let by : R¥*! — R be bounded
Lipschitz and twice continuously differentiable with bounded derivatives. Similar assumptions on &} for
i=1,---,m. Let d : RF3 - (e,00) be bounded and Lipschitz in the first k + 2 variables, uniformly
in the last variable, where ¢ € (0,00). Also suppose that d is twice continuously differentiable, with
bounded derivatives, with respect to the middle k + 1 variables. Now let b, by and d be of the form: For
(z,y,v,h) € RIF™ x P(R?) x R4

b(x,y,u) ib(xvyv <f17’/>7"' ,<fk,y>)7
bO_(yvy) = bo.(y, (frov), - {fuv),
Ué(yvy) = 66(y_, <f1,y>7--- 7<fkuy>)7
d(:E,y,I/,h):d(I,y,<f1,V>,~-~ 7<fkay>7h)a

where f; are bounded Lipschitz functions. Finally let dy : R — (€,00) be a bounded function and let -,
Yo be probability measures on R with finite second moment. Then it is easy to check that Conditions
2.1 and 2.3 is satisfied. For Condition 6.2 observe that by Taylor’s expansion,

b(zlvyl)_b(zvy) (y _y) ( <f17 >7 7<fk77/>)

k
Z f17 ) 7<fk,y>)<fi,(y/—1/)>+9b(z,zl,y7l/)7

where for some constant K1, |0y(z, 2", v,v')| < Ki(|y' —y|?+max|{f;, (v'—v))|?). This verifies Condition
3

7.1. Conditions 6.2, 7.4 can be verified similarly.

Example 7.2. Let d = m = 1. Let b : R®> - R, by : R> - R, 6§ : R » R,i = 1,--- ,m be
bounded Lipschitz functions. Further suppose that b is twice continuously differentiable with respect
to the second variable with bounded derivatives and by is also twice continuously differentiable with
respect to the first variable, with bounded derivatives. Similar assumptions on 3. Let d : R* — R be
bounded and Lipschitz in the first three variables, uniformly in the last variable. Also suppose that d
is twice continuously differentiable, with bounded derivatives, in the second variable. Let dy,~y, o be as
in Example 7.1. Now let b, by and d be of the form:

o b(z,y,v) = [b(z v(dz'),
.boyu fb( )

o oi(y.v) =[Gy d:v)
oda:y,l/h f xy,:z: h)v(dz').

Then it is easy to check that for this example Condition 2.1 is satisfied. One can also check that
Conditions 6.2, 7.1 and 7.4 are satisfied as well. In particular, note that for x € R?, y,y/ € R™,
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JCOLT for Weakly Interacting Particles 25
v, € P(R™),
by ') = blasw) = [ Bla )0 = 0)(d) + [Oadf,a') = Boga (o)
+ /(B(x, Y, a') = bz, y, "))V —v)(da').

Using Taylor’s expansion to the second term we get,

[y = by Dplde') = = 0) [ Byl i) + 50 = 0Pl

where 7] is a bounded function. Using Taylor’s expansion to the third term we get
o) = by )0 =)' = 0 = 0) [ Byl = )

+ (yl - y)2T2 (:Eu Y, yl)7

1
2

where 73 is a bounded function. Finally using the boundedness and continuity of b, l;y and the inequality

4 ) / by (1,2 ) () — v)(de)| < lyf — yf? + | / by (2, 2') (' — v)(de)?

we see that Condition 7.1 is satisfied. Conditions 6.2,7.4 can be verified similarly.

7.4. Some Integral Operators.

Define for ¢ € [0, T], the function f, from Dg2at2m »pra)[0,1] to R? as follows:
For (z Eo)t]’ Egy)t],y[o,t],w[o,t], Vio,5) = Co,5] € Dreatm xpwa)[0,1]

FolCoa) = b5 ye v, 2?) + ba(af” ye, v1)s0.4(Cfoy ), (7.35)
where as before (2 = (z(?), y, w, v). We note that

£ Col? = s1e(af?, 2oy, 20 + S22y, ¢00) + ss (@l 2 o) g0 o) (7.36)
Also define for ¢ € [0,T7], the function f, from Dgzaremypra)[0,t] X Ry x R? to R as follows: For
(@0, 22 Yo W0 Yoy s 1) = (o s h) € Diaasmepiray 0, ] X Ry x RY

1
d(l’gl—)aytﬂl/t—,
+50.4(Clony) - da(@ e b, Vt—))-

ft(C[o,t]auah) = 1[07 d(@ ye— i b)) (u) h) (dc(r’ﬂgl_)ayt ,hth—ﬁEEQ—))

The functions f,, f, will play the role of kernels for certain integral operators on L? spaces. To describe
these operators, in addition to the canonical spaces and processes introduced in Section 2.2 (see (2.8),
(2.9)), we define the canonical processes V.. = (B?,n?,Y.) on (2, as

V. (wo) = (BY(wo), n2(wo), Ya(wo)) = (wo,1,wo.2,w0.3); wo = (wo.1,w0,2,w0,3) € .

Also, with IT as introduced in Remark 2.1, let p. : §2,, — Dpgay[0,7] be defined as p.(wo) =
H(}/*O (wo), BS (wo), ng (WO))- Write
Ve = (Ys, BY, ). (7.37)
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We can now define the integral operators related to f, and f,. Recall the transition probability kernel
« introduced in (2.7). Fix wo € (2, and consider the Hilbert space H,,, = L?(£24, a(wo, -)). We denote
the norm and inner product in H,, as || - ||u, and (-, -)s, respectively. Define the integral operator Al

on My, as follows. For gV € H,,, (AL, ¢V) = 3 where for wy € 24,

T
0 (wo) = /Qg(l)(wl) (/ ft(X*,[O,t](wl)aX*,[O,t](WQ)vV*,[O,t](wo))dB*,t(w1)> awo, dwy).
d 0

Also define the integral operator A2 on H,, as follows. For 9? € Hyy, (A2 (2)) = gfuo), where for

wQEQd,
i) = [ g<2><w1>( / ft<X*,[o,ﬂ<w1>,X*,[o,tw,v*,[o,qw,u,hmm(wl))a(wo,dwn.
d T

Let A, = AL + A2, . Denote by I the identity operator on H.,,.

Lemma 7.8. For Py a.e. wo, (i) Trace(AL (A2,)*) = 0; (ii) Trace(A,) =0 for all n > 2; and (iii)
I — A, is invertible.

Proof. Parts (i) and (ii) are consequences of independence between B, and m. under «(wo,-). For
example for (i), from the definitions of A, , it follows that

Trace(AL (42,)%) */
QZ

(/ fie(Xs0,9(w1), X [O,t](“-’?)vV*,[O,t](WO))dB*,S(W1)>

( Fi(Xepog(w l)uX*,[O,t](‘*’?)aV*,[O,t](wO)auuh)dﬁ*(wl)> a(wo, dwy)a(wo, dws) .

The above expression is 0 due to the independence between B, and n, under a(wy,-). Part (ii) is proved
similarly (see e.g. Lemma 2.7 of [20] ). Part (iii) is now immediate from Lemma 1.3 of [20]. O

7.5. Combining Contributions from J™1 and JN2.

Recall the integral operators A¢, , i = 1,2, introduced in Section 7.4. Define 7() : 2, — R as 7() (wp) =
Trace(AL (AL )*), i = 1,2. From Lemma 7.8 we have that, for P, a.e. wo,

Trace(Aw, (Auw)*) = 70 (wo) + 73 (wo). (7.38)

The following lemma gives the asymptotics for the second terms on the right sides of (7.6) and (7.23).

Lemma 7.9. As N — oo,

N T
1 . .
N Z/O mt(X[JO,t]’X[]O,t]’v[ovt])dt - T(l)(VO)
j=1

and
| XN

D /[O e m(Xiy 1 X, Vo W)y (dh)dt — 731 (V0)
X

converge to 0 in probability.
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Proof. Note that if A is an integral operator on L?(v) with associated kernel a(z, y), then Trace(AA*) =
||a||%2(u®y). Thus from the definition of the operator A}

wo?

Trace(AiO (ALD)*)

I8

T
:/Q / /Q (1 ¢ ( X0, (@1)s Xo 0, (W2), Vi 0,4 (wo)) P t(wo, dewr ) dt o(wy, dws)
a+J0 d

T 2
/ Fo(Xs 0,9 (w1), Xs 0, (W2), Vs [0, (w0))dBy ¢ (w1) | a(wo, dwy)o(wo, dws)
0

Using the relation (7.36) we have,

T
TT&C@(A}QO(ALD)*)Z/Q /0 /Q (Sl,t(X*,t(wl)aX*,[O,t](w2)aX*,[O,t](w2)aV*,[O,t](wo))

+ 82,4 (Xt (w1), X j0,1(W2), X [0, (W2), Vi [0, (w0))
+ 83(Xut (W), X p(wa), Xt (w2), V*,t(wo)))a(wo, dwr) dt awo, dw2)

T
:/ / my (X, 0,4 (w2), X [0, (W2), Vi [0, (w0)) dt a(wo, dws).
Qq JO

Since conditional on G°, { X7} are i.i.d. with common distribution a(V?,-)o X1, the first convergence
in the lemma now follows from the weak law of large numbers. The second convergence statement is
proved similarly. O

We will now use the results from Section 4 with X = 2; and v = a(wo, "), wo € (2,. For each
wo € 2, k> 1and f € L2 (a(wo,-)®*) the multiple stochastic integral I;°(f) is defined as in

sym

Section 4. More precisely, let AP be the collection of all measurable f : 2, x 25 — R such that
/ | f (wo,wi, -+, wp) |*a(wo, dwr) - - - a(wp, dw,) < 00, Py a.e. wo
v

and f(wo,-) is symmetric for Py a.e. wg. Then there is a measurable space (£2*,F*) and a regular
conditional probability distribution a* : £y x F* — [0, 1] such that on the probability space (£2,, X
2%, B(2,) ® F*, Py ® a*), where

Py ®O[*(A X B) = / O[*(WO,B)Po(dwO), Ax Be B(Qm) ®J—"*,
A

there is a collection or real valued random variables {I,(f) : f € AP,p > 1} with the properties that

(a) For all f € Al the conditional distribution of I;(f) given G° = B(£2,,) ® {0, 2*} is Normal with
mean 0 and variance [, f*(wo,wr)a(wo, dwr).

(b) I, is (a.s.) linear map on AP.

(c) For f € AP of the form

P

flwo,wr, ..., wp) = Hh(wo,wi), s.t. / h2(w0,w1)a(wo,dw1) < 00, Py a.e. wo,
i=1 2a
w2l j _
B0 = 30 17y ([ 12enentatens o)) (a(h)
= Q4
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and

/* (Ip (f) (w0, w™))? & (wo, dw™) = p! </-Qd h2(w0,w1)a(w0,dw1)>p

28

Py a.e. wo. We write I,,(f)(wo, ) as I¥°(f). With an abuse of notation, we will denote once more by V)

the canonical process on {2, x 2%, 1e VO (wo, w*) = wo, for (wo,w*) € 2, x 2*.
Recall the class A introduced in Section 2.2. Let for ¢ € A

N
3 A )

Define 7 : £2,, x 2* = R as 7(wo,w*) = Trace(Awy, (Aw,)*)-
Given wqg € §2,,, define Fjo : 2q X 25 — R as follows: For (w1, ws) € 24 X 24

Vi =

2 |

T
Fio(wlawz)Z/ Fi (X 0,0 (1), Xo 0,9 (w2), Vs [0,6(w0))d By 1 (w1)
0
T
+/ Fi(Xo j0,6(w2), X j0,6 (1), Vi [0, (w0))dBx 1 (w2)
0
T
—/ my (X, 0,4 (w1), Xu 0,4 (w2), Vi j0,4(wo) ) dt.
0
Also, given wqg € (2, define Ffo : 24 X 24 — R as follows: For (w1, ws) € 24 X 24
F2 (w1, we) = ft( 10, (W), X 0,1 (W2), Vi 0,6 (wo), u, h)de, (wr)
+ ft( 10,81 (@2), Xy 0,4 (1), Vi 0,47 (wo0) ) dTi (wo)
- / (X fo.1)@1): X 0. (@2), Vi 0 (0), By (dh ),
[0,T]x R4

where n, is the compensated PRM: n, = n, — v.
Also let F': £2,, x 24 x £2; — R be defined as

1
F(Wo,wl,WQ) = B (Fuljo(wl,o.)g) +F30(W1,W2)) , (wo,wl,wg) € 2 X 24 X £24.

Let
N

o (F) =Y F(V°, V', V).
From Lemmas 7.2, 7.3, 7.5, 7.6 and 7.7 it follows that

N T
- 1 4 4
JNNT) 4+ JNAT) = N7 'od (F) — N E /0 mt(X[]07t],X[]Qt],V[O’t])dt
—

N
. N
2N Z/[O TIxRd (4([Jo "k [o o Vo) h)v(dh)dt) + RN,
j=1"10,

where RY converges to 0 in probability.

(7.39)
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In order to study the asymptotics of the expression on the left side of (5.2), we need to consider the
joint asymptotic behavior of V§ and N !¢ (F). Denote by Eg the measurable map from (2,, to P(R?)
such that

L(VE N0 (F) | G°) = £](V°), as.

Next note that F € A% and so I5(F) is a well defined random variable on (£2,,, X £2*, B(£2,,) @ F*, Py ®
a*). Also define @ : 2, x 2; — R as

P (wo, w1) = Pusy (w1) = (X (w1)) — My (wo).-

Note that ® € A' and so I;(®) is well defined. Let £, be a measurable map from (2,, to P(R?) such
that
L((1(®), I2(F)) | G7) = £,(V?).

From Theorem 4.1 it follows that
Eg(wo) — £, (wo) weakly for Py a.e. wo. (7.40)

The following lemma is the key step.
Lemma 7.10. As N — oo, iV§+ JNY(T)+ JN2(T) converges in distribution to ily(®)+ $I(F)— 7.

Proof. From (7.39) and Lemma 7.9 we have that
1 -
VG + JTHT) + JVHT) = iV + N7 g (F) = S (r D (V) + 72 (V) + RY,

where RN converges to 0 in probability. There are measurable maps ¢~ , ¢ from §2,, to P(C), where C
is the complex plane, such that with

SN = V¢ + N1l (F) - %(T<1>(V0) + (0

and

S =ili(®) + I(F) —

7—_

N =

LN 6% =¢M(VO), L(S|62) = ¢(V).
From (7.40) and the definitions of 7(¥) and 7,

¢N(wo) = ¢(wo), weakly for Py a.e. wp. (7.41)

Finally, denote the probability distribution of (V°,SV) on §2,, x C by p~ and that of (V,?,S) on 2, xC
by p. Then p™¥ and p can be disintegrated as

pN(AxB) = [ o) (BIP(den), o4 B) = [ Clwn)(B)P(dan)
A A

for A € B(2,,), B € B(C). From (7.41) it now follows that p? — p weakly. The result follows. O

7.6. Completing the proof of Theorem 2..

Recall the operator A, introduced in Section 7.4 and let @, be as in (2.10). Define for wg € 2,
Ucfo = H(I - Awo)ilq)wo||L2(Qd,o¢(wo,v))' (742)
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It follows from Lemma 1.2 of [20] and Lemma 7.8 that Py a.s.
1 0 1 .
Elexp(512(F)) | G.] = exp(5 Trace(Avo (Ave)”))

where E is the expectation operator on (£2,, x 2%, B({2,,) ® F*, Py ® a*). Therefore

1 1

Also, recall that
Epw exp (JNU(T) + JV2(T)) = 1.

Now applying Lemma 7.10 with ¢ = 0 and using the above two displays along with Scheffe’s theorem
we have that exp(J™H(T) + JV(T)) is uniformly integrable. Also since |exp(iVg)| = 1,

exp(iV§ + JVH(T) + JV2(T))
is uniformly integrable as well. Using Lemma 7.10 again we have that

lim Epn [exp(iV§ 4+ JVH(T) + JN2(T))]

N —oc0

—E {exp(ih(fb) + %I2(F) - %?)]

2 2
- /sm exp (—%(of(f) Po(dwo),

where the last equality is a consequence of Lemma 1.3 of [20] and Lemma 7.8. Thus we have proved
(5.2) which completes the proof of Theorem 2.4. O

_E {E (exp(ih(@) +5ha(F) = 7)) gg)]

8. Convergence of the Signed Measures in the Path Space.

In [14] authors studied a functional central limit theorem for scaled and centered empirical measures
for a family of weakly interacting particle systems with a common factor. As noted in the Introduction,
in the current work our focus is on limit theorems for functionals of the whole path of the particles,
however in this section we will discuss how functional central limit theorems of the form in [14] can be
recovered from Theorem 2.4. For ¢ € [0, T] consider the random signed measure on R? defined as

N
1
AN =VN ~ D G| (8.1)
j=1

We note that u; = nt(Vo) where V0 is as introduced in Section 2.2 and for wy € 2, Ne(wo) =
a(wo,-) o X, with o as in (2.7) and X, as in (2.9).

For notational simplicity we assume for rest of the section that d = 1. Following [9] and [14] AN =
{AN}iejo,7) can be regarded as a sequence of Dy/[0, T] valued random variables where ¥’ is the dual of
the “modified Schwartz space” ¥ given as follows. Let p : R — R be defined as

p(z) = Cexp{~1/(1 - |2[*)} <1, z €R,
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where C € (0,00) is such that [ p(z)dz = 1. Let

v(z) = /ef|y|p(x —y)dy, e(x) =1/v(z), = € R.

Let U = {4 = eu : u € S} where S is the Schwartz space (cf. [7]). For p € Ny and ¢ € U, define

2= 3 /R (1+ a2

0<k<p

2

dk
T W(@)e)| d.

Let ¥, be the completion of ¥ with respect to || - ||,. The ¥, is a Hilbert space with inner product
(-,-)p defined in an obvious manner. For ¢ € ¥y and ¢ € ¥,

oo = /R ()bl (x)d

defines a continuous linear functional on ¥, with norm

1l
Il = sup 1,

Let ¥_, be the completion of ¥y with respect to this norm. Then ¥ is a nuclear space [7] and ¥’ =
U2 oWy is its dual.

Recall the class A introduced in Section 2.2. Given £ € N, t1,---t, € [0,T] and ¢1,- - ¢¢ € U, define
pieA i=1,- Las p;(w) = ¢i(wy,), w € Dy. Also, for wg € 2y, let DY, = ¢;(X,) —my, (wo) where
m. is as introduced in Section 2.2. Also define the ¢ x ¢ matrix ¥, = (5% ), where

S = (1 = Au) T 0L (= Auy) T '0L,) 2200 (w0r)-

Let v# be a £ dimensional Gaussian random variable with mean 0 and variance ¥, and define

N g / 2 Py(dwo).

m

The following theorem follows from Theorem 2.4 of the current work and arguments similar to Theorem
3.1 of [14]. We only provide a sketch. Let Q¥ € P(D([0,T] : ¥’)) be the probability law of AY. Define

Y% Dy [0, 7] — R as

T2 () = (g, (], s [e])
Theorem 8.1. Suppose all the assumptions in Theorem 2.4 are satisfied. Then, as N — oo, QN — Q
where Q is the unique probability measure on Dy [0, T| that satisfies

Qo (Hfll)i":;(ﬁtz)*l — ,Y¢1;"' P

¢ tl)"'tf

forall> 1,11, - ,t; €10,T] and ¢1,--- ¢ € V.

Sketch of Proof. From Theorem 4.1 and Proposition 5.2 of [18] it suffices to show that
(i) for every ¢ € ¥, Q} is tight in Dg[0, 7], where Q) = QY o (I1?)~1 and ¢ : Dy [0, T] — Dg[0,T] is
defined as I1%(u)[t] = w[¢], t € [0, T].
(ii) for all £> 1, ¢y, ,t, € [0,T) and ¢y, ¢p € T, QN o (TP 7)1 — AP0,

Proof of (i) follows along the lines of Theorem 3.1 of [14] and is omitted. Consider now (ii). Fix ¢ > 1,
t1,-++ ,te €10, T] and ¢1,---¢d¢ € U as above. Let aq,---a; € R and define

£ £
a a i
Y = E aip;, P, = E aiq)z)ov
i=1 i=1
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where @;, ®., are as defined above the theorem. Let 02 = [|(I — Au,) ' @& ||22(04,a(wo,)) and 7%
be a Normal random variable with mean 0 and variance (050)2 and let 3% = [42 Py(dwo). Let e
Dy [0,7] — R be defined as I%(u) = Ele a;ug, [¢;]. From Theorem 2.4 it is immediate that QV o
(IT1*)~* — 3% as N — oo. The statement in (ii) is now immediate from the classical Cramér-Wold
argument. o

9. Application to Finance

Recently in [2], authors have introduced a model for self-exciting correlated defaults in which default
times of various entities depend not only on factors specific to entities and a common factor but also
on the average number of past defaults in the market. The paper studies an asymptotic regime as the
number of entities become large. One of the results in [2] is a CLT which is established under somewhat
restrictive conditions on the model. Below, we describe the result from [2] and then remark on how the
results of current paper provide a CLT for the model in [2] under much lesser restrictive conditions and
for some of its variations.

The model for which CLT is considered in [2] (see Section 5.3 therein), using notation of the current
paper, is as follows. Let (B?);en be a sequence of real standard Brownian motions and let (nf);cn be a
sequence of Poisson random measures on X7 = [0, T]x RxR | with intensity measure v = A\r®01} ® oo,
given on a filtered probability space (£2, F, P, {F;}). All these processes are mutually independent and
they have independent increments with respect to the filtration {F;}. Consider the system of equations
given by

UN  =Uo+ fy Bo(UN,LN)ds + [y 5o(UN,LY)dBY,

x0 =X [T XN YN UN LN Ys + BE, i=1,2...,N, (9.1)
N,i i
}/t = pr 1[O,A(Xév’i,yszi’i,UsN,Eivi)] (U)n (dS dh du) y
_ N . .
where LY = & Z ¢(Y;"") for some bounded and Lipschitz map ¢, and we assume that {Xg "} | are
i=1

i.i.d. with common distribution ug and Uy is independent of {Xév ot N | and has probability distribution
po. Also, {Xév "IN, and Uy are Fy measurable. The interpretation for the finance model is as follows.
There are N defaultable firms. The process U represents the common factor process and XN+ is
the i-th firm’s specific factor. YN** are counting processes representing the number of defaults of firm
i. The key feature of this model is that the correlation among the defaults not only depends on the
common exogenous factor UY, but also on the past defaults through the process LY. In the model of
2], ¢(y) = |y| A1 and consequently all values of Y;"* greater than 0 are treated the same way (an entity
has either not defaulted by time ¢ or it has defaulted in which case it disappears from the system.) The
paper [2] establishes a CLT for LY under the condition that \(z,y, u,l) = X\(l), z,y,u,! € R. Note that
in this case the factor processes X™V:* and U™ become irrelevant.

The model in (9.1) is a special case of the model considered in (2.1) and (2.2) with the following
identifications:

3
I

7 (XN,i,Y]\Eiy.
= (B,0)', by = Bo, where for z € R?, u € R, v € P(R?),

B(Zvuv V) = B(Zvuu <CA71/>), BO(”?”) = BO(”? <€7 V>)7

where ¢ : R? — R is defined as ((z,y) = ((y), (z,y) € R2.
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e oo(u,v) =ao(u, ((,v), o0 = ( (1) 8 > (See Remark 2.2).

e dy=0,d= )\, where for 2 € R u € R, v € P(R?), \M(z,u,v) = \(z,u, <€, v)).

Coefficients 3, By and A are required to satisfy the following conditions.

(A1) The function g is bounded and Lipschitz. 8(z,u,1) is twice continuously differentiable in u and [
with bounded derivatives.

(A2) The function jj is bounded and Lipschitz. By(u,!) is twice continuously differentiable in u and [
with bounded derivatives. Exactly same assumptions for &g

(A3) The function A is nonnegative, bounded, Lipschitz and it is bounded away from 0. A(z,u,l) is
twice continuously differentiable in v and ! with bounded derivatives.

Under the above assumptions it can be easily checked that Conditions 2.1, 6.2, 7.1, 7.4 and the
modified form of Condition 2.3 in Remark 2.2 are satisfied. Thus from Theorem 2.4 it follows that the
average default process {L{'} satisfies a CLT. More precisely, for ¢ € [0, 7],

VN(LY —my(B°,Up))

converges in distribution to a random variable whose distribution is given as a mixture of Gaussians,
where for t € [0, 7], m; : C1 xR — [0, 1] is the measurable map such that m, (B, Uy) = E(¢(Y;) | B°, Up)
if (U, X,Y, «) solve the following nonlinear system of equations.

t
U, =Uy +/ ﬂo(Us,ozS)dS =+ B?,

0

t
X, = X0+/ B(X,,Ya,Us,s)ds + By,

0
Yi= [ Loace v e n(@dN, a = BG(Y:) | B, Vi),

Xy

where B? and B are Brownian motions and N is a Poisson random measure on Xp with intensity
measure v, given on (£2, F, P, { F;}) such that they are mutually independent and they have independent
increments with respect to the filtration {F;}. Also, Xy and Uy are independent F; measurable random
variables with distribution o and pg respectively.

The results of the current paper (in contrast to [2]) not only allow for a general dependence of A on
factor processes but can also be used to treat more complex forms of default processes and also settings
where the common factor and specific factor dynamics have both diffusion and jump components.
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