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Summary

In biomedical research, a steep rise or decline in longitudinal biomarkers may indicate latent
disease progression, which may subsequently cause patients to drop out of the study. Ignoring the
informative drop-out can cause bias in estimation of the longitudinal model. In such cases, a full
parametric specification may be insufficient to capture the complicated pattern of the longitudinal
biomarkers. For these types of longitudinal data with the issue of informative drop-outs, we
develop a joint partially linear model, with an aim to find the trajectory of the longitudinal
biomarker. Specifically, an arbitrary function of time along with linear fixed and random covariate
effects is proposed in the model for the biomarker, while a flexible semiparametric transformation
model is used to describe the drop-out mechanism. Advantages of this semiparametric joint
modeling approach are the following: 1) it provides an easier interpretation, compared to standard
nonparametric regression models, and 2) it is a natural way to control for common (observable and
unobservable) prognostic factors that may affect both the longitudinal trajectory and the drop-out
process. We describe a sieve maximum likelihood estimation procedure using the EM algorithm,
where the Akaike information criterion (AIC) and Bayesian information criterion (BIC) are
considered to select the number of knots. We show that the proposed estimators achieve desirable
asymptotic properties through empirical process theory. The proposed methods are evaluated by
simulation studies and applied to prostate cancer data.
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1. Introduction

In prostate cancer studies, Prostate-specific Antigen (PSA) has been widely used to make
clinical decisions. Higher or rising PSA patterns after treatment are related to an increased
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7. Supplementary Materials

Web Appendices, Tables, and Figures referenced in Sections 1, 3.4, and 4-6, and an R package to implement the JPLM method are
available with this article at the Biometrics website on Wiley Online Library.
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risk of prostate cancer recurrence. One important scientific goal is, therefore, to identify the
PSA trajectory among patients who are treated with radiation therapy for localized prostate
cancer (Proust-Lima et al., 2008). In cases where the treatment has been successful, PSA
levels are expected to drop over the first post-radiation year and then remain stable at low
levels (Zagars et al., 1995). In the other cases, however, PSA values after treatment declined
for a short period of time and then might rise again at later times, for example, as illustrated
in Web Figure 1. Hence, it is desirable to develop a flexible model to capture this nonlinear
temporal trend of PSA levels. One key challenge here is that the follow-up of PSA stopped
when salvage hormone therapy was initiated, which is known to change the PSA level or
when prostate cancer recurred, resulting in possibly informative drop-out which can lead to
bias for PSA trajectory estimation if not accounted for properly.

Motivated by the prostate cancer data, we propose a method that flexibly models
longitudinal trajectories of biomarkers using a partially linear model, while taking
informative drop-outs into account. We treat the informative drop-out as an event which
makes subsequent PSA measurements missing, and these unobserved measures are related to
the drop-out process via subject-specific random effects. Advantages of this semiparametric
joint modeling approach are 1) it provides an easier interpretation of the covariate effects,
compared to standard nonparametric regression models, and 2) it is a natural way to control
for common (observable and unobservable) prognostic factors that may affect both the
longitudinal trajectory and the informative drop-out.

Without considering complications due to the informative drop-out, several authors have
studied partially linear models for longitudinal/clustered data (Zeger and Diggle, 1994;
Zhang et al., 1998; Lin and Carroll, 2001; Lin and Ying, 2001). Other related work about
joint models with time-varying coefficients, but not considering informative drop-outs,
includes Cai et al. (2012) and Lu and Huang (2015). In longitudinal studies, the problem of
informative drop-out has received enormous attention. Hogan and Laird (1997) provided an
excellent review of model-based approaches to handling incomplete longitudinal
measurements, where most of the existing methods are based on the full parametric
specification of the longitudinal model and dependence structure of the drop-out mechanism.
We refer the readers to Hogan and Laird (1997) for a more detailed explanation and
discussion of the limitations of these parametric models. The conventional pattern-mixture
and selection models reviewed by them were extended by Roy (2003) and Beunckens et al.
(2008), who allowed multiple latent subgroups of subjects (i.e., joint latent class models).
The assumption on latent subgroups has been relaxed by Muthén et al. (2011) so that a
subject’s subgroup can differ for drop-out and outcomes in their pattern-mixture and
selection models. However, all these methods assume some parametric or even linear trends
for the longitudinal trajectories, therefore not appropriate for our application.

Roy and Lin (2005) considered longitudinal data with missing time-varying covariates in
addition to informative drop-outs. They used a generalized linear mixed model for
continuous or binary longitudinal outcomes, and used a transition model to estimate missing
time-varying covariates. For informative drop-out, they used a conventional selection model
where a separate logistic regression model was fit at every scheduled visit, including the
missing longitudinal outcome as a covariate. Viewing the drop-out time as a continuous
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random variable, the proportional hazards model is commonly assumed to characterize the
drop-out process, however, it may not be appropriate in some cases. For example, patients
receiving more aggressive treatment may suffer elevated risk in the beginning but may
benefit in the long term if they tolerate the treatment. Considering a general class of
transformations for such cases will lead to a better model fit. The transformation models for
a single survival time and recurrent event times have been extensively studied, dating back to
Dabrowska and Doksum (1988) and more recently by Kosorok et al. (2004) and Kim et al.
(2012).

In this article, we propose a joint partially linear model for longitudinal data with the issue
of informative drop-out, where the informative drop-out is allowed to be dependent on
covariates. By applying general transformation models for informative drop-out, we do not
restrict to the proportional hazards cases. The underlying trajectory is estimated using a B-
spline approach. A key advantage of a B-spline approach is the computational simplicity of
using a small number of knots and a parametric regression-type implementation via the sieve
approximation, which counterbalances the model complexity in the joint modeling
approach. The knot selection procedures based on AIC and BIC are described in Section 3
and numerically evaluated in Sections 4-5. Through our flexible, but readily interpretable,
modeling approach, we can detect significant changes in the trajectory, which may not be
found using linear mixed effects models due to their parametric model constraints, while
correcting biases caused by the informative drop-outs.

2. Joint Partially Linear Model (JPLM)

Let (9 be the longitudinal response at time ¢ and let 7 be the informative drop-out time.
We define 2" = {X(9; t= 0} and Z = {Z9; t= 0} as the covariate processes of fixed and

random effects, respectively. The vectors of external covariates X(# and Z(?) are possibly
time-varying, and their subsets are denoted as X(# and Z(9 (k= 1, 2) in models (1) and
(2). We consider a partially linear model for Y(9

Y (t)=a(t)+B" X1 (t)+b" Z1(t)+e(t), (1)
and a transformed Cox model for 7 with the cumulative hazard function

A2, 2, 0)=H ([oexply" Xo(u) (o0 b) Zo(w)}dAw)) .y

where a() is the unspecified underlying trajectory, Sand y are the vectors of unknown
regression coefficients, A(:) is an unspecified non-decreasing function, and (%) is a white

noise process with variance 2. To account for the correlation between Y{# and 7, we
introduce a common latent variable 6, following a (multivariate) normal distribution with
mean zero and covariance matrix X, We assume Y(£) and 7 are independent, conditional on
%, %,and b. In model (2), ¢ is a set of unknown constants with the same number of
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elements as b, and ¢ - b denotes the component-wise product of ¢ and b. For instance, if one
would expect that the informative drop-out is related to the current level of a biomarker, as in
our application, then (¢ b)72(4) can take the form @by + b1 by taking Z() = (1, §7, b7
= (b1, B) and ¢7 = (4, 4). We note that each patient’s longitudinal responses and informative
drop-out rate are linked through the unobservable latent factors & as well as the observed
common covariates, for example, if Xj(5) = Xo(9). The amount of variation in the informative
drop-out process due to the latent factors is characterized by ¢.

In model (2), the transformation function A(:) is assumed to be continuously differentiable
and strictly increasing, and is required to be specified in the analysis. For example, H(x) can
take the form of the logarithmic transformation,

log(14nx)/n, n>0
H(I)_{ xg( n)/n Z=0-

The choices of n=0and 7 =1 lead to the proportional hazards model and the proportional
odds model, respectively.

Let Cbe the non-informative drop-out time (e.g., administrative end date) assumed to be
independent of { Y(*), T, b} given 2" and Z, and let VV=min(7, C) denote the observed drop-
out time. The observed data for the ith subject with 7, repeated measurements are denoted by
OF{Y Ly, Vi b X(4), Au); ty< Vi us Vi i=1, ..., n j=1, ..., nj}, where A;j= (T;<
C)) with /() being the indicator function. The log-likelihood function for the observed data is
given by

S-log f, 1T [(2m02) ™ exp {= (Viltig)—alty)~ 5" Xua(tiy) b7 Zua(t:7))/(202)})

=1 j=1

X { A(Vy)er" Xai(Vi)+(6e0) Zu (V) F' ([ Vi Xai () +(¢ob)" Zai(u) g A(u))] A

. ) o)L Zo: (u
Xexp {—H (f(‘)/ZGVTX?L(“HW b)" Z2i( )dA(u)>} x f(b;>2,) db. @A)

3. Inference Procedure

We propose a maximum likelihood estimation procedure to estimate the finite dimensional

parameters 6=(3, 7, ¢, o7, Vec() ), the underlying trajectory function a(#), and the
baseline cumulative hazard function A(2), where Vec(Zp) denotes the vector consisting of the
upper triangular elements of X5 Specifically, in Section 3.1 we use sieve maximum
likelihood estimation for a(#) (Geman and Hwang, 1982; Shen and Wong, 1994) in which
a(f) is approximated by a combination of known basis functions (e.g., cubic B-splines) and
unknown sieve coefficients, while in Section 3.2 we use nonparametric maximum likelihood
estimation (NPMLE) for A (§ by allowing A () to be any increasing right-continuous
function. The transformation AH(x) is fixed.
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3.1. Sieve Approximation for a(t)

Suppose that subjects are followed up to a fixed time z. We approximate a(?) in (1) through
a finite number of basis functions in a sieve space of ¢in T = [0, 7] as follows:

m+Kn

alt) =~ Y GBI,
k=1

where { B;"(-)} is a basis function of zwith the highest degree less than /m, (i is the
regression coefficient with a fixed knot sequence, and K, is the number of interior points in
the sieve space. Rigorously speaking, the sieve space for a(#) is defined as

m+Knp m+Kn
Sp(m, Kn, My)={a(t):a(t)= Z CeBy' (1), Z Gk < My},
k=1 k=1

on a finite partition of T

{s1= - =5m=0<8m11< <8, 1, <T=5, i 1= =Samiren b

where the constants K, and M, depend on the data and the sample size (). The

m+Knp
boundedness condition Zkzl ICk| < M, guarantees the sieve space defined by
SH(m, K, M) is a bounded set in a finite dimensional space. Unlike parametric regression,
both the number of knots and the coefficient of the basis function at each knot need to be
estimated from the data. In practice, mis usually chosen to be at least 2, which corresponds
to a linear function. In particular, we use cubic B-spline functions (/m = 4),

t— K —t
B (t)=——2 Bl ()4 —2m T _pmol(g) fort € [0,7]
Sk+m—1—Sk Sk+m —Sk+1

and B} (t)=I(s;, < t<sp.1)for k=1, ..., (m+ Kj). By the properties of B-splines, for a
given tvalue, only at most /n7 basis functions among { B} (¢)} are nonzero, therefore, a(?) is
approximated by a linear combination of { B} (¢)} on m nearest knot points at any point £
Therefore, conditional on { B;*(t)}, and hence K and {sx}, we can use the methodology
that has been developed for the parametric longitudinal data analysis in this nonparametric
context. It consequently reduces the computational burden of using nonparametric
estimation in both longitudinal and survival components.

For the knot locations {sg}, equally spaced knots are commonly used. For longitudinal
studies with the issue of informative drop-outs, however, we suggest choosing {s} based on
the observed data. It can prevent numerical problems in {4} caused by sparsity in the later
study period. To determine the number of interior knots with the best fit to the data, we use
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the AIC- or BIC-based selection procedures. The performance of AIC as a knot selection
criterion has previously been investigated by Shibata (1981) and Ding and Wang (2008)
among others, but that of BIC has not been studied in the joint modeling context. The
proposed knot selection procedure is as follows. For a given Kj, locations of interior knots
are determined as every distinct g1o0/(«+1), the 100/(Kj, + 1)th percentile of the observed
longitudinal measurement times. For example, when K, =3 and K, =9 are considered, {¢s,
0, q75% and {q10, G0, ---, Goo} are used as the locations of interior knots, respectively. We
next repeatedly fit the joint model using the candidate interior points K, € {2, 3, ...}, and
calculate AIC (or BIC). Then, the model with the smallest AIC (or BIC) is considered the
best fitting one. In our simulation study, we observed that AIC and BIC selected the same
model approximately 42% of the time, and the number of knots selected by AIC was always
greater than or equal to that selected by BIC. Moreover, our numerical evaluation was
consistent with the results obtained in Huang et al. (2002); the same estimate a can be
achieved through different sets of basis functions and their corresponding {fk}. Further
detailed comparisons of the two selection procedures are provided in Sections 4 and 5.

3.2. Nonparametric Maximum Likelihood Estimation for A(t)

Using the NPMLE approach, we treat A as a nondecreasing step function with jumps only at
the observed failure times and replace A(#) with the jump size of A at ¢ denoted by A{#}, in
the log-likelihood function (3). For commonly used transformation functions such as log-
transformation, exp{—H(x)} can be expressed as the Laplace transformation of some
function &(¢) for £= 0, such that exp{—H (z) }= [ exp(—x§) 6(&) d&. For example, if we
choose a gamma frailty & with mean one and variance 7, then it holds that H(x) = log(1 +
nx)/n. Applying the Laplace transformation, the observed log-likelihood function (3) can be
rewritten as

205

n ng n; (4 ) ms\_ 4T 7 (4. )12
(0, ¢, A{-D)=Ylog [,(2m02)” 2 exp {z (Yi(tas)—¢TB™ (t13) BT Xui(tig) b7 Zui(ti5)} }
i=1 j=1

A;

xJe | MVitexp{y" Xai (Vi) +(6 0 b)" Zai(Vi)}

xexp { = [§ger XaWH@D Zaap (u)} 5(€) de x f(b; Xy) db, @

where $= (G, ..., Ck)T, B ()=(B{"(t),..., By ()", and &is assumed to be
independent of b.

The most attractive feature about writing the transformation in this way is that the modified
log-likelihood (4) can be seen as the proportional hazards frailty model (Kosorok et al.,
2004) with the conditional hazard function

A2, Z, € b)=EA(t)exp{y” Xai(t)+(¢ 0 b) Zai(1)}.
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This makes the algorithm more stable and computationally efficient. Now, the MLEs can be
obtained by maximizing the modified log-likelihood function over S, (m, K, M,), and all
jump sizes of A at the observed failure times. Since this maximization involves unobservable
variables £and 4, it can be carried out through the following EM algorithm, treating £and 6
as missing data.

3.3. EM Algorithm

We describe the EM algorithm (Dempster et al., 1977) to compute the MLEs of (6, ¢, A{'}).
In the E-step, we calculate conditional expectations of certain functions of (&, ) given the
observed data O;, say A€ g{b) | O]. Hereafter, we omit to write that the expectations are
conditional on the observed data and the current parameter estimates, and abbreviate such
expectation £[£ g{b) | O] as E[£ g{b)]. Computation of this expectation can be simplified
by first obtaining the nested conditional expectation of &, given band O; That is, £ & g{b)]
can be calculated as Eb[,’_f§ [£] b] g{b)]. Since the conditional distribution of & given bis
proportional to

h(&, b)ZEA'iOXp {_f(‘)/z‘fC’YTXQi(“r)-F(ff’Ob)TZzi(u)dA(u)} ,

the conditional expectation of £ given b has the form of

S

Ee (€)= € e iy ey ae %
(
b

A
' (@ (0) - | )

5

where 7, (b)= [ ¥ ¢7" X2 H(00)" Z2i(w) g (1)), Once Eg[€] 4] is calculated, which is a
function of 4, the conditional expectation £[£ g{6)] can be computed using numerical
approximation methods such as Gaussian quadrature with Hermite orthogonal polynomials.
Note that the conditional distribution of b given O;is proportional to T'(O} b) f(5,Z ), where

P(Oulb)=exp § = 3% [ Zui(tiy))* =27 Zualtig) (i)

~CTB"(ty) =BT Xuu(t)} ]} exp {Aut0 04)7 Zu(V)
+AlogH' (#;(b)) —H (%;(b)) }

We thus calculate the conditional expectation by

OMFBT)

L& gil=/ Bl €1 0:(8) s 505 555
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In the M-step, we maximize the expectation of the complete-data log-likelihood function:

55 5 {~logo? /2~ B [{¥iltiy)—C" B (t37)~ 8" Xuilty)

i=1j=1
" Z1i(ti)}/ 202) |+ 3 Aiflogé+logA{Vi)
T X0 (Vi) +E[¢ 0 b]" Zos (Vi) }
5 (B [fliee R on 2t an )

- +E [10g5(§)+10gf(b32b)]} .

Maximizing the above objective function over (¢, B, o2, Zp) is as simple as in a classic linear
regression; whereas the rest of the parameters (y, 4, A{.}) do not have a closed-form of the
maximizers. Using a reliable numerical approach, we solve the following equation for y:

ZA {XQZ 1oy AR V)Xo, () B 1€ g (Vi >]}_07
©

" R (Vi) E[€q2;(V7)]

and the following equation for ¢:

ZA { [bo Zei(V;)]—

L R;(V) B [gqm(vxboZgJ(VM}_o
SR (Vi) E [€q2;(Vh)] " (6)

where R{(#) = (V;= 1) and go (D) = exp{y " Xo (D) + (¢ B)"Z(D}. In addition, A is estimated
as a step function with the following jump size at V;;

A;
SR (V) E[€ay (V] (7

AMVi}=

At each M-step, we update y and ¢ by solving the equations (5) and (6) through a one-step
Newton—Raphson algorithm, and update the jump sizes of A by equation (7).

To obtain the MLEs, we iterate the E-step and M-step until the parameter estimates
converge. The variances of the MLES can be estimated from the inverse of the observed
information matrix of all parameters (6, ¢, A{-}). The observed information matrix can be
computed from the complete data log-likelihood function denoted by ¢¢ for the /th subject
using the following Louis formula (Louis, 1982) of

—ZEW%;’(bnoi]—Z{E[ws<b>®2|0i]—EA[WS(b>|0A®2}, ©
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where ¢®2 = yu’, V and V2 are the first and second derivatives with respect to parameters,
and £is the conditional expectation of a function of 4 given the observed data.

3.4. Asymptotic Properties

One of the attractive features of the proposed estimator is that its large sample properties can
be shown by using techniques from empirical process theory. Let (é, a, /() denote the
estimator maximizing (4), and let (8, ag, Ag) denote the true parameter values. Zeng and
Cai (2005) showed the strong consistency and asymptotic normality of fand /i(-) when
ag(d is constant over time. We relax their full parametric assumptions for Y(# by adding a
nonparametric functional component into their linear mixed effects models. The key
difference in the proof is to find an upper bound of sup(o 4 |d(t) - ag(d|. The upper bound
is constructed based on a linear span of ag(?) into the sieve space S (m, K, M,) that consists
of functions with uniformly bounded rth (r= 2) derivatives. Under the mild regularity
conditions (A1)-(A11) stated in the Web Appendix A, we can show that if the smoothing
parameters satisfy M, = O(log log ) and K= O(r’0) with 1/(4/) < ry < 1/3, then the MLEs
are uniformly consistent in the sense that ||é— ll = 0x(1), supgo, 4 |/§(t) = Ao(9] = 04(1)

and sup o, la(d - ao(dl = 0,(1), where [9l|= V"0, From the consistency and the choice
of M, = ((log log ), we can further show that

16— 0]l +IA (1)~ Ao (1) HZ(P}+H@(t)—<¥o(t)|\i2(,,> =0, (n""*)+0,(K,*"). By choosing

K, = O(rH(4-D), for example, we can obtain the v/72-convergence rate of the MLEs. Finally,
it is proved that 7/2(6 - &) is asymptotically normal with mean zero and &is a
semiparametric efficient estimator for 6. The asymptotic covariance of &can be estimated
by (8), and its finite sample properties are shown to be good in Section 4. A detailed proof of
the asymptotic properties is given in Web Appendix A.

4. Simulation Studies

To assess the performance of the proposed method, we conduct extensive simulation studies
under settings mimicking the prostate cancer data. Specifically, using the analysis results in
Figure 3 and Table 3 as a basis, we assume that true a(f) = (¢+ 0.5)™ 15 + (#2 + 1)3 - 4 and ¢
= 1.7, choose n=500, and target a similar early drop-out rate as in the real data where 50%
and 75% of informative drop-outs occurred within 3 and 5 years, respectively, over the
maximum follow-up time of 14 years. For simplicity we include one observed covariate x,
baseline PSA level, following a normal distribution with true 8= » = 0.5. Then, the
longitudinal outcomes are generated from Y(2) = a(d) + Bx+ by + bt + &(9), where

e(t)~N(0,02) With s2=0.1 and (b1, &) are from a normal distribution with zero means,

031:0.4, and afZ:O.Q. The correlation between £; and & is p = —0.1. Informative drop-out
times are generated from a transformation model taking the form A(¢| x, 1) = Hexp(yx+

$01) A (D).

Various missing mechanisms are explored by varying AH(-) and ¢. We consider two popular
models for survival data: the proportional hazards model A(x) = x (when 7= 0) and the
proportional odds model AH(x) = log(1 + x) (when n=1). Assuming true ¢ = 0 represents
missing at random (MAR). True ¢ = 0.5 and ¢ = 1.7 represent missing not at random
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(NMAR) with the same and larger effect size than the coefficient of the observed covariate
(¥ =0.5). These settings produce about six measurements of Y; on average.

We also investigate the impact of knot selection procedures on a(2) estimation when AIC or
BIC is used. We repeatedly fit the joint model using interior points K, € {2, 3, ..., 20},
where the locations of knots are determined by every distinct 100/(K}, + 1)th percentile of
the observed measurement times. The best numbers of interior knots by AIC (or BIC),
denoted by k4,c (Or kgyc), may be different in each data set. In our simulation settings, we
observe that k4,cequals kg, for 42% of the data sets, and k4,c is always greater than or
equal to kg, For comparison purposes, in Table 1 we also report estimation results when
the interior knots are always fixed with K,=2, K,=4, or K,=8.

Simulation results based on 1000 replications are presented in Tables 1 and 2 for various
missing mechanisms by different ¢ and A(:), where Bias is the average of the differences
between the true parameter and the estimates, SD is the sample standard deviation of the
parameter estimator, SEE is the average of the standard error estimates, and CP is the
coverage probability of 95% confidence intervals. The confidence intervals of variance
components are constructed based on the Satterthwaite approximation.

Table 1 and Web Tables 1-2 report the performance of a(?) estimation in the joint modeling
approach, compared with that using the marginal modeling approach (i.e., ignoring the
informative drop-out), in terms of Bias, SD, the mean square error (MSE), and the ratio of
the MSE for joint estimates to the marginal estimates (MSER). Under MAR (i.e., ¢ = 0),
both approaches are similar in Bias and SD. However, under NMAR (i.e., ¢ = 0.5 or 1.7), the
marginal approach resulted in a larger Bias but with a similar magnitude of SD, which
indicates that the joint modeling approach leads to a more accurate and efficient estimator.

In Table 1, when the number of interior knots (K}, increases, the SD consistently increases,
whereas the Bias decreases or increases in earlier or later observations times, respectively.
The AIC-based knot selection procedure tends to result in smaller biases than the BIC-based
knot selection procedure but at the cost of larger variation. It is worth noting that, when AIC-
or BIC-selected knots are used, part of SD is attributed to the uncertainty of model selection,
whereas such variability does not exist with the fixed knots. In Table 1, we observe that SDs
with the AIC- and BIC-selected knots are similar to SDs with the fixed knots, indicating that
the major source of variations in estimates was attributed to the magnitude of Kj, itself,
rather than the variability in K}, chosen differently by AIC or BIC. This might be the reason
why the coverage probabilities could remain close to the nominal level 95%, even if not
accounting for the uncertainty of model selection. Figure 1 shows the estimates of a(?) for
all #, using different knot selection procedures and transformations. The average, minimum,
and maximum of estimates over 1000 simulated data sets indicate that the proposed
estimator c[(t) behaves well for both transformation models when BIC was used. However,
the AlC-estimates appeared to have larger variations in both tails. Therefore, we suggest
using the BIC-based knot selection procedure, based on negligibly small biases and
consistently smaller SDs in all scenarios we studied.
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Table 2 shows good performance of the remaining parameters for both A(x) = xand H(x) =
log(1 + x) when BIC-based knot selection procedure was used. That is, the MLEs are
unbiased, the standard error estimates calculated using the Louis formula reflect well the
true variations in the proposed estimators, and the coverage probabilities are in a reasonable
range. When AIC was used as the knot selection criterion, simulation results are very similar
to those in Table 2 and hence omitted here (see Web Table 3).

5. Data Application

We illustrate the application of the proposed method using prostate cancer data from the
University of Michigan. The data were collected from a total of 503 patients with average
age of 69 (range of 34-86) who received planned radiation therapy as the primary treatment
method. The objective of this analysis was to identify the trajectory of post-radiation PSA
change, while correctly accounting for the informative drop-out either by the start of salvage
hormone therapy or by tumor recurrence. A detailed description of the data and possible
clinical impact achieved from the study are discussed in Proust-Lima et al. (2008) and
Taylor et al. (2013).

In this cohort, 118 patients (23.5%) dropped out, and the PSA level was measured nine times
on average within a median follow-up time of 4.5 years. The model to characterize the PSA
changes in the presence of informative drop-out was

Y(t) =a(t)+B8T X+bi+bot+e(t),
AX,0)  =H (fhexp{y" X+6(br+bou)} dA(u)) ,

where Y(J) is the observed values of log(PSA(t) + 0.1) at time £ A(¢| X b) is the cumulative
hazard function of time to informative drop-out from the end of radiation therapy, and the
prognostic factors (denoted as X) are log(baseline PSA+0.1), T-stage, Gleason score, and
age at diagnosis. The log-transformation of PSA values and the choice of which covariates
to include were based on the findings in Proust-Lima et al. (2008). A subject-specific
random intercept and time slope (i.e., 6y + &8 were included in both longitudinal and
survival components to account for the dependence of informative drop-out on the PSA
trajectory. The inclusion of £, + b ¢in the survival component implied that the time to
informative drop-out was linked to the current PSA level.

To adjust for the informative drop-out mechanism better, we assumed different
transformation models A(x) = log(1 + nx)/n by varying n values in the range [0, 1]. This
was because, when 7 =0 or =1 can be assumed, the chosen transformation provides
useful interpretations for the drop-out process. That is, =0 implies that the unit change in
a covariate has a linear impact on the log-hazard of dropping-out. The choice of =1
implies the data fits better to a model with a linear increment in the log-odds of dropping-out
per unit change in a covariate.

To select the best transformation model 7 and interior knots K, model selection approaches
such as AIC and BIC are considered. Under each set of (7, K;) in n€ {0,0.1, ..., 1} and K,
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€{2,4, ..., 12}, we computed the MLEs for the regression coefficients using the proposed
method, and the resulting AIC and BIC values were compared. The search range of K}, was
chosen to cover the upper and lower bounds of K}, satisfying Conditions (A9)—(A11) in Web
Section A. In Figure 2 the smallest BIC value corresponding to (7,K},;) = (1, 5) indicated that
use of five interior knots and the proportional odds model produced the best fit to the data.
As a sensitivity analysis, we expanded the range of the transformation parameter to 7> 1,
leading to the smallest BIC value at = 1.6 and K, = 6 (Web Figure 2). Since the decrement
in BIC value was very small, for a better interpretation in practice, we still reported the
results from the proportional odds model.

Table 3 summarizes the analysis results under the selected best model. The positive ;52
1.730 (P<0.001) indicates that a higher current PSA level was significantly associated with a
higher rate of informative drop-out. The rate of informative drop-out statistically
significantly increased with a higher baseline PSA level, T-stage and Gleason score, and for
older patients. On the other hand, there was no significant difference in post-radiation PSA
level by T-stage and Gleason score, although it was significantly affected by baseline PSA
level and patient’s age. We noticed that overall results for time-constant covariates were
similar between joint and marginal (i.e., ignoring the informative drop-outs) analyses,
whereas the results for the temporal trend in PSA level were different. In Figure 3, circles
and dots present the full history of all post-radiation PSA values for patients whose follow-
up was informatively and non-informatively dropped out, respectively. The mark “x” on
some circles indicates the last observation of PSA before the informative drop-out occurred.
Based on the descriptive summary indicated by the circles, dots, and x’s, it was observed
that patients who dropped out informatively had higher PSA scores and shorter follow-up
time in general. When we compare the curve for the “Joint Estimate” to that for the
“Marginal Estimate” in Figure 3, we can see that the joint modeling approach led to the
estimated underlying PSA trajectory curve being lower than the marginal estimate. This
might be because the joint modeling is a method to account for the fact that some of the PSA
values were observed under some degree of disease progression, which could cause
informative drop-out due to the tumor recurrence or sufficient concern that the patient
considered hormone therapy. Moreover, the reduction in the estimate by the joint modeling
approach was larger at longer times.

Sensitivity to the inference based on BIC selection was examined by comparing the results
by AIC selection. Web Figure 3 shows that the AlIC-based procedure selected the model with
(n,Kp) = (1, 7), however, the resulting estimates were very similar to those based on the
BIC-based selection procedure and hence omitted here (see Web Figure 4 and Web Table 4).

6. Discussion

We have discussed a method of fitting a partially linear model for longitudinal data with
informative drop-out, which can handle a covariate-dependent drop-out mechanism through
the transformed survival model. For estimation of the model parameters, we have maximized
the likelihood, and the resulting MLEs have been theoretically justified. The proposed joint
modeling approach has clearly shown the capability to correct biases induced by ignoring
informative drop-out using simulated data and a real example.
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By exploring a broad class of models for the missing data through varying A(-) and ¢, the
proposed method reduces errors due to the misspecified missing data mechanism to some
extent. The proposed methodology, however, does require extensive modeling assumptions,
including specification of the drop-out mechanism, the mean and covariance structures, such
as linearity in the covariate effects, and a normality assumption of latent variables.
Therefore, sensitivity analysis to these assumptions as well as future efforts in research and
development of model checking tools are needed to promote practical application of the
proposed joint partially linear model (JPLM). In the JPLM, the distribution of the outcomes
after drop-out is nonidentifiable, and thereby we assume that it remains the same as before
the drop-out. One simple approach to exploring sensitivity to this untestable assumption is to
1) introduce a sensitivity parameter as the difference between the mean of observed and
unobserved responses, and then 2) examine how sensitive the results are over a clinically
plausible range of the sensitivity parameter (for more details, see Web Section D). For the
assessment of JPLM’s fit to observed data, a graphical inspection tool has been illustrated in
Web Section C. With regard to more rigorous model diagnostic procedures, the main
difficulty is that some model assumptions are made about unobserved variables, and hence
the standard model diagnostics based on the observed data alone are not sufficient. One
possible research direction is to adopt the multiple-imputation-based diagnostic method by
Rizopoulos et al. (2010). The key idea of Rizopoulos et al. (2010) is to create multiple sets
of complete data by resampling missing longitudinal outcomes from the posterior
distribution given the observed data, and apply standard model diagnostics for mixed effects
models and survival models with complete data. Since the general framework needed for the
multiple imputation procedures in Rizopoulos et al. (2010) has already been established in
equation (5) and Sections 3.3 and 3.4, the extension to survival transformation models
appears promising. The assumption on the linear effects of covariate can be relaxed by
extending to time-varying coefficients models. When a fixed numbers of knots are used or
the number of knots can be assumed to the same for all time-varying coefficients, we do not
expect any additional technical challenge in the extension. However, further efforts to reduce
the computational burden are needed for selecting different numbers of knots for each
covariate.

There are a few other ways in which we can extend our proposal. In this article, we assume
that the observation times of the biomarkers are independent of the level of biomarkers.
However, in some cases where biomarkers are observed at hospitalizations or whenever
clinicians may suspect some progress of the diseases for example, our JPLM can be
extended to accommodate the informative observation process by jointly modeling the
additional component. The AIC and BIC were considered to determine both the best
transformation and the selection of the number of knots, but we can also explore and
compare the validity of other resampling-based model selection criteria such as cross-
validation in the future. Lastly, there is no theoretical justification for any of these model
selection procedures, and the proposed inference does not account for the uncertainty of
model selection. Post-model selection inference methods under the joint modeling setting
are worth pursuing.
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Refer to Web version on PubMed Central for supplementary material.
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Figure 1.

Simulation results for a(2) estimation when ¢ = 1.7. The solid curve indicates true a(? = (¢
+0.5)715 + (#2 + 1)3 - 4. The dash-dotted (dotted) curves indicate the maximum, average,
and minimum of the estimated a(#) over 1000 simulated data sets when the AlIC-based (BIC-
based) knot selection procedure was used. The AlIC-estimates appeared to have larger
variations in both tails than the BIC-estimates. This figure appears in color in the electronic

version of this article.
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Figure 2.
Bayesian information criterion (BIC) plotted for different transformations H(x) = log(1 +

nx)/n and different numbers of interior knots (K).
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Figure 3.
Coefficient function of log PSA score, adjusted by T-stage, Gleason score, and age, under

the best fit of transformation A(x) = log(1 + x) and 5 interior points. The solid (dashed)
curve is an estimate from the joint (marginal) model. The circles and dots present the full
history of all post-radiation PSA values for patients who dropped out informatively and non-
informatively, respectively. The mark “x” on some circles indicates the last observation of
PSA before the informative drop-out occurred.
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