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Integrating the methods of mathematical modelling and engineering
design in projects

Imad Abou-Hayt,! Bettina Dahl,! and Camilla @sterberg Rump?

! Aalborg University, Denmark; imad@plan.aau.dk, bdahls@plan.aau.dk
2 University of Copenhagen, Denmark; cr@ind.ku.dk

In this paper, we show how an integration of the engineering design method and the mathematical
modelling method can be applied in engineering. This is exemplified through two student projects in
the first-year modules ‘Dynamics and Vibrations’ and ‘Models, Mechanics and Materials’, which
are compulsory in the Sustainable Design engineering programme at Aalborg University, Denmark.
We first describe and discuss the definitions of the two methods and argue that they have many
similarities and that the differences appear to vanish once they are combined in an introductory
engineering project. We argue that when students experience how the two methods are applied in a
project, they may develop a better holistic understanding of the problems they may encounter as
future engineers. They are thus better equipped to solve future real-life problems by having applied
mathematics and engineering sciences as integrated activities.

Keywords: Engineering design, mathematical modelling, problem-based learning.

Introduction

One of the major functions of design engineers is to solve problems for the society in which they
live. Design engineers work on products and systems that involve adapting and using engineering
and mathematical techniques and they usually work with a team of engineers and other designers to
develop conceptual and detailed designs that ensure a product works and is suitable for its purpose.
In this paper, we will describe and discuss an example of how the engineering design process,
mathematical modelling, and problem-solving activity are integrated through introductory first-year
projects in the Sustainable Design engineering programme at Aalborg University (AAU) in
Copenhagen, Denmark. Underlying the example is an assumption that by combining the
engineering design process and the mathematical modelling process in an engineering context,
students will be much more prepared to tackle the real-life problems that they might encounter in
their future profession as engineers.

As we will show in this paper, the integration of the two methods conforms to the method of
Problem-Based Learning (PBL) that AAU has adopted since it was founded in 1974. As argued by
Kolmos, Holgaard, and Dahl (2013), there is not one single AAU PBL model, but nevertheless, the
programmes at AAU are all organized around shared PBL principles described by Barge (2010) and
Askehave et al. (2015). These principles are problem orientation, project organization, integration
of theory and practice, participant direction, a team-based approach, and collaboration and
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feedback. The students therefore work in teams on open problems and the work includes all the
steps from problem identification and problem analysis to problem solving. PBL is thus a student-
centred learning method that uses real problems as a stimulus or starting point for the acquisition
and integration of new knowledge. The teacher acts as an initiator and facilitator in the collaborative
process of knowledge transfer and development. Parallel to the projects, the students also undertake
modules which typically follow a more traditional style with lectures and exercises. The major
characteristics of PBL projects include adaption to students’ prior knowledge and experience,
integration of knowledge, and teaching in relevant contexts.

The purpose of this paper is to show how to integrate the teaching of mathematics and engineering
mechanics within the framework of PBL in order to enhance the students’ understanding of both
subjects as well as to introduce them to real-life situations, where the real problems they meet are
mostly combinations of engineering, technology, and mathematics. When working on such
problems in the real world, engineers, designers and applied mathematicians work together as a
team to create new products. We aim to “transfer” these situations to the classrooms so that the
students can develop an early acquaintance with the “real thing”. This requires carefully designed
teaching scenarios that help make both mathematics and engineering interesting to learn.

The main research questions of this paper are therefore: Can we design didactical situations that
integrate mathematics and engineering mechanics through design projects that resemble practical
problems? Is it possible to teach mathematics in connection with engineering courses so that the
students can capture the essence of both subjects through design projects? To answer these
questions, we investigate mathematics teaching through design projects, using mathematical
modelling as a didactic tool. The problem that we address here is the lack of interest in mathematics
courses among engineering students (Harterich et al., 2012). This issue may eventually lead to poor
understanding and performance on engineering science courses that depend on the mathematical
concepts taught in traditional mathematics modules. The significance of the paper is therefore that it
suggests a method that might solve this problem by offering teaching experiments that integrate
some real-life problems with some central concepts in engineering mathematics. The aim of the
student projects is to make mathematics more interesting for engineering students and to improve
their understanding of engineering and mathematics courses.

The processes of mathematical modelling and engineering design
Mathematical modelling as a design process

Mathematical modelling is used in a variety of disciplines. A mathematical modelling competence
is considered central in both engineering and mathematics education. When doing mathematical
modelling, a part of reality is encoded into a set of mathematical rules and equations. There are in
fact many “models” or descriptions of the mathematical modelling process. Due to page
restrictions, we show only one example of such a model (Blomhgj & Jensen, 2003). The one chosen
was developed for use in education and is thus relevant. Every mathematical modelling process
must begin with a problem or an observation, which is a process that fits well with a PBL project
which also starts with open problems that require a solution. The problem can be either a well-
defined physical question requiring a mathematical solution or a loosely described technical

Proceedings of CERME11 4730



Thematic Working Group 26

problem requiring a solution but with no obvious choice of mathematical model. However, since a
mathematical model is an abstraction and mathematics itself is an abstract discipline, the starting
point of the modelling process is to decide which aspects of the “real world” to observe and which
to ignore.

The mathematical modelling process is as creative as the engineering design process, as engineers
need to model devices and processes if they want to design these devices and processes. Just like
the design of a certain product, a model of a specific physical situation may be good or bad,
simplistic or sophisticated, aesthetic or ugly, useful or useless, but a model or design cannot be
considered true or false. A mathematical model is therefore designed to correspond to a prototype,
which may be a physical, biological, social, or psychological entity or yet another conceptual one.
According to Tayal (2013), the engineering design process is a sequence of steps that a designer
takes to go from identifying a problem or need to developing a solution that solves the problem or
satisfies the need. If we just replace the words “design” and “designer” with “modelling” and
“modeller”, we arrive at a definition of mathematical modelling that is close to the one described
above by Blomhgj and Jensen (2003). The engineering modelling process is therefore the set of
steps that a modeller takes to go from first identifying a problem or need to ultimately creating and
developing a solution that solves the problem or meets the need. Thus, the two processes have
identical objectives and, in fact, can be broken down into a series of similar steps, as seen in Table
1. The table constitutes the theoretical framework of this article. Both processes are different from
the scientific method although they also have some things in common. As argued by Dowling,
Carew, and Hadgraft (2013), the two processes begin with an open task, but while the engineering
process begins with a problem or a need, the scientific method begins with a question. Furthermore,
engineers look for suitable solutions while scientists look for suitable hypotheses to answer the
question, that is, ultimately some generalized knowledge. Thus, engineers create new products
using a more pragmatic modelling approach in which the models are convenient approximations to
specific parts of reality.

Table 1: A comparison of the modelling and design processes

'The mathematical modelling process 'The engineering design process

1a) Begins with a problem 1b) Begins with a problem

2a) Select relevant objects, relations, and data and idealize  [2b) Do background research to define suitable criteria and
these constraints for problem solution

3a) Translate the objects into a mathematical representation 3b) Specify requirements for solutions

4b) Evaluate the solutions against the criteria. Are there

4a) Use mathematical methods to arrive at results . .
alternative solutions?

5a) Interpret the results in relation to the initial question 5b) Choose a suitable solution and build a prototype

6b) Make recommendations; test and redesign as

6a) Evaluate the model
necessary

7a) Communicate the results 7b) Communicate the results
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The table shows that the mathematical modelling process and the engineering design process are
quite analogous. Below, we design two teaching situations that can provide some justification for
Table 1 as these situations integrate mathematics and engineering mechanics in realistic design
projects.

Mathematics in an engineering context: An example

The study of differential equations has always been a major part of the mathematics curriculum in
engineering education. This is expected as many engineering problems involve equations that relate
the changes in some key variables to each other. Therefore, differential equations are used to
investigate a wide variety of problems in sciences and engineering.

Below we present a classical problem from engineering dynamics that illustrates the use of Table 1
in differential equations, specifically second-order differential equations. The mechanical system is
shown in Figure 1. Besides being a standard textbook problem, it is also seen in real-life problems
such as modelling the suspension system of a car or the vibration of a wind turbine blade. Such real-
life problems fit a PBL education model well as they can be quite open and can thus be approached
by a problem-based strategy. At the same time, they also fit the framework shown in Table 1, as
items la and 1b in Table 1 indicates that the starting point is a problem. The problems require
analysis and simulation before a solution is reached. The analysis and simulation can be identified
as items 2-5 for both processes in Table 1:

Create the idealization and formulate constraints (items 2a and 2b)

Encode the system into mathematical language, specify the requirements (items 3a and 3b)
Solve the resulting equation(s) and check the results (items 4a and 4b)

Interpret the results and build a prototype (items 5a and 5b)

To apply Table 1, we begin by assuming constant parameters for the spring and the damper (items
2a and 2b). Using Newton’s second law, the mechanical system can be described by the second-
order linear differential equation with constant coefficients (items 3a and 3b):

4ﬂn

k4 -

Figure 1: A mechanical system

mX + bx + kx = f(t) @)

Here x(t) is the position of the mass m, b is the damping constant, k is the spring constant, and
f(t) is the force applied on the mass. The students have already completed a mathematics module
involving linear second-order differential equations. The purpose is to illustrate the different
solutions of Equation (1) by changing the values of the constants b and k. By plotting the response
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x(t) for some chosen values of b and k (items 4a and 4b), students can see the different behaviours
of the system and gain a better understanding of the underlying mathematics of the mechanical
system, thus accomplish items 5a and 5b. To choose appropriate values of b and k requires that tests
and a redesign be carried out, thus accomplishing items 6a and 6b. It is therefore pedagogically
sound to base the teaching of linear second-order differential equations on systems whose
behaviour students already intuitively understand. This illustrates that PBL, through working with
open problems, can help the students achieve a better understanding of mathematics by using
mathematical modelling as a didactic principle in teaching engineering mechanics and mathematics
itself through the process illustrated in Table 1. Finally, the students accomplish items 7a and 7b
through communicating the results to their peers and teachers as part of the module.

The students’ ability to solve linear differential equations by using standard methods or formulas is
therefore insufficient to understand fully the link between the mathematics learned and the other
modules and projects. Students may eventually ask how we know that the parameters of the spring
and the damper are constants. There are typically two different answers, we can give the students:

Real springs and dampers have approximately linear behaviour.

By assuming constant parameter values for the spring and damper, we can use the standard
methods to solve linear differential equations, as we have a complete theory of linear
differential equations, and not, e.g., a complete theory of nonlinear differential equations.

These answers can, however, be disputed by the fact “almost all systems are nonlinear to some
extent” (Hilborn, 2000). Besides, many of the student projects in which the first author was
involved as a supervisor involve nonlinear phenomena. However, as the students were only
introduced to linear second-order differential equations in their mathematics module and are still in
their first year of study, we will at this point assume linear behaviour of the systems involved.

Mathematical modelling in action
Model of a Lego van and a caravan: Example 1

In a project in the second-semester module “Dynamics and Vibrations” for the Sustainable Design
engineering programme, the students should construct a mathematical model of the popular van and
caravan playset by the Danish company Lego. In the context of Table 1, the problem of the project
is to determine the response of the caravan if the van moves on a straight road with a constant
acceleration a. This corresponds to items 1a and 1b in Table 1. Ideally, the caravan should follow
the kinematics of the van as closely as possible. The project can illustrate the use of PBL as a
framework in teaching an engineering mechanics module, where mathematics and mechanics are
integrated in a realistic project through the process of mathematical modelling. The PBL project
thus conforms to Table 1, as it starts with a problem that requires mathematical tools to arrive at
acceptable results. A simplified model of the system is shown in Figure 2. Many students
immediately see the similarity of this concrete system with the ideal one in Figure 1: The constant
acceleration of the van gives rise to a constant force on the caravan. Some also realize that the
flexible linkage between the van and the caravan can be modelled as a spring and a damper.
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Figure 2: A model of the Lego project
If we let x;(t) and x,(t) denote the positions of the van and the caravan respectively, Newton’s
second law (Hibbeler, 2017) leads to the differential equation of the model:

mi, + b(x, —x1) + k(x; —x) =0 2)

As the van’s acceleration is constant, we have x; = at and x; = Eatz, where the initial conditions
are assumed to be zero. Equation (2) can finally be written as

mi, + b, + kx, = abt + > akt? (3)

Comparing Equations (3) and (1), the students see that bat + %katz corresponds to the force f(t).

We are led to a second-order non-homogeneous differential equation where the unknown function
is x,(t). This is exactly the type of differential equation, which the students have met in their
mathematics module; they now meet it in an engineering context. Thus, Table 1’s items 2a, 2b, 3a,
and 3b are now satisfied. The students now see an old friend in action! Thus, we anticipate that this
will offer some justifications to the students in answer to their eternal question “Why do we need to
study differential equations?” in the context of their experience.

Student simulation of the model

The students were given the values m = 0.50 kg and a = 1 m/s* for which they ran a simulation of
the model for two different combinations of the spring constant k and the damping constant b:

k =10N/mand b = 0 (no damping)
k =10N/mand b = 0.50 N - s/m (with damping)
The students used MATLAB to plot the position x,(t) of the caravan in the two cases (Figure 3).

Responsae of the caravan Response of the caravan

| !l[\' [ | ﬁ Iﬂ ||[I\| ﬂ\ }q : (\ F

Tl juisii
Tl juisii
c;q

Figure 3: Response of the caravan. Left: no damping; Right: with damping
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The case without damping obviously leads to an unacceptable model of the system. In contrast, the
presence of damping ensures a smooth response of the caravan. Many students now realize why a
damper should be included as a part of modelling the linkage, even though it is not out there! Thus,
by changing the value of b (and of k for that matter) we get two different designs and that will
result in two different mathematical models. By referring to items 4 to 6 for both processes in Table
1, we see that these are accomplished, as we are testing the models and comparing designs. The
design process and the mathematical modelling process are therefore closely related to the extent
that, in real-life engineering practice, separating the two processes would not be easy. It is therefore
artificial to separate modules in mathematical modelling and engineering design in teaching
situations, as engineering programmes ought to correspond to and be compatible with realistic
situations that the future engineers might encounter.

The connection between mathematical modelling and engineering design: Example 2

To further illustrate the relation between the mathematical design process and the engineering
design process, we mention here an example taken from a project by the first author introduced in
the first-semester module “Models, Mechanics and Materials”. Briefly, the problem is to find the
internal forces in the three cables of the hanging lamp (see Figure 4) and to redesign it if possible.
The students themselves should provide realistic values for the weight and dimensions of the
hanging lamp. They should also measure the lengths and diameters of the wires. The students
should first make a model of the hanging lamp and then try to redesign it. This is an open problem
with several solutions.

i ."'\-
e \/d""
e

Figure 4: A hanging lamp

The modelling process consists of writing the equilibrium equations of the lamp using statics. The
students discovered that they could not find the internal forces in the three wires: They got two
equations with three unknowns. By arriving at an indeterminate system of equations, the students
then had a justification for why the middle wire was redundant. Some other students added the
extra equation using deformation theory in the topic of strength of materials. In that way, they could
determine the internal forces in the three wires by writing them down in matrix form. Changing the
geometry and materials of the wires (i.e., design) leads to another system of equations (i.e., a new
model). Other students chose to remove the middle wire, thus arriving at a consistent system of
equations with a unique solution. Thus, the design the students choose will affect the mathematical
model of the lamp. Conversely, the mathematical model of the lamp will influence its design and
redesign. Here, we can see that the items of each pair in Table 1 interact together in a fusion process
to produce a solution to the problem. The main purpose of this course project is to relate topics from
mathematics, specifically matrices and linear equations, to engineering mechanics and materials in
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the framework of Table 1. We believe that through these kinds of course projects, mathematics
teaching will be more motivating for the students, so they can see the relevance of the mathematical
topics they encounter in their study programme.

Discussion and conclusion

In the paper, we have used Table 1, which incorporates the engineering design and mathematical
modelling processes as a theoretical framework for two student projects. The items in the table can
be identified in the processes the students go through in two design projects. Here we also saw that
the items in both the mathematical modelling process and the engineering design process became
visible. We believe that this identification strengthens the argument that engineering mathematics
should be taught in an engineering context, through well-designed teaching situations that allow
engineering students to work with real-life problems. As stated in the introduction, design engineers
work on projects that involve adapting and using engineering and mathematical techniques, and in
reality, these are intertwined. We also believe that this strategy can be generalized to other
situations where STEM integration is involved.

References

Askehave, 1., Prehn, H. L., Pedersen, J., & Pedersen, M. T. (Eds.). (2015). PBL: Problem-based
learning. Aalborg: Aalborg University Press.

Barge, S. (2010). Principles of problem and project-based learning: The Aalborg PBL model.
Aalborg: Aalborg University Press.

Blomhgj, M., & Jensen, T. H. (2003). Developing mathematical modelling competence: Conceptual
clarification and educational planning. Teaching Mathematics and Its Applications, 22(3), 123-
139.

Dowling, D. Carew, A., & Hadgraft, R. (2013). Engineering your future: An Australian guide,
second edition. Milton, QLD: John Wiley and Sons Australia.

Hérterich, J., Kiss, C., Rooch, A., Mdnnigmann, M., Darup, M. S., & Span, R. (2012).
“Mathepraxis”: Connecting first-year mathematics with engineering applications. European
Journal of Engineering Education, 37(3), 255-266.

Hibbeler, R. C. (2017). Engineering mechanics dynamics. Harlow: Pearson.

Hilborn, R. C. (2000). Chaos and nonlinear dynamics: An introduction for scientists. Oxford:
Oxford University Press.

Kolmos, A., Holgaard, J. E., & Dahl, B. (2013). Reconstructing the Aalborg model for PBL: A case
from the Faculty of Engineering and Science. In K. Mohd-Yusof, M. Arsat, M. T. Borhan, E. de
Graaff, A. Kolmos, & F. A. Phang (Eds.), PBL Across Cultures (pp. 289-296). Aalborg: Aalborg
University Press.

Tayal, S. P. (2013). Engineering design process. International Journal of Computer Science and
Communication Engineering. IJCSCE Special issue on “Recent Advances in Engineering &
Technology” NCRAET, 1-5.

Proceedings of CERME11 4736



	Table of Contents
	Introduction
	Preface
	Introduction to the Proceedings
	Plenary_01
	Plenary_02
	Plenary_03
	ERME anniversary panel

	TWG01
	TWG01_01 Introduction to the papers of TWG01: Argumentation and Proof
	TWG01_02 Understanding geometric proofs: scaffolding pre-service mathematics teacher students through dynamic geometry system (dgs) and flowchart proof
	TWG01_03 Initial participation in a reasoning-and-proving discourse in elementary school teacher education
	TWG01_04 Epistemological obstacles in the evolution of the concept of proof in the path of ancient Greek tradition
	TWG01_05 Teachers’ perspectives on mathematical argumentation, reasoning and justifying in calculus classrooms
	TWG01_06 Integrating Euclidean rationality of proving with a dynamic approach to validation of statements: The role of continuity of transformations 
	TWG01_07 The role of the teacher in the development of structure-based argumentations
	TWG01_08 Prospective teachers enacting proof tasks in secondary mathematics classrooms
	TWG01_09 Developing Pre-service Mathematics Teachers’ Pedagogical Content Knowledge of Proof Schemes: An Intervention Study
	TWG01_10 Games as a means of motivating more students to participate in argumentation
	TWG01_11 Towards an interactional perspective on argumentation in school mathematics
	TWG01_12 A pilot study on elementary pupils’ conditional reasoning skills and alternatives generation skills in mathematics
	TWG01_13 What do prospective mathematics teachers mean by “definitions can be proved”?
	TWG01_14 The justification of conjectures in the study of the congruence of triangles by 5th grade students
	TWG01_15 Fundamental task to generate the idea of proving by contradiction
	TWG01_16 Student teachers’ argumentation in primary school mathematics

classrooms
	TWG01_17 The interplay of logical relations and their linguistic forms in proofs written in natural language
	TWG01_18 Mathematical Arguments in the Context of Mathematical Giftedness – Analysis of Oral Argumentations with Toulmin
	TWG01_19 “Using geometry, justify (…)”. Readiness of 14-year-old students to show formal operational thinking
	TWG01_20 On the effect of using different phrasings in proving tasks
	TWG01_21 Task design for developing students’ recognition of the roles of assumptions in mathematical activity 
	TWG01_22 Primary students’ reasoning and argumentation based on statistical data
	TWG01_23 Questions and answers … but no reasoning!
	TWG01_24 Factors influencing teachers’ decision making on reasoning-and-proving in Hong Kong
	TWG01_25 On teachers’ experiences with argumentation and proving activities in lower secondary mathematics classrooms
	TWG01_26 An epistemological study of recursion and mathematical induction in mathematics and computer science
	TWG01_27 Explanatoriness as a value in mathematics and mathematics teaching
	TWG01_28 Proof, reasoning and logic at the interface between Mathematics and Computer Science : toward a framework for analyzing problem solving
	TWG01_29 A systemic investigation of students’ views about proof in high school geometry: the official and shadow education systems in a school unit
	TWG01_30 Meta-knowledge about definition: The case of special quadrilaterals
	TWG01_31 Proof comprehension of undergraduate students and the relation to individual characteristics
	TWG01_32 Abduction in argumentation: Two representations that reveal its different functions
	TWG01_33 Some linguistic issues on the teaching of mathematical proof
	TWG01_34 Planning for mathematical reasoning – Surprising challenges in a design process
	TWG01_35 Metacognitive activities of pre-service teachers in proving processes
	TWG01_36 Features of mathematics’ teacher argumentation in classroom
	TWG01_37 Beyond direct proof in the approach to the culture of theorems: a case study on 10-th grade students’ difficulties and potential
	TWG01_38 Identifying key ideas in proof: the case of the irrationality of √k

	TWG02
	TWG02_01 Introduction to the work of TWG 2: Arithmetic and number systems
	TWG02_02 Use of conceptual metaphors in the development of number sense in the first years of mathematical learning
	TWG02_03 Development of an intervention program in counting principles for first-grade students – Pilot study
	TWG02_04 Intervention in counting principles with first-grade students
	TWG02_05 Design of a board game around the notion of fractions
	TWG02_06 Exploring students adaptive use of domain specific knowledge
	TWG02_07 Mental computation: An opportunity to develop students’ strategies in rational number division
	TWG02_08 Intervention in counting principles: teachers’ perceptions on students’ learning profile
	TWG02_09 Teaching and learning decimal numbers: the role of numeration units
	TWG02_10 The offer of tasks to work on multiplication in grades 2 and 3
	TWG02_11 Considerations on developmental stage models, learning trajectories and maybe better ways to guide early arithmetic instruction
	TWG02_12 Rational number operations: What understandings do children demonstrate?
	TWG02_13 Pairing numbers: An unconventional way of

evaluating arithmetic expressions
	TWG02_14 Interactions between pupils’ actions and manipulative characteristics when solving an arithmetical task
	TWG02_15 An analysis of understanding the algebraic structure in school mathematics: focusing on the extension of number sets
	TWG02_16 Strategy choices and formal algorithms: A mixed methods study
	TWG02_17 Number line estimation and quantitative reasoning: two important skills for mathematical achievement
	TWG02_18 Mental calculations with rational numbers across educational levels
	TWG02_19 Students’ ability to compare fractions related to proficiency in the four operations
	TWG02_20 Flexible mental calculation skills of freshmen and graduates
	TWG02_21 A tool to evaluate students’ performance

in solving fraction word problems
	TWG02_22 Development and variance components in single-digit addition strategies in year one
	TWG02_23 Learning fractions using a teaching model designed with applets and the number line: The cases of Alvaro and Fernanda
	TWG02_24 Reflecting on a series of studies on conceptual and procedural knowledge of fractions: Theoretical, methodological and educational considerations
	TWG02_25 Metacognition in non-routine problem solving process of year 6 children

	TWG03
	TWG03_01 Algebraic Thinking
	TWG03_02 Teachers’ Conceptions of Algebra and Knowledge of Task Purposes
	TWG03_03 Strategies exhibited by good and average solvers of geometric pattern

problems as source of traits of mathematical giftedness in grades 4-6
	TWG03_04 Investigating early algebraic thinking abilities: a path model
	TWG03_05 Students’ expected engagement with algebra based on an analysis of

exams in Norway from 1995 till 2018
	TWG03_06 “Never carry out any arithmetic”: the importance of structure in

developing algebraic thinking
	TWG03_07 Algebraic thinking in the shadow of programming
	TWG03_08 Linear figural patterns as a teaching tool for preservice elementary

teachers – the role of symbolic expressions
	TWG03_09 Graphing formulas to give meaning to algebraic formulas
	TWG03_10 Relational thinking and operating on unknown quantities. A study

with 5 to 10 years old children
	TWG03_11 Enhancing students’ generalizations: a case of abductive reasoning
	TWG03_12 Body Motion and Early Algebra
	TWG03_13 Color-coding as a means to support flexibility in pattern

generalization tasks
	TWG03_14 A classification scheme for variables
	TWG03_15 Transforming equations equivalently? – theoretical considerations of

equivalent transformations of equations
	TWG03_16 How students in 5th and 8th grade in Norway understand the equal

sign
	TWG03_17 Fifth-grade students solving linear equations supported by physical

experiences
	TWG03_18 Representational variation among elementary school students. A study

within a functional approach to early algebra
	TWG03_19 Unpacking 9th grade students’ algebraic thinking
	TWG03_20 Portuguese and Spanish prospective teachers’ functional thinking on

geometric patterns
	TWG03_21 “When a number moves across, it changes its sign” – Investigating

Teachers' Conceptual Understanding of Algebra
	TWG03_22 Dealing with quantitative difference: A study with second graders
	TWG03_23 Short note on algebraic notations:

First encounter with letter variables in primary school
	TWG03_24 Structures identified by second graders in a teaching experiment in a

functional approach to early algebra
	TWG03_25 Comparing the structure of algorithms:

The case of long division and log division
	TWG03_26 Relationships between procedural fluency and conceptual

understanding in algebra for postsecondary students
	TWG03_27 Forming basic conceptions in dealing with quadratic equations
	TWG03_28 Provoking students to solve equations in a content-oriented fashion

and not using routines by solving slightly modified standard tasks

	TWG04
	TWG04_01 Introduction to the papers of TWG04: Geometry Teaching and

Learning
	TWG04_02 A computer-based environment for argumenting and proving in

geometry
	TWG04_03 The evolution of 9-year-old students’ understanding of the

relationships among geometrical shapes
	TWG04_04 Measuring area on the geoboard focusing on using flexible strategies
	TWG04_05 Justifying geometrical generalizations in elementary school preservice

teacher education
	TWG04_06 Professional actions of novice teachers in the context of teaching and

learning geometry
	TWG04_07 A model of the instrumentation process in dynamic geometry
	TWG04_08 Spatial structuring in early years
	TWG04_09 The development of geometrical knowledge starting from arts

education
	TWG04_10 “Going straight”: discussions and experience at primary school
	TWG04_11 Mathematical creativity and geometry: The influence of geometrical

figure apprehension on the production of multiple solutions
	TWG04_12 In-service teachers' conceptions of parallelogram definitions
	TWG04_13 Children’s use of spatial skills in solving two map-reading tasks in real

space
	TWG04_14 A step in the development of an evidence based learning progression

for geometric reasoning: focus on shape and angle
	TWG04_15 Task design with DGEs: The case of students’ counterexamples
	TWG04_16 The connection between angle measure and the understanding of sine
	TWG04_17 To figure out more than a solution to a geometric problem: What do

prospective teachers?
	TWG04_18 Personal geometrical work of pre-service teachers: a case study based on the

theory of Mathematical Working Spaces
	TWG04_19 Students’ reasons for introducing auxiliary lines in proving situations
	TWG04_20 Construction of triangles: some misconceptions and difficulties
	TWG04_21 Grade 3/4 students’ understanding of geometrical objects: Australian

case studies on (mis)conceptions of cubes

	TWG05
	TWG05_01 Introduction to the work of TWG5:

Probability and Statistics Education
	TWG05_02 Formalizing students’ informal statistical reasoning on real data:

Using Gapminder to follow the cycle of inquiry and visual analyses
	TWG05_03 Design of statistics learning environments
	TWG05_04 Informal statistical inference and permutation tests
	TWG05_05 Unravelling teachers’ strategies when interpreting histograms: an eyetracking

study
	TWG05_06 The importance of high-level tasks in the access of statistical errors: A

study with future teachers of the first years
	TWG05_07 Design principles for short informal statistical inferences activities for

primary education
	TWG05_08 Chilean primary school difficulties in building bar graphs
	TWG05_09 How Realistic Mathematics Education approach influences 6th

grade students’ statistical thinking
	TWG05_10 Repurpose and extend: making a model statistical
	TWG05_11 The role of decision-making in the legitimation of probability and

statistics in Chilean upper secondary school curriculum
	TWG05_12 The challenge of constructing statistically worthwhile questions
	TWG05_13 Investigating teachers’ pedagogical content knowledge for statistical

reasoning via the real life problem scenario
	TWG05_14 It’s a good score! Just looks low: Using data-driven argumentation to

engage students in reasoning about and modelling variability
	TWG05_15 Prospective teachers’ interdisciplinary learning scenario to promote

students’ statistical reasoning
	TWG05_16 The development of a domain map in probability for teacher

education
	TWG05_17 Testing the negative recency effect among teacher students trying to

generate random sequences
	TWG05_18 Statistical Graphs Semiotic Complexity, Purpose and Contexts in

Costa Rica Primary Education Textbooks
	TWG05_19 Building up students’ data analytics skills to solve real world problems
	TWG05_20 Interweaving probability games and other mathematical areas in

Tamás Varga’s spirit in Hungary
	TWG05_21 Pitfalls and surprises in probability:

The battle against counterintuition
	TWG05_22 Why does statistical inference remain difficult? A textbook analysis for

the phases of inference
	TWG05_23 Young children’s informal statistical inference experiences

through constructing a pictograph
	TWG05_24 What is taught and learnt on confidence interval? A case study
	TWG05_25 Prospective high school teachers’ interpretation of hypothesis tests and

confidence intervals
	TWG05_26 Covariational reasoning patterns exhibited by high school students

during the implementation of a hypothetical learning trajectory
	TWG05_27 A Case Study of Teacher Professional Development on Game-

Enhanced Statistics Learning in the Early Years of Schooling
	TWG05_28 The influence of the context of conditional probability problems on

probabilistic thinking: A case study with teacher candidates
	TWG05_29 In-service teachers’ design, teaching and reflection on probability

tasks
	TWG05_30 Connecting context, statistics and software for understanding a randomization test: a case study
	TWG05_31 Measuring probabilistic reasoning: the development of a brief version 
of the Probabilistic Reasoning Scale (PRS-B)
	TWG05_32 An alternative method to compute confidence intervals for proportion
	TWG05_33 Primary school students reasoning about and with the median when

comparing distributions
	TWG05_34 A case study on design and application of creative tasks for teaching

percentage bars and pie charts
	TWG05_35 Algorithms as a discovery process in frequentist approach to

prediction interval
	TWG05_36 The investigative cycle: Developing a model to interpret written

statistical reports of pre-service primary school teachers
	TWG05_37 Introduction of inferential statistics in high school in Hungary

	TWG06
	TWG06_01 Introduction to the papers of TWG6: Applications and modelling
	TWG06_02 The configuration of mathematical modelling activities: a reflection on

perspective alignment
	TWG06_03 Enhancing future teachers’ situation-specific modelling competencies

by using staged videos
	TWG06_04 An extension of the MAD framework and its possible implication for

research
	TWG06_05 Simulations and prototypes in mathematical modelling tasks
	TWG06_06 Modelling praxeologies in teacher education: the cake box
	TWG06_07 Analysis of textbook modelling tasks, in light of a modelling cycle
	TWG06_08 Assessing Teaching Competencies for Mathematical Modelling
	TWG06_09 On the positive influence of product-orientation in mathematical

modeling: A research proposal
	TWG06_10 Comprehending mathematical problem texts – Fostering subjectspecific

reading strategies for creating mental text representations
	TWG06_11 Mathematical modeling and the role of language proficiency
	TWG06_12 Pre-service mathematics teachers’ learning through designing

modelling tasks
	TWG06_13 Teachers learning to design and implement mathematical modelling

activities through collaboration
	TWG06_14 Development of group creativity in mathematical modeling
	TWG06_15 Creating contact points between empirical modelling and theoretical

modelling in teacher education: The case of pendulum problem
	TWG06_16 Measuring an aspect of adaptive intervention competence in

mathematical modelling processes
	TWG06_17 Research into students’ evaluations of given modelling solutions and

their suggestions for improved modelling –

Results from two empirical studies
	TWG06_18 Effective factors of a teacher training concerning the implementation

of interdisciplinary STEM-modelling projects
	TWG06_19 Instrumental genesis and heuristic strategies as frameworks to

geometric modeling in connecting physical and digital environments
	TWG06_20 On the notion of mathematical model in educational research: Insights

from a new proposal
	TWG06_21 The extended theoretical framework of Mathematical Working Space

(extended MWS): Potentialities in physics
	TWG06_22 Downscaling and upscaling Fermi problems
	TWG06_23 Students of Development Studies learning about modelling and

simulations as a research approach in their discipline
	TWG06_24 On the role of multicriteria decision support in mathematical

modelling
	TWG06_25 Exploring pre-service teachers’ flexibility in solving Fermi problems
	TWG06_26 Features of modelling processes of group with visual and analytic

mathematical thinking styles
	TWG06_27 Professional competencies for teaching mathematical modelling –

supporting the modelling-specific task competency of prospective

teachers in the teaching laboratory
	TWG06_28 Horizontal mathematization: a potential lever to overcome obstacles

to the teaching of modelling

	TWG07
	TWG07_01 Introduction to TWG07 Adult Mathematics Education
	TWG07_02 Doing the time in the mathematics class
	TWG07_03 Numeracy in adult education: discussing related concepts to enrich the

Numeracy Assessment Framework
	TWG07_04 Mathematics and Physics Dialogic Gatherings: Fostering Critical

Thinking Among Adult Learners
	TWG07_05 Using dialogue scenes with adult mathematics learners: Research

questions and methods
	TWG07_06 Reproducing social difference in the concept of ‘numeracy skills’
	TWG07_07 Numeracy and mathematics education in vocational education:

a literature review, preliminary results
	TWG07_08 Initiating a Common European Numeracy Framework
	TWG07_09 What motivates adults to learn mathematics through trade unions in

the workplace: social factors and personal feelings
	TWG07_10 Adult learners know more about maths than they think:

helping learners to embrace their knowing
	TWG07_11 Numeracy practices in older age
	TWG07_12 How theories of language-responsive mathematics can inform

teaching designs for vocational mathematics

	TWG08
	TWG08_01 Introduction to the work of TWG 8: Affect and the teaching and

learning of mathematics
	TWG08_02 Verbal expression of emotions as entry points to examine failure

experiences in secondary mathematics: A preliminary study
	TWG08_03 Learning geometry in self-made tutorials: the impact of producing

mathematical videos on emotions, motivation and achievement in

mathematical learning
	TWG08_04 Adolescents' Endorsement of Narratives Regarding the Importance of

Mathematics: A Dialogic Perspective
	TWG08_05 Learning styles in mathematics – the strength of the motivational

factors at 10th grade Portuguese students
	TWG08_06 Undergraduate students’ mindsets in a computer programming

mathematical learning environment
	TWG08_07 Situation Specific-Skills Working Backward Reasoning: The Student’s

Perceptions and Affect Dimension
	TWG08_08 Teacher-student eye contacts during whole-class instructions and 
small-group scaffolding: A case study with multiple mobile gaze trackers
	TWG08_09 Collaborative processes when reasoning creatively about functions
	TWG08_10 What can metaphor tasks offer for exploring preservice mathematics

teachers’ beliefs?
	TWG08_11 “I don't like Maths as a subject but I like doing it": A methodology for understanding mathematical identity
	TWG08_12 Students’ Engagement in Inquiry-based Learning: Cognition,

Behavior and Affect
	TWG08_13 Investigating emotional intensity in mathematics classrooms: an

enhanced methodology or affective gimmickry?
	TWG08_14 Pupils' perception of their understanding in mathematics

and its connection to private supplementary tutoring
	TWG08_15 Reflections on the development and application of an instrument

to access mathematical identity
	TWG08_16 Upper Secondary Mathematics Teachers’ epistemological beliefs

concerning the nature of mathematics
	TWG08_17 Engagement in mathematics through digital interactive storytelling
	TWG08_18 Self-concept in university mathematics courses
	TWG08_19 First-person vicarious experiences as a mechanism for belief change
	TWG08_20 I am scared to make a drawing. Students’ anxiety and its relation

to the use of drawings, modelling, and gender
	TWG08_21 Distinguishing engagement from achievement: understanding

influential factors for engaged and disengaged low achieving

mathematics students
	TWG08_22 Do students perceive mathematics and the mathematical subdomain of

functions differently with regard to their self-concept and interest?
	TWG08_23 How can teachers influence their students’ (mathematical) mindset?
	TWG08_24 Low achiever’s mathematical thinking: The case study of Maya
	TWG08_25 The impact of a mathematics game programming project on student

motivation in grade 8
	TWG08_26 “I want a high-educated job that pays well and is fun”: Secondary

students’ relevance beliefs for taking advanced mathematics

	TWG09
	TWG09_01 Introduction to TWG09: Transforming language-sensitive mathematics education research into papers and posters
	TWG09_02 Taking advantage of the different types of mathematical languages to

promote students’ meaningful learning
	TWG09_03 Learning mathematics in French at the undergraduate level in Algeria
	TWG09_04 Textual configurations as an approach to evaluate textual difficulties of mathematical tasks
	TWG09_05 Relations between school achievement and language abilities in mathematics classrooms
	TWG09_06 Construction of mathematical discourses on generalization during group interaction
	TWG09_07 Metacognitive and discursive activities – an intellectual kernel of classroom discussions in learning mathematics
	TWG09_08 Explorative study on language means for talking about enlarging figures in group work
	TWG09_09 Young children’s mathematising during free play with ‘loose parts’
	TWG09_10 High school teachers’ evaluation of argumentative texts in mathematics
	TWG09_11 The role of writing in the process of learning to speak mathematically
	TWG09_12 Solving problems collaboratively in multi-age classes - a possibility for learning?
	TWG09_13 Exploration of patterns in different contexts
	TWG09_14 Centripetal and centrifugal forces in teacher-class dialogues in inquiry-based mathematics
	TWG09_15 The importance of a meaning-related language

for understanding multiplication
	TWG09_16 Claims and demonstrations of understanding in whole class interactions
	TWG09_17 Talking about standardized units in preschool – supporting language

and mathematical learning
	TWG09_18 Mathematical reasoning as a classroom discourse
	TWG09_19 Researching translanguaging: Functions of first and second languages in Maltese mathematics classrooms
	TWG09_20 Adopting a discursive lens to examine functions learning and language use by bilingual undergraduate students
	TWG09_21 Specialized language support in mathematics education through the use of radio resources
	TWG09_22 Classroom communication: Defining and characterizing perpendicular

lines in high school algebra
	TWG09_23 Disentangling students’ personal repertoires for meaning-making: The case of newly arrived emergent multilingual students
	TWG09_24 Preservice teachers’ reflections on language diversity
	TWG09_25 Sense and reference of signifiers for elements of polygons
	TWG09_26 Abstract thinking and bilingualism: Impact on learning mathematics
	TWG09_27 Teaching mathematics in an international class: Designing a path towards productive disposition
	TWG09_28 Which factors coincide with mathematical learning gains in bilingual classrooms? German language proficiency and mixed language use
	TWG09_29 Publishing as an English non dominant language author. First results from a survey of support offered by mathematics education journals
	TWG09_30 Variations in students’ reading process when working on  mathematics tasks with high demand of reading ability
	TWG09_31 Generalizing distributive structures in primary school

	TWG10
	TWG10_01 Introduction to the work of TWG10: Diversity and Mathematics 
Education: Social, Cultural and Political Challenges
	TWG10_02 Construction of Critical Thinking Skills by the infusion approach in

“Probability and Statistics in Daily Life”
	TWG10_03 The politics of early assessment in mathematics education
	TWG10_04 ‘Critical uses’ of knowledge and identity: Embedded mathematics as a

site for/of class struggle in educational praxis
	TWG10_05 Mathematics education’s solidarity assimilation methodology
	TWG10_06 Assessing students’ perceptions of democratic practices in the

mathematics classroom
	TWG10_07 Diversity, inclusion and the question of mathematics teacher education

– How do student teachers reflect a potential-related view?
	TWG10_08 A farewell to mathematics: A personal choice or social exclusion?
	TWG10_09 A call for nuancing the debate on gender, education and mathematics

in Norway
	TWG10_10 The relevance of mathematics and students’ identities
	TWG10_11 Social inequalities in mathematics from a socialization theoretical point of view – Analysis of problem-solving processes of students
	TWG10_12 Towards guidelines for the analysis of teaching materials in linguistically and culturally diverse mathematics classrooms
	TWG10_13 How do we teach mathematics to refugee students? A qualitative study of the teaching and learning of mathematics in International Preparatory Classes
	TWG10_14 Using photo-elicitation in early years mathematics research
	TWG10_15 Referring and proffering:  An unusual take on what school mathematics is about
	TWG10_16 The contextual power dynamics in defining and utilising problem solving tasks: A case study at an Egyptian private school
	TWG10_17 Discourse of otherness in a Universally Designed undergraduate mathematics course
	TWG10_18 Lávvu and mathematics
	TWG10_19 Interdisciplinarity, culturally sustaining pedagogies, and the problem of pandisability as culture: Co-creating diverse mathematics learning contexts
	TWG10_20 The teaching of higher education mathematics by pre-service mathematics teacher educators: How might this contribute to social justice? A consideration of a possible approach
	TWG10_21 The student’s perspective on school mathematics – a case study
	TWG10_22 Agency and identity of female Arab students entering a technological

university
	TWG10_23 Students’ experiences of learner autonomy in mathematics classes
	TWG10_24 Locally disrupting institutional racism by enacting mathematics in a U. S. laboratory classroom
	TWG10_25 Visible pedagogy and challenging inequity in school mathematics
	TWG10_26 Real-life mathematics: Politicization of natural life and rethinking the

sovereign

	TWG11
	TWG11_01 Thematic working group 11: Comparative studies in mathematics education
	TWG11_02 Order of factors in multiplying decimal numbers and gender differences: a comparison of tasks
	TWG11_03 The centrality of the unit of analysis in comparative research in mathematics education: comparing analytical accounts of student collaborative activity in different social groups
	TWG11_04 Impact of access requirements on the mathematical knowledge of

students admitted to Primary Teaching programs: a microcomparative

study
	TWG11_05 Introduction to early algebra in Estonia, Finland and Sweden – some distinctive features identified in textbooks for Grades 1-3
	TWG11_06 A preliminary comparison of Chinese and German state mandated curricula for mathematics education (years 1 to 6)
	TWG11_07 Reform on a shaky ground? A comparison of algebra tasks from TIMSS and Swedish textbooks
	TWG11_08 Time series analysis: Moving averages as an approach to analysing textbooks
	TWG11_09 A cross-cultural study of curriculum systems: mathematics curriculum reform in the U.S., Finland, Sweden, and Flanders
	TWG11_10 The use of problem in upper-primary and lower-secondary textbooks of the Republic of Cyprus
	TWG11_11 A cross-cultural comparative study into teachers’ questioning patterns in lower secondary mathematics lessons in the UK and China

	TWG12
	TWG12_01 Introduction to the papers of TWG12: History in Mathematics Education
	TWG12_02 Generalizing a 16th century arithmetic problem with prospective Secondary education teachers
	TWG12_03 On the didactical function of some items from the history of calculus
	TWG12_04 Justifying a calculation technique in years 3 and 6
	TWG12_05 New Math at primary schools in West Germany – a theoretical framework for the description of educational reforms
	TWG12_06 Relevance of mathematics journals for Dutch teachers in the 18th and 19th century
	TWG12_07 Semiotic potential of a tractional machine: a first analysis
	TWG12_08 On the historical development of algorithms - hidden in technical devices?
	TWG12_09 Historical tasks to foster problematization
	TWG12_10 The development of Thales theorem throughout history
	TWG12_11 Original sources, ICT and mathemacy
	TWG12_12 Rizanesander’s Recknekonsten or “The art of arithmetic” – the oldest known textbook of mathematics in Swedish
	TWG12_13 I Spy with my Little Eye – Teachers’ linkages about historical snippets in textbooks
	TWG12_14 Exams in calculations/mathematics in Norway 1946–2017 – content

and form
	TWG12_15 History of mathematics in Dutch teacher training
	TWG12_16 History of mathematics and current developments in education
	TWG12_17 Lucas Bunt and the rise of statistics education in the Netherlands

	TWG13
	TWG13_01 Early Years Mathematics: Introduction to TWG 13
	TWG13_02 Pips (times) Pods: Dancing towards multiplicative thinking
	TWG13_03 Framework for analysing children’s ways of experiencing numbers
	TWG13_04 Pre-schoolers’ ability to synchronise multiple representations of numerosity in embodiment of a counting-on-strategy
	TWG13_05 Development of strategies for a combinatorial task by a 5 year old child
	TWG13_06 Kindergarten teachers’ orchestration of mathematical learning activities: the balance between freedom and structure
	TWG13_07 Creative processes of one primary school child working on an open-ended task
	TWG13_08 Characterising the mathematical discourse in a kindergarten
	TWG13_09 Paper plate patterns: teachers developing patterning in pre-school
	TWG13_10 Investigating mediation strategies used by early years mathematics teachers in Malawi
	TWG13_11 Developing mathematical literacy in an inquiry-based setting working

with play-coins in a second-grade classroom
	TWG13_12 Student teachers' definitions of the concept “teaching mathematics in preschool”
	TWG13_13 Using finger patterns – the case of communicating age
	TWG13_14 Evidence of relational thinking at kindergarten level
	TWG13_15 Task characteristics that promote mathematical reasoning among young students: An exploratory case study
	TWG13_16 Exploring how primary teacher education prepares pre-service

teachers to teach early years Mathematics
	TWG13_17 Preschool children’s understanding of length and area measurement in Japan
	TWG13_18 The use of structure as a matter of language
	TWG13_19 Children’s use of mathematical language
	TWG13_20 Fostering children’s repeating pattern competencies by physical activity
	TWG13_21 Toddlers exploring structural elements in play
	TWG13_22 What can five-, six- and seven-year-olds tell us about the transition from mathematics in kindergarten to that in school in Norway?
	TWG13_23 Inquiry-based implementation of a mathematical activity in a kindergarten classroom
	TWG13_24 Perceiving and using structures in sets – the contribution of eye-tracking in a three-level evaluation process
	TWG13_25 Construction of scientific basis for pre-school teacher education
	TWG13_26 Shedding light on preschool teachers’ self-efficacy for teaching patterning
	TWG13_27 Generalization in early arithmetic
	TWG13_28 Characterisation of the learning trajectory of children aged six to eight years old when acquiring the notion of length measurement
	TWG13_29 Chances and obstacles of ‘indirect’ learning processes in situations with preschool teachers
	TWG13_30 Developing a social training of spatial perception and spatial cognition

	TWG14
	TWG14_01 Introduction to the papers of TWG14: University Mathematics

Education
	TWG14_02 How Lisa’s mathematical reasoning evolved at undergraduate level

– on the role of metacognition and mathematical foundation
	TWG14_03 Students’ conceptions of the definite integral in the first year of

studying science at university
	TWG14_04 The transition from high school to university mathematics: the effect

of institutional issues on students’ initiation into a new practice of

studying mathematics
	TWG14_05 Students’ understanding of the interplay between geometry and

algebra in multidimensional analysis: representations of curves and

surfaces
	TWG14_06 Understanding the secondary-tertiary transition in mathematics

education: contribution of theories to interpreting empirical data
	TWG14_07 External Didactic Transposition in Undergraduate Mathematics
	TWG14_08 Students’ difficulties to learn derivatives in the Tunisian context
	TWG14_09 The integration of digital resources into teaching and learning

practices of the derivative concept
	TWG14_10 Restoried narratives on the agency and disputes of mathematicians

and mathematics educators in the education of mathematics teachers
	TWG14_11 Evaluation of a connecting teaching format in teacher education
	TWG14_12 Students’ difficulties at the secondary-tertiary transition:

the case of random variables
	TWG14_13 Participation of female students in undergraduate Mathematics at the

University of Malawi
	TWG14_14 Supporting the use of study skills in large mathematics service courses

to enhance students’ success – one example
	TWG14_15 Digital learning materials in traditional lectures and their evaluation

at the example of a voluntary pre-university bridging course
	TWG14_16 Study and research paths at university level:

managing, analysing and institutionalizing knowledge
	TWG14_17 Two situations for working key properties of R
	TWG14_18 To whom do we speak when we teach proofs?
	TWG14_19 Towards an interplay between TDS and ATD in a Design-Based

Research project at the entrance to the university
	TWG14_20 The graph of a function and its antiderivative: a praxeological analysis

in the context of Mechanics of Solids for engineering
	TWG14_21 Calculus students’ difficulties with logical reasoning
	TWG14_22 The VEMINT-Test:

Underlying Design Principles and Empirical Validation
	TWG14_23 An exploration of the relationship between continuous assessment and

resource use in a service mathematics module
	TWG14_24 How to assess students’ learning in mathematics literacy education:

An attempt to use students’ comments for assessment
	TWG14_25 On tasks that lead to praxeologies’ formation: a case in vector calculus
	TWG14_26 What can be ‘annoying’ about mathematical conventions?

Analysing post-exchanges of mathematically competent discursants
	TWG14_27 Beliefs about learning attributed to recognized college mathematics

instructors
	TWG14_28 Features of innovative lectures that distinguish them from traditional

lectures and their evaluation by attending students
	TWG14_29 Students’ work with a task about logical relations

between various concepts of multidimensional differentiability
	TWG14_30 Teaching of discontinuous functions of one or two variables: A didactic

experience using problem posing and levels of cognitive demand
	TWG14_31 Identifying sense-making in algebra instruction at U.S. post-secondary

colleges
	TWG14_32 From university mathematics students to postsecondary teachers
	TWG14_33 The structure of EQIPM, a video coding protocol to assess the quality

of community college algebra instruction
	TWG14_34 University Student Use of Dynamic Textbooks: An Exploratory Analysis
	TWG14_35 An exploratory study of calculus students’ understanding of

multivariable optimization problems
	TWG14_36 Towards a better understanding of engineering students’ use and 
orchestration of resources: Actual Student Study Paths
	TWG14_37 Conceptualising knowledge of mathematical concepts or procedures

for diagnostic and supporting measures at university entry level
	TWG14_38 Formative assessment of proof comprehension in undergraduate

mathematics: Affordances of iterative lecturer feedback
	TWG14_39 Relations between academic knowledge and knowledge taught in

secondary education: Klein’s second discontinuity in the case of the

integral
	TWG14_40 Theorizing coordination and the role of course coordinators
	TWG14_41 OPTES+ – A Mathematical Bridging Course for Engineers
	TWG14_42 The connectivity in resources for student-engineers: the case of

resources for teaching sequences

	TWG15
	TWG15_01 Introduction to the papers of TWG15: Teaching Mathematics with

Technology and Other Resources
	TWG15_02 Teachers’ strategic choices when implementing technology
	TWG15_03 Turning dilate from point tool into part of an instrument: an example of a

preservice mathematics teacher working on a dynamic geometry system
	TWG15_04 Towards linking teaching, technology and textbooks
	TWG15_05 Project in preparation - Connected classroom technology (CCT) to enhance formative assessment in mathematics education
	TWG15_06 Key Factors for Successfully Embedding a Programming Approach to

the Primary Maths Curriculum at Scale
	TWG15_07 The co-design of a c-book by students and teachers as a process of

meaning generation: The case of co-variation
	TWG15_08 Addressing the problem of digital tools with digital methods
	TWG15_09 The forgotten technology. Teachers use of mini white-boards to engage students
	TWG15_10 Investigating similar triangles using student-produced videos
	TWG15_11 Silent video tasks: Towards a definition
	TWG15_12 A new era of manipulatives: making your own resources with 3D printing and other technologies
	TWG15_13 Surveying teachers’ conception of programming as a mathematics topic following the implementation of a new mathematics curriculum
	TWG15_14 Designing an problem for learning mathematics with programming
	TWG15_15 Developing MAP for integrating mathematical applets in teaching sequence
	TWG15_16 The impact of technology on the teachers’ use of different representations
	TWG15_17 An overview of gamification and gamified educational platforms for mathematics teaching
	TWG15_18 Professional development through a web-based portal: The progress of mathematics teachers teaching algebra based on hypothetical learning trajectories
	TWG15_19 Self-efficacy – the final obstacle on our way to teaching mathematics

with technology?
	TWG15_20 How to distinguish simulations? Development of a classification scheme for digital simulations for teaching and learning mathematics
	TWG15_21 Mathematical practices of teachers in technology-enhanced classrooms: A case of teaching slope concept

	TWG16
	TWG16_01 Introduction to the papers of TWG16: Learning Mathematics

with Technology and Other Resources
	TWG16_02 Desirable difficulties while learning mathematics: Interleaved practice based on e-learning
	TWG16_03 Types of graphic interface design and their role in learning via

mathematical applets at the elementary school
	TWG16_04 Meanings in Mathematics: using Internet Memes and Augmented

Reality to promote mathematical discourse
	TWG16_05 Students’ Process and Strategies as They Program for Mathematical

Investigations and Applications
	TWG16_06 Big events in Mathematics using math trails
	TWG16_07 Multiplicative reasoning through two-handed gestures
	TWG16_08 Physical and virtual classroom in the learning of mathematics: analysis of two episodes
	TWG16_09 Design of a multi-dimensional instrument for reviewing the quality of

apps for elementary geometry
	TWG16_10 Student engagement in mobile learning activities:

breakdowns and breakthroughs
	TWG16_11 A picture is worth a thousand words: visualizing collaboration

through gaze synchrony graphs
	TWG16_12 University students’ engagement with an asynchronous online course

on digital technologies for mathematical learning
	TWG16_13 Dynamic vs. static! Different visualisations to conceptualize

parameters of quadratic functions
	TWG16_14 The effect of digital tools on visual attention during problem solving:

Variance of gaze fixations when working with GeoGebra or on paper
	TWG16_15 An Exploration of the effect of Bray’s Activity Design Heuristics on

Students’ Learning of Transformation Geometry
	TWG16_16 Didactical resource purposes as an aspect of students’ decision making

regarding resources used to learn mathematics
	TWG16_17 Guidelines for design of didactic sequences utilizing dynamic

geometry affordances related to mathematical reasoning competency
	TWG16_18 Issues in modelling terms involving subtraction in a manipulative

environment for linear equations—and a possible solution
	TWG16_19 Exploring with digital media to understand trigonometric functions

through periodicity
	TWG16_20 Moving fingers and the density of rational numbers: An inclusive

materialist approach to digital technology in the classroom
	TWG16_21 Investigating students’ use of dynamic materials addressing

conceptions related to functional thinking
	TWG16_22 A virtual environment dedicated to spatial geometry to help students

to see better in space
	TWG16_23 Students’ perceptions in a situation regarding eigenvalues and

eigenvectors
	TWG16_24 Why digital tools may (not) help by learning about graphs in

dynamics events?
	TWG16_25 Learning environments applying digital learning tools to support

argumentation skills in primary school: first insights into the project
	TWG16_26 Digital media support functional thinking: How a digital selfassessment

tool can help learners to grasp the concept of function
	TWG16_27 Exploring pre-calculus with augmented reality. A design-based-research approach
	TWG16_28 Exploring critical aspects of students’ mathematics learning in

technology-enhanced and student-led flipped learning environments
	TWG16_29 ‘Practicing place value’: How children interpret and use virtual representations and features
	TWG16_30 Exploring non-prototypical configurations of equivalent areas through

inquiring-game activities within DGE
	TWG16_31 The graphing calculator as an instrument of semiotic mediation in the

construction of the function concept
	TWG16_32 Drawing topology using Ariadne
	TWG16_33 Semiotic analysis of modelling activities in a rich-digital environment
	TWG16_34 Automated feedback on the structure of hypothesis tests
	TWG16_35 Problem-solving techniques in the context of an educational video

game: the Mudwall puzzle in Zoombinis
	TWG16_36 Repeated sampling in a digital environment: A remix of data and chance
	TWG16_37 Reflections on item characteristics of non-routine items in diagnostic

digital assessment
	TWG16_38 Role of tablets in teaching and learning mathematics
	TWG16_39 The long-term effects of MathCityMap on the performance of German

15 year old students concerning cylindric tasks
	TWG16_40 Exploring the role of context in students’ meaning making for

algebraic generalization

	TWG17
	TWG17_01 Introduction to the Thematic Working Group 17 on Theoretical Perspectives and Approaches in Mathematics Education Research of CERME11
	TWG17_02 Table of Contents: Thematic Working Group 17
	TWG17_03 Comparing a priori analyses
	TWG17_04 Rethinking the connection between theory and methodology: a question of mutual affordances
	TWG17_05 Boundary crossing by design(ing): a design principle for linking mathematics and mathematics education in preservice teacher training
	TWG17_06 How concepts turn into objects: an investigation of the process of objectification in early numerical discourse
	TWG17_07 On the epistemology of the Theory of Objectification
	TWG17_08 An epistemological and philosophical perspective on the question of mathematical work in the Mathematical Working Space theory
	TWG17_09 A phenomenological methodology based on Husserl’s work in the service of mathematics education research
	TWG17_10 Creating art laboratory settings and experiencing mathematical

thinking: towards a philosophical dimension in mathematics

education research
	TWG17_11 Networking theories in design research: an embodied instrumentation case study in trigonometry
	TWG17_12 Generativity in design research: the case of developing a genre of action-based mathematics learning activities
	TWG17_13 Theory, methodology and design as an insightful bundle: a case of dual eye-tracking student-tutor collaboration on an embodied mathematical task
	TWG17_14 Assembling mathematical concepts through trans-individual coordinated movements: the role of affect and sympathy
	TWG17_15 Locally integrating theories to investigate students’ transfer of mathematical reasoning
	TWG17_16 Epistemological and methodological foundations of creating a learning trajectory of children’s mathematics
	TWG17_17 Conceiving teaching trajectories in the form of series of problems: a step for the theoretical reconstruction of the Hungarian Guided Discovery approach
	TWG17_18 Students’ learning paths about ratio and proportion in geometry: an analysis using Peirce’s theory of signs
	TWG17_19 Connected Working Spaces: the case of computer programming in mathematics education
	TWG17_20 Multi-theoretical approach when researching mathematics teachers’ professional development in self-organized online groups
	TWG17_21 Extending Yackel and Cobb’s sociomathematical norms  to ill-structured problems in an inquiry-based classroom
	TWG17_22 Understanding powers–individual concepts and common misconceptions
	TWG17_23 Questioning the paradidactic ecology: internationally shared constraints on lesson study?

	TWG18
	TWG18_01 International perspectives on mathematics teacher professional development
	TWG18_02 Working with example sets: A productive focus in Lesson Study
	TWG18_03 Reflections upon a research project seen as a means for teachers’ professional development
	TWG18_04 Portfolios as a way of documenting and reflecting learning processes in a mathematics teachers’ professional development program
	TWG18_05 The story of Maia: I will try to survive!
	TWG18_06 Connecting mathematical knowledge with engagement in mathematics teaching practices
	TWG18_07 High school teacher training challenges in the Italian interdisciplinary project Liceo Matematico
	TWG18_08 Researching as a mathematics teacher educator: analysing mathematics teachers’ detailed descriptions of first lessons
	TWG18_09 Using mixed-assessments to evaluate opportunities to learn in mathematics teacher education
	TWG18_10 Mathematical knowledge for teaching of a prospective teacher having a progressive incorporation perspective (PIP)
	TWG18_11 Teachers’ Collaboration in a Mathematics Lesson Study
	TWG18_12 How to visualize classroom norms through social interaction

A pilot study of two frameworks
	TWG18_13 Understanding student teachers’ professional development by looking beyond mathematics teacher education
	TWG18_14 Retrospective reflections on ‘Missions’ as pedagogies of practice
	TWG18_15 Learning to represent students’ mathematical ideas through teacher time-outs in rehearsals
	TWG18_16 How does the professional vocabulary change when pre-service teachers learn to analyse classroom situations?
	TWG18_17 Prospective mathematics teachers’ interpretative knowledge: focus on the provided feedback
	TWG18_18 Using participant generated influence maps to gain insights into the influences on early career primary teachers’ teaching of mathematics
	TWG18_19 A zone theory analysis of identity formation in mathematics teacher educators
	TWG18_20 Analyzing attitude towards learning and teaching mathematics in members of professional learning communities: A case study
	TWG18_21 Math MOOC UniTo & MathCityMap - Exploring the potentials of a review system in a MOOC environment
	TWG18_22 Cross-linking maths: Using keynotes to structure a curriculum for future teachers
	TWG18_23 Teacher education: Developing the individual within the collaborative
	TWG18_24 Teacher Professional Development and Collegial Learning: A literature review through the lens of Activity System
	TWG18_25 Between natural language and mathematical symbols (<, >, =): the comprehension of pre-service and preschool teachers’ perspective of “Numbers” and “Quantity”
	TWG18_26 Similarities and differences in problem solving: case of “exhibition grounds”
	TWG18_27 Formulating our formulations: the emergence of conviction as becoming mathematics teacher educators
	TWG18_28 Tasks Designed for Training Secondary Mathematics Teachers Using Technology
	TWG18_29 Opportunities for Adopting a Discourse of Explorations in a Professional Development Setting
	TWG18_30 On the efficiency of a professional development program for mathematics teachers in upper-secondary schools in Iceland
	TWG18_31 Algebraic solutions of German out-of-field elementary school teachers
	TWG18_32 Mathematics teacher educators’ critical colleagueship
	TWG18_33 Prospective Secondary Mathematics Teachers’ Development of Core-Practices During Methods Courses: Affordances of Quantitative Reasoning
	TWG18_34From judgmental evaluations to productive conversations: Mathematics teachers’ shifts in communication within a video club
	TWG18_35 Construction of teachers’ roles in collegial discussions
	TWG18_36 From instrumental to relational – Malawi mathematics teacher educators’ research lessons
	TWG18_37 How can we help teachers using guided discovery method, who have not used it before
	TWG18_38 Diagnostic competence of future primary school teachers hypothesizing about causes of students’ errors
	TWG18_39 Thinking about Mathematics classroom culture through spontaneous

videos
	TWG18_40 Preservice teachers’ learning about critical mathematics education
	TWG18_41 Retrospective competence assessment in a PD course on teaching statistics with digital tools in upper secondary schools
	TWG18_42 Learning through/about Culturally Relevant Pedagogy in Mathematics Teacher Education
	TWG18_43 Using teachers’ research to elicit professional development among pre- and in-service mathematics teachers: a qualitative meta-analysis of mathematics education in graduate programs
	TWG18_44 A quasi-experimental impact study of a professional development course for secondary mathematics teachers in South Africa
	TWG18_45 Orchestrating collective mathematical discussions: practices and challenges
	TWG18_46 Pre-service mathematics teachers interpret observed teachers’ responses to students’ statements
	TWG18_47 Using Concept Cartoons in future primary school teacher training: the case of problem posing and open approach
	TWG18_48 Generation and generation tasks in mathematics didactics
	TWG18_49 Interweaving Mathematical-News-Snapshots as a facilitator for the development of Mathematical Knowledge for Teaching
	TWG18_50 Examining pedagogical and classroom discourse through the lens of figured worlds: The case of an elementary school teacher
	TWG18_51 Impacts of a mathematical mistake on preservice teachers’ eliciting of student thinking
	TWG18_52 Beliefs and expectations at the beginning of the bachelor teacher training program in mathematics
	TWG18_53 Pre-service teachers’ geometrical discourses when leading classroom 
discussions about defining and classifying quadrilaterals
	TWG18_54 Developing professional development programmes with gamification for mathematics teachers in Uruguay
	TWG18_55 Action research as a potent methodology for improving teaching and learning in mathematics

	TWG19
	TWG19_01 Introduction to the papers of TWG19: Mathematics Teaching and

Teacher Practice(s)
	TWG19_02 Comparison of students’ and researchers’ choice of significant events

of math lessons
	TWG19_03 Between-desk-teaching as a deliberate act of making content

available: The case of Bernie teaching ratio
	TWG19_04 Teachers’ learning goals for a mathematics lesson
	TWG19_05 A math teacher’s participation in a classroom design research:

teaching of ratio and proportion
	TWG19_06 A comparison of the treatment of mathematical errors arising from

teacher-initiated and student-initiated interactions
	TWG19_07 Teacher responses to public apparent student error: A critical

confluence of mathematics and equitable teaching practice
	TWG19_08 Conceptual learning opportunities in teachers’ differentiated task

designs for inclusive mathematics education
	TWG19_09 Effects of a Scaffolding Model for small groups in mathematics
	TWG19_10 How to improve teacher students’ awareness of critical aspects

in a lesson plan
	TWG19_11 How teachers use interactions to craft different types of student

participation during whole-class mathematical work
	TWG19_12 Beyond the immediate – illuminating the complexity of planning in

mathematics teaching
	TWG19_13 The work of equitable mathematics teaching: Leading a discussion of student solutions
	TWG19_14 Learning from Lessons: A study on structure and construction of

mathematics teacher knowledge – First results of case study
	TWG19_15 ‘Balancing’ the ‘live’ use of resources towards the introduction of the

Iterative Numerical method
	TWG19_16 The King’s birthday, potentials for developing mathematics teaching
	TWG19_17 Learning trajectories and fractions: primary teachers’ meaning

attributions
	TWG19_18 Good mathematics teaching at lower primary school level
	TWG19_19 Analysis of differences between teachers’ activity

during their regular and constructivist lessons
	TWG19_20 Noticing mathematical potential – A proposal for guiding teachers
	TWG19_21 The work of positioning students and content in mathematics teaching
	TWG19_22 Evolving discourse of practices for quality teaching in secondary

school mathematics
	TWG19_23 A lens on two classrooms: Implications for research on teaching
	TWG19_24 Assessing how teachers promote students’ metacognition when

teaching mathematical concepts and methods
	TWG19_25 Teachers’ probing questions in mathematical classrooms connected to

their practice of encouraging students to explain their thinking
	TWG19_26 Linking the micro and macro context: A sociocultural perspective
	TWG19_27 Teachers’ attempts to address both mathematical challenge and

differentiation in whole class discussion
	TWG19_28 Investigating the relation between teachers’ actions and students’

meaning making of mathematics
	TWG19_29 Mathematics teaching and teachers’ practice: tracing shifts in

meaning and identifying potential theoretical lenses
	TWG19_30 Pre-service teachers’ experiences in selecting and proposing

challenging tasks in secondary classrooms
	TWG19_31 Teachers’ actions in classroom and the development of quantitative

reasoning
	TWG19_32 Contradictions in prospective mathematics teachers’ initial classroom

teaching as sources for professional learning
	TWG19_33 Analyzing a novice teacher’s instructional actions in response to

unexpected moments in teaching
	TWG19_34 Feedback for creative reasoning
	TWG19_35 Revisiting teacher decision making in the mathematics classroom: a

multidisciplinary approach

	TWG20
	TWG20_01 Introduction to the papers of TWG20: mathematics teacher knowledge, beliefs, and identity
	TWG20_02 Mathematical and didactical knowledge about patterns and regularities mobilized by teachers in a professional learning task
	TWG20_03 Mathematics Teachers’ Specialized Knowledge Model as a Metacognitive Tool for Initial Teacher Education
	TWG20_04 Knowledge of a mathematician to teach divisibility to prospective secondary school teachers
	TWG20_05 Emergent model for teachers' conceptions of argumentation for mathematics teaching
	TWG20_06 A student teacher’s responses to contingent moment and task

development process
	TWG20_07 Using the Knowledge Quartet to analyse interviews with teachers manipulating dynamic geometry software
	TWG20_08 An analysis of the nature of the knowledge disseminated by a

mathematics teacher training policy: The PROFMAT case
	TWG20_09 Prospective primary teachers’ knowledge about the mathematical practice of defining
	TWG20_10 Empowering teachers conceptually and pedagogically through supporting them in seeing connections between school mathematics and relevant advanced mathematics knowledge
	TWG20_11 Teacher educators’ understanding of mathematical knowledge for

teaching
	TWG20_12 Exemplifying mathematics teacher’s specialised knowledge in university teaching practices
	TWG20_13 The probability subjective view:  developing teachers’ knowledge to give sense to students’ productions
	TWG20_14 “Sometimes it goes wrong!” – Teachers’ beliefs concerning experiments in mathematics
	TWG20_15 Chinese and Dutch mathematics teachers’ beliefs about inquiry-based learning
	TWG20_16 Preservice teachers’ mathematical knowledge for teaching combinatorial thinking
	TWG20_17 Malawian preservice teachers’ perceptions of knowledge at the mathematical horizon
	TWG20_18 Applying the Knowledge Quartet to student teachers’ lesson plans:

An intervention
	TWG20_19 Preservice teachers’ noticing of mathematical opportunities
	TWG20_20 Design of repertory grids for research on mathematics teacher conceptions of process-related mathematical thinking
	TWG20_21 Constructing tasks for primary teacher education from the perspective of Mathematics Teachers’ Specialised Knowledge
	TWG20_22 A Look into Turkish Preservice Teachers’ Translation Skills: Case for Model Representations
	TWG20_23 Prospective primary teachers’ knowledge of problem solving process
	TWG20_24 Conceptualising tasks for teacher education: from a research methodology to teachers’ knowledge development
	TWG20_25 Kindergarten teachers’ knowledge in and for interpreting students’ productions on measurement
	TWG20_26 Developing an identity as a secondary school mathematics teacher: Identification and negotiability in communities of practice
	TWG20_27 Students’ abilities on the relationship between beliefs and practices
	TWG20_28 Secondary school preservice teachers’ references to the promotion of creativity in their master’s degree final projects
	TWG20_29 The problem of 0.999…: Teachers’ school-related content knowledge and their reactions to misconceptions
	TWG20_30 “In school you notice the performance gap and how different it is between the students” – Student teachers’ collective orientations about the learners’ heterogeneity in mathematics
	TWG20_31 Teachers’ noticing of language in mathematics classrooms

	TWG21
	TWG21_01 Introduction to the papers of TWG21: Assessment in mathematics education
	TWG21_02 Strategies of formative assessment enacted through automatic assessment in blended modality
	TWG21_03 National standardized tests database implemented as a research methodology in mathematics education. The case of algebraic powers.
	TWG21_04 Students' attitudes and responses to pair-work testing in mathematics
	TWG21_05 Classroom assessment tasks and learning trajectories
	TWG21_06 Diagnosis of basic mathematical competencies in years 8 and 9
	TWG21_07 Assessment and argumentation: an analysis of mathematics standardized items
	TWG21_08 Evaluating students' self-assessment in large classes
	TWG21_09 Large scale analysis of teachers’ assessment practices in mathematics
	TWG21_10 Preservice Middle School Mathematics Teachers’ Development in Formative Assessment
	TWG21_11 An assessment of non-standardized tests of mathematical competence for Norwegian secondary school using Rasch analysis
	TWG21_12 Mathematics described proficiency levels: connecting psychometric

and teaching analyses
	TWG21_13 Teachers’ Perceptions of Using Incentives in State Examinations to Increase the uptake of Higher Level Mathematics
	TWG21_14 Teachers’ use of Descriptive Assessment methods in primary school mathematics education in Iran
	TWG21_15 Developing and evaluating an online linear algebra examination for university mathematics
	TWG21_16 The role of formative assessment in fostering individualized teaching at university level
	TWG21_17 Teaching, learning and assessing in grade 10: an experimental pathway to the culture of theorems
	TWG21_18 Using student and instructor characteristics to predict student success in Algebra courses

	TWG22
	TWG22_01 Introduction to the papers of TWG22:

Curriculum resources and task design in mathematics education
	TWG22_02 Exploring teachers’ assignment of mathematical competencies to

planned lessons using Epistemic Network Analysis
	TWG22_03 Supporting the reinvention of the slope of a curve in a point: A smooth slope to slide is a smooth slide to slope
	TWG22_04 Conjecturing tasks for undergraduate calculus students
	TWG22_05 Developing the task progressions framework
	TWG22_06 Combining Differentiation and Challenge in Mathematics Instruction:

A Case from Practice
	TWG22_07 Designing tasks with self-explanation prompts
	TWG22_08 Designing for digitally enriched Math Talks – The case of pattern

generalization
	TWG22_09 Social creativity in the collaborative design of a digital resource

embedding mathematics into a story
	TWG22_10 Building bridges between school mathematics and workplace mathematics
	TWG22_11 Task design with a focus on conceptual and creative challenges
	TWG22_12 The Influence of Teacher Guides on Teachers’ Practice:

A Longitudinal Case Study
	TWG22_13 Community documentation targeting the integration of inquiry-based

learning and workplace into mathematics teaching
	TWG22_14 The use of variation theory in a problem-based task design study
	TWG22_15 Web of problem threads (WPT) — a theoretical frame and task design

tool for inquiry-based learning mathematics
	TWG22_16 Secondary school mathematics teachers’ selection and use of resources
	TWG22_17 Multiplicative reasoning task design with student teachers in Scottish 
schools: valuing diversity, developing flexibility and making connections
	TWG22_18 Comparison of Japanese and Turkish textbooks: Giving opportunities for creative reasoning in terms of proportion
	TWG22_19 Making Mathematics fun: The ‘Fear Room’ game
	TWG22_20 Examination of mathematical opportunities afforded to learners in

grade 1 Malawian primary mathematics textbooks
	TWG22_21 Two primary school teachers’ pedagogical design capacity of using

mathematics textbooks in Delhi, India
	TWG22_22 Ability maps in the context of curriculum research
	TWG22_23 Task design fostering construction of limit confirming examples as 
means of argumentation
	TWG22_24 Towards improving teaching and learning of algorithmics by means of

resources design: a case of primary school education in France
	TWG22_25 Length measurement in the textbooks of German and Taiwanese primary students
	TWG22_26 A Hypothetical Learning Trajectory for the learning of the rules for

manipulating integers
	TWG22_27 “First you have to know it exists." Cultivating teachers’ thinking about resource options
	TWG22_28 Alignment of mathematics curriculum to standards at high schools in

Colombia
	TWG22_29 The concept of function in secondary school textbooks over time:

An analysis made with the Theory of Conceptual Fields
	TWG22_30 The potential of Problem Graphs as a representational tool with focus

on the Hungarian Mathematics Education tradition
	TWG22_31 From teacher’s naming system of resources to teacher’s resource

system: Contrasting a Chinese and a Mexican case

	TWG23
	TWG23_01 Introduction to the papers of TWG23: Implementation of research findings in mathematics education
	TWG23_02 Identification and diagnosis of students’ mathematical misconceptions

in a dynamic online environment
	TWG23_03 Implementation research in primary education:  Design and evaluation of a problem-solving innovation
	TWG23_04 Operationalizing implementation theory in mathematics education

research - identifying enablers and barriers in the Swedish “Boost for

Mathematics”
	TWG23_05 A learning path for rational numbers through different representations
	TWG23_06 Coherence through inquiry based mathematics education
	TWG23_07 Competencies and curricula: Danish experiences with a two-dimensional approach
	TWG23_08 Adapting implementation research frameworks for mathematics education
	TWG23_09 Implementation through participation: Theoretical considerations and an illustrative case
	TWG23_10 Designing inquiry-based teaching at scale: Central factors for implementation
	TWG23_11 Towards a common understanding of implementation research in mathematics education research
	TWG23_12 Capturing Problem Posing landscape in a grade-4 classroom: A pilot study
	TWG23_13 Models of school governance and research implementation. A comparative study of two Swedish cases, 1960–2018
	TWG23_14 Implementing alternative models for introducing multiplication
	TWG23_15 Implementing theories for preschool teaching with play-based pedagogies

	TWG24
	TWG24_01 Introduction to the work of TWG24: Representations in mathematics

teaching and learning
	TWG24_02 From concrete to abstract and back: Metaphor and Representation
	TWG24_03 “He’s so fast at drawing” – Children’s use of drawings as a tool to solve word problems in multiplication and division
	TWG24_04 Functional representations produced and used by students during their introduction to the concept of derivative: a window on their understanding processes
	TWG24_05 Moving towards understanding graphical representations of motion
	TWG24_06 A training in visualizing statistical data with a unit square
	TWG24_07 Learning to ‘deal’: A microgenetic case study of a struggling student’s representational strategies for partitive division
	TWG24_08 Utilizing dynamic representations to foster functional thinking
	TWG24_09 Connecting the everyday with the formal: the role of bar models in developing low attainers’ mathematical understanding
	TWG24_10 Visualization of fractions – a challenge for pre-service teachers?
	TWG24_11 Leveraging difference to promote students’ conceptions of graphs as

representing relationships between quantities
	TWG24_12 Diagrammatic representations for mathematical problem solving
	TWG24_13 Capturing ‘time’: characteristics of students’ written discourse on dynagraphs
	TWG24_14 Effective choices of representations in problem solving
	TWG24_15 Geometric prediction: proposing a theoretical construct to analyze students’ thinking in geometrical problem-solving
	TWG24_16 Fibre mathematics: exploring topological forms through material practices
	TWG24_17 Prospective mathematics teachers’ extrapolative reasoning about misleading bar graphs
	TWG24_18 The role of students' drawings in understanding the situation when solving an area word problem
	TWG24_19 Exploring Strategies Used to Solve a Non-Routine Problem by Chilean

Students; an Example of “Sharing Chocolates”
	TWG24_20 Who is right? Theoretical analysis of representational activities
	TWG24_21 Teaching practice regarding grade 3 pupils’ use of representations
	TWG24_22 Explaining geometrical concepts in sign language and in spoken language – a comparison
	TWG24_23 Characterizing fraction addition competence of preservice teachers using Rasch analysis

	TWG25
	TWG25_01Introduction to the work of TWG25: Inclusive Mathematics

Education – challenges for students with special needs
	TWG25_02 Strategies that promote the mathematical activity of students with

language disorders: an analysis of language interactions
	TWG25_03 Low entrance or reaching the goals? Mathematics teachers’ categories for differentiating with open-ended tasks in inclusive classrooms
	TWG25_04 Teaching mathematics to students with intellectual disability: What support do teachers need?
	TWG25_05 K-12 Namibian teachers’ beliefs on learning difficulties in mathematics: Reflections on teachers’ practice
	TWG25_06 An in-service training to support teachers of different professions in the implementation of ‘inclusive education’ in the mathematics classroom
	TWG25_07 Designing mathematical computer games for migrant students
	TWG25_08 Diagnosis tools of dyscalculia – contribution of didactics of mathematics to numerical cognition
	TWG25_09 I just don’t like math, or I think it is interesting, but difficult … Mathematics classroom setting influencing inclusion
	TWG25_10 The potential of substantial learning environments for inclusive mathematics – student teachers’ explorations with special needs students
	TWG25_11 Mathematical discourses of a teacher and a visually impaired pupil on number sequences: Divergence, convergence or both?
	TWG25_12 Do hearing-impaired students learn mathematics in a different way than their hearing peers? – A review
	TWG25_13 Supporting braille readers in reading and comprehending mathematical expressions and equations

	TWG26
	TWG26_01 Introduction to TWG26: Mathematics in the context of STEM education
	TWG26_02 Enhancing mathematics and science learning through the use of a Human Orrery
	TWG26_03 Integrating the methods of mathematical modelling and engineering design in projects
	TWG26_04 Mathematics and art in primary education textbooks
	TWG26_05 Mathematical modeling of musical fountains and light organs - Where is the M in interdisciplinary STEM projects?
	TWG26_06 STEM analysis of a module on Artificial Intelligence for high school students designed within the I SEE Erasmus+ Project
	TWG26_07 Promoting mathematics teaching in the framework of STEM integration
	TWG26_08 Reflecting on the value of mathematics in an interdisciplinary STEM course
	TWG26_09 Complex modeling: Does climate change really exist? – Perspectives of a project day with high school students
	TWG26_10 Inter TeTra – Interdisciplinary teacher training with mathematics and physics
	TWG26_11 Student mathematical preparedness for learning science and engineering at university
	TWG26_12 Pre-service teachers’ perspectives on the role of statistics in a learning scenario for promoting STEM integration
	TWG26_13 Student conception of angles and parallel lines in engineering context
	TWG26_14 Opportunities to engage in STEM practices: Technology and design

course
	TWG26_15 Gamification with Moodle in higher education
	TWG26_16 Complex Modeling: Insights into our body through computer tomography – perspectives of a project day on inverse problems

	ADPF97C.tmp
	TABLE OF CONTENTS
	Introduction
	Plenary lectures
	Plenary panel
	TWG01: Argumentation and proof 99
	TWG02: Arithmetic and number systems 354
	TWG03: Algebraic Thinking  527
	TWG04: Geometry Teaching and Learning 724
	TWG05: Probability and Statistics Education 865
	TWG06: Applications and modelling 1103
	TWG07: Adult Mathematics Education 1292
	TWG08: Affect and the teaching and learning of mathematics 1388
	TWG09: Mathematics and Language 1581
	TWG10: Diversity and Mathematics Education: Social, Cultural  and Political Challenges 1818
	TWG11: Comparative studies in mathematics education 2010
	TWG12: History in Mathematics Education 2089
	TWG13: Early Years Mathematics 2204
	TWG14: University Mathematics Education 2399
	TWG15: Teaching Mathematics with Technology and Other Resources  2652
	TWG16: Learning Mathematics with Technology and Other Resources 2773
	TWG17: Theoretical Perspectives and Approaches in Mathematics  Education Research 3019
	TWG18: Mathematics teacher education and professional development 3186
	TWG19: Mathematics Teaching and Teacher Practice(s) 3547
	TWG20: Mathematics teacher knowledge, beliefs, and identity 3810
	TWG21: Assessment in mathematics education 4036
	TWG22: Curriculum resources and task design in mathematics education 4153
	TWG 23: Implementation of research findings in mathematics education 4354
	TWG24: Representations in mathematics teaching and learning 4462
	TWG25: Inclusive Mathematics Education – challenges for students  with special needs 4619
	TWG26: Mathematics in the context of STEM education 4712


	Addendum pages.pdf
	TWG14_43.pdf
	Relevant aspects of proficiency in secondary school arithmetic for a successful start in STEM subjects
	Introduction and research interest
	A theoretical framework for analyzing and constructing tasks in secondary school arithmetic – a first draft


	TWG14_44.pdf
	A mathematician’s deliberation in reaching the formal world and students’ world views of the eigentheory
	Theoretical Background
	Methods
	Results
	An analysis of the instructor’s journals on teaching eigenvalues and eigenvectors
	An analysis of the student survey

	Discussion and concluding remarks


	TWG14_45.pdf
	A case study on mathematical routines in undergraduate biology students’ group-work
	Introduction
	Commognitive framework
	Method
	Results
	Discussion


	TWG14_46.pdf
	Recall and substantiation routines in exam scripts: injective and surjective functions
	From secondary to university mathematics
	Commognitive routines: recall and substantiation
	The exam question, the participating students and the exam-setter’s intentions
	Recall and substantiation routines in students’ scripts
	Ambivalent word-use and visual mediation relating to the object of equivalence
	Partial justifications regarding injectivity of h(n) = 3n
	Conflation of justifications for a functions’ surjectivity in ℤ and in ℝ

	The potency of a commognitive lens: Routines and precedent events


	TWG14_47.pdf
	Students as Partners in Complex Number Task Design
	Background and literature
	Theoretical and Methodological Perspectives
	The development of the complex number tasks
	Design of tasks and the Design Meetings – an iterative process
	Finalising the tasks

	Summary of the project collaboration

	Acknowledgements

	TWG14_48.pdf
	Post-secondary students’ enactment of identity in a programming and mathematics learning environment
	Introduction
	Conceptual Framework
	Identity is influenced by one’s environment. In other words, identity is greatly formed by individuals’ relationships with others from the past to present, stretching into the future (Wenger, 1998). As individuals progress through the post-secondary l...
	Methodology
	Findings and Discussion
	Description of the case: Roy
	Roy’s enactment of identity
	Roy’s self-efficacy
	Roy’s environment
	Roy’s four faces of learning mathematics

	Conclusion
	References


	TWG14_49.pdf
	Using history of mathematics to inform the transition from school to university: Affective and mathematical dimensions
	Introduction
	The study
	The seminar
	Setting and context
	Data sources and participants
	Data analysis

	Initial findings
	Investigating patterns: How do students recognize their transition?

	Discussion
	Conclusion


	TWG14_50.pdf
	Epistemological characteristics influencing didactic choices in course planning – the cases of Basic Topology and Differential Geometry
	What influences university mathematics teachers’ didactical choices?
	A praxeological perspective on mathematics teaching
	Epistemological analysis and didactical considerations
	Conclusions and discussion


	TWG14_51.pdf
	Calculus variations as figured worlds for math identity development
	Theoretical Background and Literature Review
	Methods
	Results
	Calculus for Life Sciences: A refiguring of productive mathematical identities
	Honors Calculus: A collaborative community of academically-minded students
	Standard Calculus: A realm of disconnected knowing and isolation

	Discussion


	Binder1.pdf
	TWG14_43
	Relevant aspects of proficiency in secondary school arithmetic for a successful start in STEM subjects
	Introduction and research interest
	A theoretical framework for analyzing and constructing tasks in secondary school arithmetic – a first draft


	TWG14_44
	A mathematician’s deliberation in reaching the formal world and students’ world views of the eigentheory
	Theoretical Background
	Methods
	Results
	An analysis of the instructor’s journals on teaching eigenvalues and eigenvectors
	An analysis of the student survey

	Discussion and concluding remarks


	TWG14_45
	A case study on mathematical routines in undergraduate biology students’ group-work
	Introduction
	Commognitive framework
	Method
	Results
	Discussion


	TWG14_46
	Recall and substantiation routines in exam scripts: injective and surjective functions
	From secondary to university mathematics
	Commognitive routines: recall and substantiation
	The exam question, the participating students and the exam-setter’s intentions
	Recall and substantiation routines in students’ scripts
	Ambivalent word-use and visual mediation relating to the object of equivalence
	Partial justifications regarding injectivity of h(n) = 3n
	Conflation of justifications for a functions’ surjectivity in ℤ and in ℝ

	The potency of a commognitive lens: Routines and precedent events


	TWG14_47
	Students as Partners in Complex Number Task Design
	Background and literature
	Theoretical and Methodological Perspectives
	The development of the complex number tasks
	Design of tasks and the Design Meetings – an iterative process
	Finalising the tasks

	Summary of the project collaboration

	Acknowledgements

	TWG14_48
	Post-secondary students’ enactment of identity in a programming and mathematics learning environment
	Introduction
	Conceptual Framework
	Identity is influenced by one’s environment. In other words, identity is greatly formed by individuals’ relationships with others from the past to present, stretching into the future (Wenger, 1998). As individuals progress through the post-secondary l...
	Methodology
	Findings and Discussion
	Description of the case: Roy
	Roy’s enactment of identity
	Roy’s self-efficacy
	Roy’s environment
	Roy’s four faces of learning mathematics

	Conclusion
	References


	TWG14_49
	Using history of mathematics to inform the transition from school to university: Affective and mathematical dimensions
	Introduction
	The study
	The seminar
	Setting and context
	Data sources and participants
	Data analysis

	Initial findings
	Investigating patterns: How do students recognize their transition?

	Discussion
	Conclusion


	TWG14_50
	Epistemological characteristics influencing didactic choices in course planning – the cases of Basic Topology and Differential Geometry
	What influences university mathematics teachers’ didactical choices?
	A praxeological perspective on mathematics teaching
	Epistemological analysis and didactical considerations
	Conclusions and discussion


	TWG14_51
	Calculus variations as figured worlds for math identity development
	Theoretical Background and Literature Review
	Methods
	Results
	Calculus for Life Sciences: A refiguring of productive mathematical identities
	Honors Calculus: A collaborative community of academically-minded students
	Standard Calculus: A realm of disconnected knowing and isolation

	Discussion







