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Quantum spill-out in few-nanometer metal gaps: Effect on gap plasmons and reflectance
from ultrasharp groove arrays

Enok J. H. Skjølstrup,* Thomas Søndergaard, and Thomas G. Pedersen
Department of Materials and Production, Aalborg University, Skjernvej 4A, DK-9220 Aalborg East, Denmark

(Received 15 December 2017; revised manuscript received 7 March 2018; published 19 March 2018)

Plasmons in ultranarrow metal gaps are highly sensitive to the electron density profile at the metal surfaces.
Using a quantum mechanical approach and assuming local response, we study the effects of electron spill-out on
gap plasmons and reflectance from ultrasharp metal grooves. We demonstrate that the mode index of ultranarrow
gap plasmons converges to the bulk refractive index in the limit of vanishing gap and, thereby, rectify the unphysical
divergence found in classical models. Surprisingly, spill-out also significantly increases the plasmonic absorption
for few-nanometer gaps and lowers the reflectance from arrays of ultrasharp metal grooves. These findings are
explained in terms of enhanced gap plasmon absorption taking place inside the gap 1–2 Å from the walls and
delocalization near the groove bottom. Reflectance calculations taking spill-out into account are shown to be in
much better agreement with measurements compared with classical models.

DOI: 10.1103/PhysRevB.97.115429

I. INTRODUCTION

In the past decade, plasmonic structures have attracted
attention, in part due to their efficiency in absorbing incident
light [1,2] and their ability to squeeze light below the diffraction
limit [3–6]. Furthermore, plasmonic structures can be applied
in, e.g., solar cells, lasers, and biosensors [7–9]. Metal surfaces
support surface plasmon polaritons (SPPs) that are electromag-
netic waves bound to and propagating along the surface, while
deep-subwavelength gaps between metal surfaces may support
gap plasmons, i.e., waves confined to and propagating along
the gap. Such gap plasmons localized in gaps of nanometer
size between spherical and triangular nanoparticles have been
studied in Refs. [3,10]. Furthermore, the propagation of gap
plasmons in wider gaps between two parallel metal surfaces
has been studied in Refs. [11–14], and when propagating in
rectangular or tapered grooves in Refs. [15–17]. In all these
papers, quantum spill-out is neglected, such that the dielectric
function takes one value in the gap region and another value in
the metal, thus changing abruptly at the interfaces.

In this paper, we focus on gaps of a few nanometers
in metals, which can be found in ultrasharp groove arrays
[12,18–21]. In such grooves, nearly parallel metal surfaces
are separated by an ultranarrow gap near the bottom. These
structures are broadband absorbers of light [19,20], and most
of the absorption takes place in the bottom part of the grooves
[22]. In addition, most of the physics can be explained in terms
of gap plasmons propagating back and forth in the grooves. So
far, the modeling of ultrasharp grooves has not taken quantum
spill-out effects into account, and in the extreme limit of
vanishing gap width, the resulting gap plasmon mode index di-
verges [12–16], which is clearly unphysical. Importantly, only
minor oscillations are observed in the measured reflectance
spectra from Ref. [20], which does not match present theories
neglecting spill-out.
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We show in this paper that by assuming local response
taking quantum spill-out into account leads to a drastically
improved agreement with the measured reflectance from arrays
of ultrasharp grooves in gold films. Furthermore, the mode
index of gap plasmons converges to the refractive index
of bulk gold for vanishing gaps, thus restoring physically
correct behavior. The range of electron spill-out is only about
0.3 nm, implying that when the gap width is below 0.6 nm
the electron distributions from the two gold surfaces overlap,
and electrons can tunnel across the gap, while the surfaces
do not couple electronically for wider gaps. Surprisingly, we
demonstrate in the following that the effect of spill-out also
significantly increases the absorption when the gap width is a
few nanometers, thus far outside the tunnel regime.

II. QUANTUM DIELECTRIC FUNCTION

In a quantum mechanical description of metal surfaces,
the electron density has an exponential tail stretching into the
vacuum region due to tunneling through the surface barrier. A
highly efficient model of such spill-out effects is provided by
density-functional theory (DFT) in the jellium approximation
treating the positive ions as a constant charge density inside the
metal [23,24]. The distribution of free (s,p band) electrons in
this positive background produces an inhomogeneous electron
density with a characteristic spill-out into the vacuum region.

The density of free electrons in the vicinity of a gap between
metal surfaces is found by self-consistently solving the Kohn-
Sham equations [23] within the jellium model. The exchange
and correlation potentials that appear in these equations are cal-
culated applying the local density approximation (LDA) [25],
using the Perdew-Zunger parametrization in the correlation
term [26]. The applied Wigner-Seitz radius for gold is rs =
3.01 Bohr [24]. The electron density is calculated for a structure
consisting of two parallel gold slabs of width d separated by
the gap width w. The width of the slabs must be thick enough
such that artificial finite-size effects are negligible, and we find
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that d = 2.6 nm is sufficient. The density is calculated using
a standing-wave basis of the form sin(nπ (x/L + 1/2)), where
n = 1,2, . . . ,200 and L = 8 nm, and it has been checked that
the density has converged with respect to the number of basis
functions. A variation in Fermi energy between two iterations
below 10−7 Ha is used as the convergence criterion in the
optimization process, and an Anderson mixing scheme [27]
with mixing parameter 0.005 is applied.

Such a DFT model has in other cases previously been ap-
plied to calculate the optical cross sections of metal nanowires
[28–31], metal clusters and spheres [28,32–34], and the plas-
mon resonance of metal dimers [35,36] and of semiconductor
nanocrystals [37]. In addition, it was shown in Ref. [38] that
electron spill-out has a significant impact on the local density
of states for gap plasmons propagating between two gold
surfaces. In a similar manner, quantum tunneling was found
to have a significant impact on the local field intensity in metal
nanostructures [39]. In Ref. [40] different quantum mechanical
effects in plasmonic structures with subnanometer gaps were
studied, and it was found that spill-out plays a significant role
in the optical cross sections and near-field enhancement factors
of a sodium dimer, which is in agreement with the experimental
results from Ref. [41]. Furthermore, nonlocality was studied in
Refs. [40,42] for sodium and gold dimers, respectively, and it
was found that nonlocal effects slightly blue-shift the plasmon
resonances. A similar result was found in Refs. [43,44] for
gold cylinders, where an analytic estimate of the blue-shift
is found in Ref. [44]. Furthermore, it was found in Ref. [38]
that for plasmons propagating in narrow metal gaps, the spill-
out effect generally dominates compared to nonlocal effects.
Reference [29] studied the optical response of metal nanowires
using time-dependent DFT (TDDFT), as well as classical local
and nonlocal response. It was found that by including screening
as in Refs. [45–47], results for both the local and nonlocal
response become in excellent agreement with results obtained
using TDDFT.

The separation of the optical response into local and
nonlocal effects follows rigorously from quantum mechanical
response theory [48] within the random phase approximation
[25]. Hence, considering surfaces normal to the x axis the
following full dielectric response can be derived from the
electric conductivity in Ref. [48],

ε(x,x ′) =
(

1 − e2n(x)

meε0ω2

)
δ(x − x ′)

+ i

2π2ε0h̄ω

∫
fnm

jnm(x)jmn(x ′)
ω + i� − ωm + ωn

d2k. (1)

Here, n(x) denotes the spatially varying electron density corre-
sponding to a position-dependent plasma frequency ω2

p(x) =
e2n(x)/(meε0) [49], where e and me denote the electron charge
and mass, respectively. In the second line of Eq. (1) jnm is a
matrix element of the paramagnetic transition current between
states n and m with energies h̄ωn and h̄ωm, respectively, and
the integral is over the two-dimensional electron momentum
�k. Also, fnm denotes the difference between Fermi factors for
the states and � is a damping term.

In Eq. (1), the last term is the nonlocal one responsi-
ble for the blue-shifts in plasmon resonances observed in
Refs. [40–44]. In this paper, similar to Refs. [31–33,37], we

FIG. 1. Schematic of the bottom 30 nm of an ultrasharp groove
with a bottom width of 0.3 nm. The three insets show the electron
density n/n0 at the bottom of the groove and for gap widths of 0.5 nm
and 1 nm. The colored areas in the insets show the position of the
gold surfaces.

neglect such nonlocal effects and thereby treat the dielectric
function as a local response. As a consequence, we can
approximate ε(x,x ′) = ε(x)δ(x − x ′) with the local response
ε(x) ≈ 1 − ω2

p(x)/ω2, i.e., the Drude dielectric function. This
simple expression is modified below to contain damping and
interband effects. It is shown in the next two sections how this
local treatment rectifies the unphysical divergence of the mode
index found in classical models, and leads to a calculated re-
flectance from ultrasharp groove arrays in excellent agreement
with measured reflectance spectra. Hence, most of the physics
regarding plasmons in narrow metal gaps can be explained
using a local model, and it seems sufficient only to include
the quantum effect of electron spill-out and not the nonlocal
effects in order to get reliable results.

A continuous range of widths between metal surfaces can
be found in ultrasharp grooves [12,19,20]. Figure 1 shows
a schematic of the bottom 30 nm of a groove with bottom
width of 0.3 nm in accordance with the geometry considered
in Refs. [19,20]. The three insets show the calculated electron
density n(x,w) in units of the bulk gold electron density n0 at
three different cross sections of the ultrasharp groove corre-
sponding to gap widths w = 0.3, 0.5, and 1 nm, respectively.
The colored areas mark the position of the gold surfaces. Due
to spill-out, the electron density extends a small distance into
the gap and, especially for the smallest gap width of 0.3 nm,
the density only decreases to roughly 9% of the bulk gold
density in the center of the gap, while it decreases to about 1%
when the gap width is 0.5 nm. Hence, there is no true vacuum
region between the gold surfaces for these gap widths. For the
larger gap of 1 nm, the electron density drops practically to
zero 0.3 nm from the gold surfaces, such that the two gold
surfaces do not couple electronically. The range of spill-out
is therefore 0.3 nm, and electrons can tunnel from one gold
surface to the other only when the gap width is below 0.6 nm.
In addition, the electron density inside the metal is also affected
near the surface and shows Friedel oscillations, in agreement
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with previous studies of the electron density across a single
boundary between metal and air [23,24,50].

It is noticed that all the calculated densities only include
spill-out from parallel gold slabs, and these densities are
merged together in a region, where the curvature of the groove
walls is small in order to form the density across the two-
dimensional ultrasharp groove. Electron spill-out also occurs
from the bottom of the groove and affects the density on a
length scale comparable to the spill-out range. However, in
this paper we ignore spill-out from the bottom, an assumption
that will be explained in Sec. IV.

Next, the electron density is applied to compute the di-
electric function ε across the structure as described by the
local Drude model modified to include the inhomogeneous
density as mentioned above. In addition to the free electrons,
bound electrons are found in lower lying d bands, and they
contribute to the interband part of the dielectric function [49].
In contrast to the free electrons, we assume no spill-out of
bound electrons into the gap region, and they are therefore
entirely located in the bulk region. In Refs. [45–47], a thin
surface layer with ineffective screening has been applied to
account for the interband part of the dielectric function, such
that this contribution is a step function changing abruptly a
few Å from the surface at the metal side of the interface.
Applying this model, plasmon resonances in nanometer-size
clusters of gold, silver, and copper are calculated and are in
good agreement with measurements. In this paper, however,
similar to Ref. [38], we ignore this thin surface layer and
assume thereby that the interband part of the dielectric function
is a step function changing abruptly at the interfaces between
air and gold, thus at the same position as the jellium edge. It
is shown in Sec. IV that this simple description of the bound
electrons leads to good agreement with measurements of the
reflectance of an ultrasharp groove array.

In the bulk, the electron density n0 implies a bulk plasma
frequency of ωp,bulk =

√
n0e2/(meε0) and an accompany-

ing Drude response εp,bulk(ω) = 1 − ω2
p,bulk/(ω2 + iω�) [49].

Similar to Ref. [38] we include the interband contribution by
requiring the bulk response to equal the measured dielectric
function εgold(ω) from Ref. [51] such that the final dielectric
function is given by

ε(ω,x,w) = 1 − ω2
p(x,w)

ω2 + i�ω

+ [εgold(ω) − εp,bulk(ω)]θ (|x| − w/2). (2)

This is a modification of the dielectric function introduced
above, as it also contains both damping and interband ef-
fects. Here, the first term describes the local Drude re-
sponse of free electrons with plasma frequency ωp(x,w) =√

n(x,w)e2/(meε0) determined by the electron density n(x,w)
calculated using DFT. In addition, the damping term in gold is
h̄� = 65.8 meV [49] and the step function models the abrupt
behavior assumed for the bound electron interband term.

An example of the dielectric function is seen in Fig. 2(a) for
w = 0.35 nm at a wavelength of 775 nm, where the colored
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FIG. 2. (a) Real and imaginary parts of ε(x,w) for w = 0.35 nm,
where the colored areas show the position of the gold surfaces.
(b) and (c) 3D plots of real and imaginary parts of ε(x,y) in the
bottom 25 nm of an ultrasharp groove. The wavelength is 775 nm.
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areas mark the position of the gold surfaces. The real part is
clearly seen to jump according to the step function in Eq. (2)
and the dielectric function equals the bulk value in the gold
regions that are sufficiently far from the air-gold interfaces.
The imaginary part in Fig. 2(a) also jumps, but it is difficult to
see in the figure. The Friedel oscillations in the electron density
(Fig. 1) result in corresponding oscillations in the dielectric
function [Fig. 2(a)].

Figure 2(b) shows a 3D plot of the real part of the dielectric
function ε(x,y) in the bottom 25 nm of the ultrasharp groove
at wavelength 775 nm. The black curve in the xy plane shows
the structure of the groove. A 3D plot of the imaginary part
of ε(x,y) is seen in Fig. 2(c). The imaginary part is small but
nonzero in the entire shown region implying that absorption of
light takes place even in the middle of the gap.

As spill-out from the bottom of the groove is neglected there
is pure gold at positions below y = −500 nm as illustrated by
the blue color in Fig. 2(b) and the red color in Fig. 2(c). As
y increases and the groove width increases one should think
that the effect of electron spill-out would become negligible
as it only occurs very close to the groove walls as observed
in Fig. 1. However, most surprisingly, when it comes to the
mode index and the absorption density, spill-out also has a great
influence for gap widths of a few nanometers, even though they
far exceed the tunnel regime.

III. MODE INDEX AND ABSORPTION DENSITY
OF A PROPAGATING GAP PLASMON

A gap between two metal surfaces supports gap plasmons
propagating in the y direction. Gap plasmons are p-polarized
electromagnetic waves, implying that the corresponding mag-
netic field �H (�r ) = ẑH (x,y) for a constant w is given by [18]

H (x,y) = eik0βyH (x), (3)

where H (x) is the transverse field distribution, β is the complex
mode index, and k0 = 2π/λ is the free space wave number.
Both the transverse field distribution and the mode index
depend strongly on the gap width w.

A gap can also support ordinary waveguide modes, but in
order for the associated wave to be propagating, the gap has to
be larger than half a wavelength, and such wide gaps are not
considered in this paper. For smaller gaps, waveguide modes
can also exist, but then the imaginary part of the mode index
is much higher than its real part, implying that the waves are
exponentially damped in the waveguide [52]. They therefore
play a negligible role compared to the much longer propagating
plasmonic modes.

The mode index is calculated for a fixed widthw by applying
a transfer-matrix method [53]. This is done by dividing the x

axis into N sufficiently thin layers, each modeled as having a
constant dielectric function. For the mode index to converge
it is found that thicknesses of 2.7 × 10−4 nm are sufficient. A
structure matrix S is constructed, which relates the magnetic
field to the left of the structure to that at the right of the structure,

S = Tg1

N−1∏
i=1

(TiTi,i+1)TNTN,g :=
(
S11 S12

S21 S22

)
. (4)

Here, a matrix with a single index denotes propagation in that
particular layer, a matrix with two indices denotes an interface
matrix, and the subscript g denotes bulk gold. Expressions
for the propagation and interface matrices can be found in
Ref. [53]. The field to the left of the structure is then given by(

0
H−

L

)
= S

(
H+

R

0

)
. (5)

Here, R and L denote right and left of the structure, re-
spectively, and + and − denote the direction, in which light
propagates. Left and right of the structure there is only light
propagating in the negative and positive direction, respectively.
From Eq. (5) it is found that the matrix element S11 must be
zero. The matrices in Eq. (4) depend on the mode index β,
implying that S11 is a function of β, and to find the roots S11

is evaluated for a range of complex β values. By observing
sign changes in the real and imaginary parts of S11 a region
of β values is identified where S11 is close to zero. The
Newton-Raphson method is then applied to obtain the exact
root. Four periods of Friedel oscillations are found sufficient
in the modeling of the dielectric function near the gold surface
in order for the mode index to converge, c.f. Fig. 2(a), and the
bulk value is applied beyond this range.

Applying this method the mode index of a gap plasmon
has been calculated using the dielectric function from the
previous section. The mode index as a function of w is shown
in Fig. 3(a) for λ = 600 nm and in Fig. 3(b) for λ = 775
nm. In Ref. [38], David and de Abajo studied gap plasmons
propagating between two gold surfaces including spill-out. In
that paper, in particular, the local density of states is calculated,
from which it is possible to obtain a dispersion relation. Hence,
a quantitative comparison with the present work can be made.
From Figs. 3(a) and 3(b) in this paper, it is found that for a gap
width of 1 nm, the real part of the mode index, when including
spill-out, is 20.2 when λ = 600 nm and 13.9 when λ = 775 nm.
These values correspond to parallel wave numbers (identical to
k0β) of 0.21 nm−1 and 0.11 nm−1, respectively, which agree
well with values estimated from Fig. 3(f) in Ref. [38]. The
same accordance is found when neglecting spill-out and also
for a gap width of 0.5 nm, which can be seen by comparing
the values obtained from Figs. 3(a) and 3(b) in this paper with
values estimated from Figs. 3(a), 3(b) and 3(e) in Ref. [38].
Hence, the real part of the mode index calculated in this paper
is in quantitative agreement with Ref. [38]. In the present work,
however, we calculate both components of the complex mode
index exactly and, in contrast to Ref. [38], we show in Figs. 3(a)
and 3(b) how they are explicitly dependent on w.

The red solid and dashed lines are the real and imaginary
parts of the mode index obtained when including electron spill-
out. The horizontal green lines represent the real and imaginary
part of the refractive index ngold from Ref. [51], and the mode
index is seen to converge to this value for sufficiently small w.
It is difficult to see in the figure, but the real part of ngold shown
by the solid green line is positive but very small. The blue lines
show the mode index obtained when neglecting electron spill-
out similar to previous studies [12–14]. Here, the mode index
diverges for w → 0, which cannot be correct from a physical
point of view. The mode index must converge to the refractive
index of bulk gold for small gaps, since in this case the structure
is simply bulk gold. For distances w below 0.35 nm, the mode
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index of the gap plasmon is almost the same as the refractive
index of pure gold. Hence, even though the dielectric function
for w = 0.35 nm is quite different from that of pure gold [see
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FIG. 4. Absorption density in the bottom 30 nm of an ultrasharp
groove. In the bottom 10-nm absorption takes place across the entire
gap, but as y increases and the groove gets broader, absorption mostly
takes place 0.15 nm from the interfaces. The wavelength is 775 nm.

Fig. 2(a)], the system nevertheless behaves almost as pure gold
when it comes to the mode index of a propagating gap plasmon.
For large w, the mode index both with and without spill-out
converges to

√
εgold/(εgold + 1) [49], as in this case the wave

behaves as an SPP bound to a single interface (not shown).
On the other hand, when the gap width is a few nanometers,

thus far outside the tunnel regime, the real part of the mode
index is almost the same with and without spill-out, as seen
by comparing the red and blue solid lines in Figs. 3(a)
and 3(b). However, there is a large difference between the
imaginary parts of the mode index, as seen by comparing
the corresponding dashed lines. This is further illustrated in
Fig. 3(c) showing the ratio of the imaginary parts of the mode
index with and without spill-out (SO). For gaps of a few
nanometers, the imaginary part of the mode index is seen to
be much higher when including spill-out, especially for long
wavelengths. In the figure, the color is dark red for every value
above 5, but the maximal value is more than 20 which is found
for a gap width of 0.5 nm at a wavelength of 850 nm. Hence
for few-nanometer gaps the effect of spill-out on the imaginary
part of the mode index is significant.

To elucidate the physics behind the increased imaginary
part, the absorption density,

A(x,y) = | �E(x,y)|2Im(ε(x,y)), (6)

is calculated as shown in Fig. 4 in the bottom 30 nm of an
ultrasharp groove at a wavelength of 775 nm, where the colored
areas show the position of the gold. Here, the electric field has
been calculated from the magnetic field in Eq. (3) as [49]

�E = i

ωε0ε
�∇ × ẑH. (7)

In the bottom of the groove, where the gap width is 0.3 nm, the
absorption density clearly jumps across the boundaries in order
for the normal part of the displacement field to be continuous
across the interfaces [49]. It is noticed that the dielectric
function on the gap side of the interface has a numerically
higher value than on the gold side of the interface, which is due
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to the abrupt jump in the bound electron term [see Fig. 2(a)]. In
order for the displacement field to be continuous, this implies
that the electric field magnitude is correspondingly lower on
the gap side than on the gold side, which explains why the
absorption density in the bottom of Fig. 4 increases across the
interface. If spill-out is neglected, the dielectric function has
a numerically higher value on the gold side of the interface,
which implies that in this case the electric field magnitude
drops across the interface. As y increases and the groove
gets broader, the absorption density mostly consists of two
peaks located about 0.15 nm from the groove walls. At these
positions, the real part of the dielectric function is zero (at
the wavelength 775 nm), while the imaginary part is small but
nonzero, [see Figs. 2(b) and 2(c)], which ensures that the peaks
in absorption density are finite and not diverging.

When neglecting spill-out the dielectric function has zero
imaginary part in the gap and absorption can only take place
in the metal. It is highly surprising that the effect of spill-
out significantly increases the absorption density also for
few-nanometer gaps that far exceed the tunnel regime. How
this affects the reflectance from an ultrasharp groove array is
studied in the next section.

IV. REFLECTANCE FROM AN ULTRASHARP
GROOVE ARRAY

Periodic arrays of ultrasharp grooves absorb light almost
perfectly in a broad wavelength interval, which is utilized in
plasmonic black gold, where the grooves turn a shiny gold
surface into a broadband absorber [19,20]. Rectangular or
tapered (not ultrasharp) grooves may on the other hand absorb
efficiently in a narrow band of wavelengths [17,54–56], which
is advantageous in thermophotovoltaics [57,58]. Hence, the
reflectance spectrum of an array of grooves strongly depends
on the groove shape. Previously the reflectance of a groove
array has only been calculated when neglecting spill-out, but in
this section it is calculated when taking spill-out into account.
This is done by applying the stack matrix method (SMM) of
Ref. [18], where the grooves are divided into layers with a
refractive index corresponding to the gap plasmon mode index.
In Ref. [18], the SMM was applied to calculate reflectance
from ultrasharp groove arrays when neglecting spill-out, and
the results were practically identical to results obtained using
a full Greens function surface integral equation method.

As mentioned in the previous section, the mode index of the
propagating gap plasmon is almost the same as in pure gold
for gap widths below 0.35 nm [see Figs. 3(a) and 3(b)] even
though the dielectric function is quite different from that of
pure gold [see Fig. 2(a)]. By looking at the groove structure in
Fig. 1, it is found that the distance between the groove walls
is below 0.35 nm at the bottom 8 nm of the groove, thus the
gap plasmon behaves almost as pure gold in this region. As
mentioned in Sec. II electron spill-out also occurs from the
bottom and affects the density in a short range from the bottom.
But, as the range of spill-out is much shorter than the 8 nm, it
only influences the dielectric function at positions where the
mode index already behaves almost as pure gold and where
minor variations in dielectric function implies no change in
mode index. This explains why we have reasons to ignore the
spill-out from the bottom of the groove.

550 600 650 700 750 800 850
Wavelength (nm)

R
ef

le
ct

an
ce

3

4

5

6

7

8

0.05

0.1

0.15

0.2

0.25

0.3

0.35
10-3x

0

Spill out
No spill out

240 nm

45
0 

nm

FIG. 5. Reflectance from an ultrasharp groove array in gold where
the grooves have a top width of 240 nm, a bottom width of 0.3 nm, and
a groove height of 450 nm. The grooves are illuminated by normally
incident light. Spill-out is included in the calculated reflectance shown
by the red line on the left y axis, and neglected in the corresponding
reflectance shown by the blue line on the right y axis. The inset shows
a schematic of the groove geometry.

The array of ultrasharp grooves in gold is illustrated in the
inset in Fig. 5. Here the reflectance from an ultrasharp groove
array illuminated by normally incident light is shown for the
wavelength interval 550–850 nm, where the groove height is
450 nm, the top width is 240 nm, and the bottom width is
0.3 nm. Including spill-out leads to the reflectance shown by
the red line on the left y axis in Fig. 5. The same groove
dimensions were applied in Ref. [20] where electron spill-out
was neglected, which gives the reflectance shown by the blue
line on the right y axis in the same figure. By noticing the
very different scale on the left and right axes in the figure, it
is clearly seen that the effect of spill-out significantly lowers
the reflectance from an ultrasharp groove array in gold. This
is expected since the imaginary part of the gap plasmon mode
index is higher when including spill-out [see Fig. 3(c)].

The mode index and, thus, the degree of absorption depends
on how the field profile is distributed between the gap and the
metal regions. It is therefore investigated how spill-out affects
the field profile for a small gap. The electric field of the gap
plasmon in Eq. (7) has both an x and a y component, where
the x component jumps across the interface as observed in
the bottom of Fig. 4. The corresponding magnetic field in
Eq. (3) only has a z component, which is continuous across
the interface [49], and makes the magnetic field preferable for
illustrating the penetration of the field into the metal.

The gap plasmon transverse field magnitude |H (x)| is
shown in Fig. 6(a) for a gap width of w = 0.45 nm both with
and without spill-out at a wavelength of 775 nm. The field
distributions have been normalized by their maximum value.
The blue line shows the field when neglecting spill-out. In this
case the mode index β is high [see blue lines in Fig. 3(b)],

which implies that the imaginary part of kx = k0

√
n2

gold − β2

is also high. The field is therefore partly localized in the air
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FIG. 6. (a) Normalized |H (x)| for a gap plasmon propagating in a
gap of width w = 0.45 nm. Spill-out is included and neglected in the
calculations of the fields shown by the red and blue lines, respectively.
(b) Corresponding plasmon penetration length as a function of w with
and without spill-out. Horizontal green line shows the penetration
length of an SPP bound to a single gold surface, i.e., in the limit of an
infinite gap. The wavelength is 775 nm in both (a) and (b).

gap region and the penetration length calculated as 1/Im(kx)
is only 4.8 nm.

When including spill-out for the same w the mode index is
closer to that of pure gold [see red lines in Fig. 3(b)], and kx

is therefore smaller, which yields a more delocalized field as
shown by the red line in Fig. 6(a). Here the penetration length
is 15 nm, and most of the field is therefore located in the pure
gold regions. But as the absorption density for this w consists
of two peaks, as in the upper part of Fig. 4, absorption mostly
takes place 0.15 nm from the interfaces and not in the pure
gold regions, even though the magnetic field in Fig. 6(a) is
mostly located there. The figure shows that when including
spill-out the field profile becomes approximately three times
broader. This effect becomes more pronounced for smaller w,
and for w = 0.35 nm the field is almost 100 times broader,
which is due to the fact that the mode index is almost equal to
the refractive index of bulk gold when including spill-out.
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FIG. 7. Comparison between the calculated reflectance with and
without spill-out and the measured reflectance from Ref. [20] shown
in black. Spill-out is included in the calculated reflectance shown by
the red line and neglected in the calculated reflectance shown by the
blue lines. The groove height is 450 nm, the top width is 240 nm, and
b denotes the bottom width.

The penetration length as a function of w is shown in
Fig. 6(b) with and without spill-out at a wavelength of 775 nm.
The blue line shows the case when neglecting spill-out, and
for small w the field is highly localized implying a very short
penetration length, which was also observed in Fig. 6(a). When
including spill-out the penetration length shown by the red
line for small w becomes very high and diverges as shown in
the inset. Thus, the field behaves almost like a plane wave
in the limit w → 0. On the other hand, when w increases
the penetration length becomes almost the same with and
without spill-out. Then, at a first glance, the effect of spill-out
seems to be negligible for gaps of a few nanometers, but
as was found in the previous section significant absorption
takes place in the gap region 0.15 nm from the interfaces. It
is astonishing that even though the field penetration into the
gold surfaces is almost the same with and without spill-out for
few-nanometer gaps the absorption is still much higher when
including spill-out. The horizontal green line in Fig. 6(b) shows
the penetration length of an SPP bound to a single interface
between gold and air [49]. When the gap becomes sufficiently
wide the gap plasmon behaves almost as a single SPP bound
to a gold surface, and the penetration lengths shown by the red
and blue lines are found to converge to the horizontal green
line for large w (not shown).

The bottom width b of an ultrasharp groove is impossible
to measure precisely. In the calculations in Refs. [19,20],
where spill-out was neglected, the bottom width was set
to 0.3 nm, which is close to the gold atom diameter.
This was necessary in order to obtain a reflectance com-
parable to measured values. However, it was found in
Fig. 5 that the reflectance from an ultrasharp groove ar-
ray with this bottom width is significantly lower when
spill-out is included. It is therefore investigated in Fig. 7,
which impact the bottom width has on the calculated re-
flectance of a 450-nm deep ultrasharp groove array with
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top width 240 nm. For bottom widths below 1 nm the re-
flectance is always below 1.3% (not shown), being thus still
significantly lower than both measured and calculated values in
Refs. [19,20]. By adjusting b to minimize the root mean square
error between calculated and measured reflectance, it is found
that the bottom width b = 2.37 nm gives the best reflectance.
The calculated reflectance when including spill-out for this b

is shown by the red line in Fig. 7, and is in excellent agreement
with the measured reflectance from Ref. [20] shown in black
in the same figure.

The blue dashed and solid lines in Fig. 7 show the calculated
reflectance when neglecting spill-out for bottom widths of
0.3 nm and 2.37 nm, respectively. For b = 2.37 nm the
reflectance is now much higher than the measured reflectance.
The result for 0.3 nm, also shown in Fig. 5, is similar in
magnitude to the measured reflectance shown in black but the
oscillations in the calculated reflectance spectrum are clearly
not present in the measured reflectance. On the other hand
such oscillations are not present in the calculation that includes
spill-out, in which case a much better agreement with the
measured reflectance is obtained.

In Ref. [20], the reflectance has been measured for several
different fabricated arrays of ultrasharp grooves. In the theoret-
ical calculations performed in this paper and in Refs. [19,20]
it has been assumed that all the grooves in the periodic array
are identical. This is extremely hard to guarantee in practice
when fabricating the grooves, and SEM and optical microscope

images of the arrays of grooves in Ref. [20] also show that there
are minor variations. The fact that the fabricated groove arrays
are not perfectly periodic may explain some of the deviation
between the calculated reflectance including spill-out and the
measured reflectance.

V. CONCLUSION

Using a quantum mechanical approach and assuming local
response, the properties of gap plasmons in ultranarrow metal
gaps have been investigated. Electron spill-out is found to play
a crucial role for both plasmon propagation and reflectance
from ultrasharp groove arrays. In these geometries, a classical
approach based on bulk optical properties leads to unphysically
diverging mode indices in the limit of vanishing gap width.
We demonstrate, however, that divergencies are avoided when
spill-out is taken into account. Importantly, spill-out also has
a great impact on gaps of a few nanometers, since power is
strongly absorbed in the gap region 1–2 Å from the interfaces.
As a consequence, calculated reflectance spectra are in excel-
lent agreement with measured reflectance spectra for ultrasharp
groove arrays.

ACKNOWLEDGMENT

This work is supported by Villum Kann Rasmusen (VKR)
center of excellence QUSCOPE.

[1] P. Lalanne, J. Hugonin, H. Liu, and B. Wang, Surf. Sci. Rep. 64,
453 (2009).

[2] B. Wang and P. Lalanne, J. Opt. Soc. Am. A 27, 1432
(2010).

[3] D. C. Marinica, M. Zapata, P. Nordlander, A. K. Kazansky, P. M.
Echenique, J. Aizpurua, and A. G. Borisov, Sci. Adv. 1, 1501095
(2015).

[4] J. A. Schuller, E. S. Barnard, W. Cai, Y. C. Jun, J. S. White, and
M. L. Brongersma, Nat. Mater. 9, 193 (2010).

[5] D. K. Gramotnev and S. I. Bozhevolnyi, Nat. Photon. 4, 83
(2010).

[6] M. Kuttge, F. de Abajo, and A. Polman, Opt. Express 17, 10385
(2009).

[7] H. A. Atwater and A. Polman, Nat. Mater. 9, 205 (2010).
[8] P. Berini and I. D. Leon, Nat. Photon. 6, 16 (2012).
[9] J. Feng, V. Siu, A. Roelke, V. Mehta, S. Rhieu, G. Tayhas, R.

Palmore, and D. Pacifici, Nano Lett. 12, 602 (2011).
[10] G. Haberfehlner, F.-P. Schmidt, G. Schaffernak, A. Hörl, A.

Trügler, A. Hohenau, F. Hofer, J. Krenn, U. Hohenester, and
G. Kothleitner, Nano Lett. 17, 6773 (2017).

[11] F. J. García-Vidal, L. Martin-Moreno, T. Ebbesen, and L.
Kuipers, Rev. Mod. Phys. 82, 729 (2010).

[12] T. Søndergaard and S. I. Bozhevolnyi, New J. Phys. 15, 013034
(2013).

[13] S. I. Bozhevolnyi and J. Jung, Opt. Express 16, 2676 (2008).
[14] C. L. C. Smith, N. Stenger, A. Kristensen, N. A. Mortensen, and

S. I. Bozhevolnyi, Nanoscale 7, 9355 (2015).
[15] S. I. Bozhevolnyi, Opt. Express 14, 9467 (2006).

[16] Z. Han and S. I. Bozhevolnyi, Rep. Prog. Phys. 76, 016402
(2013).

[17] A. S. Roberts, T. Søndergaard, M. Chirumamilla, A. Pors, J.
Beermann, K. Pedersen, and S. I. Bozhevolnyi, Phys. Rev. B 93,
075413 (2016).

[18] M. Odgaard, M. G. Laursen, and T. Søndergaard, J. Opt. Soc.
Am. B 31, 1853 (2014).

[19] E. J. H. Skjølstrup and T. Søndergaard, J. Opt. Soc. Am. B 34,
673 (2017).

[20] T. Søndergaard, S. Novikov, T. Holmgaard, R. Eriksen, J.
Beermann, Z. Han, K. Pedersen, and S. I. Bozhevolnyi, Nat.
Commun. 3, 969 (2012).

[21] S. Raza, N. Stenger, A. Pors, T. Holmgaard, S. Kadkhodazadeh,
J. Wagner, K. Pedersen, M. Wubs, S. I. Bozhevolnyi, and N. A.
Mortensen, Nat. Commun. 5, 1 (2014).

[22] T. Søndergaard and S. I. Bozhevolnyi, Opt. Lett. 41, 2903
(2016).

[23] N. D. Lang and W. Kohn, Phys. Rev. B 1, 4555 (1970).
[24] N. D. Lang and W. Kohn, Phys. Rev. B 3, 1215 (1971).
[25] J. Kohanoff, Electronic Structure Calculations for Solids and

Molecules—Theory and Computational Methods, 1st ed. (Cam-
bridge University Press, Cambridge, 2006).

[26] J. P. Perdew and A. Zunger, Phys. Rev. B 23, 5048 (1981).
[27] V. Eyert, J. Comput. Phys. 124, 271 (1996).
[28] W. Yan, M. Wubs, and N. A. Mortensen, Phys. Rev. Lett. 115,

137403 (2015).
[29] T. V. Teperik, P. Nordlander, J. Aizpurua, and A. G. Borisov,

Phys. Rev. Lett. 110, 263901 (2013).

115429-8

https://doi.org/10.1016/j.surfrep.2009.07.003
https://doi.org/10.1016/j.surfrep.2009.07.003
https://doi.org/10.1016/j.surfrep.2009.07.003
https://doi.org/10.1016/j.surfrep.2009.07.003
https://doi.org/10.1364/JOSAA.27.001432
https://doi.org/10.1364/JOSAA.27.001432
https://doi.org/10.1364/JOSAA.27.001432
https://doi.org/10.1364/JOSAA.27.001432
https://doi.org/10.1126/sciadv.1501095
https://doi.org/10.1126/sciadv.1501095
https://doi.org/10.1126/sciadv.1501095
https://doi.org/10.1126/sciadv.1501095
https://doi.org/10.1038/nmat2630
https://doi.org/10.1038/nmat2630
https://doi.org/10.1038/nmat2630
https://doi.org/10.1038/nmat2630
https://doi.org/10.1038/nphoton.2009.282
https://doi.org/10.1038/nphoton.2009.282
https://doi.org/10.1038/nphoton.2009.282
https://doi.org/10.1038/nphoton.2009.282
https://doi.org/10.1364/OE.17.010385
https://doi.org/10.1364/OE.17.010385
https://doi.org/10.1364/OE.17.010385
https://doi.org/10.1364/OE.17.010385
https://doi.org/10.1038/nmat2629
https://doi.org/10.1038/nmat2629
https://doi.org/10.1038/nmat2629
https://doi.org/10.1038/nmat2629
https://doi.org/10.1038/nphoton.2011.285
https://doi.org/10.1038/nphoton.2011.285
https://doi.org/10.1038/nphoton.2011.285
https://doi.org/10.1038/nphoton.2011.285
https://doi.org/10.1021/nl203325s
https://doi.org/10.1021/nl203325s
https://doi.org/10.1021/nl203325s
https://doi.org/10.1021/nl203325s
https://doi.org/10.1021/acs.nanolett.7b02979
https://doi.org/10.1021/acs.nanolett.7b02979
https://doi.org/10.1021/acs.nanolett.7b02979
https://doi.org/10.1021/acs.nanolett.7b02979
https://doi.org/10.1103/RevModPhys.82.729
https://doi.org/10.1103/RevModPhys.82.729
https://doi.org/10.1103/RevModPhys.82.729
https://doi.org/10.1103/RevModPhys.82.729
https://doi.org/10.1088/1367-2630/15/1/013034
https://doi.org/10.1088/1367-2630/15/1/013034
https://doi.org/10.1088/1367-2630/15/1/013034
https://doi.org/10.1088/1367-2630/15/1/013034
https://doi.org/10.1364/OE.16.002676
https://doi.org/10.1364/OE.16.002676
https://doi.org/10.1364/OE.16.002676
https://doi.org/10.1364/OE.16.002676
https://doi.org/10.1039/C5NR01282A
https://doi.org/10.1039/C5NR01282A
https://doi.org/10.1039/C5NR01282A
https://doi.org/10.1039/C5NR01282A
https://doi.org/10.1364/OE.14.009467
https://doi.org/10.1364/OE.14.009467
https://doi.org/10.1364/OE.14.009467
https://doi.org/10.1364/OE.14.009467
https://doi.org/10.1088/0034-4885/76/1/016402
https://doi.org/10.1088/0034-4885/76/1/016402
https://doi.org/10.1088/0034-4885/76/1/016402
https://doi.org/10.1088/0034-4885/76/1/016402
https://doi.org/10.1103/PhysRevB.93.075413
https://doi.org/10.1103/PhysRevB.93.075413
https://doi.org/10.1103/PhysRevB.93.075413
https://doi.org/10.1103/PhysRevB.93.075413
https://doi.org/10.1364/JOSAB.31.001853
https://doi.org/10.1364/JOSAB.31.001853
https://doi.org/10.1364/JOSAB.31.001853
https://doi.org/10.1364/JOSAB.31.001853
https://doi.org/10.1364/JOSAB.34.000673
https://doi.org/10.1364/JOSAB.34.000673
https://doi.org/10.1364/JOSAB.34.000673
https://doi.org/10.1364/JOSAB.34.000673
https://doi.org/10.1038/ncomms1976
https://doi.org/10.1038/ncomms1976
https://doi.org/10.1038/ncomms1976
https://doi.org/10.1038/ncomms1976
https://doi.org/10.1038/ncomms5125
https://doi.org/10.1038/ncomms5125
https://doi.org/10.1038/ncomms5125
https://doi.org/10.1038/ncomms5125
https://doi.org/10.1364/OL.41.002903
https://doi.org/10.1364/OL.41.002903
https://doi.org/10.1364/OL.41.002903
https://doi.org/10.1364/OL.41.002903
https://doi.org/10.1103/PhysRevB.1.4555
https://doi.org/10.1103/PhysRevB.1.4555
https://doi.org/10.1103/PhysRevB.1.4555
https://doi.org/10.1103/PhysRevB.1.4555
https://doi.org/10.1103/PhysRevB.3.1215
https://doi.org/10.1103/PhysRevB.3.1215
https://doi.org/10.1103/PhysRevB.3.1215
https://doi.org/10.1103/PhysRevB.3.1215
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1103/PhysRevB.23.5048
https://doi.org/10.1006/jcph.1996.0059
https://doi.org/10.1006/jcph.1996.0059
https://doi.org/10.1006/jcph.1996.0059
https://doi.org/10.1006/jcph.1996.0059
https://doi.org/10.1103/PhysRevLett.115.137403
https://doi.org/10.1103/PhysRevLett.115.137403
https://doi.org/10.1103/PhysRevLett.115.137403
https://doi.org/10.1103/PhysRevLett.115.137403
https://doi.org/10.1103/PhysRevLett.110.263901
https://doi.org/10.1103/PhysRevLett.110.263901
https://doi.org/10.1103/PhysRevLett.110.263901
https://doi.org/10.1103/PhysRevLett.110.263901


QUANTUM SPILL-OUT IN FEW-NANOMETER METAL … PHYSICAL REVIEW B 97, 115429 (2018)

[30] L. Stella, P. Zhang, F. J. García-Vidal, A. Rubio, and P. García-
Gonzalez, J. Phys. Chem. C 117, 8941 (2013).

[31] D. C. Marinica, A. K. Kazansky, P. Nordlander, J. Aizpurua, and
A. G. Borisov, Nano Lett. 12, 1333 (2012).

[32] O. M. Bakr, V. Amendola, C. M. Aikens, W. Wenseleers, R. Li,
L. D. Negro, G. C. Schatz, and F. Stellacci, Angew. Chem. 48,
5921 (2009).

[33] M. Zhu, C. M. Aikens, F. J. Hollander, G. C. Schatz, and R. Jin,
J. Am. Chem. Soc. 130, 5883 (2008).

[34] R. Zhang, L. Bursi, J. Cox, Y. Cui, C. Krauter, A. Alabastri, A.
Manjavacas, A. Calzolari, S. Corni, E. Molinari, E. Carter, F.
de Abajo, H. Zhang, and P. Nordlander, ACS Nano 11, 7321
(2017).

[35] G. Maroulis, J. Chem. Phys. 121, 10519 (2004).
[36] J. Zuloaga, E. Prodan, and P. Nordlander, Nano Lett. 9, 887

(2009).
[37] H. Zhang, V. Kulkarni, E. Prodan, P. Nordlander, and A. O.

Govorov, J. Phys. Chem. C 118, 16035 (2014).
[38] C. David and F. de Abajo, ACS Nano 8, 9558 (2014).
[39] G. Hajisalem, M. S. Nezami, and R. Gordon, Nano Lett. 14,

6651 (2014).
[40] W. Zhu, R. Esteban, A. G. Borisov, J. J. Baumberg, P. Nordlan-

der, H. J. Lezec, J. Aizpurua, and K. B. Crozier, Nat. Commun.
7, 11495 (2016).

[41] K. J. Savage, M. M. Hawkeye, R. Esteban, A. G. Borisov,
J. Aizpurua, and J. J. Baumberg, Nature (London) 491, 574
(2012).

[42] F. de Abajo, J. Phys. Chem. C 112, 17983 (2008).

[43] S. Raza, G. Toscano, A. Jauho, M. Wubs, and N. A. Mortensen,
Phys. Rev. B 84, 121412(R) (2011).

[44] W. Yan, N. A. Mortensen, and M. Wubs, Phys. Rev. B 88, 155414
(2013).

[45] E. Cottancin, G. Celep, J. Lermé, M. Pellarin, J. R. Huntzinger,
J. L. Vialle, and M. Broyer, Theor. Chem. Acc. 116, 514 (2006).

[46] V. V. Kresin, Phys. Rev. B 51, 1844 (1995).
[47] A. Liebsch, Phys. Rev. B 48, 11317 (1993).
[48] P. J. Feibelman, Phys. Rev. B 12, 1319 (1975).
[49] L. Novotny and B. Hecht, Principles of Nano-Optics, 2nd ed.

(Cambridge University Press, Cambridge, 2012).
[50] W. Yan, Phys. Rev. B 91, 115416 (2015).
[51] P. B. Johnson and R. W. Christy, Phys. Rev. B 6, 4370 (1972).
[52] J. A. Kong, Electromagnetic Wave Theory, 2nd ed. (John Wiley

& Sons, New York, 1990).
[53] M. V. Klein and T. E. Furtak, Optics, 2nd ed. (John Wiley &

Sons, New York, 1986).
[54] H. Miyazaki, K. Ikeda, T. Kasaya, K. Yamamoto, Y. Inoue, K.

Fujimura, T. Kanakugi, M. Okada, K. Hatade, and S. Kitagawa,
Appl. Phys. Lett. 92, 141114 (2008).

[55] J. Greffet, R. Carminati, K. Joulain, J. Mulet, S. Mainguy, and
Y. Chen, Nature (London) 416, 61 (2002).

[56] E. J. H. Skjølstrup, T. Søndergaard, K. Pedersen, and T. G.
Pedersen, J. Nanophoton. 11, 046023 (2017).

[57] T. Bauer, Thermophotovoltaics—Basic Principles and Critical
Aspects of System Design, 1st ed. (Springer Verlag, Berlin,
2011).

[58] H. Sai and H. Yugami, Appl. Phys. Lett. 85, 3399 (2004).

115429-9

https://doi.org/10.1021/jp401887y
https://doi.org/10.1021/jp401887y
https://doi.org/10.1021/jp401887y
https://doi.org/10.1021/jp401887y
https://doi.org/10.1021/nl300269c
https://doi.org/10.1021/nl300269c
https://doi.org/10.1021/nl300269c
https://doi.org/10.1021/nl300269c
https://doi.org/10.1002/anie.200900298
https://doi.org/10.1002/anie.200900298
https://doi.org/10.1002/anie.200900298
https://doi.org/10.1002/anie.200900298
https://doi.org/10.1021/ja801173r
https://doi.org/10.1021/ja801173r
https://doi.org/10.1021/ja801173r
https://doi.org/10.1021/ja801173r
https://doi.org/10.1021/acsnano.7b03421
https://doi.org/10.1021/acsnano.7b03421
https://doi.org/10.1021/acsnano.7b03421
https://doi.org/10.1021/acsnano.7b03421
https://doi.org/10.1063/1.1812737
https://doi.org/10.1063/1.1812737
https://doi.org/10.1063/1.1812737
https://doi.org/10.1063/1.1812737
https://doi.org/10.1021/nl803811g
https://doi.org/10.1021/nl803811g
https://doi.org/10.1021/nl803811g
https://doi.org/10.1021/nl803811g
https://doi.org/10.1021/jp5046035
https://doi.org/10.1021/jp5046035
https://doi.org/10.1021/jp5046035
https://doi.org/10.1021/jp5046035
https://doi.org/10.1021/nn5038527
https://doi.org/10.1021/nn5038527
https://doi.org/10.1021/nn5038527
https://doi.org/10.1021/nn5038527
https://doi.org/10.1021/nl503324g
https://doi.org/10.1021/nl503324g
https://doi.org/10.1021/nl503324g
https://doi.org/10.1021/nl503324g
https://doi.org/10.1038/ncomms11495
https://doi.org/10.1038/ncomms11495
https://doi.org/10.1038/ncomms11495
https://doi.org/10.1038/ncomms11495
https://doi.org/10.1038/nature11653
https://doi.org/10.1038/nature11653
https://doi.org/10.1038/nature11653
https://doi.org/10.1038/nature11653
https://doi.org/10.1021/jp807345h
https://doi.org/10.1021/jp807345h
https://doi.org/10.1021/jp807345h
https://doi.org/10.1021/jp807345h
https://doi.org/10.1103/PhysRevB.84.121412
https://doi.org/10.1103/PhysRevB.84.121412
https://doi.org/10.1103/PhysRevB.84.121412
https://doi.org/10.1103/PhysRevB.84.121412
https://doi.org/10.1103/PhysRevB.88.155414
https://doi.org/10.1103/PhysRevB.88.155414
https://doi.org/10.1103/PhysRevB.88.155414
https://doi.org/10.1103/PhysRevB.88.155414
https://doi.org/10.1007/s00214-006-0089-1
https://doi.org/10.1007/s00214-006-0089-1
https://doi.org/10.1007/s00214-006-0089-1
https://doi.org/10.1007/s00214-006-0089-1
https://doi.org/10.1103/PhysRevB.51.1844
https://doi.org/10.1103/PhysRevB.51.1844
https://doi.org/10.1103/PhysRevB.51.1844
https://doi.org/10.1103/PhysRevB.51.1844
https://doi.org/10.1103/PhysRevB.48.11317
https://doi.org/10.1103/PhysRevB.48.11317
https://doi.org/10.1103/PhysRevB.48.11317
https://doi.org/10.1103/PhysRevB.48.11317
https://doi.org/10.1103/PhysRevB.12.1319
https://doi.org/10.1103/PhysRevB.12.1319
https://doi.org/10.1103/PhysRevB.12.1319
https://doi.org/10.1103/PhysRevB.12.1319
https://doi.org/10.1103/PhysRevB.91.115416
https://doi.org/10.1103/PhysRevB.91.115416
https://doi.org/10.1103/PhysRevB.91.115416
https://doi.org/10.1103/PhysRevB.91.115416
https://doi.org/10.1103/PhysRevB.6.4370
https://doi.org/10.1103/PhysRevB.6.4370
https://doi.org/10.1103/PhysRevB.6.4370
https://doi.org/10.1103/PhysRevB.6.4370
https://doi.org/10.1063/1.2906375
https://doi.org/10.1063/1.2906375
https://doi.org/10.1063/1.2906375
https://doi.org/10.1063/1.2906375
https://doi.org/10.1038/416061a
https://doi.org/10.1038/416061a
https://doi.org/10.1038/416061a
https://doi.org/10.1038/416061a
https://doi.org/10.1117/1.JNP.11.046023
https://doi.org/10.1117/1.JNP.11.046023
https://doi.org/10.1117/1.JNP.11.046023
https://doi.org/10.1117/1.JNP.11.046023
https://doi.org/10.1063/1.1807031
https://doi.org/10.1063/1.1807031
https://doi.org/10.1063/1.1807031
https://doi.org/10.1063/1.1807031



