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BISHOP AND LAPLACIAN COMPARISON THEOREMS
ON THREE DIMENSIONAL CONTACT
SUBRIEMANNIAN MANIFOLDS WITH SYMMETRY

ANDREI AGRACHEV AND PAUL W.Y. LEE

ABSTRACT. We prove a Bishop volume comparison theorem and a
Laplacian comparison theorem for three dimensional contact sub-
riemannian manifolds with symmetry.

1. INTRODUCTION

Recently, there are numerous progress in the understanding of curva-
ture type invariants in subriemannian geometry and their applications
to PDE [12, 14, 15, 1, 2, 3, 4, 16]. In this paper, we continue to in-
vestigate some consequences on bounds of these curvature invariants.
More precisely, we prove a Bishop comparison theorem and a Lapla-
cian comparison theorem for three dimensional contact subriemannian
manifolds with symmetry (also called Sasakian manifolds). Weaker
results of volume comparison on Sasakian manifolds have previously
been obtained in [10]. We would like to thank Professor Chanillo for
pointing this out.

The paper is organized as follows. In section 2, we recall various
notions in subriemannian geometry needed in this paper. In particular,
we recall the definition of curvature Ry; and Rgs for three dimensional
contact subriemannian manifolds introduced in [14, 15, 1]. In section
3, we show that the curvature Ry, is closely related to the Tanaka-
Webster curvature in CR geometry. In section 4, we collect various
results on the cut loci of Sasakian manifold with constant Tanaka-
Webster curvature (also called Sasakian space forms). In section 5, we
give an estimate for the volume of subriemannian balls. In section 6, we
prove the subriemannian Bishop theorem which compares the volume
of subriemannian balls of a Sasakian manifold and a Sasakian space
form. We introduce the subriemannian Hessian and sub-Laplacian in
section 7 and give the formula for the Laplacian of the subriemannian
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distance in Sasakian space form in section 8. We prove a subriemannian
Hessian and a subriemannian Laplacian comparison theorem in section
9. As an application, we give a lower bound of the solution to the
subriemannian heat equation in section 10. Finally, the approach of
this paper can also be used in the higher dimensional cases with much
more lengthy computations. This generalization will be discussed in a
forthcoming paper.
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2. SUBRIEMANNIAN GEOMETRY

In this section, we recall various notions in subriemannian geometry
needed in this paper. A subriemannian manifold is a triple (M, A, g),
where M is a smooth manifold, A is a distribution (a vector subbundle
of the tangent bundle of M), and g is a fibrewise inner product defined
on the distribution A. The inner product g is also called a subrieman-
nian metric. An absolutely continuous curve 7 : [0,1] — M on the
manifold M is called horizontal if it is almost everywhere tangent to
the distribution A. We can use the inner product g to define the length
I(7y) of a horizontal curve ~ by

I(y) = / g(3(8), (1)) 2dt.

The distribution A is called bracket-generating if vector fields con-
tained in A together with their iterated Lie brackets span the whole
tangent bundle. More precisely, let A; and Ay be two distributions on
a manifold M, and let X(4;) be the space of all vector fields contained
in the distribution A;. Let [A;, Ay| be the distribution defined by

(A1, As], = span{[wy, wo(x)|w; € X(A;)}.

We define inductively the following distributions: [A, A] = A? and
AR = [A; AF=1]. A distribution A is called bracket generating if AF =
TM for some k. Under the bracket generating assumption, we have
the following famous Chow-Rashevskii Theorem (see [17] for a proof):

Theorem 2.1. (Chow-Rashevskii) Assume that the manifold M is con-
nected and the distribution A is bracket generating, then there is a
horizontal curve joining any two given points.
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Assuming the distribution A is bracket generating, we can define the
subriemannian or Carnot-Caratheodory distance d(x,y) between two
points x and y on the manifold M is defined by

(2.1) d(x,y) = inf l(v),

where the infimum is taken over all horizontal curves which start from
x and end at y.

The horizontal curves which realize the infimum in (2.1) are called
length minimizing geodesics. From now on all manifolds are assumed
to be a complete metric space with respect to a given subriemannian
distance. In particular, a version of Hopf-Rinow theorem for subrie-
mannian manifolds ([5]) guarantees that there is at least one geodesic
joining any two given points.

Next we discuss the geodesic equation in the subriemannian setting.
Let o be a covector in the cotangent space T M at the point x. By
nondegeneracy of the metric g, we can define a vector v in the distribu-
tion A, such that g(v, -) coincides with a(-) on A,. The subriemannian
Hamiltonian H corresponding to the subriemannian metric g is defined
by

H(a) = %g(v, v).

Note that this construction defines the usual kinetic energy Hamilton-
ian in the Riemannian case.

Let m : T*M — M be the projection map. The tautological one
form 6 on T M is defined by

0.(V) = aldr(V)),

where « is in the cotangent bundle 7*M and V' is a tangent vector on
the manifold T*M at «.

Let w = df be the symplectic two form on T*M. The Hamilton-
ian vector field H corresponding to the Hamiltonian H is defined by
w(H,-) = —dH(-). By the non-degeneracy of the symplectic form w,
the Hamiltonian vector field H is uniquely defined. We denote the flow
corresponding to the vector field H by et If t — e () is a trajectory
of the above Hamiltonian flow, then its projection ¢t — v(t) = m(e'f ()
is a locally minimizing geodesic. This means that sufficiently short seg-
ment of the curve 7y is a minimizing geodesic between its endpoints. The
minimizing geodesics obtained this way are called normal geodesics. In
the special case where the distribution A is the whole tangent bun-
dle TM, the distance function (2.1) is the usual Riemannian distance
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and all geodesics are normal. However, this is not the case for subrie-
mannian manifolds in general (see [17] and reference therein for more
detail).

Next we restrict our attention to the three dimensional contact sub-
riemannian manifold. Let A be a bracket generating distribution with
two dimensional fibres on a three dimensional manifold M. A is a con-
tact distribution if there exists a covector o such that A = {v|o(v) = 0}
and the restriction of do to A is non-degenerate. If we fix a subrie-
mannian metric g, then we can choose o so that the restriction of do
to the distribution A coincides with the volume form with respect to
the subriemannian metric g.

Let {v1,v2} be a local orthonormal frame in the distribution A with
respect to the subriemannian metric g and let vy be the Reeb field
defined by the conditions o(vy) = 1 and do(vg,-) = 0. This defines a
frame {vg, vy, v2} in the tangent bundle T'M and we let {og = 0, a1, @}
be the corresponding dual co-frame in the cotangent bundle T*M (i.e.
a;(v;) = di5).

The frame {wvg,v1,v2} and the co-frame {ag, a1, as} defined above
induce a frame in the tangent bundle TT*M of the cotangent bundle
T*M. Indeed, let @; be the vector fields on the cotangent bundle T M
defined by iz,w = —a;. Note that the symbol «; in the definition
of @; represents the pull back 7*«; of the 1-form « on the manifold
M by the projection m : T*M — M. This convention of identifying
forms in the manifold M and its pull back on the cotangent bundle
T*M will be used for the rest of this paper without mentioning. Let
h; : T*M — R be the Hamiltonian lift of the vector fields v; defined by
hi(a) = a(v;). Let & and & be the 1-forms defined by & = hyas —hoayy
and & = hijay + heao, respectively, and let 5: be the vector fields
defined by lgw = —¢&;. The vector fields l_io, ﬁl, 52, a, 5, 52 define a local
frame for the tangent bundle T'T*M of the cotangent bundle T*M. In
the above notation the subriemannian Hamiltonian is given by H =
2((h1)* + (h2)?) and the Hamiltonian vector field is H = hihy + hohs.

We also need the bracket relations of the vector fields v, v1, v9. Let
afj be the functions on the manifold M defined by

(2.2) [vi, 0] = a?jvo + a}jvl + a?jvg.
It is not hard to check that
(2.3) agl = agz =0, a(1)2 =—1, aél + a(2)2 =0.

Recall that a basis {e, ..., e, f1, ..., fu} In a symplectic vector space
with a symplectic form w is a Darboux basis if it satisfies w(e;, e;) =
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w(fi, f;) =0, and w(fi, e;) = d;;. We recall the following theorem from

1].

Theorem 2.2. For each fixed o in the manifold T* M, there is a moving
Darbouz frame

elt) = (7)e0),  filt) = () £(0), i=1,2.3
in the symplectic vector space T,/ T*M and functions
R' = (e RIY B2 = ()R . T"M — R

depending on time t such that the following structural equations are
satisfied

e1(t) = f1(t),
éx(t) = e(t),
) es(t) = f3(t),
fi(t) = =Ritei(t) — falt),
fa(t) = —R?es(t),
L f3(t) =0.
Moreover,
[ e1(0) = -4,
e2(0) = =7,
e3(0) = ﬁ(hoao + hidy + hods),
f1(0) = ﬁ[h hy — hahy + Xo@o + (E1712)€1 — h1a&s),
f2(0) = ﬁtho — hoH — x1dp + (§a)é; — a&y),
150) = L7
RY' = h2 + 2Hk — 3a,
R2 = RMEa —3HE Ha + 3H2E 0+ £ H?a.

where
a = dho(H),
Xo = haho1 — f’lghoz +§1ga
X1 = hoa + 2H§1a — leCL,

KR = 11079 — U2a%2 - (@2)2 - (G%Q)Z - %(agl - a(l)z)-

~—

[\

3. CONNECTION WITH THE TANAKA-WEBSTER SCALAR
CURVATURE

In this section, we show that s defined in Theorem 2.2 is up to a
constant the Tanaka-Webster scalar curvature in CR geometry.
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Let ¢ be the Riemannian metric on the manifold M such that the
basis vy, v1,v2 is orthonormal. Let K (v,w) be the sectional curvature
of the plane spanned by v and w and let Pc(v) be the Ricci curvature
of the vector v.

Theorem 3.1. The invariant 2 satisfies
2 = 2K(U1, U2> + Sﬁc(vo) + 1.

Remark 3.2. From now on, we called 20 the Tanaka-Webster scalar
curvature. It follows from the above theorem that 420 coincides with
the definition of Tanaka-Webster scalar curvature in [19].

Proof. Let V denotes the Riemannian connection of the Riemannian
metric gf'. By Koszul’s formula, we have the following.

1 1
Vo, U1 = ag Vg — @192,

_ 2 2
VU2 = Agalp — A5, V1,

1
1 2 1
Vi, 02 = 5 (agy + ag; — 1)vo + agyu,

2
Vi1 = %(a%l + agy + 1)vg — a2y,
Vot = —agv1 + %(—a& — ag; + vy,
Vo, = —a3yVs + %(—a%l —agy — 1)vy,
VU1 = ag,vg + %(—aé2 — a3, + 1)vy,
VooV2 = agov1 + %(—a%l — apy — 1)vy.

Let SR be the Riemann curvature tensor of the Riemannian metric
g®. By definition of R, we also have

9" (R(vs, vj)vi, v))
= gR(V[vi,vj]Ui - vvivvjvi + ijvvivia Uj)~

It follows from the above that

Re(vg) = QR(ER(Uo, v1)V, V1) + QR(m(Uo, Vg)Vp, Va)

1 1
= —2(ag)* — 5(031 + agy)’ + 5
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and

K(v1,v2) = g (R(v1, v2)v1, v2)
= 5(@(1)2 - agl) - (@2)2 - (a%2>2 + Ula%

1 3
- U2a%2 + (a(1)1>2 + _(acl)z + a81>2 -

4 4

4. EXAMPLES AND SASAKIAN SPACE FORMS

A three dimensional contact subriemannian manifold is Sasakian if
the Reeb field preserves the subriemannian metric. Using the notation
of this paper, it is the same as a = dho(ﬁ) = 0.

A three dimensional Sasakian manifold is a Sasakian space form if
the Tanaka-Webster scalar curvature is constant. In this section, we
collect various facts about the injectivity domain (see below for the
definition) of Sasakian space forms including the recent results in [7].

Let (M,A,g) be a subriemannian manifold. Let H be the sub-

riemannian Hamiltonian and let e’ be the Hamiltonian flow. Let
7w T*M — M be the projection map and let us fix a point x in the
manifold M. Let €2, be the set of all covectors « in the cotangent space
T*M such that the curve 7 : [0,1] — M defined by v(t) = m(e'¥(a))
is a length minimizing geodesic. We call Q = (J, €, the injectivity
domain of the subriemannian manifold. We also let QF be the set of
covectors in {2, such that the corresponding curve 7 has length less than
or equal to R. A point a in T M is a cut point if y(¢) = 7(e'® (a)) is
minimizing geodesic on [0, 1] and not minimizing on any larger interval.
A point « is a conjugate point if the map w(e!l#) is singular at a.

The Heisenberg group H is a well-known example of a Sasakian man-
ifold with vanishing Tanaka-Webster curvature. The manifold in this
case is given by R?® and the distribution A is the span of two vector
fields 0, — %y@z and 0y + %x@z. These two vector fields also define a
subriemannian metric for which they are orthonormal. In this case all
cut points are conjugate points and Qf is given by

(4.1) Qlf = {a]\/2H(a) < R, 271 < ho(a) < 27},

Recall that SU(2), the special unitary group, consists of 2 x 2 matri-
ces with complex coefficients and determinant 1. The Lie algebra su(2)
consists of skew Hermitian matrices with trace zero. The left invariant
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vector fields of the following two elements in su(2)

“1:(—%2 1(/)2)’ “2:<i?2 i{)z)

span the standard distribution A on SU(2). Let g¢ be the subrieman-
nian metric for which ¢¢(cuy, cus) = 1. The Reeb field in this case is

c2ug, where
(0 —1)2
=l12 o )

A computation shows that the Tanaka-Webster curvature is given by
c?. Tt follows from the result in [7] that all cut points are conjugate

points in this case and QF is given by
(4.2) QF = {a|v/ho(a)? + 2¢2H () < 2r}.

Remark 4.1. The notations in here and that of [7] are slightly different.
It was shown in [7, Theorem 12] that all cut points are conjugate points
in the case SU(2) with ¢ = 1. Moreover, the path ¢ — W(etﬁ(a)) hits
the first conjugate point at the time 2—”2, where H(a) = % This

\/ 1+h0(a)

is equivalent to (4.2). The rest of the cases with ¢ # 1 follow from
scaling.

The special linear group SL(2) is the set of all 2 x 2 matrices with
real coefficients and determinant 1. The Lie algebra s/(2) is the set of
all 2 x 2 real matrices with trace zero. The left invariant vector fields
of the following two elements in sl(2)

“1:<1(/)2 —?/2)’ “2:(192 1(/)2)

span the standard distribution A on SL(2). Let ¢¢ be the subrieman-
nian metric for which ¢¢(cuy, cus) = 1. The Reeb field in this case is

vo = ( 192 —}J/Q >

c“ug, where

The Tanaka-Webster curvature is given by —c?. The structure of the
set of cut points in this case is much more complicated. However, the
result in [7] and a computation shows the following.

Theorem 4.2. Assume that a cut point o in the cotangent bundle of
SL(2) with subriemannian metric ¢ is contained in QE, where R =

—2\/3”. Then it is a conjugate point. Moreover, it satisfies

V|ho(a)? — 2c2H(a)| = 27
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Proof. Let 7 = h% — 2Hc*. From the proof of [7, Section 5.3, Theorem
15], « in the cotangent space TFSL(2) at a point z is a cut point if it
satisfies

tan(ho(a)/2) _ tanh(y/—7(a)/2)

(4.3) ol —
for 7(a) <0,
(4.4) tan(ho(a)/2) _ tan(y/7(a)/2)

ho(a) T(@)
for 7(a) > 0, or

. tan(ho(a)/2) _ 1
h()(a) 2
for 7(a) = 0.
Let r1, 79,73 be the infimum of 2H (a)c? where « runs over positive
solutions of (4.3), (4.4),(4.5), respectively. The goal is to find the min-
imum of {ry,rqe,r3}.

Let f(z) = ta‘i(ff) and g(x) = % Let F be a branch of inverses
of f
[0,00)

and let G be the inverse of ¢ . Finding r; is the same as
b 07
minimizing 4(F + G).

[0,00)
A computation shows that that the derivatives of I} and G satisfy

(46)  Fl(z) =2 *ggl((f)) T G

1-2*G(z) -z
B 2G(x)

Since F; and G are nonnegative, F] + G’ = 0 implies that = = 1. It
follows that r{ > r;.

Let F5 be another branch of inverses of f for which F5 > F.

0,00
We can assume that F) is the smalllest bran[ch f)md F) is the second
smallest branch. In this case, finding 75 is the same as minimizing
A4(Fy — Fy). It follows from (4.6) that Fi(z) — F{(z) = 0 implies x = 1.
Therefore, there are two possibilities. Either the minimum of Iy — Fj
occurs at x = 1 which implies that 7o > 73 or 4(F; — F}) goes to the
infimum as  — oo which implies that ry = 4 (37”)2 — (§)2 = 81?2 < 3.
The last assertion follows from [7].
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5. VOLUME OF SUBRIEMANNIAN BALLS

In this section, we give an estimate on the volume of subriemannian
balls of Sasakian manifolds assuming the Tanaka-Webster curvature is
bounded below. More precisely, let us fix a point x in the manifold
and let vi,v, be an orthonormal basis of the subriemannian metric
around z. Let vy be the Reeb field and «g, a1, ap be the dual coframe
of the frame vy, vy,v2 (i.e. ;(v;) = 6;;). We use this coframe to
introduce coordinates on the cotangent space 7)) M and let m be the
corresponding volume form. We will also denote the corresponding
Lebesgue measure by the same symbol. Let (r,6, h) be the cylindrical
coordinates on TrM corresponding to the above coordinate system

(ie. h = ho(a), r* = 2H (), and tan() = Zi—ggg) Recall that Qg

denotes the set of all covectors v such that /2H(a) < R and the
curve t — w(ef(a)),0 < t < 1 is length minimizing. We use the
coordinate system introduced above on T M to identify the set (p
with a subset in R™. Finally, let n be the volume form defined by the
condition n(vg,v1,v2) = 1. We denote the measure induced by 7 using
the same symbol.

Theorem 5.1. Assume that there exists a constant ky (resp. ks) such
that the Tanaka-Webster curvature 23 of a three dimensional Sasakian
manifold satisfies 1 > ky (resp. < ka) on the ball B(x, R) of radius R
centered at the point x. Then

n(B(z, R)) §/ b¥1dm <resp.2/ kadm>,
Qr Qr

where by, : Ty M — R is defined via the above mentioned cylindrical
coordinates by

r2(2—2 COS((;;)*T sin(7)) ’Lf o >0,
bk _ r2(2—2cosh(;2)+7'sinh(7'))) Zf o <0,

r2 ; —

12 Zf o=y,

o=h?>+7r%k, and 7 = \/|o|.

As a corollary, we have a formula for the volume of subriemannian
balls on Sasakian space forms. Remark that explicit formula for the set
Qg in various examples are present in Section 4 (see also [7] for more
details).
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Corollary 5.2. Assume that the three dimensional subriemannian man-
ifold is a Sasakian space form with Tanaka- Webster curvature k. Then

n(B(z, R)) = / Ve dm.
Qr
Proof of Theorem 5.1. Recall that 7 is the measure on M defined by
n(vo,v1,v2) = 1. Let by : TXM — M be the map ¢y(a) = w(eH(a))
and let p, : T M — R be the function defined by
(5.1) Vin = pym.

Let us fix a covector avin T M. Let e1(t), ea(t), es(t), f1(t), f2(t), f3(t)
be a canonical Darboux frame at a defined by Theorem 2.2. Let a;;(t)

and b;;(t) be defined by

3

(5.2) ei(0) =D (ag(t)e;(t) + b (£) f;(1)).

J=1

Finally let A, and B, be the matrices with (7, j)-th entry equal to a;;(t)
and b;;(t), respectively.

By definition of m, we have m(e;(0), e2(0), e3(0)) = 1. It also follows
from Theorem 2.2 that n(f1(0), f2(0), f3(0)) = 2H(«). Therefore, (5.1)
implies that

(5.3) pr = 2H(a) det B;.
It follows that from (5.3) that

(5.4) n(B(z,r)) = / dn = / |p1|dm = / 2H ()| det By |dm.

d’l(ﬂr) Qr Qp

Let Et = (61<t), 62({;)7 63<t))T and let Ft = (fl(t)a f2(t)7 f&(t))T Here
the superscript T' denote matrix transpose. By the definition of the
matrices A; and By, we have

Ey = AE; + BF;.
If we differentiate the above equation with respect to time ¢, we have
0= AE; + AE; + B.F, + B/F,
= AEy + AC1Ey + ACoFy + BiF, + By(—R.E, — CI'Fy),

Since the manifold is Sasakian, a = dho(ﬁ ) = 0. Therefore, by
Theorem 2.2, F; and F; satisfy the following equatoins

Et =CE + CyF, F,=—-RE, — OlTFta
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where
000 100
Ci=1100]|,00=1000 1,
0 00 0 01
R' 0 0 hi(a) + 220, H(a) 0 0
R, = 0 0 0 |= 0 00 ],
0O 0O 0 00

and Qﬁt = m]('lbt<06))
It follows that the matrices A; and B; satisfy the following equations

(5.5) A+ ACy —BR, =0, B+ AC,—BCT =0

with initial conditions By = 0 and Ay = Id.
If we set S, = B; 'A, and U, = S; ' = A;'B,, then they satisfy the
following Riccati equations.

Sy — 8,08, +CTS, + 5C, — R, =0
and
Ut + UthUt - ClUt - UtC’ir + CQ = 0

with initial condition Uy = 0.
Let us fix a constant k£ and consider the following Riccati equation
with constant coefficients

(5.6) UF + UFRFUF — CyUF — UFCT +Cy =0
hi(a) +2kH(a) 0 0
and initial condition U} = 0, where RF = 0 00
0 0 0
The solution of (5.6) can be found by the method in [13]. If h3 +

2H(a)k > 0, then

—tsin(7¢) t2(cos(1¢)—1) 0

Uk — | sl e s nir)
Lt 72 cos(Tt) 73 cos(T) 0
0 0 —t

If h + 2H (a)k < 0, then

—tsinh(r) t2(1—cosh(7t)) 0
7¢ cosh(7¢) 77 cosh(7¢)

Utk — t2(1—cosh(rt))  t3(sinh(r¢)—7¢ cosh(7t)) 0
th cosh(7¢) Tt3 cosh(7y)

0 0 —t
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If h} + 2H (a)k = 0, then

—t -2 0
k +2 t%
Ut = -3 3 0 )
0 0 —t
where 7, = t/|hZ + 2H (a)k|.
If we call the inverse SF = (UF)~!, then
7¢ (1t cos(7¢) —sin(7¢)) Tf(l—COS(Tt)) 0
t(2—2cos(1¢)—Te sin(re))  t2(2—2 COS:th)*Tt sin(7y))
Sf — 72 (1—cos(7¢)) —7 sin(1y) 0 ,
t2(2—2cos(m¢)—Te sin(7e))  t3(2—2 cos(1¢)—7¢ sin(7))
0 0 -1

if h2 + 2H (a)k > 0.

7¢(sinh(7¢) —7¢ cosh(7¢)) Tt2 (cosh(7¢)—1) 0

t(2—2cosh(r¢)+7¢ sinh(7))  ¢2(2—2 cosh(7¢ )47 sinh(7¢))
Sk — 72 (cosh(r)—1) —73 sinh(7¢) 0
t t2(2—2cosh(7¢)+7¢ sinh(7¢))  ¢3(2—2 cosh(7¢)+7¢ sinh(7t)) ’
0 0 -1
if h2 + 2H(a)k < 0.
4 6
—4 8
t t2
Sf=11 & - o |,
0 o0 !

if B2 + 2H(a)k = 0.
By [18], if ]{71 < 20 < ]Cg, then

(5.7) Ul <U,<UP <.

Therefore, Sfl <5 < Sfa.
On the other hand, by (5.5) and the definition of S;, we have

Bt + Bt(StOQ - ClT) == 0
It follows that < det B, = tr(C{ — S,Cs) det B, = —tr(5,Cs) det B,.
If we replace the matrix R; in (5.5) by RF and denote the solution by
AF and BY, then we have
% det Bt
det Bt

d k
it det Bt 2 ‘
det B2

It follows that ;it% is nondecreasing. By definition of U; and (5.7),

= —t1(S,Cy) > —tr(SP2Cy) =

we also have

. det Bt . det At det Ut . det At
im - = lim ; — > lim k
t—=0 det B;*> t=0det A;* det U;* ~— t=0 det A,
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Therefore, it follows that
det Bt . det Bt
= = lim = 2
det B;*  t=0det B;”

Similarly, we also have

det Bt
e <1
det B

A calculation gives
t(2 — 2cos(m) — 1 sin(7y))
r

(5.8) | det BF| := bF =

if h2 +2H (a)k > 0,
t(2 — 2 cosh(r;) + 7 sinh(7y))

, [
(5.9) t ~
if h2 +2H(a)k < 0, and
po

if h2 +2H (a)k = 0.
It follows that b2 < |det B;| < bf*. Therefore, we have the following
as claimed

/ r2f2dm < n(B(z,7)) g/ 20k dm.
Qg

Qr

6. SUBRIEMANNIAN BisHopP THEOREM

In this section, we prove a subriemannian analog of Bishop theorem
for three dimensional Sasakian manifolds. Recall that n is the volume
form defined by the condition 7(vg,v1,v2). We denote the measure
induced by 7 using the same symbol and let n* be the corresponding
measure in a Sasakian space form of curvature k. Let B¥(R) be a
subriemannian ball of radius R in one of the Sasakian space forms
SU(2), H, or SL(2) of curvature k (see Section 4 for a discussion of
these space forms).

Theorem 6.1. (Subriemannian Bishop Theorem) Assume that the
Tanaka- Webster scalar curvature 00 of a three dimensional Sasakian
manifold satisfies X0 > k on the ball B(x, R) for some constant k. If
k>0, then

(6.1) n(B(z, R)) < n"(B*(R))
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and equality holds only if W = k on B(x,R). The same conclusion

- 2\/571’
holds for k < 0 provided that R < NaE

Proof. By Theorem 5.1, we have
n(B(z, R)) < / Vrdm.
Qr
If we can show that
(6.2)  Qr C Q= {ac TrM|\/|ho(a)? +kH(a)| <2},

then Corollary 5.2, together with (4.1), (4.2), and Theorem 4.2, implies
that

n(B(z, R)) < / Phdm = 1 (B*(R))

QO

which is (6.1). Note that the condition R < 2\/\/_2% is needed when k£ < 0

because of Theorem 4.2.
To show (6.2) let us suppose that there is a covector « in Qg such
that

7 = /|ho(a)? + kH(a)| > 2.
Using the notation in the proof of Theorem 5.1, we let
Ey = AiEy + B Fy,

where E; = (eo(t), e1(t), eo(t))T and Fy = (fo(t), fi(t), fo(t)) are canon-
ical Darboux frame at a.

By the proof of Theorem 5.1, we have that |det By| < b, where
bf is defined in (5.8), (5.9), and (5.10). Since 7, > 2, it follows
that det B, = 0 for some t < 1. Therefore, ta is a conjugate point
contradicting the fact that « is contained in Q.

Next, suppose equality holds in (6.1) and 20 > k on an open set
O contained in the ball B(z, R). For each point y in O, let ~(t) =
7(et(a)) be a minimizing geodesic connecting x and y. It follows that
R; > RF for all t close enough to 1. By the result in [18] and a similar

argument as in Theorem 5.1, we have |det By| < |det BY|. Tt follows
from (5.4) that n(B(x, R)) < n*(B*(R)) which is a contradiction. [J

7. SUBRIEMANNIAN HESSIAN AND LLAPLACIAN

In this section, we introduce subriemannian versions of Hessian and
Laplacian. For the computation, we will also give an expression for it
in the canonical Darboux frame.
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Assume that a functon f : M — R is twice differentiable at a point
x in the manifold M. The canonical Darboux frame

{ei(t), ea(t), es(t), f1(t), f2(), f3(t)}

at df, gives a splitting of the tangent space Ty, T*M = H @V defined
by

H = span{f1(0), f2(0), fs(0)}, V= span{e;(0), €2(0), e3(0)}.

The differential dm of the projection map 7 : T*"M — M defines
an identification between H and T,M. On the other hand, the map
t: T*M — V defined by ¢(a) = —d also gives an identification between
T*M and V.

Let us consider the differential d(df,) : T,M — Ty, T*M at z of
the map x +— df,. It defines a three dimensional subspace A :=
d(df,) (T, M) of the tangent space Ty, T*M. Since A is transvesal to
the space V, it defines a linear map S from H to V for which the graph
is given by A. More precisely, if w = wy, +w, is a vector in the space A,
where wy, and w, are in H and V, respectivly. Then S(wy,) = w,. Under
the identifications of the tangent space T, M with H and the cotangent
space T M with V, we obtain a linear map H*% f(x) : T,M — T:M
called subriemannian Hessian. More precisely,

H% f(2)(dn(w)) = ¢ Sw.
Proposition 7.1. The subriemannian Hessian H® f is symmetric i.e.

(H5R f(z)v,w) = (HE f(z)w,v).

Proof. Let w; and ws be two vectors in the subspace H. Since the
subspace A is a Lagrangian subspace, we have

w(wy + S(wq), ws + S(ws)) = 0.
Since both H and V are Lagrangian subspaces, we also have
w(wy, S(wy)) + w(S(wy),wy) = 0.

It follows from skew symmetry of w and the definition of subrieman-
nian Hessian that
<H5Rf(:c)d7r(w2), dﬂ(w1)>
= w(wy, S(ws))
= w(wy, S(wq))
= <HSRf($)d7r(w1), d7r(w2)> .
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Let ¢; = dm(f;(0)) and let $f(x) be the subriemannian Hessian ma-
trix with ij-th entry $;;f(z) defined by

9, f(x) = <H5Rf LZ,Lj> = w(Sf;(0), £;(0)).

Recall that vy denotes the Reeb field and v, v, be an orthonormal
basis with respect to the subriemannian metric g.

Proposition 7.2. The subriemannian Hessian matrix Hf satisfies the
following

(v1f)?03 f + (2 f)207 f — (01 f)(va f) (V102 f + vav1 f)

uf = (v1f)? + (vaf)?

+ ayyvaf — afyv f,
Mot = (1 f)vavof = (vaf)orvef + (vof)H1af + Eraldf),
Fraf = (vif) (w2 f)(Wif —v3f) — (vif)*(vavrf) + (sz)2(vlv2f)7
(vif)? + (v2f)?
Doaf = ((01f)? + (02 f))v5 f = (vof)(vrf)orvof — (vof)(vaf)vavof
+vof(Dasf + aldf)) — xa1(df)
Ho3f = (vof)Hasf — (vif)vovif — (vaf)vovaf,
s f = (vif)?vif + (o f)(vaf) (vavr f + v1vaf) + (U2f)2U§f'
(v1f)? + (v2f)?

Proof. Let A be the matrix with the ij-th entry a;; defined by

(dfz Lz - _'_Zazkek

By the definition of the linear map S, we have

3
) =Y aije;(0)
j=1
It follows that

9ijf(x) = w(5(£:(0)), £;(0)) = —ay;.

Let us look at the case a;;. We have 2H (df) = (v1 f)?+ (vof)?. Since
7(df,) = x, we also have

T ay(d(dfs)) (1) = aitr).
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Therefore, by Theorem 2.2, we have
9 f(7) = —an
= —w(/f1(0), d(dfz)(n1))
_ ()P 4 (af)*vif — (oif)(vaf) (vivaf + vavr f)
(v1f)? + (v f)?

+ (1127}2 — a%2v1.
Similar calculations give the rest of the entries of A. O

We define the horizontal gradient Vg by ¢(Vuf,v) = df (v) for all
vectors v in the distribution A. Recall that 7 is the volume form defined
by n(vg,v1,v2) = 1. The sub-Laplacian Ay is defined by Agf =
div,Vy f. Here div, denotes the divergence with respect to the volume
form 7. Let Cy be the matrix defined by

1 00
Co=1| 000
0 01

Corollary 7.3. The subriemannian Hessian matriz $ and the sub-
Laplacian satisfies

tr(Co9f) = Anf,

where tr denote the trace of the matrix.

Proof. A simple calculation using Proposition 7.2 shows that
tr(Coff) = (V3 + v3 + ajpve — aiovy) f = An f.
O
Let d be the subriemannian distance function of a subriemannian
manifold (M, A, g). Let us fix a point zy in the manifold M. Let
r: M — R be the function r(z) = d(z,zo) and let f(z) = —3r*(z).
Finally, we show that the subriemannian Hessian of the function f takes
a very simple form.

Proposition 7.4. The subriemannian Hessian matrixz $Hf satisfies the
following wherever § is twice differentiable

Huf = Auf+1,

Hiaf = (vif)vavof — (vaf)vrvef + Ea(df),
$H13f =10,

Haaf = —2fvgf + (vof)* — xa(df),

$H23f =0,

$3sf = —1.



COMPARISON THEOREMS ON CONTACT SUBRIEMANNIAN MANIFOLDS 19

If we assume that the subriemannian manifold is Sasakian, then the
above simplifies to

Huf=Auf+1,

9H12f = (vif)vavof — (v2f)vrvof,
$H13f =0,

H2of = =2f g + (vof)?,

$Hasf =0,

$asf = —1.

Proof. The first formula follows from differentiating the following equa-
tion by vy, vy, and vy

(v1f)? + (vof)® = —2f
and combining them with Proposition 7.2.
The second follows from a = 0. ]

8. SUB-LAPLACIAN OF DISTANCE FUNCTIONS IN SASAKIAN SPACE
ForwMms

In this section, we give a formula for the sub-Laplacian of the subrie-
mannian distance function of a Sasakian space form. Let d be the sub-
riemannian distance function of a subriemannian manifold (M, A, g).
Let us fix a point x in the manifold M. Let r : M — R be the function
r(z) = d(z, o) and let f(z) = —3r?(x).

Theorem 8.1. Assume that the subriemannian manifold (M, A, g) is
a three dimensional Sasakian space form of Tanaka-Webster curvature
k. Then the subriemannian Hessian matriz $Hf satisfies the following
wherever § is twice differentiable.

( T(sinT—7 cosT) 72(1—cosT)
2722c(os7—77—si)n7 2—-2 CO?)STfTSinT
_ 7%(l—cosT 3 sinT .
2—2cosT—TsinT 2—2cosT—TsinT 0 ZfO' > 0’
0 0 1
7(7 cosh T—sinh 7) 72(cosh 7—1)
2—2 gc()sh T+T si§1h T 2—2cosh 74719 sinh 7
_ . 72(cosh7—1 73 sinh 7 ;
ﬁf 2—2coshT+719sinht  2—2cosh7+7sinh T 0 ZfO' < 0’
0 0 1
4 6 0
~16 12 0 ifo =0,
0 0

1
where o = (vof(2))? — 2§(2)k and T = /]o].
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By combining Theorem 8.1 and Proposition 7.3, we obtain the fol-
lowing.

Corollary 8.2. Let d be the subriemannian distance function of a
three dimensional Sasakian space form of Tanaka-Webster curvature
k. Then the sub-Laplacian Agyr satisfies the following wherever r is
twice differentiable.

T(sin T—7 cos T) .
r(2—2cosT—7sinT) ZfO' > O’

_ 7(7 cosh 7—sinh 7) .
AHT - r(2—2cosh 747 sinh 7) ZfO' < 0’
4 if o =0,

T

where o = r(2)?((vor(2))? + k) and 7 = \/|o].

Proof of Theorem 8.1. Let ¢i(z) = m(e'¥(df,)). Assume that z is a
point where f is twice differentiable. Let A be the image of the linear
map d((df),) : T.M — Ty, T*M. Let B, = (e1(t), ea(t), e3(t))?, Fy =
(f1(t), f2(t), f3(t))T be a Darboux frame at df, and let +; = dm(f;(0)).
Let A; and B, be the matrices with 4j-th entry a;;(t) and b;;(t), respec-
tively, defined by

d(dfy)(u) = Z (aii(t)e;(t) + bi(t) f5(t)) -

J=1

We define the matrix S, by S, = B; *A,. Since W(el'ﬁ(dfz)) = 10 for
all z, we have lim;_,; S;' = 0. The same argument as in Theorem 5.1
shows that

St - R + St01 + C;‘FSt - StCQSt - O,

where R = and o is defined by

o o9
o O O
o oo

o = ho(df.)* + 2H (df. )k = (v0f(2))* — 2f(2)k = r(2)*((vor(2))* + k).
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By the proof of Proposition 7.2 and By = I, we have $f(z) = —Ay =
—Sp. By the result in [13], we can compute S; and it is given by

( 70(sin ¢ —7¢ cos T¢) 72 (1—cos 1¢)
2—2 g?s Te—Tt si)n Tt 2—2 COSth—Tt sin 7¢
75 (1—cos Tt 7o Sin Ty lf o
2—2cosTt—T¢ Sin ¢ 2—2cos Tt —T¢ Sin 1 0 > O’
1
0 0 -
70 (7¢ cosh ¢ —sinh 7¢) 7é(coshy—1) 0
2—2 Cé)(Sh Te+T¢ si;lh Tt 2—2 cosgl T+ T sinh 7¢
S — 74 (cosh g —1 7y sinh 7 lf o< O
¢ 2—2 cosh 1¢+7¢ sinh ¢ 2—2 cosh 1¢++7¢ sinh ¢ 0 ’
0 0 —1£t
4 6
1—t (1-t)2 0
6 12 . .
T2 0P 0 if 0 =0,
1
{ 0 0 T
where 7 = (1 — t)\/|o].
By setting t = 0, we obtain the result. U

9. SUBRIEMANNIAN HESSIAN AND LAPLACIAN COMPARISON
THEOREM

In this section, we prove a Hessian and a Laplacian comparison the-
orem in our subriemannian setting. Let (M?', Al g') and (M?, A?% ¢?)
be three dimensional contact subriemannian manifolds. Let z be a
point on the manifold M?, let r; be the subriemannian distance from
the point xf, and let f; = —3r?. Let v be the Reeb field in M* and
let (R}')" and (R??)" be the curvature invariant on M* introduced in
section 2. Finally let

, (R 0 0
R=| 0 (B2 0
0 0 0

Theorem 9.1. (Subriemannian Hessian Comparison Theorem I) Let
z1 and zo be points on the three dimensional contact subriemannian
manifolds M and M?, respectively, such that f; is twice differentiable

at z;. Assume that R} < Rf’ for all t in the interval [0, 1].
(dfl)zl (dh)zz
Then

H1(21) < Hfa(22).

Remark 9.2. By the result in [9], f; is twice differentiable Lebesgue
almost everywhere.

If we restrict to Sasakian manifolds, then we have the following.
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Theorem 9.3. (Subriemannian Hessian Comparison Theorem I1) Let

d be the subriemannian distance function of a Sasakian manifold (M, A, g)
and let f(x) = —3d*(x, xo), where xq is a point on M. Assume that the
Tanaka- Webster curvature 20 of M satisfies 20 > k (resp. 2 < k).
Then the following holds wherever f is twice differentiable.

( T(sinT—7 cosT) 72(1—cos 7)
2722c(os7—77'si)n7 27200357—77—sin'r
_ 74(1—cos T 3sinT .
2—2cosT—T1sinT 2—2cosT—TsinT 0 ng > O’
0 0 1
7(7 cosh T—sinh 7) 72(cosh7—1)
2—-2 g(zsh T4+T Si;lh T 2-2 co%h T47 sinh 7
> o 7%(cosh7—1 7° sinh 7 1
ﬁf - 2—2cosh7+7sinht 2—2cosh7+7sinhT 0 ZfO' < 0’
0 0 1
4 6 0
— |6 12 0 ifo =0,
L \o 01
(resp. <) where o = (vof)? — 2kf and T = \/|o]|.

If we combine Theorem 9.3 and Proposition 7.3, then we have the
following sub-Laplacian comparison theorem.

Corollary 9.4. (Sub-Laplacian Comparison Theorem) Under the no-
tation and assumptions of Theorem 9.3, the following holds wherever r
is twice differentiable.

T(sin T—7 cos T) ’LfO' >0
)

r(2—2cosT—TsinT)

Apr <8 Sy o <0, (resp. )
if o =0,
where r(x) = d(z,20), 0 = r(2)*((vor(2))? + k), and 7 = \/]o].
Proof of Theorem 9.1. Let ¢i(z) = W(etﬁ((dfi)m)) and let
Ef = (e1(t), ex(t), e5(t)",  F = (fi(t), fa(t), f5(1)"

be a Darboux frame at (df;)., and let ¢} = dr(f;(0)). Let Aj and B} be
the matrices with jk-th entry a%,(t) and b, (t), respectively, defind by

S 3

3

d(df=;)(t5) = Y (@(t)er(t) + Uiy (0 Fit)).

k=1
We define the matrix S} by (B)"*A!. As in the proof of Theorem
8.1, we have 9f;(z;) = —S; = — A} and

Si— R4+ S0, +CTS! — SiC,S8 =0 ynll(sg')*l =0,
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where R! here denotes R!
df-,
Therefore, by assumption and the result in [18], we have the following

as claimed
s = =57 > =5} = Hi1.
O

Proof of Theorem 9.3. Let us first assume that 20 > k. Here we use
the same notation as in proof of Theorem 8.1. The matrix S; satisfies
the equation

S0 = Ri+ SiCy + CT 8, = SiC58 = 0, lim(8)™! =0,

where

Rt:

S o9
o O O
o o o

By the result in [18], we have S; < S¥, where SF is the solution of
S, — R* + 8,0y + CT'S, — 5,058, = 0, pﬁ@*:q

and
(vof)2 —2kf 0 0
RF = 0 0 0
0 00

If we set t = 0, then we get Hf = —Sy > —S¥. Finally the matrix S}
can be computed using the result in [13] which gives the first statement
of the theorem. The reverse inequalities under the assumption 27 < k
are proved in a similar way. O

10. CHEEGER-YAU TYPE THEOREM IN SUBRIEMANNIAN
GEOMETRY

In this section, we give a lower bound on the solution of the sub-
riemannian heat equation @ = Apgwu in the spirit of its Riemannian
analogue in [11]. More precisely, let ¢ be the function defined by

\/E(Sil’l(S\/E)*S kcoS(S\/E)) .
¢(S) — J 2—2cos(svVk)—sVksin(sVk) itk >0
4 ifk=0.

Let h = h(t,s) : [0,00) x (0,00) — R be a smooth solution to the
following equation

(10.1) h="h"+Hhg.

S
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where h and ' denotes the derivative with respect to t and s, respec-
tively.

Theorem 10.1. Let (M, A, g) be a three dimension Sasakian manifold
with non-negative Tanaka-Webster curvature. Let h be a solution of
(10.1) which satisfies the conditions

h'(0,s) <0, liII(l) h'(t,s) <0.
Let xy be a point on the manifold M and let r(-) = d(xo,-), where d
s the subriemannian distance function. Let € be an open set which
contains xo and have smooth boundary 0X2. Let u = u(t,x) be a smooth

solution to the subriemannian heat equation i = Agu on [0, 00) x M\ Q
which satisfies

w(0,-) = h(0,7(-)), ult,y) = h(t,r(y)) y e
Then we have u > hor.
Remark 10.2. When k = 0, the function
h(t,s) = (t + €) /2o
is a solution to the equation (10.1) for every € > 0.

Proof. Let r be the subriemannian distance function from the point
xg (i.e. r(x) = d(zg,z)). By Corollary 9.4 and the chain rule, the
following holds n-a.e.

T(sin T—7 cos T) .
r(2—2cosT—7sinT) if o >0
% itc=0

where o = r?((vor)? + k) and 7 = r/(vor)? + k.
If we differentiate (10.1) with respect to s. Then we get

(10.2) W=+ e+ he.

By the maximum principle, we see that h/(f,s) < 0 for all ¢ and for
all s since h'(0,s) <0 for all s and 2'(¢,0) < 0 for all ¢ by assumptions.
Therefore, the following holds wherever r is twice differentiable.

Ag(g(t,r)) =h"(t,r) + h'(t,r)Anr
(10.3) > h'(t,r) + W'(tr)o(r)
= h(t,r).
Let (to,z) be a local minimum of the function G(t,x) = u(t,z) —
h(t,r(z)) 4+ ot, where ¢ is a positive constant. Let us assume that

to > 0 and z in contained in the interior of M\ Q. By the result in
9], r is locally semiconcave on M\ {zo}. Since g is nondecreasing in
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s, G(t,x) is locally semiconcave on M\ {zy} as well. Therefore, by |8,
Theorem 2.3.2], we can find a sequence of points z; on the manifold M
converging to z and a sequence of numbers ¢; converging to 0 such that

AHG<t0, ZZ) 2 —€;.

Since wu is the solution of the subriemannian heat equation, it follows
from (10.3) that 2£G(ty, ) > —¢ + . If we let i go to oo, then we
have 0 = %G(to, z) > 0 which is a contradiction.

Since we have the condition u(t, z) > h(t,r(z)) for all points x on the
boundary of  and u(0,-) > h(0,7(-)), it follows that G > 0. Therefore,
if we let 6 go to 0, then we have u > h o r as claimed. OJ
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