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Abstract. A 12-degree-of-freedom (DOF) spur gear dynamic model is constructed, which is
coupled by the mesh gear pair and the gearbox. The construction method of spur gear coupling
dynamic model, based on lumped mass method, is better than finite element method, due to higher
modeling efficiency. The work would be benefit to spur gear coupling dynamic modeling and
analyses.
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1. Introduction

Gear dynamic models are focused by many scholars. There is an extensive body of literatures
on it [1-9]. Jin et al. established gear dynamic models coupled with bending-torsion-axis-swing of
mesh pairs based on lumped mass method [10]. Zhu et al. constructed finite element models of
the gear transmission, and evaluated dynamic behavior of the system [11, 12]. Ren et al. proposed
a construction method of gear dynamic models based on substructure method [13-15]. However,
the gear coupling dynamic models associated with mesh pairs and gearbox supports are few
studied. Thus, in the paper, a 12 DOFs spur gear coupling dynamic model, based on lumped mass
method, is proposed. The work would be helpful to the spur gear coupling dynamic analyses.

2. Construction of 12DOFs dynamic model

The gear transmission system is mainly composed of two spur gears, bearings and gearbox
supports. When modeling with the finite element method, it is inefficient because of the
complexity of the gearbox supports. Therefore, a 12 DOFs coupling dynamic model based on
lumped mass method is established, as shown in Fig. 1.

Fig. 1. The coupling dynamic model
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As illustrated in Fig. 1, subscript p and g express driving gear and driven gear, respectively,
k is a bending stiffness, c is a bending damping, k,, is a mesh stiffness, c,, is a mesh damping, e
is a static transmission errors (STE), T; is the input torsion, T, is the output torsion, k,, is the
support stiffness, ¢, is the support damping. Moreover, Mpp1, Mppz, Mgpy and Mgy, are the
equivalent masses of the gearbox supports.

As given in Fig. 1, the mathematical equations of the meshing pair could be derived by:

mp'l'p + cpip +kyl, — E, =0,

myly + cgly + kgly + Fp = 0,

< L,6; + (6, — 6,) + k (6, — 6,) =T,

Ipép - Cl(gi - ép) - k1(9i - gp) — 1 Fp =0,
1,6, + c,(6, — 6,) + ky(6, — 6,) + 1, - F = 0,
Ioéo - Cz(gg - 90) - kz(eg - 90) =-T,,

(D

where subscript i and o express motor and load, respectively, 6 is a torsion degree, [ is a bending
degree, m is a mass, 1 is a base circle radius, [ is a moment of inertia, k; and k, are torsional
stiffness of the shaft, ¢, and c, are torsional damping of the shaft, and F,,, could be deduced as:

Fn=ky- (rng -0, te+l;— lp) +cp (rgég - rpép +é+ ig - ip). 2)

The gearbox supports dynamic equivalent model is proposed, as shown in Fig. 2.

Fng a : : b FgZT

Mpbl b1 Ipb2y T mpb2 Mgb1 lgo1 T lep2T L1 mgn>
e $ko Ches § Ko e §Kb Com § Kb
~t~ ~&<
a) Equivalent model of the driving gear b) Equivalent model of the driven gear

Fig. 2. The gearbox supports dynamic equivalent model

As illustrated in Fig. 2, the equivalent mass of the gears at the bearing fulcrum could be
deduced as:

( b
m,, =m, - ,
pl P a+b
a
m,, =m, - ,
p2 P a+b 3
b 3)
mglzmg.a+b'
a
my, =m, ,
92 9 a+b

where a and b are the distance from the gear to the bearing fulcrum.
As given in Fig. 2, the mathematical equations of the support structure could be derived by:
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M1l + ¢p(lpr = bopa) + k(L1 = Lpp1) = Fpr = 0,

mpbl.l‘pbl + Cbipbl + kplypr — Cp(ipl - ipbl) - kp(lpl - lpbl) =
Mg1lgr + cg(lgs = lgp1) + kg(lgr = lgp1) = Fy1 = 0,

mgbl.l:gbl + Cbigbl + kplgpr — Cg(igl - igbl) - kg(lgl - lgbl) =0,
Mp2lps + ¢ (lpz = bpp2) + kp(lyz = Lppz) = Fpz = 0,

mpr.l‘pr + Cbipbz + kplppz — Cp(ipZ - ipbz) - kp(lpz - lpbz) =0,
Mgalga + cg(lg2 = lgna) + kg(lgz = lgn2) = Fy2 = 0,

mgbzz:gbz + Cbigbz + kblgbZ - Cg(igz - igbZ) - kg(lgz - lgbz) =0.

|
L

“4)

According to the deformation coordination relationship, as shown in Fig. 3, the deformation
coordination equations could be derived by:

by, +aly,
PT a+4+b

bl +alg, )
97 a+b

/ pl l_C

Fig. 3. The coordination relationship

According to the deformation coordination Eq. (5), Eq. (1) and Eq. (4), a 12 DOFs coupling
dynamic model, based on lumped mass method, is established.

3. Simulations

In order to verify the accuracy of the proposed method, the parameters of an example case are
listed in Table 1.

Table 1. Parameters of system

Symbol name Value | Unit

Modulus / m 4 mm
Pressure angle / 20 °
Tooth number of driving gear / z; 23 -
Tooth number of driven gear / z, 69 -
Addendum coefficient / h} 1 -
Clearance coefficient / c* 0.25 —

According to the 12 DOFs coupling dynamic model and the parameters listed in Table 1, the
natural frequencies of the example case are simulated. Part of the results are shown in Fig. 4.

In the case of Fig. 4, the natural vibration mode vector of the first-order non-zero natural
frequency (second frequency: 1403 Hz) is:
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¢4 =1{0.3211,-0.0149,0.0050, —0.9469, —0.0004, —0.0002,

—0.0004,—0.0002,—0.0004, —0.0002, —0.0004, —0.0002} ©)

0.7 0.4

06F

05F

04r 0.2}
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a) First frequency: 0 Hz b) Second frequency: 1403 Hz
Fig. 4. Natural frequency simulations

According to the simulation result based on finite element model, as shown in Fig. 5, the
natural vibration mode vector could be expressed as:

¢ = {—0.2524,0,0,0.7573,0,0,0,0,0,0,0,0}. (7)

E: Modlal
Total Def

o
Typ:
Fred

ation
cy: 12828 Hz
Uni

2019/6/30 16:01

75733 Max
67318
580.04
504.89
42074
336.50
25244
1683
84148
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Fig. 5. Natural vibration mode based on FEM (natural frequency: 1282.9 Hz)

According to the modal assurance criterion (MAC), Eq. (6) and Eq. (7), the natural vibration
mode vector correlation can be derived by:
2
_ _|¢5du|
b5 Pudiba

According to Eq. (8), the MAC value of the example case is 0.9997, namely, the natural
vibration mode shown in Fig. 4(b) and the natural vibration mode shown in Fig. 5 are the
same-order physical mode. The relative error of the natural frequencies between two methods is
calculated, as shown in Table 2.

MAC ¥

Table 2. The relative error of the natural frequencies between two methods

Value | Unit
The natural frequency based on lumped mass method | 1403 Hz
The natural frequency based on FEM 1282.9
The relative error 9.36 %

In the case of Table 2, the relative error of the natural frequencies between two methods is
9.36 %, namely, the proposed method is accurate and feasible.
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4. Conclusions

In the issue, a 12 DOFs spur gear coupling dynamic model, based on lumped mass method, is
proposed. The construction method of spur gear coupling dynamic model is better than finite
element method, because it enables rapid modeling of complex gearbox and makes dynamic
modeling more efficient. This contribution would be helpful to the spur gear coupling dynamic
modeling and analyses.
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