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Abstract. Issues of formation of rational modes of dynamic interaction of contacting elements of 
vibrating machines in problems of increase in quality of technological vibrohardening processes 
are considered. Mathematical models and criteria of an estimation of forms of movement with 
“not holding” ties are developed. For analytical research of “not holding” ties the concept of the 
generalized gap function is entered. The model of dynamic interaction of a solid with a vibrating 
surface is developed at introduction of additional external forces and elastic interactions. On the 
basis of a method of gap function criteria of a separation are formulated and forms of movement 
of a material particle in dynamic interaction with a vibrating surface are proved. The generalized 
approach for problems of dynamic synthesis of the vibrating technologies realized in modes 
continuous tossing is offered. Conditions of realization of multiple modes continuous tossing 
when the period of free flight of a material particle makes an integer of the periods of a basic 
vibrating surface are formulated. Generalization of considered models on a compound solid, 
interaction between which elements has “not holding” character is offered. The problem of 
definition of gapless conditions of movements at vibrating influence on a compound solid by a 
surface is posed. Conditions of formation of reaction in the oscillatory system formed by several 
solid elements with “not holding” ties, connected among themselves by means of elastic 
interaction and power factors are defined. In respect of practical appendices, the problem of 
development and experimental approbation of the measuring devices fixing modes of continuous 
tossing is posed.  
Keywords: vibrations, vibrational interaction, a generalized gap function, unilateral constrains, 
continuous tossing, composite solid, contact keeping, vibration hardening. 

1. Introduction 

Vibrating processes are widespread in production systems related to various branches of 
engineering. Vibrations are essential in the process of vibrational displacement, transportation 
facilities and working environments, they are widely used in machining technology (vibration 
cutting materials, vibration hardening etc.). The area displays vibration interactions related to the 
development direction of modern dynamics of machines. The theoretical basis of this direction is 
formed at the intersection of theoretical mechanics, theory of mechanisms and machines, 
oscillation theory, the theory of vibrational motion, the theory of vibration processes. Significant 
sections of the theory of vibration processes are in the area of nonlinear mechanics, nonlinear 
theory of oscillations and waves [1, 2]. 

In many cases vibration influence is considered as a factor of influence on a condition of the 
interacting parties of contact of the adjoining bodies. Features of “not holding” ties which are 
characteristic for technological processes of vibromovement, vibrohardening, vibration 
transportation, etc. are to a lesser extent studied.  

In the offered article possibilities of development of the generalized approaches in the solution 
of problems of dynamic interactions of elements of technological systems with “not holding” ties 
are considered. 
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2. General provisions. Statement of research problems 

Vibration interaction is used for development of new technological processes in which 
necessary quality of production is provided due to interaction of the loose environment with the 
vibrating surface. Examples of technical solutions which are based on the accounting of features 
of vibroshock processes for increase of physicomechanical properties of surfaces at impacts of 
small steel balls with details, are considered in work [4]. 

“Not holding” ties allow to realize processes of periodic impacts which are connected with 
opportunities of creation of vibrational technological processes. 

Methods of mathematical modeling in problems of vibration interactions are known [7]. Such 
interactions are characteristic for technological processes of vibration movement, processes of 
vibration type which are used for processing of the contacting surfaces for the purpose of their 
hardening. Process of formation of interactions in systems with “not holding” ties can be 
considered as the process consisting of several phases. Such phases are contact phases at which 
reaction of ties is positive; a phase of a transition state when reaction is equal to zero; a gap phase 
in which the contacting surfaces can make the autonomous movements. 

For validation of technological processes with continuous vibration tossing vibration 
technological machines, which appointment consists in formation of a certain structure of a 
vibration field, are used. Works, in which theoretical bases of creation and maintenance of one-
dimensional fluctuations develop, gained the greatest fame. 

The problem of realization of vibration technological processes has complex character. 
Technological machines are complex and contain aggregation and units in which between elements 
there are “not holding” contact. Approaches to permission of such problem demand the taking note 
of conditions of support of steady tossing processes of vibration and the taking note of formation of 
the modes of dynamic interactions which is dealing with reactions of ties and in contact interactions 
of compound structures of mechanisms and machines. Compound objects have some parts connected 
by the gravity or additional forces, and also elastic ties in which processes of violation of contacts or 
considerable fluctuations of sizes of contact forts can be shown. 

Research problems are focused on formation of theoretical ideas of dynamic interactions of a 
solid body with the vibrating surface on the basis of development of mathematical models at 
introduction of additional external forces and elastic ties at the taking note of “not holding” contact, 
including, mathematical models of the gapless movement of compound solid bodies. 

3. Mathematical modelling of processes of continuous tossing 

The generalized approach to estimate of characteristics of movement forms of the particles 
with formation of a phase of free flight with the subsequent interaction with the vibrating surface 
develops. As the basic the mathematical model of interaction of a material particle with the 
horizontal surface fluctuating under the harmonious law is used. ( ) = sin(ω ). Features of 
interaction of a particle with a vibrating surface with the adjustment parameters of basic and 
advanced mathematical models are defined. Advanced models reflect the effect of additional 
forces and viscous friction. 

Table 1 shows the main elements of analytic approach: the base model, due to parameters, a 
family of possible flight paths in phase (Fig. 1), the function of the gap, the conditions of 
separation. For comparison purposes opportunities of influence on process of adjusting parameters 
the concept of function of a gap is entered. Function of a gap allows to conduct the detailed 
research of properties of vibration interactions. 

For the variant of the basic model, in which the surface is moving harmonically function of 
the gap takes the form:  

( , ) = sin(ω ) − sin(ω ) + ω( − )cos(ω ) − 12 ( − ) , ≥ . (1)
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The generalized approach on the basis of use of function of a gap assumes consideration of 
family of possible trajectories in a phase of free flight. The generalized approach on the basis of 
use of function of a gap assumes consideration of family of possible trajectories in a phase of free 
flight. 

Table 1. Elements of the analytical approach 
I. Basic model ( ) = − , ≥ ,( ) = ( ),( ) = ( ),  

II. Parametrical model ∂ ( , )∂ = − , ≥ ,∂ ( , )∂ = ω cos(ω ),( , )| = sin(ω ),  

III. Set of 
possible 
trajectories:  
see Fig. 1 

IV. The function of the gap: ( , ) = ( , ) − ( ) 
V. Differential detachment conditions -th order: ∂ ( , )∂ = 0, ,∂ ( , )∂ 0,  

 

 
Fig. 1. Set of possible trajectories:  = 0.01(  – 1) s,  = 1,…,20,  = 0,05 m,  = 40 rad/s 

Within the framework of ideas about the function of the gap, the detachment conditions of a 
particle with unilateral constraints determined by the position of the particle or phase parameters 
of the harmonic process, certain relations between displacement, velocity, acceleration, sharpness 
(understood as the third derivative of the displacement by analogy with the concept of smoothness 
or sharpness of movement used in the problems of the dynamics of transport devices). 

The regularities of formation of a trajectory with continuous tossing are investigated on the 
basis of the generalized approach. The mode with continuous tossing is understood as the mode 
with the period of free approach which duration is multiple to the period of vibration of the 
contacting surface. The role of frequency rate of the period of free flight in formation of properties 
of the modes with continuous tossing, etc. is established [8, 9]. In figure 2 the revealed 
dependences are presented.  

Use of function of a gap and criteria of an assessment of possible forms and features of 
trajectories of the movement of material particles taking into account conditions of interactions 
with environment represents the generalized approach allowing a message search development in 
problems of dynamic synthesis of rational vibration technologies. 

4. Definition of conditions of preservation of contact 

General concepts about gapless interactions between components of mechanical oscillatory 
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system with elastic connections, including with a support on the vibrating surface develop [10-14]. 
As components the solid bodies of the final sizes having a contact surface, perpendicular to 

the direction of the movement are considered. 

 
Fig. 2. The height of the flying up for the points of the second and third order in the implementation of the 

regime tossing a one-touch: the curve  – the height of the flying up of particle separation region of the 
third order, depending on the oscillation frequency at a fixed vibration amplitude  = 5 mm;  

curve  = 1.,  = 5 graphs heights of flying up particles in the separation region of the second-order 

The mathematical model from two components (Fig. 3) with use of stiffness connections with 
the vibrating basic surface is considered. Thus between components violation of unilateral 
connection is possible. 

The connection violation condition (emergence of a gap) is defined by parameters of the 
mass-inertia elements and stiffness ties. Analytical forms of the boundary ratios defining such 
movements at which vibration of the basis does not lead to connection violation are received. The 
concept about full, static and dynamic reaction of ties is entered. 

 
Fig. 3. A compound solid body on the elastic fluctuating basis :  – powers of viscous friction;  

 – gravity;  – constant forces; ,  – full contact reactions 

Amplitudes of oscillation of dynamic reaction (line 1-4) at various parameters of oscillation of 
a basic surface in comparison with static reaction are represented (line 5) in Fig. 4. Depending on 
parameters of mechanical system the equation of condition of preservation of the gapless 
movement reads: 
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( ) + ( )( − ( + ) ) + (( + ) ) + , (2)

where  – coefficients of viscous friction,  – stiffness coefficients,  – constant force,  – 
mass of elements, ,  – are frequency and amplitude of oscillating surface. 

 
Fig. 4. Estimates of amplitude of fluctuation dynamic reaction components: 1, 2, 3, 4 – estimates dynamic 

components for amplitudes of kinematic indignation  from 1 to 4 mm; 5 – level of static reaction 

In turn, the inequality Eq. (2) is interpreted as a set of points in amplitude-frequency area of 
gapless contact. In figure 5 the line of level G divides the plane of parameters ( , ω ) into two 
areas: I – area of the gapless movement, II – area of possible formation of a gap. 

 
Fig. 5. Amplitude-frequency area of contact: I – contact area; II – area of a possible gap;  

G – the line of level  for function ⋅ ( ); C – contact; D – possible gap 

Sufficient conditions of gapless movement of components of mechanical oscillatory system 
are found in the steady state mode. It is shown that as factors of the gapless movement of system 
can be considered not only frequencies and amplitudes, but also ratios of mass of components, 
stiffness of connections, coefficients of viscous friction and external forces. The presented system 
of actions, rules of creation of mathematical models and analytical expressions can be considered 
as the developed method. 

5. Conclusions 

The generalized gap function which has allowed to formulate system of requirements and 
analytical relations for a possibility of realization of modes with continuous tossing is enter. It is 
shown that the generalized gap function can be used for definition of parameters of critical 
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conditions in problems of dynamics of the compound solid realizing the forms of movement 
without gap of contacts between components. The technology of construction of families of 
trajectories is developed for processes continuous tossing taking into account frequency rate of 
the relation between time of free flight and the period of fluctuation of a surface. The algorithm 
of construction of the analytical relations determining limiting values of frequencies of external 
vibrating exciting which exceeding leads to gap of contacts is offered. 

References 

[1] Blehman I. I. The Theory of Vibration Processes and Devices. Mechanical Vibration and Vibration 
Engineering, Ruda i Metally, 2013, p. 640, (in Russian). 

[2] Belokobyl’skii S. V., Eliseev S. V., Sitov I. S. Dynamics of Mechanical Systems. Lever and Inertial 
Elastic Connection. Politehnika, 2013, p. 319, (in Russian). 

[3] Panovko G. Ja. Dynamics of Vibrating Processes. RHD, 2006, p. 158, (in Russian). 
[4] Kopylov Yu. R. Dynamics Vibro-Hardening Process. Nauchnajа Kniga, 2011, p. 568, (in Russian). 
[5] Eliseev A. V. Dynamics of Vibrating Elements of Interactions of Technological Systems Based on 

Unilateral Constraints. Monograph, Nauka, 2015, p. 332, (in Russian). 
[6] Lur'e A. I. Analytical Mechanics. GIFML, 1961, p. 824, (in Russian). 
[7] Chelomei V. N. Vibration Technique: Reference in 6 Volumes. Vibrating Machines and Processes. 

Red. Sovet, 1981, p. 504, (in Russian). 
[8] Eliseev A. V.  The function of the gap and form paths with multiple toss particles on a vibrating 

surface. Actual Problems of Technical Sciences: A Collection of Articles of the International 
Scientific-Practical Conference, AYeTERNA, 2015, p. 70-73, (in Russian). 

[9] Eliseev S. V., Eliseev A. V. Determination of the coefficient of viscous friction mode for multiple flip 
of a particle in a model problem with unilateral constraints. Sistemy Metody Tehnologii, Vol. 17, 
Issue 1, 2013, p. 22-27, (in Russian). 

[10] Eliseev A. V. Defining the boundary conditions for maintaining contact in the composite vibrating 
solid. Simvol Nauki, Vol. 6, 2015, p. 40-43, (in Russian). 

[11] Eliseev A. V. Methodological Approaches to the Modeling of Contact Interactions in Vibration 
Processes and Machines Based on Unilateral Constraints. Science, Technology and Life, 2014, 
p. 1117, (in Russian). 

[12] Eliseev A. V., Eliseev A. V. Technology evaluation properties of dynamic interactions in the contact 
component solids. Nauchnye Problemy Transporta Sibiri i Dal’nego Vostoka, Vol. 1, Issue 2, 2014, 
p. 179-183, (in Russian). 

[13] Eliseev S. V. Determination of contact reactions in composite solids under dynamic loads based on 
unilateral constraints. Sovremennye Tehnologii. Sistemnyi Analiz Modelirovanie, Vol. 1, Issue 41, 
2014, p. 45-54, (in Russian). 

[14] Eliseev A. V. Dynamic Contact in the Composite Solid with “Not Holding” Ties. VINITI, Vol. 61, 
2014, p. 119, (in Russian). 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /UseDeviceIndependentColor
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


