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Abstract. At present studies on degradation process are mainly single stage degradation mode, 
however, in practice the system degradation process is generally multi-stage. Based on general 
degradation process modeling, the paper assumed degenerate distribution of two-stage mode obey 
various normal distribution, shock times obey Poisson process. Reliability modeling and mean 
time to failure modeling of two-stage degraded mode are studied. Functional check period 
determination methods are used to calculate inspection periods for different degradation stage. In 
numerical example, inspection periods for system with two-stage degradation process are 
analyzed. 
Keywords: degradation modeling, two-stage mode, mean time to failure, inspection period. 

1. Introduction 

It is impossible to spend a large number of samples for life test in high-tech field. In this case, 
it is difficult to analyze system reliability using traditional methods. While the most important 
advantage of degradation modeling is the ability to record multiple degradation data of each 
individual unit, so obtaining failure data there does not need to wait for fault [1]. Therefore, 
performance degradation data is uesd to analyze system reliability and inspection period [2]. 

In literature [3-5] existing degradation failure analysis methods which were mainly 
single-stage mode for system degradation process were well summarized. In practice, the 
degradation process is often multi-stage and different degradation stages obey different 
distributions.  

The objective of this paper is to study the degradation characteristic of system with two-stage 
degraded mode. In section 2 degradation process principle is expounded. In section 3 reliability 
and modeling methods for mean time are mentioned. Section 4 functional mainly researches 
methods of check period determination. In section 5, a numerical example is presented to illustrate 
inspection periods for different system degradation stage. 

2. Degradation process principle 

When system is operating or in used, stress suffered causes damage to the system, and damage 
gradually accumulate. The damage accumulation leads to system performance degradation. While 
damage accumulation caps a certain level the system will fault. With the system performance 
decline, the system produces relevant condition parameters which can characterize system 
degradation degree. Beyond that those condition parameters provide key information to assess 
system reliability and health condition [6]. 

With system degrading, some performance parameters appear trending change, when the 
parameters reach a pre-specified threshold while the system performance can not meet the 
prescribed requirements, we can consider that the system failure. As shown in Fig. 1, within time ൣ0, ௙ܶ൧ condition parameters present gradually increasing trend, but condition parameters do not 
meet the prescribed requirements, so the system is in normal working condition. While in time [ ௙ܶ, ∞], the condition parameters exceed failure threshold, so it can be regarded as that the system 
is fault. ௙ܶ is fault time. 
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Fig. 1. Cumulative degradation process 

3. Determination modeling for two-stage mode 

System degradation process with two-stage is shown in Fig. 2 [7]. In system degradation 
process, at time ݐ௔  the deterioration rate has a sudden change which duing to the internal 
mechanism or external environment influences. ݐ௔ is the connection time point for the first and 
second stage. In first stage the system deterioration rate in line with the normal distribution Δݔ௔௜~ܰሺߤ௔, ,௕ߤ௕௜~ܰሺݔ௔ଶሻ while in second stage it is Δߪ  ௕ଶሻ. ௙ܺ is the cumulative damage failureߪ
threshold, ௙ܶ is the time point that system cumulative damage reach the failure threshold, that is 
system life. ܺ௣  is the cumulative damage alarm threshold, ௣ܶ  is the time point when system 
cumulative damage reaches alarm threshold. Shock damage between the first stage and the second 
stage are unrelated and each shock damage is independent and random process in all system life 
[0, ௙ܶ]. 
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Fig. 2. System cumulative damage for two-stage mode 

3.1. Cumulative damage 

Suggest that ሼݐ௜;  ݅ = 0, 1, 2, 3,..., ݊ሽ are shock time series, and ଴ݐ = 0;  ሼΔݔ௜;  ݅ = 0, 1, 2, 3,..., ݊ሽ are damage amount caused by shocks, and the system is working well 
at beginning, namely initial damage amount Δݔ଴ = 0 assuming Δݔ଴ is independent identically 
distributed and independently from ݐ௜ . The shock damage time ݐ௖  may in the first stage  
( 0 ≤ ௖ݐ ≤ ௔ݐ ) or the second stage ( ௔ݐ < ௖ݐ ≤ ௙ܶ ). Different values for ݐ௖  make different 
cumulative damage calculation methods. Random variable ሼ ௖ܰ; ௖ݐ ≥ 0ሽ  represents the total 
number of shock times within time [0,  .[௖ݐ

When 0 ≤ ௖ݐ ≤  :௔, the cumulative damage isݐ
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௖ݔ = ෍ Δݔ௔௜ே೎
௜ୀଵ ,   ௖ܰ = 1, 2, …. (1)

Assuming that damaged frequence of system caused by shocking obey Poisson distrbution. 
From the Poisson process theoretical we can know that the probability of shock times just as ݊ 
within time [0,  :௖] isݐ

ܲሺ ௖ܰ = ݊ሻ = ሺݐߣሻ௡݊! ݁ିఒ௧. (2)

When ݐ௔ < ௖ݐ ≤  ௙, system cumulative damage makes up by damage in the first stage and theݐ
second stage. Shock damage time in the first stage is ݐ௔, while ݐ௖ −  ௔ in the second stage. Systemݐ
cumulative damage is: 

௖ݔ = ෍ Δݔ௔௜ேೌ
௜ୀଵ + ෍ Δݔ௕௝ே್

௝ୀଵ , ௔ܰ, ௕ܰ = 1, 2, …, (3)

where ௔ܰ, ௕ܰ  are respectively represent the shock damage times of system in first stage and 
second stage.  

As every shock damage is independently and unrelated, so ∑ Δݔ௔௜ேೌ௜ୀଵ ~ܰሺ ௔ܰߤ௔, ௔ܰߪ௔ଶሻ, ∑ Δݔ௕௜ே್௜ୀଵ ~ܰሺ ௕ܰߤ௕, ௕ܰߪ௕ଶሻ, and: 

෍ Δݔ௔௜ேೌ
௜ୀଵ + ෍ Δݔ௕௜ே್

௜ୀଵ ~ܰሺ ௔ܰߤ௔ + ௕ܰߤ௕, ௔ܰߪ௔ଶ + ௕ܰߪ௕ଶሻ. (4)

Shocks between the two stages are independently, there is: 

ܲሺ ௔ܰ = ݉, ௕ܰ = ݊ሻ = ܲሺ ௔ܰ = ݉ሻܲሺ ௕ܰ = ݊ሻ = ሺݐߣ௔ሻ௠݉! ⋅ ௖ݐሺߣ] − !௔ሻ]௡݊ݐ ⋅ ݁ିఒ௧೎. (5)

3.2. System reliability 

System reliability refers to the probability for system cumulative damage ݔ௖  less than 
cumulative damage failure threshold ௙ܺ when shock time is ݐ௖. 

When 0 ≤ ௖ݐ ≤  :௔, system reliability isݐ

ܴଵሺݐሻ = ܲ൫ݔ௖ ≤ ௙ܺ൯ = ෍ ܲ ቌ෍ Δݔ௔௜ேೌ
௜ୀଵ ≤ ௙ܺቮ ௔ܰ = ݊ቍஶ

௡ୀଵ ⋅ ܲሺ ௔ܰ = ݊ሻ 

= ෍ ܲ ൭෍ Δݔ௔௜ − ௔ߪ݊√௔ߤ ≤ ௙ܺ − ௔ߪ݊√௔ߤ݊
௡

௜ୀଵ ൱ஶ
௡ୀଵ ⋅ ܲሺ ௔ܰ = ݊ሻ = ෍ Φ ቆ ௙ܺ − ௔ߪ݊√௔ߤ݊ ቇஶ

௡ୀଵ ⋅ ሺݐߣ௖ሻ௡݊! ⋅ ݁ିఒ௧೎. (6)

If system degradation process is traditional single stage degradation mode, the system 
reliability is Eq. (6) either. 

When ݐ௔ < ௖ݐ ≤ ௙ܶ , system cumulative shock time is ݐ௖ − ௔ݐ  in the second stage, system 
reliability is: 
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ܴଶሺݐሻ = ܲ൫ݔ௖ ≤ ௙ܺ൯ = ܲ ቌ෍ Δݔ௔௜ேೌ
௜ୀଵ + ෍ Δݔ௕௜ே್

௜ୀଵ < ௙ܺቍ 

       = ෍ ෍ ܲ ൭෍ Δݔ௔௜௠
௜ୀ଴ + ෍ Δݔ௕௜௡

௜ୀ଴ < ௙ܺ൱ஶ
௡ୀଵ

ஶ
௠ୀଵ ⋅ ܲሺ ௔ܰ = ݉, ௕ܰ = ݊ሻ 

       = ෍ ෍ Φ ቆ ௙ܺ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ
௡ୀଵ

ஶ
௠ୀଵ ⋅ ܲሺ ௔ܰ = ݉ሻ ⋅ ܲሺ ௕ܰ = ݊ሻ 

       = ෍ ෍ Φ ቆ ௙ܺ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ
௡ୀଵ

ஶ
௠ୀଵ ⋅ ሺݐߣ௔ሻ௠݉! ⋅ ݐሺߣ] − !௔ሻ]௡݊ݐ ⋅ ݁ିఒ௧. 

(7) 

3.3. Mean time to failure 

If the system degradation process is traditional single stage degradation mode, mean time to 
failure of the system is: 

ሻݐଵሺܯ = න ܴଵஶ
଴ ሺݐሻ݀ݐ = න ൭෍ Φ ቆ ௙ܺ − ௔ߪ݊√௔ߤ݊ ቇஶ

௡ୀଵ ⋅ ሺݐߣሻ௡݊! ⋅ ݁ିఒ௧൱ஶ
଴ ݐ݀ = ߣ1 ෍ Φ ቆ ௙ܺ − ௔ߪ݊√௔ߤ݊ ቇஶ

௡ୀଵ . (8)

In system degradation with two stage mode the system fault occurres in the second stage. 
System life ௙ܶ is

 
affected by shock strength Δݔ௔௜, Δݔ௕௜ and shock time ݐ௔ for the first stage. The 

mean time to failure of the system is: 

ሻݐଶሺܯ = න ܴଶሺݐሻ݀ݐஶ
௧ೌ  

       = න ൭ ෍ ෍ Φ ቆݔ௙ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ
௡ୀ଴

ஶ
௠ୀ଴ ⋅ ሺݐߣ௔ሻ௠݉! ⋅ ݐሺߣ] − !௔ሻ]௡݊ݐ ݁ିఒ௧൱ ஶݐ݀

௧ೌ  
       = ෍ ෍ Φ ቆݔ௙ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ

௡ୀ଴
ஶ

௠ୀ଴ ⋅ ሺݐߣ௔ሻ௠݉! ݁ିఒ௧ೌ ⋅ න ൭൫ߣሺݐ − !௔ሻ൯௡݊ݐ ݁ିఒሺ௧ି௧ೌሻ൱ ஶݐ݀
௧ೌ  

       = ෍ ෍ Φ ቆݔ௙ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ
௡ୀ଴

ஶ
௠ୀ଴ ⋅ ሺݐߣ௔ሻ௠݉! ݁ିఒ௧ೌ 

       ⋅ ൝1ߣ ⋅ න ൭൫ߣሺݐ − !௔ሻ൯௡݊ݐ ݁ିఒሺ௧ି௧ೌሻ൱ ݀൫ߣሺݐ − ௔ሻ൯ஶݐ
଴ ൡ 

       = ߣ1 ⋅ ෍ ෍ Φ ቆݔ௙ − ሺ݉ߤ௔ + ௔ଶߪ௕ሻඥ݉ߤ݊ + ௕ଶߪ݊ ቇஶ
௡ୀ଴

ஶ
௠ୀ଴ ⋅ ሺݐߣ௔ሻ௠݉! ݁ିఒ௧ೌ.

(9)

4. Functional check period determination 

4.1. P-F process time determination 

Suppose the ௙ܶ is the average life expectancy while cumulative damage is ௙ܺ, ௣ܶ is the average 
life expectancy while cumulative damage is ܺ௉ . The total time ஻ܶ  from potential failure to 
function failure (P-F process) is: 

஻ܶ = ௙ܶ − ௣ܶ, (10) 
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where ௙ܶ and ௣ܶ can be obtained from mean life to failure Eq. (8) and (9). 

4.2. Inspection period determination 

It is necessary to carry out regular function inspection for a system with safety and task 
influence. Assumes that the acceptable probability of failure with safety or task influence is ܨ, 
inspection times during ஻ܶ of P-F process is ݇, there is: ܨ = ሺ1 − ܲሻ௞, (11)݇ = lgܨlgሺ1 − ܲሻ, (12)

where ܲ is fault detection probability for one inspection work.  
Inspection period ܶ is: ܶ = ஻݇ܶ. (13)

5. Numerical example 

Degradation process of a system presents two-stage mode as using environment changed. Now 
the related parameters are beginning to study. 

5.1. Parameters estimation 

According to system characteristics and application environment, it can be found that failure 
threshold ௙ܺ = 1000 and connection time point for the first and second stage ݐ௔ = 245 h. 8 groups 
of degradation data were gained from system monitoring before (as shown in Fig. 3). Data is 
statistics analyzed and obtained degradation parameters. The shock damage for the first stage and 
the second stage is respectively obeying normal distribution Δݔ௔௜~ܰሺ3, 3ଶሻ  and  Δݔ௕௜~ܰሺ10,10ଶሻ. The Poisson strength of shock times within [0, ߣ ௖] isݐ = 0.5. 
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Fig. 3. Degradation data and cumulative damage 

5.2. Inspection period determination 

Duing to the system failure threshold ௙ܺ = 1000 , the system cumulative damage alarm  ܺ௣ = 0.8 ௙ܺ = 800.  Take shock damage Δݔ = Δݔ௕௜~ܰሺ10, 10ଶሻ,  reliability distribution for  ݔ = ܺ௣  and ݔ = ௙ܺ  were obtained as shown in Fig. 4. Take ܴ = 0.5 as baseline, get the 
corresponding time points ௣ܶ௕ , ௙ܶ௕ , so the total time of P-F process is ஻ܶ௕ = ௙ܶ௕ − ௣ܶ௕ = 40 h. 
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Similarly, the total time of P-F process for shock damage Δݔ = Δݔ௔௜~ܰሺ3, 3ଶሻ is ஻ܶ௔ = 110 h. 
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Fig. 4. The reliability distribution for the second stage 

Stipulated the acceptable probability of failure with task influence is ܨ = 0.1, fault detection 
probability for one inspection is ܲ = 0.7. According to Eq. (12) the inspection times during ஻ܶ is ݇ = 1.9124. 

Rounding ݇ get ݇ = 2. Inspection period ܶ can be obtained by Eq. (13): 
Inspection periods for the first stage ௔ܶ = ஻ܶ௔ ݇⁄ = 55 h. 
Inspection periods for the second stage ௕ܶ = ஻ܶ௕ ݇⁄ = 20 h. 
Obviously in system with multi-stage degradation mode, inspection periods are different as 

degradation speed differ from each stage. 

6. Conclusions 

This paper puts forward degradation modeling methods for system with two-stage degraded 
mode. Modeling methods of reliability and mean time to failure are studied owing to their 
importance for prognostics and system health management. Conclusion of this paper shows that 
inspection periods should be different in different degraded stage. The related theory of system 
with two-stage degraded mode is enriched in this paper. 
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