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Abstract. The present article deals with the thermal shock response in an isotropic thermoelastic 
medium with a moving heat source. In this context Green and Naghdi type III model of generalized 
thermoelasticity theory is considered. The basic equations are expressed as vector-matrix 
differential equation form. The considered formulation is applied to a semi-infinite solid space. 
The analytical formulations of the problem in the Laplace transform domain have been solved by 
eigenvalue approach technique. The inversion of Laplace transform is completed by Zakian 
method. The variation of the temperature, displacement and stress distributions for different values 
of time and heat source velocity are shown graphically for two different cases. In the first case, a 
thermal shock free surface is considered subjected to traction and in the second case the surface is 
under the influence of time dependent thermal shock. Finally, some comparisons of the results for 
different time and moving heat source velocity are presented. In presence of moving heat source 
all the thermophysical quantities have a great significant effect in all the distributions. 
Keywords: generalized thermoelasticity, eigenvalue approach, Laplace transform, vector-matrix 
differential equation. 

Nomenclature 𝑢 Component of displacement 𝜆, 𝜇 Lame’s constants 𝐾 Thermal diffusivity 𝐾∗ Additional material constant 𝜌 Mass density of the medium 𝛼  Coefficient of linear thermal expansion 𝛿  Kronecker delta function 𝑇 Temperature 𝑇  Reference temperature 𝑐  Specific heat 𝜎  Components of Stress tensor 𝑒  Components of Strain tensor 𝑄 Moving heat source term 𝛾 = (3𝜆 + 2𝜇)𝛼   

1. Introduction 

The topic generalized thermoelasticity has increased more consideration of several researchers 
during last four decades due to its applications in so many fields of applied sciences and 
mathematics viz. earthquake engineering, nuclear reactor's design, soil dynamics, high energy 
particle accelerators, etc. The objective of this theory is to succeed in the shortcomings that are 
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inherent in the classical thermoelasticity theory suggested by Biot [1]. In this theory the heat 
equation is of parabolic type. The infinite speed of thermoelastic disturbance is inherent in that 
theory and it is unrealistic from physical point of view. To resolve this problem, the classical 
thermoelasticity theory has been generalized so that a finite speed of thermoelastic disturbance is 
admitted. In generalized thermoelasticity, the parabolic type heat equation is replaced by 
hyperbolic type heat equation supported by examinations which display the real existence of wave 
type heat transportation in solids, known as the second sound effect. The first is because of 
Cattaneo [2] and Vernotte [3] who proposed generalized version of Fourier’s law to obtain 
hyperbolic heat conduction equation by introducing a relaxation time, named hereafter C-V  
model. 

The first generalization of the classical theory of thermoelasticity, determined by Lord and 
Shulman [4], included one relaxation time parameter in Fourier’s law of heat conduction equation. 
It involved a heat transfer equation of hyperbolic nature declaring finite speed of thermal signals. 
The temperature-rate-dependent theory (TRDTE) of thermo-elasticity as proposed by Green and 
Lindsay [5], called G-L theory, involved two relaxation time parameters. This hypothesis achieved 
a modified variety of the constitutive equations in the coupled theory of thermoelasticty. Suhubi 
[6] freely found explicit type of constitutive equations. Consequently, a few works [7, 8] based on 
these generalized models had been examined. Hetnarski and Ignaczak [9] developed 
low-temperature thermoelasticity dependent on the third generalization of the coupled theory and 
classified it by a system of non-linear field equations. Heat conduction equation for 
low-temperature non-linear model estimates that the wave like-thermal signals were supposed to 
grip at low temperatures. Kosinski et al. [10, 11] had examined Soliton-like waves in a low-
temperature non-linear thermoelastic solid. Green and Naghdi [12, 13] formulated the fourth 
generalization to the theory of coupled thermoelasticity (known as G-N theory) which was 
concerned without energy dissipation. This theory pursues the Fourier law of heat conduction and 
proves that heat propagates with finite speed. Chandrasekharaiah et al. [14] had contemplated 
collaborations with G-N theory without energy dissipation (TEWOED) in an unbounded medium 
with spherical cavity body. Roy Choudhuri et al. [15] considered propagation of wave with G-N 
theory without energy dissipation in rotating elastic medium. Numerous problems involving to the 
G-N theory without energy dissipation other than generalized thermoelasticity were studied 
[16-19]. 

Several authors including Gutfield and Netherchot [20], Taylor et al. [21] conducted 
experiments with various solid bodies and showed that heat pulses do not propagate at infinite 
speed. He and Cao [22] considered generalized magneto thermoelastic problem subjected to 
moving heat source. Also, Chandrasekharaiah and Srinath [23] studied the thermolastic interaction 
without energy dissipation due to a point heat source and line heat source. 

Some applications of magneto thermorelasticity using eigenvalue approach technique were 
examined in the literatures [24, 25]. Das and Bhakata [26] proposed eigenfunction expansion 
technique to the solution of simultaneous equations and its application in mechanics. Baksi et al. 
[27] examined magneto-thermoelastic interactions with heat sources and thermal relaxation in a 
three dimensional unbounded rotating elastic medium. Abbas [28-33]and his colleagues solved 
different types of problem by eigenvalue approach method which was developed by Das et al. [3] 
in Laplace transform domain. Baksi et al. [34] and Sinha et al. [35] solved various types of 
problems considering the effect of rotation and relaxation time in generalized thermoelasticity 
using eigenvalue approach method. Lahiri et al. [36] used matrix method of solution of coupled 
differential equation and showed its applications in generalized thermoelasticity. 

In this present article, a problem of generalized thermoelasticity subjected to a moving heat 
source distributed over a plane area in an unbounded isotropic medium is considered. The 
governing equation of the problem is solved by eigenvalue approach technique developed by Das 
et al. [38]. The analytical solutions are found for displacement, temperature and stress in the 
Laplace transform domain. The inversion of Laplace transform has been computed using efficient 
computer programming. Finally, the resulting quantities to study the effect of the moving heat 



THERMAL SHOCK BEHAVIOUR ON GENERALIZED THERMOELASTIC SEMI-INFINITE MEDIUM WITH MOVING HEAT SOURCE UNDER GREEN 
NAGHDI-III MODEL. BISWAJIT SINGH, SMITA PAL (SARKAR) 

 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627, KAUNAS, LITHUANIA 81 

source for copper material are derived numerically and presented graphically for two different 
cases. 

2. The governing equation 

In absence of body force equations of motion take the following form [39]: 𝜎 , = 𝜌𝑢 . (1)

The heat conduction is of the form: 

𝐾∗∇ 𝑇 + 𝐾∇ 𝑇 = 𝜕𝜕𝑡 (𝜌𝑐 𝑇 + 𝛾𝑇 𝑒 − 𝑄). (2)

The constitutive equation is given by: 𝜎 = 2𝜇𝑒 + 𝜆𝑒 − 𝛾(𝑇 − 𝑇 ) 𝛿 . (3)

Special cases: 
If we take 𝐾 = 0 then the problem will be reduced to Green-Naghdi II theory (GN-II). 
If we take 𝐾∗ = 0 then the problem will be reduced to Green-Naghdi I theory (GN-I). 
The displacement u and the temperature field 𝑇 can be written for one- dimensional problem 

in the following form: 𝑢 = 𝑢(𝑥, 𝑡), 𝑣 = 0, 𝑤 = 0, 𝑇 = 𝑇(𝑥, 𝑡). 
Thus Eqs. (1), (2), (3) take the following form: 

(𝜆 + 2𝜇) 𝜕 𝑢𝜕𝑥 − 𝛾 𝜕𝑇𝜕𝑥 = 𝜌 𝜕 𝑢𝜕𝑡 , (4)𝐾∗ 𝜕 𝑇𝜕𝑥 + 𝐾 𝜕 𝑇𝜕𝑡𝜕𝑥 = 𝜕𝜕𝑡 𝜌𝑐 𝜕𝑇𝜕𝑡 + 𝛾𝑇 𝜕 𝑢𝜕𝑡𝜕𝑥 − 𝑄 , (5)𝜎 = (𝜆 + 2𝜇) 𝜕𝑢𝜕𝑥 − 𝛾(𝑇 − 𝑇 ). (6)

Introducing the non-dimensional variables: 𝑥∗ = 𝑐 𝜂 𝑥,     𝑢∗ = 𝑐 𝜂 𝑢,    𝑡∗ = 𝑐 𝜂 𝑡,   𝑇∗ = 𝛾(𝑇 − 𝑇 )(𝜆 + 2𝜇) ,     𝜎∗ = 𝜎(𝜆 + 2𝜇),    𝑄∗ = 𝛾𝑄𝐾𝜂′ 𝜌𝑐 ,       (7)

where: 

𝜂′ = 𝜌𝑐𝐾 ,    𝑐 = (𝜆 + 2𝜇)𝜌 ,    𝜀 = 𝐾′𝜌𝑐 𝑐 ,    𝜀 = 𝑇 𝛾𝜌 𝑐 𝑐 . 
For simplicity dropping *, Eqs. (4) -(6) take the non-dimensional form as: 𝜕 𝑢𝜕𝑥 − 𝜕𝑇𝜕𝑥 = 𝜕 𝑢𝜕𝑡 , (8)𝜀 𝜕 𝑇𝜕𝑥 + 𝜕 𝑇𝜕𝑡𝜕𝑥 = 𝜕𝜕𝑡 𝜕𝑇𝜕𝑡 + 𝜀 𝜕 𝑢𝜕𝑡𝜕𝑥 − 𝑄 , (9)𝜎 = 𝜕𝑢𝜕𝑥 − 𝑇. (10)
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The non-dimensional form of the moving heat source is taken in the following form [40]: 𝑄 = 𝑄 𝛿(𝑥 − 𝑣𝑡), (11)

where 𝑄  is constant and 𝛿 is the delta function and 𝑣 is the heat source velocity. 

3. Initial and boundary conditions 

For preceding description, we assume that the medium is initially at rest i.e. at time 𝑡 = 0, the 
displacement component and temperature along with their derivatives with respect to t are zero. 
So the following initial conditions hold: 

𝑢(𝑥, 0) = 𝜕𝑢(𝑥, 0)𝜕𝑡 = 0,    𝑇(𝑥, 0) = 𝜕𝑇(𝑥, 0)𝜕𝑡 = 0. (12)

Now the boundary conditions at 𝑥 = 0 are taken as. 
Case (I): 𝜎 = 𝐻(𝑡),    𝑇 = 0,   𝑥 = 0, (13)

where, 𝐻(𝑡) indicates the Heaviside function. 
Case (II). 
Thermal boundary condition: 𝑇(0, 𝑡) = 𝐹(𝑡),    𝑥 = 0. 
Mechanical boundary condition: 𝑢(0, 𝑡) = 0,   𝑥 = 0, (14)

where, 𝐹(𝑡) = 𝑇∗𝐻(𝑡) and 𝑇∗ denotes the constant temperature. 

4. Laplace transform domains 

We define the Laplace transformation on the function 𝑓(𝑡) as follows: 

𝑓̅(𝑠) = 𝐿 𝑓(𝑡) = 𝑓(𝑡)𝑒 𝑑𝑡. (15)

Applying the Laplace transform under initial conditions to Eqs. (8-10) and (13), (14) we get: 𝑑 𝑢𝑑𝑥 − 𝑑𝑇𝑑𝑥 = 𝑠 𝑢, (16)(𝜀 + 𝑠) 𝑑 𝑇𝑑𝑥 = 𝑠 𝑇 + 𝑠 𝜀 𝑑𝑢𝑑𝑥 − 𝑄 𝑠𝑣 𝑒 , (17)𝜎 = 𝑑𝑢𝑑𝑥 − 𝑇, (18)𝜎(0, 𝑠) = 1𝑠 ,    𝑇(0, 𝑠) = 0, (19)𝑇(0, 𝑠) = 𝑇 1𝑠 ,    𝑢(0, 𝑠) = 0. (20)
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5. Formulation of the vector- matrix differential equation   

The Eqs. (16) and (17) are expressed in the vector-matrix differential form as follows: 

𝑑𝑑𝑥 𝑢𝑇𝑢𝑇 = 0 0 1 00 0 0 1𝑀 0 0 𝑀0 𝑀 𝑀 0
𝑢𝑇𝑢𝑇 + 000𝑚𝑒 / , (21)

where: 

𝑀 = 𝑠 ,    𝑀 = 1,    𝑀 = 𝑠𝜀 + 𝑠,    𝑀 = 𝑠 𝜀𝜀 + 𝑠 ,    𝑚 = −𝑄 𝑠(𝜀 + 𝑠)𝑣. (22)

Eq. (21) can be compactly written as: 𝑑𝑉𝑑𝑥 = �̅�(𝑠)𝑉 + 𝑓̅, (23)

where: 

�̅�(𝑠) = 0 0 1 00 0 0 1𝑀 0 0 𝑀0 𝑀 𝑀 0 ,    𝑓̅ = 000𝑚𝑒 / ,    𝑉 = 𝑢𝑇𝑢𝑇 . 
6. Solution of the vector matrix differential equation 

The characteristic equation of the matrix 𝐴 is given by [38]: 𝜂 − (𝑀 + 𝑀 + 𝑀 𝑀 )𝜂 + 𝑀 𝑀 = 0. (24)

The eigenvalues of the matrix �̅�(𝑠), which are also roots of the characteristic Eq. (24), take 
the form: 𝜂 = 𝜂 ,    𝜂 = 𝜂 = −𝜂 ,    𝜂 = 𝜂 = 𝜂 ,    𝜂 = 𝜂 = −𝜂 . (25)

The right eigenvector �⃗� = 𝑥 , 𝑥   , 𝑥 , 𝑥  corresponding to the eigenvalue 𝜂  can be 
written as: 𝑥 = 𝜂𝑀 , 𝑥 = 𝜂 − 𝑀 , 𝑥 = 𝜂 𝑀 , 𝑥 = 𝜂(𝜂 − 𝑀 ) . (26)

From Eqs. (25) and (26), the eigenvector 𝑋  corresponding to the eigenvalue 𝜂 = 𝜂 ,  𝑖 = 1, 2, 3, 4 can be easily calculated. The following notations will be used: �⃗� = �⃗� ,    �⃗� = �⃗� ,    �⃗� = �⃗� ,    �⃗� = �⃗� . (27)

Similarly, the left eigenvector �⃗� = 𝑦 , 𝑦   , 𝑦 , 𝑦 , corresponding to the eigenvalue 𝜂 can 
be calculated as: 

𝑦 = 𝜂 − 𝑀𝑀 , 𝑦 = 𝜂𝑀𝑀 , 𝑦 = 𝜂(𝜂 − 𝑀 )𝑀 𝑀 , 𝑦 = 𝜂 𝑀𝑀 𝑀 . (28)
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From Eqs. (25) and (28), we can easily obtain the eigenvector 𝑌  corresponding to the 
eigenvalue 𝜂 = 𝜂 , 𝑖 = 1, 2, 3, 4 we use the notation as: �⃗� = �⃗� ,    �⃗� = �⃗� ,    �⃗� = �⃗� ,    �⃗� = �⃗� . (29)

Thus, the complementary solution of the Eq. (21) can be written as follows: 

𝑉 = 𝐴 �⃗� 𝑒 = 𝐴 �⃗� 𝑒 + 𝐴 �⃗� 𝑒 . (30)

Since the components of the vector 𝑉 are all finite, when 𝑥 → ∞ we get 𝐴 , 𝐴 → 0. Therefore, 
the particular solution 𝑉  should be in the form: 𝑉 = 𝑎 (𝑥)�⃗� 𝑒 + 𝑎 (𝑥)�⃗� 𝑒 ,    𝑥 > 0, (31)

where: 

𝑎 (𝑥) = 1𝑌 𝑋 𝑌 𝑓(𝑝, 𝑠)𝑒 𝑑𝑝 = 𝜂 𝑀 𝑚𝑌 𝑋 𝑀 𝑀 𝜂 + 𝑠𝑣 1 − 𝑒 ,     𝑥 > 0, (32)

𝑎 (𝑥) = 1𝑌 𝑋 𝑌 𝑓(𝑝, 𝑠)𝑒 𝑑𝑝 = 𝜂 𝑀 𝑚𝑌 𝑋 𝑀 𝑀 𝜂 + 𝑠𝑣 1 − 𝑒 ,    𝑥 > 0. (33)

Thus, the general solution of the non-homogeneous system Eq. (23) is: 𝑉(𝑥, 𝑠) = 𝑉 + 𝑉 . (34)

Thus, the expressions of displacement, temperature and stress can be written from Eq. (34) as: 𝑢(𝑥, 𝑠) = −𝐴 𝑀 𝜂 𝑒 − 𝐴 𝑀 𝜂 𝑒 − 𝜂 𝑎 (𝑥)𝑒 − 𝜂 𝑎 (𝑥)𝑒 , (35)𝑇(𝑥, 𝑠) = 𝐴 (𝜂 − 𝑀 )𝑒 + 𝐴 (𝜂 − 𝑀 )𝑒        +(𝜂 − 𝑀 )𝑎 (𝑥)𝑒 + (𝜂 − 𝑀 )𝑎 (𝑥)𝑒 , (36)𝜎 (𝑥, 𝑠) = 𝐴 𝑀 𝜂 𝑒 + 𝐴 𝑀 𝜂 𝑒        − 𝜂 𝑀 𝑚𝑌 𝑋 𝑀 𝑀 𝑒 + 𝜂 𝑀 𝑚𝑌 𝑋 𝑀 𝑀 𝑒 − 𝑇(𝑥, 𝑠). (37)

With the help of the boundary conditions, the constants 𝐴 , 𝐴  can be obtained for case (I) and 
case (II). 

7. Numerical inversion  

For the final solution of temperature, displacement and stress distribution in the time domain, 
the Zakian [37] method for the inversion of Laplace Transform has been applied. 

This method 𝑓(𝑡) is computed as a sum of weighted evaluations of 𝐹(𝑠): 

𝑓(𝑡) = 𝐾 𝐹(𝑆 ), 
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where the values of 𝐾 , 𝑆  and 𝑁 are dictated by a particular method. A significant feature of the 
derivation is the specification that the time function can be related to a finite series of exponential 
functions: 

𝐾 𝑒 . 
The significance of this specification is that Zakian’s Algorithm is very accurate for 

overdamped and slightly underdamped systems. But it is not accurate for systems with prolonged 
oscillations. 

Given 𝐹(𝑠) and a value of time t, the following equation implements Zakian’s Algorithm and 
allows us to calculate the numerical value of 𝑓(𝑡): 

𝑓(𝑡) = 2𝑡 𝑅𝑒𝑎𝑙 𝐾 𝐹 𝛼𝑡 . 
Table 1. Values of complex constant for 𝛼  and 𝐾  as in [37] 𝑖 𝛼  𝐾  

1 12.83767675+𝑖1.666063445 –36902.0821+𝑖196990.426 
2 12.22613209+𝑖5.012718792 61277.0252–𝑖95408.6255 
3 10.9343031+𝑖8.40967312 –28916.5629+𝑖18169.1853 
4 8.77643472+𝑖11.9218539 4655.36114–𝑖1.90152864 
5 5.22545336+𝑖15.7295290 –-118.741401–𝑖141.303691 

Zakian’s Algorithm is simple to implement and computes quickly.  

8. Numerical results and discussion 

For the purpose of numerical simulations, the copper material was chosen, the physical data 
for which are given in Table 2. 

Table 2. Material constants 
Symbol Numerical value Units 𝜆 7.76×1010 (kg)(m)-1(s)-1 𝜇 3.86×1010 (kg)(m)-1(s)-2 𝑇  293 K 𝐾 3.86×102 (kg)(m)(K)-1(s)-3 𝑐  3.831×102 (m)2(K)-1(s)-2 𝜌 8.954×103 (kg)(m)-2 𝛼  1.78×10-6 (K)-1 

The other constants are specified as 𝑄 = 7, 𝑇∗ = 0.6.  
Using above data to study the characteristics of displacement, stresses and temperature, we 

have drawn several figures, Figs. 1-6 for case I and Figs. 7-12 for case II for different values of 
time and velocity of the moving heat source with distance 𝑥, and here the velocity of moving heat 
source and time has a great effect on all distributions.  

Case-(I): Figs. 1-3 depicts the effect of Temperature (𝑇), displacement (𝑢) and stress (𝜎) 
against distance for different values of time (𝑡 = 0.003, 0.006, 0.009) where velocity of moving 
heat source, 𝑣 =  1.5 remains fixed. Figs. 4-6 exhibits the consequence of Temperature (𝑇 ), 
displacement (𝑢) and stress 𝜎 with distance for different values of velocity (𝑣 = 1.6, 1.8, 2.0) 
where (𝑡 = 0.002) remains constant. From Fig. 1 it is seen that magnitude of the temperature 
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decreases with the increase of time and components of temperature obtain its maximum value near 𝑥 = 0.6 and then it decreases to zero for all values of t. Figs. 2, 4, 5 it is observed that the 
magnitude of the absolute displacement, absolute temperature increases with the increase of time 
and velocity. From Fig. 3 we see that absolute value of stress increase with increase of time. Fig. 6 
shows that when velocity increases then the magnitude of the stress decreases and stress 
component will decrease its maximum near 𝑥 = 2. In all the Figs. 1, 3 and Figs. 4, 6 stress values 
always initiate from one and end with zero value and magnitude of the temperature starts from 
zero value and terminate with zero value. These two components also satisfy the physical 
boundary conditions of the considered problem. 

 
Fig. 1. Distribution of temperature against  

distance for distinct values of 𝑡 

 
Fig. 2. Distribution of displacement against  

distance for various values of 𝑡 
 

 
Fig. 3. Distribution of stress against  

distance for various values of 𝑡 

 
Fig. 4. Distribution of temperature against  

distance for various values of 𝑣 
 

 
Fig. 5. Distribution of displacement against  

distance for various values of 𝑣 

 
Fig. 6. Distribution of stress against  

distance for various values of 𝑣 
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Fig. 7. Distribution of temperature against  

distance for various values of 𝑡 

 
Fig. 8. Distribution of displacement against  

distance for various values of 𝑡 
 

 
Fig. 9. Distribution of stress against  

distance for various values of 𝑡 

 
Fig. 10. Distribution of temperature against  

distance for various values of 𝑣 
 

 
Fig. 11. Distribution of displacement with  

distance for various values of 𝑣 

 
Fig. 12. Distribution of stress with  

distance for various values of 𝑣 

Case-II: That the absolute value of the temperature distribution increases with increase of time 
is observed from Fig. 7. Fig. 8 shows that magnitude of displacement decrease with increase of 
time. From Fig. 9 we observed that distribution of stress increases with the increase of time. From 
Figs. 10, 11, 12 it is seen that magnitude of displacement, stress and temperature components 
decrease with increase of velocity of heat source. Finally, all these figures always obey the 
boundary conditions for this case. 

9. Conclusions 

In this work, the magnitude of the displacement, temperature and stress have been studied for 
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two cases. In the first case, the surface of the half space 𝑥 = 0 is subjected to a traction and thermal 
shock free whereas in the second case, the surface is subjected to a time dependent thermal shock. 
Analytical expressions for stress, temperature and displacement in the material have been derived. 
Eigenvalue approach method in Laplace transform domain furnishes good approximation of the 
solution. It can be noted that moving heat source velocity has a great expressive effect on the 
solutions of stress, displacement and temperature field.  

The results presented in this paper may be helpful for researchers who are working on 
mathematical physics, mathematical physics, thermodynamics with low temperatures as well as 
on the development of the hyperbolic thermoelasticity theory. 
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