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Abstract In [1] I studied the concept of Smarandache n-expressions, for example I proposed

formulas, found solutions, proposed open questions, and conjectured, but all for the fixed 3,

and 2 numbers, but what will happen if these equations have different fixed numbers such as

7? This paper will answer this question.
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§1. Introduction

In [4] M. Perez and E. Burton, documented that J. Castillo [5], asked how many primes
are there in the Smarandache n-expressions:

xx2
1 + xx3

2 + · · ·+ xx1
n ,

where n > 1, x1, x2, · · · , xn > 1, and (x1, x2, · · ·xn) = 1.
In this paper, with only slight modification of the above equation we got the following

equation namely:
ax1 + ax2 + · · ·+ axn ,

where a > 1, x1, x2, · · · , xn > 1, and (a, x1, x2, · · · , xn) = 1.

§2.Main results and proofs

I will study the following cases of above equation.
Case 1. The solution of equation (1) is given by

7p + 7q + 7r + 7s = k2, (1)

where p = 2m, q = 2m + 1, r = 2m + 2, s = 2m + 3, and k = 20 · 7m.
Proof. Assume k = 20 · 7m, then k2 = 400 · 72m, i.e.

k2 = 400 · 72m = (1 + 7 + 49 + 343)72m = 72m + 72m+1 + 72m+2 + 72m+3.

Hence p = 2m, q = 2m + 1, r = 2m + 2, and s = 2m + 3.
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The first 11th solution of (1) is given in Table 1 below:
Table 1

m 7p + 7q + 7r + 7s k2

0 70 + 71 + 72 + 73 202

1 72 + 73 + 74 + 75 1402

2 74 + 75 + 76 + 77 9802

3 76 + 77 + 78 + 79 68602

4 78 + 79 + 710 + 711 480202

5 710 + 711 + 712 + 713 3361402

6 712 + 713 + 714 + 715 23529802

7 714 + 715 + 716 + 717 164708602

8 716 + 717 + 718 + 719 1152960202

9 718 + 719 + 720 + 721 8070721402

10 720 + 721 + 722 + 723 5649504982

The first terms and the m-th terms of the sequence (the last column on Table 1 are:)

400, 9600, 960400, 4705900, · · · , 20 · 2 · 72m, · · · . (2)

20, 140, 980, 68600, · · · , 20 · 72m, · · · (3)

I have noticed there is no prime numbers in geometric series (3), (excluding the prime 7).
The

m∑

i

20 · 72m =
10(7m − 1)

3
,

and there is no limit, since 10(7m−1)
3 becomes large as m approach infinity. The sequence has

no limit, therefore it is divergent, but the summation of reciprocal convergent.
Equation (1) has the following important properties, i.e.

7p + 7q + 7r + 7s = a2 − b2 = c2 − d2 = e2 − f2 = g2 − h2 = i2 − k2 (4)

= j2 − l2 = o2 − t2 = u2 − v2 = w2 − x2.

The solution of (4) are

a = 25 · 7n−1, b = 15 · 7n−1, c = 100 · 72n−2 + 1,

d = 100 · 72n−2 − 1, e = 50 · 72n−2 + 2, f = 50 · 72n−2 − 2,

g = 4 · 72n−2 + 25, h = 4 · 72n−2 − 25, i = 10 · 72n−1 + 10,

k = 10 · 72n−1 − 10, j = 50 · 72n−1 + 20, l = 50 · 72n−1 − 20,

o = 72n−1 + 100, t = 72n−1 − 100, u = 2 · 72n−1 + 50,
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v = 2 · 72n−1 − 50, w = 25 · 72n−1 + 4, x = 25 · 72n−1 − 4.

For example, let n = 2 (m = 1), then we always have n = m + 1.

1752 − 1052 = 49012 − 48992 = 24522 − 24482 = 2212 − 1712 = 5002 − 4802

= 2652 − 2252 = 1492 − 512 = 1482 − 482 = 12292 − 12212

= 1402 = 72 + 73 + 74 + 75.

Conjecture 1. If p, q, r, s are distinct prime numbers, then the equation

7p + 7q + 7r + 7s = k2,

will has no solution, (otherwise we have solutions in prime numbers, such as

72 + 72 + 72 + 72 = 142,

and

72 + 72 + 73 + 73 = 282.)

Case 2. The solution of equation (5) is given by

7p + 7q + 7r + 7s = k2, (5)

where p = q = 2m, r = s = 2m + 1, and k = 4 · 7m.
Proof. Assume k = 4 · 7m, then k2 = 16 · 72m, i.e.

k2 = 16 · 72m = (1 + 1 + 7 + 7)72m = 72m + 72m + 72m+1 + 72m+1.

Hence p = q = 2m, r = s = 2m + 1.
The first 11th solution of (5) is given in Table 2 below:

Table 2

m 7p + 7q + 7r + 7s k2

0 70 + 70 + 71 + 71 42

1 72 + 72 + 73 + 73 282

2 74 + 74 + 75 + 75 1962

3 76 + 76 + 77 + 77 13722

4 78 + 78 + 79 + 79 96042

5 710 + 710 + 711 + 711 672282

6 712 + 712 + 713 + 713 4705962

7 714 + 714 + 715 + 715 32941722

8 716 + 716 + 717 + 717 230592042

9 718 + 718 + 719 + 719 1614144282

10 720 + 720 + 721 + 721 11299009962
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Equation (5) has the following important properties, i.e.

7p + 7q + 7r + 7s = a2 − b2 = c2 − d2 = e2 − f2 = g2 − h2, (6)

where the solution of (6) are

a = 5 · 7n−1, b = 3 · 7n, c = 4 · 72n−2 + 1, d = 4 · 72n−2 − 1,

e = 2 · 72n−2 + 2, f = 2 · 72n−2 − 2, g = 72n−2 + 4, h = 72n−2 − 4.

For example, let n = 2 (m = 1), then we have

352 − 212 = 1972 − 1952 = 1002 − 962 = 532 − 452

= 282 = 72 + 72 + 73 + 73.

Case 3. The solution of equation (7) is given by

7p + 7q + 7r + 7s = k2, (7)

where p = q = 2m, r = s = 2m + 2, and k = 10 · 7m.
Proof. Assume k = 10 · 7m, then k2 = 100 · 72m, i.e.

k2 = 100 · 72m = (1 + 1 + 49 + 49)72m = 72m + 72m + 72m+2 + 72m+2.

Hence p = q = 2m, r = s = 2m + 2.
The first 11th solution of (7) is given in Table 3 below:

Table 3

m 7p + 7q + 7r + 7s k2

0 70 + 70 + 72 + 72 102

1 72 + 72 + 74 + 74 702

2 74 + 74 + 76 + 76 4902

3 76 + 76 + 78 + 78 34302

4 78 + 78 + 710 + 710 240102

5 710 + 710 + 712 + 712 1680702

6 712 + 712 + 714 + 714 11764902

7 714 + 714 + 716 + 716 82354302

8 716 + 716 + 718 + 718 576480102

9 718 + 718 + 720 + 720 4035360702

10 720 + 720 + 722 + 722 28247524902

Equation (7) has the following important properties, i.e.

7p + 7q + 7r + 7s = k2 = a2 + b2, (8)

where the solution of (8) are
a = 8 · 7n−1, b = 6 · 7n−1.
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For example, let n = 2 (m = 1), then we have

72 + 72 + 74 + 74 = 562 + 422 = 702.

Case 4. The solution of equation (9) is given by

7p + 7q + 7r + 7s = k2, (9)

where p = q = r = s = 2m, and k = 2 · 7m.
Proof. Assume k = 2 · 7m, then k2 = 4 · 72m, i.e.

k2 = 4 · 72m = (1 + 1 + 1 + 1)72m = 72m + 72m + 72m+2 + 72m+2.

Hence p = q = r = s = 2m.
The first 11th solution of (9) is given in Table 4 below:

Table 4

m 7p + 7q + 7r + 7s k2

0 70 + 70 + 70 + 70 22

1 72 + 72 + 72 + 72 142

2 74 + 74 + 74 + 74 982

3 76 + 76 + 76 + 76 6862

4 78 + 78 + 78 + 78 48022

5 710 + 710 + 710 + 710 336142

6 712 + 712 + 712 + 712 2352982

7 714 + 714 + 714 + 714 16470682

8 716 + 716 + 716 + 716 115296022

9 718 + 718 + 718 + 718 807072142

10 720 + 720 + 720 + 720 5649504982

Equation (7) has the following important properties, i.e.

7p + 7q + 7r + 7s = k2
i + k2

i+1 = a2 + a2. (10)

where ki = 2 · 7m and a = 10 · 7m.
Examples of equation (10):
1) 22 + 42 = 102 + 102, (divided both sides by 2 given 12 + 72 = 52 + 52)
2) 142 + 982 = 702 + 702, (divided both sides by 14 given 12 + 72 = 52 + 52)
3) 982 + 6862 = 4902 + 4902. (divided both sides by 98 given 12 + 72 = 52 + 52)
These examples suggested a formula that gives three perfect squares which are in the

arithmetic progression. So for the positive m and n with m > n, put

x = 2mn−m2 + n2,

y = m2 + n2,
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z = 2mn + m2 − n2,

such as
y2 + y2 = z2 + x2.

So if m = 2, n = 1, then we will have

12 + 72 = 52 + 52.

Case 5. The solution of equation (11) is given by

7p + 7q + 7r + 7s = 24 · 52 · 7p, (11)

where p = 2m + 1, q = 2m + 2, r = 2m + 3, and s = 2m + 4.
Proof. Assume 24 · 52 · 72m+1, is the sum of equation (11), then

24 · 52 · 72m+1 = (1 + 7 + 49 + 343)72m+1 = 72m+1 + 72m+2 + 72m+3 + 72m+4.

Hence p = 2m + 1, q = 2m + 2, r = 2m + 3, s = 2m + 4.
The first 7th solution is given in Table 5 below:

Table 5

m 7p + 7q + 7r + 7s 24 · 52 · 7p

0 71 + 72 + 73 + 74 24 · 52 · 71

1 73 + 74 + 75 + 76 24 · 52 · 73

2 75 + 76 + 77 + 78 24 · 52 · 75

3 77 + 78 + 79 + 710 24 · 52 · 77

4 79 + 710 + 711 + 712 24 · 52 · 79

5 711 + 712 + 713 + 714 24 · 52 · 711

6 713 + 714 + 715 + 716 24 · 52 · 713

The first terms and the m-th terms of the sequence (the last column on Table 5 are:)

24 · 52 · 71, 24 · 52 · 73, 24 · 52 · 75, · · · , 24 · 52 · 72m+1, · · · , (12)

where the square roots are

20 · 71/2, 20 · 73/2, 20 · 75/2, 20 · 77/2, · · · , 20 · 72m+1/2, · · · . (13)

Notice that there is no prime numbers in geometric series (13).
The

m∑

i

20 · 72i+1/2 =
10 · 71/2 · 72m+1 − 1

3
,

and there is no limit, since 10·71/2·72m+1−1
3 becomes large as m approach infinity. The sequence

has no limit, therefore it is divergent, but the summation of reciprocal convergent.
Conjecture 2. If p, q, r, s are distinct prime numbers, then the equation

7p + 7q + 7r + 7s = 24 · 52 · 7p,
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has no solution.
Case 6. The solution of equation (11) is given by

7p + 7q + 7r + 7s = 24 · 7p, (14)

where p = q = 2m + 1, r = s = 2m + 2.
Proof. Assume 24 · 72m+1 is the sum of equation (14), then

24 · 72m+1 = (1 + 1 + 7 + 7)72m+1 = 72m+1 + 72m+1 + 72m+2 + 72m+2.

Hence p = q = 2m + 1, r = s = 2m + 2.
The first 11th solution is given in Table 6 below:

Table 6

m 7p + 7q + 7r + 7s 24 · 7p

0 71 + 71 + 72 + 72 24 · 71

1 73 + 73 + 74 + 74 24 · 73

2 75 + 75 + 76 + 76 24 · 75

3 77 + 77 + 78 + 78 24 · 77

4 79 + 79 + 710 + 710 24 · 79

5 711 + 711 + 712 + 712 24 · 711

6 713 + 713 + 714 + 714 24 · 713

7 715 + 715 + 716 + 716 24 · 715

8 717 + 717 + 718 + 718 24 · 717

9 719 + 719 + 720 + 720 24 · 719

10 721 + 721 + 722 + 722 24 · 721

If we look deeply in equation (11), (14), we can find the following relation

204 − 24 = 972 − 952 = 502 − 462 = 282 − 202.

Case 7. The solution of equation (15) is given by

7p + 7q + 7r + 7s = 22 · 52 · 7p, (15)

where p = q = 2m + 1, r = s = 2m + 3.
Proof. Assume 22 · 52 · 72m+1, is the sum of equation (15), then

22 · 52 · 72m+1 = (1 + 1 + 49 + 49)72m+1 = 72m+1 + 72m+1 + 72m+3 + 72m+3.

Hence p = q = 2m + 1, r = s = 2m + 2.
The first 11th solution of (15) is given in Table 7 below:

Table 7
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m 7p + 7q + 7r + 7s 22 · 52 · 7p

0 71 + 71 + 73 + 73 22 · 52 · 71

1 73 + 73 + 75 + 75 22 · 52 · 73

2 75 + 75 + 77 + 77 22 · 52 · 75

3 77 + 77 + 79 + 79 22 · 52 · 77

4 79 + 79 + 711 + 711 22 · 52 · 79

5 711 + 711 + 713 + 713 22 · 52 · 711

6 713 + 713 + 715 + 715 22 · 52 · 713

7 715 + 715 + 717 + 717 22 · 52 · 715

8 717 + 717 + 719 + 719 22 · 52 · 717

9 719 + 719 + 721 + 721 22 · 52 · 719

10 721 + 721 + 723 + 723 22 · 52 · 721

case 8. The solution of equation (16) is given by

7p + 7q + 7r + 7s = 1201 · 22 · 52 · 7p, (16)

where p = 2m, q = 2m + 2, r = 2m + 4, s = 2m + 6.
Proof. Assume 1201 · 22 · 52 · 72m+1, is the sum of equation (16), then

1201 · 22 · 52 · 72m+1 = (1 + 49 + 2401 + 117649)72m = 72m + 72m+2 + 72m+4 + 72m+6.

Hence p = 2m, q = 2m + 2, r = 2m + 4, s = 2m + 6.
The first 11th solution of (16) is given in Table 8 below:

Table 8

m 7p + 7q + 7r + 7s 1201 · 22 · 52 · 7p

0 70 + 72 + 74 + 76 1201 · 22 · 52 · 70

1 72 + 74 + 76 + 78 1201 · 22 · 52 · 72

2 74 + 76 + 78 + 710 1201 · 22 · 52 · 74

3 76 + 78 + 710 + 712 1201 · 22 · 52 · 76

4 78 + 710 + 712 + 714 1201 · 22 · 52 · 78

5 710 + 712 + 714 + 716 1201 · 22 · 52 · 710

6 712 + 714 + 716 + 718 1201 · 22 · 52 · 712

7 714 + 716 + 718 + 720 1201 · 22 · 52 · 714

8 716 + 718 + 720 + 722 1201 · 22 · 52 · 716

9 718 + 720 + 722 + 724 1201 · 22 · 52 · 718

10 720 + 722 + 724 + 726 1201 · 22 · 52 · 720

Case 9. The solution of equation (17) is given by

7p + 7q + 7r + 7s = 1201 · 22 · 52 · 7p, (17)
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where p = 2m + 1, q = 2m + 3, r = 2m + 5, s = 2m + 7.

Proof. Assume 1201 · 22 · 52 · 72m+1, is the sum of equation (17), then

1201 · 22 · 52 · 72m+1 = (1 + 49 + 2401 + 117649)72m+1 = 72m+1 + 72m+3 + 72m+5 + 72m+7.

Hence p = 2m + 1, q = 2m + 3, r = 2m + 5, s = 2m + 7.

The first 11th solution of (17) is given in Table 9 below:

Table 9

m 7p + 7q + 7r + 7s 1201 · 22 · 52 · 7p

0 71 + 73 + 75 + 77 1201 · 22 · 52 · 71

1 73 + 75 + 77 + 79 1201 · 22 · 52 · 73

2 75 + 77 + 79 + 711 1201 · 22 · 52 · 75

3 77 + 79 + 711 + 713 1201 · 22 · 52 · 77

4 79 + 711 + 713 + 715 1201 · 22 · 52 · 79

5 711 + 713 + 715 + 717 1201 · 22 · 52 · 711

6 713 + 715 + 717 + 719 1201 · 22 · 52 · 713

7 715 + 717 + 719 + 721 1201 · 22 · 52 · 715

8 717 + 719 + 721 + 723 1201 · 22 · 52 · 717

9 719 + 721 + 723 + 725 1201 · 22 · 52 · 719

10 721 + 723 + 725 + 727 1201 · 22 · 52 · 721

Case 10. The solution of equation (18) is given by

7p + 7q + 7r + 7s + 7t + 7u + 7v + 7w + 7z = 1201 · 25 · 52 · 7p, (18)

where p = m, q = m + 1, r = m + 2, s = m + 3, t = m + 4, u = m + 5, w = m + 6, z = m + 7.

Proof. Assume 1201 · 22 · 52 · 72m+1, is the sum of equation (18), then

1201 · 22 · 52 · 72m+1 = (1 + 49 + 2401 + 117649)72m+1 = 72m+1 + 72m+3 + 72m+5 + 72m+7.

Hence p = m, q = m + 1, r = m + 2, s = m + 3, t = m + 4, u = m + 5, w = m + 6, z = m + 7.

The first 11th solution of (18) is given in Table 10 below:

Table 10
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m 7p + 7q + 7r + 7s + 7t + 7u + 7w + 7z 1201 · 25 · 52 · 7p

0 70 + 71 + 72 + 73 + 74 + 75 + 76 + 77 1201 · 25 · 52 · 70

1 71 + 72 + 73 + 74 + 75 + 76 + 77 + 78 1201 · 25 · 52 · 71

2 72 + 73 + 74 + 75 + 76 + 77 + 78 + 79 1201 · 25 · 52 · 72

3 73 + 74 + 75 + 76 + 77 + 78 + 79 + 710 1201 · 25 · 52 · 73

4 74 + 75 + 76 + 77 + 78 + 79 + 710 + 711 1201 · 25 · 52 · 74

5 75 + 76 + 77 + 78 + 79 + 710 + 711 + 712 1201 · 25 · 52 · 75

6 76 + 77 + 78 + 79 + 710 + 711 + 712 + 713 1201 · 25 · 52 · 76

7 77 + 78 + 79 + 710 + 711 + 712 + 713 + 714 1201 · 25 · 52 · 77

8 78 + 79 + 710 + 711 + 712 + 713 + 714 + 715 1201 · 25 · 52 · 78

9 79 + 710 + 711 + 712 + 713 + 714 + 715 + 716 1201 · 25 · 52 · 79

10 710 + 711 + 712 + 713 + 714 + 715 + 716 + 717 1201 · 25 · 52 · 710

Case 11. The solution of equation (19) is given by

7p + 7q + 7r + 7s + 7t + 7u + 7v + 7w + 7z = k3, (19)

where p = q = r = s = t = u = w = z = 3m.
Proof. Assume k = 2 · 7m, then k3 = 23 · 73m, i.e.

k2 = 8 · 73m = (1 + 1 + 1 + 1 + 1 + 1 + 1 + 1)73m

= 73m + 73m + 73m + 73m + 73m + 73m + 73m + 73m.

Hence p = q = r = s = t = u = w = z = 3m.
The first 11th solution of (19) is given in Table 11 below:

Table 11

m 7p + 7q + 7r + 7s + 7t + 7u + 7w + 7z k3 = 23 · 73m

0 70 + 70 + 70 + 70 + 70 + 70 + 70 + 70 23

1 73 + 73 + 73 + 73 + 73 + 73 + 73 + 73 143

2 76 + 76 + 76 + 76 + 76 + 76 + 76 + 76 983

3 79 + 79 + 79 + 79 + 79 + 79 + 79 + 79 6863

4 712 + 712 + 712 + 712 + 712 + 712 + 712 + 712 48023

5 715 + 715 + 715 + 715 + 715 + 715 + 715 + 715 336143

6 718 + 718 + 718 + 718 + 718 + 718 + 718 + 718 2352983

7 721 + 721 + 721 + 721 + 721 + 721 + 721 + 721 16470683

8 724 + 724 + 724 + 724 + 724 + 724 + 724 + 724 115296023

9 727 + 727 + 727 + 727 + 727 + 727 + 727 + 727 807072143

10 730 + 730 + 730 + 730 + 730 + 730 + 730 + 730 5649504983

I find interesting identity like this:
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1) 143 − 23 = 6852 − 6832 = 3442 − 3402 = 1752 − 1672,
2) 983 − 143 = 2346132 − 2346112 = 1173082 − 1173042 = 586572 − 586492, and so on.

§3. Open questions

The following equations have infinitely many solutions, find them.
1) −7p + 7q − 7r + 7s = 3 · 22 · 52 · 7p ( has two different solutions),
2) 7p + 7q = 23 · 7p,
3) 7p + 7q = 2 · 52 · 7p.
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