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ABSTRACT. Let d;{n) denotes the sum of the base 10 digits of n € N. For natural
z 2 2 and arbitrary fixed exponent m € N, let Am(z) = Z d}*{n). The main

i nlz
purpose of this paper is to give two exact calculating formulas for A;(z) and A, (z).

1. INTRODUCTION

For any positive integer n, let d,(n) denotes the sum of the base 10 digits of n.
For example, ds(0) =0, ds(1) = 1, dy(2) = 2, - -, ds(11) = 2,ds(12) = 3,------ . In
problem 21 of book [1], Professor F.Smaradache ask us to study the properties of
sequence {d,(n)}. For natural number z > 2 and arbitrary fixed exponent m € N,

let
Am(z) =) " dP(n). (1)

n<z

The main purpose of this paper is to study the calculating problem of An(z), and
use elementary methods to deduce two exact calculating formulas for A4,;(z) and
A>(z). That is, we shall prove the following;:

Theorem. For any positive integer x, let x = a; 105 + a10%2 + ... 4 as10% with
ki >k > - >k >0andl < a; < 9,1 =2,3,---,5. Then we have the
calculating formulas

- 9 : i+1 .
Al(x):Zai. ;k‘+za1— a ;‘ '10/“;
=1 = j=1 =
. o Ii.‘,' 1k,’ 3 k, ) : i — X i 1 y
Ag(:l:):Zai. %ﬂ"‘%(ai*l)-{-Za?—(‘la 6)(0 +1) 10k
d s i—1
+Zai' (9k,~—a,-—1)10""+2zaj10ki . Za].
=2 J=t 7=1

For general integer m > 3, using our methods we can also give an exact calcu-
lating formula for A,,(z). But in these cases, the computations are more complex.
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2. PROOF OF THE THEOREM

In this section, we complete the proof of the Theorem. First we need following
two simple Lemmas.

Lemma 1. For any integer k > 0, we have the identities
a)  4;(10F) = g-k - 10%;

/9 a-1

b)  Aj(a-10%) = <§k +—

<

)-a-lOk, 1<a<09.

Proof. We first prove a) of Lemma 1 by induction. For k¥ = 0 and 1, we have
A1(10°) = A1(1) = 0, A1(10Y) = 4,(10) = 45. So that the identity

41107 = D dy(n) =
n<10¥
holds for k¥ = 0 and 1. Assume (2) is true for ¥ = m — 1. Then by the inductive

assumption we have

A(I0M) = ) dy(n)+ > dy(n)

| ©

k.10 (2)

N

b

n<9-.1gm-1 9-10m—1<ngiom
=4(9-10™" )+ Y dy(n+9-10m71)
0<n<10™ -1 o
=A4(9-10" )+ > (dy(n)+9)
0<n<10™~1
=A1(9-10"7) +9-10m 7 + Y dy(n)
n<10™m-1

= A1(9-10™71) +9-10™! + 4,(10™7Y)
= A1(8-10™71) + (8 +9) - 10™1 + 24,(10™7Y)

=(1+2+3+4+5+64+7+8+9)-10™1 +104,(10™1)

9 m 9 m-—1
=3-10"+10- 5 (m—-1)-10

9
= —.-m-10™.
5™

That is, (2) is true for ¥ = m. This proves the first part of Lemma 1.
The second part b) follows from a) of Lemma 1 and the recurrence formula

Aia-10%) = > dyn)+ > dy(n)

n<(a—1)-10% (a—1)-10¥<n<a-10%

= ) A+ Y d(nt(a-1)-10%)

n<(e—1)-10* 0<n<10%

> a(n)+(a—1)-10F + > di(n)
n<{a-1)-10% n<10*
= A1((a = 1)-10%) + (@ ~ 1) - 10* + 4,(10%).
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This completes the proof of Lemma 1.

Lemma 2. For any integer k > 0 and 1 < a <9, we have the identities

. k .
. k(81k+433) 9% —1)(2a -1 .
d) Ag(a~101‘)=[L4+—32+7(a—1)+(a l)éa ) a- 10%,

Proof. These results can be deduced by Lemma 1, induction and the recurrence
formula

A= N dEm+ Y B

n<9-10% 9:10*<n<10k+1

= ) &+ Y d(n+9-10%)

n<9-10% 0<n<10*

= ). G+ Y (dn)+9?
n<9-10% 0<n<10k

= A2(9 - 10%) + 92 - 10% + 184,(10%) + A,(10%)

= 1042(10%) + (1> +22 + -+ 9%) - 10F +2- (1 + 2+ - - + 9)4,(10%)

9 .

= 104,(10%) + 52—7 -10%*1 190 5 k- 10°
1 .

= 1045(10%) + -‘2—7 105 §2— k- 1051

This completes the proof of Lemma 2.

Now we use Lemma 1 and Lemma 2 to complete the proof of the Theorem.
For any positive integer z, let z = a; - 10 + a5 - 10%2 + ... & a, - 10% with
k1 > k2 > --- >k, > 0 under the base 10. Then applying Lemma 1 repeatedly we
have

Alm)= Y dm)+ > di(n)

n<ay-10*1 a1-10¥1<n<z
= A;(a; - 10%) + > dy(n + a; - 10%1)
0<n<z—ay-10%1
=Ai(a-10%)+ 3" (ds(n) +a1)
0<n<z—a;-10%1
= A1(a; -105) + ay(z — a; - 10%) + > dy(n)
0<n<z~a;-10%1
= Ar(a; - 10M) + a;(z — a; - 10%) + 4y (z — a; - 10%1)
= Aj(ay - 10) + Ay (as - 10*2) + ay (z — a; - 1071)
+az(xr —ay - 10M —ay - 10%) + 4, (2 — a; - 10% — qp - 10F2)
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ZAl(a, 10% )+Z iaj-lo"")
= =1 j=1 _

s 9 a; —1 ks > ki =
i=1 ' ‘

i

- - =2 1=1

=Zs: (gki‘f'i:ai“ 1) -a; - 108,
i=1 \~ i=1 - :

This proves the first part of the Theorem.
Applying Lemma 2 and the first part of the Theorem repeatedly we have

A@)= ) A+ Y &(n)
n<ay-10F1 a1-10¥1<n<z
= As(a; - 10%) + > d2(n + ay - 10%)
0<n<z—a; 1051
=Ao(a-10")+ " (dy(n) + ar)?
0<n<z—a;-10%1
= A(a; -10F) + Z (d%(n) + 2a, “dy(n) + a?)
0<n<z—a;-10%1
= Ay(a1 -10%) + o - (2 — ay - 10%)
+ 2a1A4:(z —a; - 10"1) + Ax(z —ay - IOk‘)

—ZAz(a, 10k)+Za2(x—Z - 105 )+Z2a,A1($—ZaJ 10%)

=1 =1
_Z[E&’f?’_?%r (e~ 1)+ (‘_I)SC’?'_ )]-ai-m""

s i—1 s i—1
+ ) a;- 105 (Zaf) +> (9 +a; —1)-q;- 105 . (Z aj)

=2 1=1 =2 =1

(8. (Z>

S k(81L +33) —(a, 1)+Z 4a,~—1)(a,‘+1)J.ai.10ki

=1

i=2 j=i

3 K] i—1
+) a; (9k; — a; = 1)10% + 2} o;10% ( a,->.

This completes the proof of the second part of the Theorem.
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