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ABSTRACT. Let p be a prime, n be any positive integer, a(n,p) denotes the power
of p in the factorization of n!. In this paper, we study the asymptotic properties of

the mean value Z a(n, p), and give an interesting asymptotic formula for it.
psn

1. INTRODUCTION

Let p be a prime, e,(n) denotes the largest exponent ( of power p ) which divides

n, a(n,p) = Z ep(k). In problem 68 of [1], Professor F.Smarandach asked us to
: k<n

study the properties of the sequences e,(n). This problem is interesting because
there are close relations between ep(n) and the factorization of n!. In fact, a(n, p)
is the power of p in the factorization of n!. In this paper, we use the elementary
methods to study the asymptotic properties of the mean value Z a(n,p), and give

p<n
an interesting asymptotic formula for it. That is, we shall prove the following:

Theorem. For any prime p and any fized positive integer n, we have the asymp-
totic formula

n n n n
,p)=nlnlnn+en+cg—+c2——+--+eax—+0 —)
Za(n p)=n * 111171_*— ‘Inn Lln"n In*+in
psn .
where k is any fized positive integer, ¢; (1 = 1,2,---,) are some computable con-
stants.

2. PROOF OF THE THEOREM

In this section, we complete the proof of the Theorem. First for any prime p and
any fixed positive integer n, we let a(n,p) denote the sum of the base p digits of n.
That is, if n = a1p™ + ap™ + - -+ + asp™ with ay > ag—; > -+ > a3 > 0, where

8
1<a;<p-1,1=1,2,---,3, then a{n,p) = Za;, and for this number theoretic
=1

function, we have the following two simple Lemmas:
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Lemma 1. For any integer n > 1, we have the identity

+oo
_ _ n{ 1
ap(n) = a(n) = ; [EJ =3 (n —a(n,p)),

where [z] denotes the greatest integer not exceeding z.

Proof. From the properties of [z] we know that

[1} _ [alp"‘ + azp*? +---+asp°’$J
pi pi

S
Zajp"”'"i, far; <i<ag
rd
0, if i > a,.

So from this formula we have _

“+oo +o0
_ n a1p”! + agp®? + .- + a,p%e
=3 [5] - [,

=1 =1 P
s Qj ]
=D D ap T =3 g (14 p+p’ 4 +p% )
- pYi—1 1 O o
= a- = > (aip™ ~ )
7=1 p_l p_lj=1
1
= =5 (1= an,p).

This completes the proof of Lemma 1.

Lemma 2. For any positive integer n, we have the estimate

a(n,p) < glnlpl Inn.

Proof. Let n = a;p®* 4 azp® + -+ + a,p®* with ay > ag_; > -+ > ay 2> 0, where
1<a;<p—-1,1=1,2,---,s. Then from the definition of a(n, p) we have

3

(1) aln,p) =2 @ <Y (p-1)=(p-1)s.

i=1
On the other hand, using the mathematical induction we can easily get the inequal-
ity . ' :
n=a;p™ + ap®* + --- + a;p® > a,p°,
or

In(n/a,) < Inn

2 3 < .
(2) ° = Inp “lnp
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Combining (1) and (2) we immediately get the estimate

This proves Lemma. 2.

a(n,p) <

p—-

1

Inp

lnn.

Now we use Lemma 1 and Lemma 2 to complete the proof of the Theorem. First,
we separate the summation in the Theorem into two parts.

anp)+ Y aln,p).

3) S afn,p) =

p<n

D

<V

For the first part, from Lemma 1 we have

> atmp= 3 =

p<vn _ p<Vn

_nz(

1

<\/_

@) =n</§ﬁ%d7r(a:)+A+O(

P p(P—l)

(pz 5>

(n~a(np)

)- %

p(p

Vr<p<n

p<vn

1
7

))-

a(n, p)
p—1

o 2))-

a(n, p)
2 o1

p<vn

2.

p<Vvn

a(n, p)
p—1

where n(z) denotes the number of all prime not exceeding z. For 7(z), we have

the asymptotic formula

®) o) = ettt
and
v n(
/; %dﬂ‘(l‘) (\\//__) L iz)da:
1 aa - ar.
S mtve T

ai a2 a2i
Inn  In’n T +ln n ln‘
a2k 1
+o b — +O( : )
In*n In*+1p
aszy agzz asg 1
1 B4+ = O —/——
(6) =Inlnn + + n—%—1 n+ +1n_n+ (ln"'“

2

ak

\/‘+0<F+11—\/5)+/g

Vn 1 vn
-i-az/§ —-—$1n2xd$+-"+ak+1/;
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From Lemma 2 we have

,_ a(n,p) Inn
— < — < <
(7) Z o1 S Z lnp Inn Z mp = Inn Z 1<+nlnn.
p<VE p<Vvn <A p<v7m

‘Combining (4), (6) and (7) we obtain

n n
Za(n,p)=nlnlnn+c0n+azl—+a327
p<\/17 lnn ln“n,

n
®) beo o i+ 0 ().

For the second part, we have

> 0= £ ER- 5 - 2 5

Vr<p<n vn<p<n i=1 Vn<p<n Vn<p<nm<2

=2 2 1= 3 (=(5) =)

m<VR VR<p< & m</n

3w (Z) - als(va).

m<\/n

(9)

i

Applying Euler’s summation formula ( see [2] Theorem 3.1 ) a.nd the expansion into
power-series we have

‘ 1 1
Z m(lnn —lnm)r Z mlnrn(l—l—“ﬂ)’

m</n m<y/n

Z Z r—l+s) 11‘13 m

= 3+r
per gy mln

_+z°:°<r—1+s> Z In®m

- s=0 r—1 m</n m ]_n‘9+r n
+oo (r—1+43 s+1

—Z(r;i) In**'n tdypy +0 In°n
L (s + 1)25+ > /n

k

di; ln’n.>
= - 0 .
Z In*n + ( vn

=r—1
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From this and (5) we get

. L ta !
= m(lnn —lam) * Pmlan —Tam) T

1 1
+ Gk m(lnn — Inm)k+1 +0 (m(ln n — Inm)k+2 >)
b b 1
=n<b0+_1+i+...+ kk +0< ))

Inn  Inn In®n In**1pn
(10)
n n n n
:b0n+blm+b2gz—n+”.+bklnkn +O<11_1T1n>
and |
n n n n
[‘/ﬂ?r(\/ﬁ) = m_ﬁ+azm+---+akm+0 (Fl\/r—z)
’ n n n n
(11) ——a4lm+a4zm+"'+a4km+0(m).
Combining (9), (10) and (11) we have
n n n n v
U9 2 etmp)=boteng bt 40 ().
Vn<p<n
From (3), (8) and (12) we obtain the asymptotic formula
n n n’ n
;a(n,p)=n1nlnn+cn+clEr—z+021nTn+-~+cklnkn +0 (m)

This completes the proof of the Theorem.
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