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The notions of the Snmarandache group and the Smarandache Boolean ring are intro

duced here with the help of group action and ring action i.e. module respectively. The centre of 

the Smarandache groupoid is determined. These are very important for the study of Algebraic 

structures. 

1. The centre of the Smarandache groupoid: 

Definition 1. 1 

An element a of the smarandache groupoid (Zp, Ll) is said to be conjugate to b if there 

exists r in Zp such that a = r Ll b Ll r. 

Definition 1.2 

An element a of the smarandache groupoid (Zp, Ll ) is called a self conjugate element of 

Zp if a = r Ll a Ll r for all r E Zp. 

Definition 1.3 

The set Zp* of all self conjugate elements of (Zp, Ll ) is called the centre of Zp i e 

Zp* = { a E Zp : a = r Ll all r 'r:;j r E Zp}. 

Definition 1.4 

Let (Z9' +9) be a commutative group, then Z9={ 0, 1,2,3,4,5,6, 7, 8 }. If the elements 

of Z are written as 3-adic numbers, then 
9 

Z9 = { (00)3' (01)3' (02)3' (10)3' (11)3' (12)3' (20)3' (21)3' (22)3 } 

and (Z9' Ll) is a smarandache groupoid of order 9. Conjugacy relations among the elements of 

Z are determined as follows: 
o 
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O~O~O=O 0~1~0=1 0~2~0=2 0~3~0=3 0~4~0=4 

1~0~1=0 1 ~ 1 ~ 1 = 1 1~2~1=0 1~3~1=3 1~4~1=4 

2~0~2=0 2~1~2=1 2~2~2=2 2~3~2=3 2~4~2=4 

3~0~3=0 3~1~3=1 3~2~3=2 3~3~3=3 3~4~3=4 

4~0~4=0 4~1~4=1 4~2~4=0 4~3~4=3 4~4~4=4 

5~0~5=0 5~1~5=1 5~2~5=2 5~3~5=3 5~4~5=4 

6~0~6=0 6~1~6=1 6~2~6=2 6~3~6=3 6~4~6=4 

7~0~7=0 7~1~7=1 7~2~7=0 7~3~7=3 7~4~7=4 

8~0~8=0 8~1~8=1 8~2~8=2 8~3~8=3 8~4~8=4 

0~5~0=5 0~6~0=6 0~7~0=7 0~8~0=8 

1~5~1=3 1~6~1=6 1~7~1=7 1~8~1=6 

2~5~2=5 2~6~2=6 2~7~2=7 2~8~2=8 

3~5~3=5 3~6~3=0 3~7~3=1 3~8~3=2 

4~5~4=3 4~6~4=0 4~7~4=1 4~8~4=0 Table - 1 

5~5~5=5 5~6~5=0 5~7~5=1 5~8~5=2 

6~5~6=5 6~6~6=6 6~7~6=7 6~8~6=8 

7~5~7=3 7~6~7=6 7~7~7=7 7~8~7=6 

8~5~8=5 8~6~8=6 8~7~8=7 8~8~8=8 

Here Z/ = { 0, 1, 3, 4 }, the set of all self conjugate elements of Z9 is called the centre 

of(Z9' ~). Again (Z9*' M is an abelian group. 

D-form of the Smarandache groupoid (Z9' ~) is given by Dg = { 0, 2, 6, 8 }. Again 

(Ds' ~) is an abelian group. The group table (2) and group table (3) are given below 

~ 0 1 " 4 ;) ~ 0 2 6 8 

0 0 1 3 4 0 0 2 6 8 

1 1 0 4 3 2 2 0 8 6 

" " 4 0 1 ;) ;) 6 6 8 0 2 

4 4 " 1 0 ;) 8 8 6 2 0 

Table - 2 Table - 3 

From table (2) and table (3); it is clear that (Z9 *,~) and (Dg,~) are isomorphic to each other. 

Definition 1.3 
The groups (Zp*, M and (Dsup(zP)'~) of the Smarandache groupoid (Zp, ~) are isomor-

phic to each other. 

Proof is obvious. 

17 



2. The Smarandache group: 

To introduce the Smarandache group, we have to explain group action on a set. Let A be 

a group and B a set. An action of A on B is a map, B x A -7 B written (b, p) -7 b 6 P such that 

i) for every p, q E A and b E B, we have 

«b, p), q) = «b 6 p) 6 q) = (b 6 p) 6 q = b 6 (p 6 q) 

and ii) for every b E B, we have (b, 0) = b 6 0 = b 

where 0 denotes the identity element of the group A. 

If a group A has an action on B, we say that B is a A-set or A-space. Here in this paper 

we shall use B(A) in place of "B is a A - space". 

Note: 
If B is a proper subgroup of A, then we get a map A x B -7 A defined by 

(a, b) -7 a 6 b E A. This is a group action ofB on A. Then we say that A is a B - set or B - space 

i.e. A(B) is a B - space. In this paper, by proper subgroup, we mean a group contained in A, 

different from the trivial groups. 

Definition 2.1 
The smarandache group is defined to be a group A such that A(B) is a B - space, where 

B is a proper subgroup of A 

Examples 2.2 
i) The D - form of (Zp, 6) defined by 

Dsup(zP) = { r E Zp : r 6 C(r) = Sup(Zp)} = A is a Smarandache group. IfB is a 

proper subgroup of A, then the action ofB on A is the map, A x B -7 A defined 

by (a, q) = a 6 q for all a E A and q E B. This action is a B - action i.e. ACB) is a 

B - space. 

ii) The centre of (Zp, 6) defined by 

Zp* = { a E Zp : a = r 6 a 6 r \:j r E Zp} = A is a Smarandache group. IfB be 

a proper subgroup of A, then the action ofB on A is the map, A x B -7 A defined 

by (a, p) = a 6 p for all a E A and for all p E B. This action is a B - space i.e. ACB) 

is a B - space. 

iii) The Addition modulo m of two integers r = (a a ------------------ a a) and n-I no: 10m 

S = (b
n

_
I
b

n
_
2 

--------- blbJrr. denoted by I+m\ and defined as 

r 1+ m \ s = (a
n

_I an-2 ... alaJm /+ m \ (bn_Ibn_2 '" ... blbJm 

= (an)+ m \bn_1 anj+ m \bn_2 ... a/+ m \b l a/+ m' bJm 

= (c
n

_
1 

c
n

_
2 

... clco)m' where ci = aJ+m\ bi for i = 0,1,2, .. ' n-l. 
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The group (Zp, 1+ m \) is a Smarandache group. The group (Zp, I+p\) contains a proper 

subgroup (H = { 0,1,2,3, ... ... ... p-l}, I+m\) 

Then the action ofH on Zp is the map Zp x H -7 Zp defined by (a, r) = a/+ m \r for all 

a E Zp and for all r E H. This action is a H - space i.e. Zp(H) is a H - space. 

iv) The set Z16 = { 0, 1,2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15 } can be written as 

Z16 = {(00)4' (01)4' (02)4' (03)4' (10)4' (11)4' (12)4' (13)4' (20).1' (21).1' (22).1' 

(23)4' (30)4' (31)4' (32)4' (33)4 } 

is a smarandache group under the operation 1+4\ and its group table is as follows: 

1+ \ 0 1 2 ""' 4 5 6 7 8 9 10 11 12 13 14 15 -' 4 
0 0 1 2 ""' 4 5 6 7 8 9 10 11 12 13 14 15 -' 

1 1 2 3 0 5 6 7 4 9 10 11 8 13 14 15 12 

2 2 
.., 

0 1 6 7 4 5 10 11 8 9 14 15 12 13 -' 
.., .., 

0 1 2 7 4 5 6 11 8 9 10 15 12 13 14 .) -' 

4 4 5 6 7 8 9 10 11 12 13 14 15 0 1 2 
.., 
-' 

5 5 6 7 4 9 10 11 8 13 14 15 12 1 2 
.., 

0 -' 

6 6 7 4 5 10 11 8 9 14 15 12 13 2 
.., 

0 1 -' 

7 7 4 5 6 11 8 9 10 15 12 13 14 
.., 

0 1 2 -' 

8 8 9 10 11 12 13 14 15 0 1 2 3 4 5 6 7 

9 9 10 11 8 13 14 15 12 1 2 
.., 

0 5 6 7 4 -' 

10 10 11 8 9 14 15 12 13 2 3 0 1 6 7 4 5 

11 11 8 9 10 15 12 13 14 
.., 

0 1 2 7 4 5 6 -' 

12 12 13 14 15 0 1 2 
.., 

4 5 6 7 8 9 10 11 -' 

13 13 14 15 12 1 2 
.., 

0 5 6 7 4 9 10 11 8 -' 

14 14 15 12 13 2 ""' 0 1 6 7 4 5 10 11 8 9 -' 

15 15 12 13 14 3 0 1 2 7 4 5 6 11 8 9 10 

Table - 4 

From above group table, it is clear that (H = { 0, 1, 2, 3, 8, 9, 10, 11 }, 1+..\) is a 

subgroup of (Z16' I+}). Then the action of H on Z16 is the map Z16 x H -7 Z16 defined by 

(a, r) = a/+-l\r for all a E Z16 and for all r E H. This action is a H - space i.e. Z16(H) is a H - space. 

Here (K = { 0, 1,2,3 }, I+}) be a subgroup of(H, 1+4\). Then the action ofK on H is the 

map, H x K -7 H defined by (b, p) = b/+-l\p for all bE H and for all p E K. This action is a K

space i.e. H(K) is a K - space Hence H is a Smarandache group contained in the Smarandache 

group Z16. So it is called the Smarandache sub-group. 
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3. The Smarandache sub-group: 

Definition 3.1 

The smarandache sub-group is defined to be a smarandache group B which is a proper 

subset of smarandache group A (with respect to the same induced operation). 

4. Smarandache quotient group: 

Let (H, .6) be smarandache subgroup of the Smarandache group (B, .6), then the quotient 

group B/H = V is defined as smarandache quotient group such that V(K) is a K - space, where K 

is a proper subgroup of V i.e. the group action ofK on V is a map V x K ~ V, defined by 

((H.6 a), H.6 p) = (H.6 a).6 (H.6 p) for all H L1 a E V and H L1 P E K 

5. Smarandache Boolean ring: 

Definition 5. 1 
The intersection of two integers r = (a

n
_
1
a

n
_
2 

aiaO)m and 

s = (b
n

_
1
b

n
_
2 

... ... b1bo)m denoted by r (\ s and defined as 

r (\ s = (a
n

_
l 
(\ b

n
_
l 
a

n
_
2 
(\ b

n
_
2 

... ... a i (\ b
l 
ao (\ bcJm 

= (c
n

_1cn
_2 ... ciccJm 

where c = a (\ b = min (a, b) for i = 0, 1,2, 
I : I 1 1 

, n-l 

If the equivalence classes of are expressed as m - adic numbers, then with binary opera

tion (\ is a groupoid, which contains some non trivial groups. This groupoid is smarandache 

groupoid. Here (Zp*, .6, (\) and (Zsup(zP)' .6, (\) are Boolean ring. 

Definition 5.2 
The smarandache Boolean ring is defined to be a Boolean ring A such that the Abelian 

group (A, .6) has both left and right B - module, where B is a non trivial sub-ring of A. 

From above, we mean an Abelian group (A, L1) together with a map, B x A ~ A., written 

(b, p) = b (\ pEA such that for every b, c E Band p, q E A, we have 

i) b (\ (p .6 q) = (b (\ p) .6 (b (\ q) 

ii) (b L1 c) (\ p = (b (\ p) .6 (c (\ p) iii) (b (\ c) (\ p = b (\ (c n p) 

Again from the map, A x B ~ A, written (p, b) = p (\ b E A such that for every 

p, q E A and b, c E B, we get 

i) (p .6 q) (\ b = (p (\ b) .6 (q (\ b) 

ii) p (\ (b L1 c) = (p (\ b) .6 (p (\ c) iii) P (\ (b (\ c) = (p (\ b) (\ c 
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Definition 5.3 
The smarandache Boolean sub-ring is defined to be a smrandache Boolean ring B which 

is a proper subset of a Smarandache Boolean ring A. (with respect to the same induced operation). 

Definition 5.4 
The smarandache Boolean ideal is defined to be an ideal B of Sma rand ache Boolean ring 

A such that the Abelian group (C, Ll) has both left and right B - module, where C is a proper 

subset ofB From above we mean an Abelian group (C, ~) together with a map, C x B ~ C 

written (c, p) = C n P E C such that this mapping satisfies all the postulates of both left and right 

B - module. 

Examples 5.5 
Let (Z::5ci' +::56) be an Abelian group, then Z::56 = { 0, 1, 2, ... 255} If the 

elements Z::56 of are written as 4 - adic numbers, then 

Z256 = { (0000)4' (0001)4' (0002)4' (0003)4' (0010)4' ... ... ... ... ,(3333) .. }and 

(Z::56' ~) is a smarandache groupoid of order 256. The centre of (Z256' ~) is 

Z·Z56 = { 0,1,4,5,16,17,20,21,64,65,68,69,80,81,84,85 }. Here (Z·::56'~' n) is 

a Smarandache Boolean ring and its composition tables are given below: 

~ 0 1 4 5 16 17 20 21 64 65 68 69 80 81 84 85 

0 0 1 4 5 16 17 20 21 64 65 68 69 80 81 84 85 

1 1 0 5 4 17 16 21 20 65 64 69 68 81 80 85 84 

4 4 5 0 1 20 21 16 17 68 69 64 65 84 85 80 81 

5 5 4 1 0 21 20 17 16 69 68 65 64 85 84 81 80 

16 16 17 20 21 0 1 4 5 80 81 84 85 64 65 68 69 

17 17 16 21 20 1 0 5 4 81 80 85 84 65 64 69 68 

20 20 21 16 17 4 5 0 1 84 85 80 81 68 69 64 65 

21 21 20 17 16 5 4 1 0 85 84 81 80 69 68 65 64 

64 64 65 68 69 80 81 84 85 0 1 4 5 16 17 20 21 

65 65 64 69 68 81 80 85 84 1 0 5 4 17 16 21 20 

68 68 69 64 65 84 85 80 81 4 5 0 1 20 21 16 17 

69 69 68 65 64 85 84 81 80 5 4 1 0 21 20 17 16 

80 80 81 84 85 64 65 68 69 16 17 20 21 0 1 4 5 

81 81 80 85 84 65 64 69 68 17 16 21 20 1 0 5 4 

84 84 85 80 81 68 69 64 65 20 21 16 17 4 5 0 1 

85 85 84 81 80 69 68 65 64 21 20 17 16 5 4 1 0 

Table - 5 
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n 0 1 4 5 16 17 20 21 64 65 68 69 80 81 84 85 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

4 0 0 4 4 0 0 4 4 0 0 4 4 0 0 4 4 . 
5 0 1 4 5 0 1 4 5 0 1 4 5 0 1 4 5 

16 0 0 0 0 16 16 16 16 0 0 0 0 16 16 16 16 

17 0 1 0 1 16 17 16 17 0 1 0 1 16 17 16 17 

20 0 0 4 4 16 16 20 20 0 0 4 4 16 16 20 20 

21 0 1 4 5 16 17 20 21 0 1 4 5 16 17 20 21 

64 0 0 0 0 0 0 0 0 64 64 64 64 64 64 64 64 

65 0 1 0 1 0 1 0 1 64 65 64 65 64 65 64 65 

68 0 0 4 4 0 0 4 4 64 64 68 68 64 64 68 68 

69 0 1 4 5 0 1 4 5 64 65 68 69 64 65 68 69 

80 0 0 0 0 16 16 16 16 64 64 64 64 80 80 80 80 

81 0 1 0 1 16 17 16 17 64 65 64 65 80 81 80 81 

84 0 0 4 4 16 16 20 20 64 64 68 68 80 80 84 84 

85 0 1 4 5 16 17 20 21 64 65 68 69 80 81 84 85 

Table - 6 

Some smarandache Boolean sub-rings of (Z· 256' Ll, n) are given below: 

i) Hj={O, 1,4,5, 16, 17,20,21} 

H2 = { 0, 1,4, 5, 64, 65, 68, 69 } 

H3 = { 0, 1,4,5,80,81,84,85 } 

H. = {O, 5,16,21,64,69,80,85} 

H5 = {O, 1, 16, 17,64,65,80,81 } 

H6 = { 0, 1,4, 5 } 

~ = { 0, 1, 16, 17 } 

Hs = { 0, 1, 64, 65 } 

H9 = { 0, 1, 80, 81} etc. 

Here smarandache Boolean subrings HI' H2, H6'~' Hg are ideals of (Z·256' Ll). 
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