Al and A3, A3 lies between A2 and A4, etc. and the
segments AAL, A1A2, A2A3, A3A4, ... are congruent to one
another.

Then, among this series of points, not always there exists

a certain point An such that B lies between A and An.

For example:

let A be a point in deltal-f1, and B a point on f1, B

different from P;

on the line AB consider the points A1, A2, A3, A4, ...

in between A and B, such that AAL, A1A2, A2A3, A5A4, etc.
are congruent to one another;

then we find that there is no point behind B (considering

the direction from A to B), because B is a limit point

(the line AB ends in B).

The Bolzano's (intermediate value) theorem may not hold in
the Critical Zone of the Model.

Can vou readers find a better model for this anti-geometry?
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On certain new inequalities and limits for the Smarandache function

Jozsef Sandor
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3400 Cluj - Napoca, Romania

I. Inequalities

1) If n > 4is an even number, then S(n) <

T

—Indeed, 2 is integer, 7 > 2,soin(3)! =1-2-3---2 we can simplify with 2, so n{(5)!.
This simplies clearly that S(n) < 3.

2) Ifn > 4is an even number, then S(n?) < n

—Byn!=1-2-3---2--.n, since we can simplify with 2, for n > 4 we get that n*|n!. This
clearly implies the above stated inequality. For factonials, the above inequality can be much

improved, namely one has:

3) S ( (m! }—2) < 2m and more generally, S ( (m! )“) < n_-m for all positive integers m and n.

. n)! _ ! —m)! 2m)!
—First remark that (L::! )2, = m g:::lm). . mgz;:ln_‘r;zn)! ,sigr?mg -

=Cp, - CR,..Cm., where CX = () denotes a binomial coefficient. Thus (m! )" divides

(m n)!, implying the stated inequality. For n =2 one obtains the first part.

4) Letn > 1. Then S((n)*"V') < n!

—We will use the well-known result that the product of n consecutive integers is divisible by
nl. By(n!)!'=1-2-3---n- ((n+l) (n+2)---2n)---((n-1)!-1)---(n-1)! n

each group is divisible by n!, and there are (n-1)! groups, so (r))(*~V" divides (n! )!. This
gives the stated inequality.

5) For all m and n one has [S(m), S(n)] < S(m - S(n) < [m, n]. where [a, b] denotes the




£-c-mofaandb.
—Ifm= ?;;-, n= Hq;’-j are the canonical representations of m, resp. n, then it is well-known
that S(m) = S (3, )and S(n) = S(q7 ), where S( )= max {S(5):i=1,--,1}; S(¢¥ ) =
max {S(q?j ):5=1,---, h}, withr and h the number of prime divisors of m, resp. n. Then

dlearly [S(m), S(n)] < S(m)-S(n) < p% - ¢ < [m, n]

6) (S(m). S(n)) > ﬂﬂ,n%@-(m. n)forallmand n

~Since (S(m), S(m)) = S > SELS) - SIS (m, p)

= [S(m},S(n)] = im, nj nm

by 5) and the known formula [m,n] =

mn
7 )
M, ny

Stm). S(n) NN
7) (k(";vn)") > (£22)” forall mand n

2 AN
—Since S(mn) < m S(n) and S(mn) < n S(m) (See [1])’ we have (srmn)) < S(m)Stn)

mn mn 4

and the result follows by 6).

2 4
8) We have (%’:‘T")) < SmS(n .~ 1

- mn — {(mn)

—This follows by 7) and the stronger inequality from 6), namely S(m) S(n) < [mn]= —r':—’;—}

COI'OHQ! S(m TL) < m

9) Max {S(m), S(n)} > %%:—)‘2 for all m,  n; where (m.n) denotesthe g-c-d of mand n.

—We apply the known result: max {S(m), S (n)}= S([m, n]) On the other hand, since

¢ o .
{mn) 51 m.r}Q .
mn — im,n]

[m, n] ! m - n, by Corollary 1 from our paper [1] we get S

mn
(mv n) >

Since [m, n] =
The result follows:
Remark. Inequality g) compliments Theorem 3 from [1],

namely that max {S (m), S(n)} < S(mn).
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L §{ patni2)
10) Let d(n) be the number of divisors of n. Then 232 < (o)

nl =  ndn)2

—We will use the known relation [Jk = n4(™/2 where the product is extended over all divisors k

kln
of n. Since this product divides [] k = n!, by Corollary 1 from [1] we can write
k<n

o ST
4,}'2 < -Tﬁ— , which gives the desired result.
kin
Remark If n is of the form m?, then d(n) is odd, but otherwise d(n) is even. So, in each

case nd(n)/2

is a positive integer.

11) For infinitely many n we have S(n + 1) < S(n), but for infinitely many m one has

Sm-+1)> S(m).

—This is a simple application of 1). Indeed, let n = p — 1, where p > 5 is a prime. Then, by
1) wehave S(n) = S(p—1) < % < p. Since p = S(p), we have S(p — 1) < S(p).
Let in the same manner n» = p + 1. Then, as above, S(p+1) < B! < p = 5(p).

12) Let pbe a prime. Then S(p!+1) > S(p!)and S(p! —1) > S(p")

—Clearly, S(p!) =p. Letp!+1= qu’j be the prime factorization of p! + 1. Here each
g; > p, thus S(p! +1) = S(q?j ) (for certain 7) > S(p% ) > S(p) = p. The same proof
applies to the case p! — 1.

Remark: This offers a new proof for M).

13) Let P be the kth prime number. Then S(p;ps... B +1) > S(pypy:--P;)and
_3-

Sy B =1) > S(pypy:--Fy)
—Almost the same proof as in 12) is valid, by remarking that S(p; ps- - - Pi) = Px (since

p<p<--- < i)

14) For infinitely many n one has (S(n)z) < S(n —=1)-S(n +1) and for infinitely many m,
2
(Stm) > Stm=1). S(m+1).
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—By S(p+1) < pand S(p— 1) < p (See the proofin 11) we have
Sip+1) s, S{p) 2
& < 58 < 558 Thus (S()) > S(p—1)- S(p+1).

On the other hand, by putting z,, = Sé’;:)l) , we shall see in part II,

thatlim sup z, = + oco. Thus z,_; < z, for infinitely many n, giving

2
(s) < S(=-1)-S(+1).
II. Limits:

1) liminf ™ = 0and lim sup 2 =1

n—0o0 n—oo n

—Clearly, S—:lnl > 0. Let n = 2™. Then, since S(2™) < 2m, and lim 5= = 0, we have

m=o0 m

({37

lim ig,,—ml = 0, proving the first part. On the other hand, it is well known that inl <1.

m—oo

For n = py (the kth prime), one has —S—%’:ﬁ =1- las k — oo, proving the second part.

Remark: With the same proof, we can derive that lim inf ﬂ:— = Ofor all integers r.

n—x

—As above S(2*7) < 2kr, and 25~ — 0 as k — oo (r fixed), which gives the result.

2)  liminf 2250 = 0and lim sup $25Y = + oo

) Iy
n—oo . S(n) n—oo S(n;

—Let p. denote the rth prime. Since (p,...p-, 1) = 1, Dirichlet's theorem on arithmetical

progressions assures the existence of a prime p of the formp=a-p,..p, — 1.

ThenS(p+1) = S(apa---p-) < a-S(pr---p,) by S(mn) < mS(n) (see [1])

S{p+1 a
But S(pr---p-) =maz {py, -, pr} = pr. Thus 35 < = <

p—‘v"‘—&“p,_l — 0as r — oo. This gives the first part.

Let now p be a prime of the form p = bpy---p, + 1.



Then S(\p - 1) = S@I’&Pr} < bS(P\Pr) =b- Pr,

and S=1) « b p-

T~ — < — — .
S{py = bdprp+l = pp--pe Oasr 0

3) liminf[S(n-i-l S(n)} —ooandhm sup [S(n-}-l)—S(n)] = + 00

n—oo —0

—~Wehave S(p+1) - S/p) < E;—l——p= :'gll — — oo for an odd prime
p(seel)andll)). On the other hand, S(p) - S(p—1) > p— %1 = ?“2”—1 — 00

(Here S(p) = p), where p — 1is odd for p > 5. This finishes the proof.

S{oln)
4) Let o(n) denotes the sum of divisors of n. Then lim inf ( =0

n—oe

—This follows by the argument of 2) for n = p. Theno(p) = p+ 1 and 5(;;; U 0, where

{p} is the sequence constructed there.

5) Let ¢(n) be the Enter totient function. Then lim inf i—z =0

n—o0

—Let the set of primes {p} be defined as in 2). Since ¢(n) =p — 1and S@p’u = 5;‘;;)1) — 0,

the assertion is proved. The same result could be obtained by taking n = z*. Then, since

99(2’°) = , and el IQH) < = '2‘[ L, oas k — 0o, the assertion follows:
S(5m) S(S(n)
6) lim mf-—uz = Oand ¥ ln—ll =1
n—x

—Letn = p! (pprime). Then, since S(p!) = pand S(p) = p, from f-! —0(p— )

s(s¢ n,} St : .
we get the first result. Now, clearly < = < 1. By letting n = p (prime), clearly

5(5(p) . :
one has > = 1, which shows the second relation.
o{ S{n)
7 nangomf Sy = L
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\
A .. S{p) ;
—Clearly, &=~ %) > 1. On the other hand, for n = p (prime), 7 \’ =2l L lasp— oo.
k kp S{p) p

S(n)

EC 0.

8) Let Q(n) denote the greatest prime power divisor of n. Then lim inf Z

n—o

—Let n = pF---p* (k > 1,fixed). Then, clearly 8(n) = p*

By S(n) = S(p) (since S(pF) > S(pF)fori < k)and S(pF) = j- p,, with j < k (which is

S(n
known) and by ¢ (j px) < j - @(pr) < k(p- — 1), we get ¢<a(;))) < k'(’;,—l) — Oas

r — oo (k fixed).

9 lim £ 9
mos ™
meven

{m? . . .
—By 2) we have i”%l < % for m > 4, even. This clearly inplies the above remark.
- 2 .
Remark. It is known that igﬁ < % ifm #* 4 1s composite. From ﬂ”_fg_l < i < % form > 4,

for the composite numbers of the perfect squares we have a very strong improvement.

o{ S(n
10) uminfl—,f—)l=o

n—0o

—Byo(m)=Zd=nZ:<nZl<n (2logn), wegeto(n) <2nlognforn > 1. Thus
d/n d/n d=1

a(S(n)) < 2 5(n)logS(n)

n n

. For n = 2F we have S(2F) < 2k, and since ﬁ%& — 0

(k — o0), the result follows.

11)  lim ¢/Sn) =1

—This simple relation follows by 1 < S(n) < n,s01 < {/S(n) < \“/ﬁ; and by \"/5 -1
as n — oo. However, 11) is one of a (few) limits, which exists for the Smarandache function.
Finally, we shall prove that:

a{nS(n)

12) lim sup wS = T .
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—We will use the facts that S(p!) = p, 222 =7

5 >1+5+ -+ —ooas
dipt

Qe

p — 00, and the inequality o(ab) > a o(b) (see [2]).

a{ S(php! Sip!).o(p! oot
Th ( > (p)-a(pl) — ;P'

s ey 2 A — o00. Thus, for the sequence {n} = {p!}, the

results follows.
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