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Abstract: In [1] Acharya and Sampathkumar defined a graphoidal cover as a partition of
edges into internally disjoint (not necessarily open) paths. If we consider only open paths in
the above definition then we call it as a graphoidal path cover [3]. Generally, a Smarandache
graphoidal tree (k,d)-cover of a graph G is a partition of edges of G into trees Th, 75, - , T}
such that |E(T;)NE(T;)| < kand |T;| < d for integers 1 < 4,5 <. Particularly, if k = 0, then
such a tree is called a graphoidal tree d-cover of G. In [3] a graphoidal tree cover has been
defined as a partition of edges into internally disjoint trees. Here we define a graphoidal
tree d-cover as a partition of edges into internally disjoint trees in which each tree has a
maximum degree bounded by d. The minimum cardinality of such d-covers is denoted by
’yéwd)(G). Clearly a graphoidal tree 2-cover is a graphoidal cover. We find ’y;d)(G) for some
standard graphs.
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81. Introduction

Throughout this paper G stands for simple undirected graph with p vertices and ¢ edges. For
other notations and terminology we follow [2]. A Smarandache graphoidal tree (k, d)-cover of G
is a partition of edges of G into trees T4, T5,- -+ ,T; such that |E(T;) N E(T};)| < k and |T;| <d
for integers 1 < 4,5 < [. Particularly, if £ = 0, then such a cover is called a graphoidal tree
d-cover of G. A graphoidal tree d-cover (d > 2) .% of G is a collection of non-trivial trees in G
such that

(i) Every vertex is an internal vertex of at most one tree;

(i) Every edge is in exactly one tree;

(iii) For every tree T € Z,A(T) < d.
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Let ¢ denote the set of all graphoidal tree d-covers of G. Since E(G) is a graphoidal tree
d-cover, we have & # (). Let ygpd)(G) = 3;11151(% | #|. Then vgpd)(G) is called the graphoidal tree
€

d-covering number of G. Any graphoidal tree d-cover of G for which | 7| = vgpd)(G) is called a
minimum graphoidal tree d-cover.

A graphoidal tree cover of G is a collection of non-trivial trees in G satisfying (i) and
(#4). The minimum cardinality of graphoidal tree covers is denoted by v7(G). A graphoidal
path cover (or acyclic graphoidal cover in [5]) is a collection of non-trivial path in G such that
every vertex is an internal vertex of at most one path and every edge is in exactly one path.
Clearly a graphoidal tree 2-cover is a graphoidal path cover and a graphoidal tree d-cover (
d > A') is a graphoidal tree cover. Note that v7(G) < ”ygpd)(G) for all d > 2. It is observe that
WG > A—d+1.

82. Preliminaries

Theorem 2.1([4]) ~r(Kp) = [5].

Theorem 2.2([4]) v (Knn) = [3].

Theorem 2.3([4]) If m < n < 2m—3, then (K n) = [Z42]. Further more, if n > 2m—3,

3
then yr(Kpm,n) = m.

Theorem 2.4([4]) vr(Cp, x Cy) =3 if m,n > 3.

Theorem 2.5([4]) v7(G) < [5] if 6(G) > &.

83. Main results

We first determine a lower bound for 7 (d)(G). Define ng = }nng} n g, where 4 is a collection
€Y9a

of all graphoidal tree d-covers and n g is the number of vertices which are not internal vertices

of any tree in _Z.

Theorem 3.1 Ford > 2, yr(d)(G) > q— (p —naq)(d —1).

Proof Let ¥ be a minimum graphoidal tree d-cover of G such that n vertices of G are not
internal in any tree of .

Let k be the number of trees in ¥ having more than one edge. For a tree in ¥ having more
than one edge, fix a root vertex which is not a pendant vertex. Assign direction to the edges of
the k trees in such a way that the root vertex has in degree zero and every other vertex has in
degree 1. In ¥, let I be the number of vertices of out degree d and Iy the number of vertices of
out degree less than or equal to d — 1 (and > 0) in these k trees. Clearly l; + I is the number
of internal vertices of trees in ¥ and so l; + ls = p — n. In each tree of ¥ there is at most one

vertex of out degree d and so l; < k. Hence we have
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WD > kb g—(hd+1a(d—1) = k+q— (s +l2)(d — 1)y
= kt+q-—p-ne)(d-—1)—-lL 2qg—(p—n4)(d—1).

Corollary 3.2 vgpd)(G) >q—p(d-1).

Now we determine graphoidal tree d-covering number of a complete graph.

Theorem 3.3 For any integer p > 4,

—2d+1 .
p(p2 ) zfd<§;

(d)K _
VT( p) [%_I ifdzg.

Proof Let d > £. We know that *y(Td)(Kp) > yr(Kp) = [§] by Theorem 2.1.

Case (i) Let p be even, say p = 2k. We write V(K,) = {0,1,2,---,2k — 1}. Consider the
graphoidal tree cover #1 = {T4,T5,--- , Ty}, where each T; (¢ = 1,2,---,k ) is a spanning
tree with edge set defined by

ET) = {(i-14):5=d,i+1,---i+k—1}
U {(k+i—1,5):s=j(mod2k),j=i+k,i+k+1,---,i+2k—2}.

Now | _#1| = k = §. Note that A(T;) = k <d fori=1,2,---,k and hence yr(d)(kK,) = [§].
Case (i) Let p be odd, say p = 2k + 1. We write V(K,) = {0,1,2,---,2k}. Consider the

graphoidal tree cover #o = {T1,T%,--- ,Tk+1} where each T; (i =1,2,---,k ) is a tree with
edge set defined by

E(T) = {(i-14):j=di+1,-,i+k—1}
U {(k+i—1,8):s=j(mod2k+1),j=i+k,i+k+1,---,i+2k—1}.

E(Tk+1) = {(2kvj)j2071527 7k_1}

Now | 72| = k = §. Note that the degree of every internal vertex of T is either & or k4 1
and so A(T;) <d,i=1,2,--- ,k+ 1. Hence W(Td)(Kp) =[5]ifd>§.
Let d < £. By Corollary 3.2,

p(p—1) p(p—2d+1)
N

Remove the edges from each T; in _#; (or # ) when p is even (odd) so that every internal

W (Kp) > q+p—pd=

+p—pd=

vertex is of degree d in the new tree T formed by this removal. The new trees so formed

together with the removed edges form _Zs.
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If p is even, then #3 is constructed from _#; and

2k(2k — 1 —2d+1
| #3s|=k+q—k(2d—1) :k+% —k(2d—10:k(2k—2d+1):%.
If p is odd, then ¢#3 is constructed from _#> and
2k(2k +1 —2d+1
| /3| = k+14+q¢—k(2d—1)—d = k—i—l—i—g—Wsd—i—k—d = (2k+1)(14+k—d) = w
Hence *yrfrd)(Kp) = M, O

The following examples illustrate the above theorem.

Examples 3.4 Consider K¢. Take d =3 = & and V(K¢) = {vo, v1,v2,v3,v4, 5 }.

V2

vo U1
V4 Us
U3
V2
v vs vz U4
Vg Us Us Vo

Vo U1

Fig. 1
Whence %}3) (K¢) = 3. Take d = 2 < §.

vo U1 Vg V2 Us

b V2 Vo U3
Vo U3 vs Vg vy Vs
vy Vs V2 Vg V3 U1
Us Vo

V4

Fig.2
Whence %}2)(1{6) =3%(6+1-2x2)=0.

Consider K7. Take d = 4 = [§] and V(K7) = {vo,v1, v2,v3, 4, Vs, V6 }.
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Vo U1 V2

V6
Vs V4 U5
v vy V2 U3 U3 V4 Vo U1 V2
Vg U5 Vs Us Vs Vo Ve Vo U1
Fig.3
4
Whence, %EF) =4=[5]. Now take d =3 < [§].
vo ut v2 ve ve va Us
Vs V4 U5
v vy (%] VU3 V3 V4 Vo U1 V2 vs vy U1
Vg Vs Us Vs Ve Vo
Fig.4

Therefore, 75?([(7) =I(T+1-2x3)="T.

We now turn to some cases of complete bipartite graph.
Theorem 3.5 Ifn,m > 2d, then *y(Td)(Km_’n) =p+qg—pd=mn—(m+n)(d-1).

Proof By theorem 3.2, %Epd)(Kmm) >p+q—pd =mn— (m+n)d+m+ n. Consider
G = K2d,2d- Let V(G) = Xl U }/1, Where Xl = {.Il,IQ, e ,xgd} and Y1 = {yl,yg, e ,ygd}.
Clearly deg(z;) = deg(y;) = 2d, 1 <4,j < 2d. For 1 <17 < d, we define

To=A{(zi,y;) : 1 <j<d}, Tapi={(wi+a,y;) :d+1<j<2d}
Toavi = {(yi,xj) : d+1 < j <2d} and Tzayi = {(Yita,x;) 1 1 < j < d}.

Clearly, # = {T1,T5,--- ,Tuq} is a graphoidal tree d-cover for G. Now consider K, ,,, m,n >
2d. Let V(Kppn) = XUY, where X = {z1,22,- ,Zm} and Y = {y1,y2, - ,yn}. Now
for 4d +1 < 4 4d + m — 2d = m + 2d, we define T; = {(zj—24,y;) : 1 < j < d}.
For m+2d+1 < i < m+n, we define T; = {(¢i—m,z;) : 1 < j < d}. Then 7' =
(T, To,+ , Taas Taaits - Tmsods Tma2dits - s Tmant ULE(G) — [E(T}) 11 <i < m +n]} is
a graphoidal tree d-cover for K, ,. Hence | #'| = p+ ¢ — pd and so ”y(Td)(Km)n) <p+q—pd=
mn — (m +n)(d — 1) for m,n > 2d. O

The following example illustrates the above theorem.

<
<

Example 3.6 Consider Ky 19 and take d = 4.
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M\/N%\%\

yioye ys v Yo w7ty ye sty we us Y ws ye wr

T1

Te
Ys Ye 7yy5 Ye Ys T7 T8 Ts T T7 T8
Irs Tg T7 x8 X1 T2 T3 Tg4 1 T2 I3 Ta T1 T2 T3 T4
Ys Yo Y10 Yo Y9 Y9 Y9 Y10 Y10 Y10 Y10

&A\

T1 T2 T3 T4 T1 T2 T3 T4 T1 T2 T3 T4 5 Te L7 Tg Ts5 Te Ty I8

Fig.5
Whence, 744 = 18 + 80 — 18 x 4 = 26.
Theorem 3.7 ’y(Td)(KQd,LQd,l) =p+q—pd=2d—1.

Proof By Theorem 3.2, W (Kzq_124-1) > p+q—pd =2d—1. For 1 <i <d—1, we
define

Ti={(zi,y;) 1 < j < d} U{(yi, Tayy) : 1 <J <d =1} U{(@ari,Yary) : 1 <j <d—1}

Let Ty = {(xa,y;) : 1 <j<d}U{(yg,®a+j) : 1 <j<d—1}. Ford+1<i<2d—1, we
define T; = {(y;, ;) : 1 < j < d}. Clearly ¢ = {T1,T»,--- ,T2q—1} is a graphoidal tree d-cover
of G and so

W@y <2d—1=(2d—1)(2d—1—2(d— 1)) = q+p — pd.

The following example illustrates the above theorem.

Example 3.8 Consider K99 and d = 5.
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Y2 Ysys Ys Y1YsYaYs Y1Y29Y4Ys Y1Y2Y3yYs Y1Y2Y3ya

X1 X9 T3 XTq Is
Zg Zg g Ze
U1 xs Y2 xrs Y3 Te Ya xs
x7 Te T7 x7
Ze
Z7 xrg x9 Ys

Ys YrYs Yo Y6 Y71Ys Y9 YeY7rYsYo YeYrYslYo Te T7I8L9

Ye yr s Yo

T1 T3 T4 T1 T T3z g4 T1 T2 T3 T4 X1 T X3 T4

Fig.6
Thereafter, %}5)(1(979) =81+18—-90=09.
Lemma 3.9 vgpd)(K;;TﬁT) < 2r, where d > 2r and r >> 1.
Proof Let V(Ks3,) = XUY, where X = {z1,22, - ,23-} and Y = {y1,y2, - , Y3}

Case (i) ris even.

For 1 < s < r, we define

T, = {(‘TSvySnLi) 0 <r— 1} U {($5792r+5)} U {($r+5792r+5)} U {(y2r+svx2r+5)}
U {(iy2rts) : 1 <i<ri#£stU{(xrrs, i) 7 +5<i<3ri#2r+s}
U {(@r4s,yi): 1 <i<s—1,s#1}

and

Tr+s = {(ysvxs—i-i) 01 S ) S T} V) {(y87x27‘+8)} U {(yr+sux2r+s)}
U {(yi,zargs): 1 <i<ri#s2r+1<i<3ri+#2r+ s}
U AWrys, i) :r+s+1<i<3r1<i<s,i+#2r+s}.

Then 7, = {T1,T>,---,T>} is a graphoidal tree d-cover for Kz, 3., A(T;) < 2r and d > 2r.
(d)
So we have, vy’ (k3r,3r) < 27

Case (ii) r is odd.
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For 1 < s <r, we define

To = {(@eyss) :0<i <20 =13 U{(yrg,mi) s +1 < i <3ri # 7+ s}
U {(@arts,yi) : 2r+s <i < 3r}U{(zarts,yi): 1 <i<s—1,s#1}

Trvs = {(Ws,Tsqi): 1 <i <2r}U{(@pys,9i) :2r+1<i<3ri=1r+s}
U {(y2rts, i) :2r+s+1<i<3r,s Zr}U{(yorts,x:) : 1 <7 < s}
Clearly A(T;) < 2r for each ¢. In this case also #» = {11,T5,--- ,T> -} is a graphoidal tree

d-cover for K3, 3, and so ”y(Td)(Kgngr) < 2r when 7 is odd. O

The following example illustrates the above lemma for » = 2,3. Consider K¢ and Kg g.

vl T1 Y2 T2 T2 Y1 3 Y2
€3
Ye Ty
Y2 Ys Y3 Ts Te
Y1
X2 3 T5 T T4 Te Y2 ys Ys
/ /\ Ye Ys
Y3 Ys Y1 Ys
Ya Ya I g4 Lo 1 T2 Iy
Fig.7

Fig.8
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Theorem 3.10 %}d) (Knn) = [3] for d > [2] and n > 3.

Proof By Theorem 2.2, [22] = y7(Kpnn) and 7r(Kp ) < W(Td)(Kn)n), it follows that
vgpd)(Knm) > [22] for any n. Hence the result is true for n = 0(mod3). Let n = 1(mod3) so
that n = 3r + 1 for some r. Let ¢ = {T7,T3,--- ,T4,} be a minimum graphoidal tree d-cover

for K3, 3, as in Lemma 3.9. For 1 <7 <r, we define

T = T{ U{(2i,y3r41) }»
Trti = T74; U{(yi, x3r41)} and
Tor1 = {(@3r41,Yrg4) : 1 <0 < 2r + 1 U {(y3ra1, Trgi) 1 1 <0 < 27}

Clearly #5 = {T1,T5,--- ,Tor41} is a graphoidal tree d-cover for Ks, 1 3741, as A(T;) <
2r +1 = [2*] < d for each i. Hence vgpd)(Knm) = vgpd)(K3T+1,3T+1) <2r+1=[2].
Let n = 2(mod3) and n = 3r+2 for some r. Let _#3 be a minimum graphoidal tree d-cover

for K3,41,3r+1 as in the previous case. Let #5 = {T1,T5, -+ ,Tor41}. For 1 <14 <r, we define

T =T U{(zi,y3r+2) }

Ty 4 = Trti U{(yi, x3r12) },

T2/7‘+1 = T2r+17

Topyo = (w342, Trg) 1 1 <0 < 2r + 23 U{(y3r42, Trg) 1 1 <0 <27 + 11

Clea'rly’ /4 = {T]fv T2/7 o 7T2/7‘+2} is a graphOidal tree d-cover for K37‘+2,37‘+27 as A(/Tz/) <
2r+2= [%ﬂ < d for each 4. Hence 'Y(Td)(Kn,n) = ’Y(Td)(K3T+2,3r+2) <2r+2= (2?”] Therefore,
AN (Kpp) = [22] for every n. -

Now we turn to the case of trees.

Theorem 3.11 Let G be a tree and let U = {v € V(G) : deg(v) —d > 0}. Then W(Td)(G) =
> xvu(w)(deg(v) —d) + 1, where d > 2 and xy(v) is the characteristic function of U.
veV(G)

Proof The proof is by induction on the number of vertices m whose degrees are greater
than d. If m =0, then ¢ = G is clearly a graphoidal tree d-cover. Hence the result is true
in this case and 'y(Td)(G) = 1. Let m > 0. Let u € V(G) with degg(u) =d+s (s> 0).
Now decompose G into s+ 1 trees G1,Ga, -+ ,Gs, G511 such that degg, (u) =1 for 1 <i < s,
dega,,,(u) = d. By induction hypothesis,

'y(Td)(Gi): Z (degg, —d)+1=k;, 1<i<s+1.
degg, (v)>d

Now _#; is the minimum graphoidal tree d-cover of G; and | #Z;| = k; for 1 <i < s+ 1.
Let 7 = /11U _ZfoU---U _Foyg.

Clearly ¢ is a graphoidal tree d-cover of G. By our choice of u, u is internal in only one
tree T of #. More over, degr(u) = d and degg, (v) = dega(v) for v # u and v € V(G;) for
1 <i < s+ 1. Therefore,
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s+1 s+1

WS 1A= k= Y (dege,(v) —d) 1

=1 |degg,(v)>d

s+1

= Z Z (degg,(v) —d)| +s+1= Z (dega(v) —d)+s+1
=1 | degg, (v)>d dega (v)>d,v#u

= Y. (degov) —d) + (dego(u) —d)+ 1= Y (dege(v) —d) +1
dega (v)>d,v#u dega (v)>d

= Z xu (v)(degg(v) —d) + 1.
veV(G)

For each v € V(G) and degg(v) > d there are at least degg(v) — d + 1 subtrees of G

in any graphoidal tree d-cover of G and so ”y(Td)(G) > > (degg(v) —d) + 1. Hence
dega (v)>d

YW@ = T xu)(dega(v) —d) + 1. 0
veV(G)

Corollary 3.12 Let G be a tree in which degree of every vertex is either greater than or equal
to d or equal to one. Then ’y(Td)(G) =m(d—1)—p(d—2)— 1, where m is the number of vertices

of degree 1 and d > 2.

Proof Since all the vertices of G other than pendant vertices have degree d we have,

W= Y w)egew) —d)+1= Y xu(v)(dega(v) —d) +md —m + 1
veV(Q) veV(G)

= 2¢q—dp+md—m+1=2p—-2—dp+md—m+1 (assq=p—1)
= m(d—1)—p(d—2)—1.

O

Recall that ng = }nei%d n g and n = }1&}4 n g, where ¢ is the collection of all graphoidal

tree d-covers of G, ¢ is the collection of all graphoidal tree covers of G and n 4 is the number
of vertices which are not internal vertices of any tree in ¢ . Clearly nqg =n if d > A. Now we
prove this for any d > 2.

Lemma 3.13 For any graph G, ng =n for any integer d > 2.

Proof Since every graphoidal tree d-cover is also a graphoidal tree cover for G, we have
n < ng. Let ¢ = {T1,Ts,--- , Ty} be any graphoidal tree cover of G. Let ¥; be a minimum

graphoidal tree d - cover of T; (i =1,2,--- ,m). Let ¥ = [J ¥;. Clearly ¥ is a graphoidal tree
i=1

d-cover of G. Let ng be the number of vertices which are not internal in any tree of ¥. Clearly

ny = n_g. Therefore, ng <ngy =n g for ¢ € ¢, where ¢ is the collection of graphoidal tree

covers of G and so ng < n. Hence n = ny. O

We have the following result for graphoidal path cover. This theorem is proved by S.
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Arumugam and J. Suresh Suseela in [5]. We prove this, by deriving a minimum graphoidal

path cover from a graphoidal tree cover of G.

Theorem 3.14 ”y(Tz)(G) =q—p+no.

Proof From Theorem 3.1 it follows that 7%2)(6') > q—p-+n2. Let # be any graphoidal
tree cover of G and ¢ = {T1,T5,--- ,T;}. Let ¥; be a minimum graphoidal tree d-cover of T;
(i=1,2,---,k). Let m; be the number of vertices of degree 1 in T; (i = 1,2,--- , k). Then by
Theorem 3.12 it follows that 7(T2)(Ti) =m; —1foralli=1,2,--- k. Consider the graphoidal

k
tree 2-cover ¥ y = |J ¥; of G. Now
i=1

k k

k k k
W=D 10 = Y (mi=1)= mi+Y a—> pi
=1 =1 =1

=1 i=1

k k
q— Zpi + Zmi-
i=1 i=1

Notice that

k k
Z p; = Z(numbers of internal vertices and pendant vertices of T;)
i=1 i=1

k
= p—n/—FZmi.
i=1

Therefore, |¥ | = ¢ — p +n. Choose a graphoidal tree cover # of G such that n sy = n.
Then for the corresponding ¥ y we have |V 4| =q—p+n =q—p+na, as ng = n by Lemma
3.13. O

Corollary 3.15 If every vertez is an internal vertex of a graphoidal tree cover, then ’yq(?)(G) =
q—Dp-.
Proof Clearly n = 0 by definition. By Lemma 3.13, no = n. So we have ny = 0. O

J. Suresh Suseela and S. Arumugam proved the following result in [5]. However, we prove
the result using graphoidal tree cover.

Theorem 3.16 Let G be a unicyclic graph with v vertices of degree 1. Let C be the unique

cycle of G and let m denote the number of vertices of degree greater than 2 on C. Then

2 if m=0,
%E?(G) =9 r+1 m=1, deg(v) > 3 where v is the unique vertex of degree > 2 on C,

r oterwzse.
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Proof By Lemma 3.13 and Theorem 3.14, we have %}2) (G) = g—p+n. We have ¢(G) = p(G)
for unicyclic graph. So we have 71(?)((?) =n. If m = 0, then clearly 7%2)(6') =2. Let m=1
and let v be the unique vertex of degree > 2 on C. Let e = vw be an edge on C. Clearly
J = G —e, e is a minimum graphoidal tree cover for G and so n < r + 1. Since there is a
vertex of C' which is not internal in a tree of a graphoidal tree cover, we have n = r+ 1. When
m=1, 7%2)((?) =r+1. Let m > 2. Let v and w be vertices of degree greater than 2 on C' such
that all vertices in a (v, w) - section of C' other than v and w have degree 2. Let P denote this
(v, w)-section. If P has length 1. Then P = (v,w). Clearly ¢ = G — P, P is a graphoidal tree
cover of G. Also n = r and so W(TZ)(G) = when m > 2. Hence we get the theorem. O
Theorem 3.17 Let G be a graph such that ”y(TG) <HG)—d+1 (0(G) >d > 2). Then

W@ =g - p(d—1).

Proof By Theorem 3.2, 'y(Td)(G) > g—p(d—1). Let # be a minimum graphoidal tree cover
of G. Since § > yr(G), every vertex is an internal vertex of a tree in a graphoidal tree cover
# . Moreover, since § > d+ dr (G) — 1 the degree of each internal vertex of a tree in Jis > d.
Let ¥, be a minimum graphoidal tree d-cover of T; (i =1,2,--- ,k ). Let m; be the number of
vertices of degree 1 in T; (¢ =1,2,--- ,k ). Then by Corollary 3.12, for i = 1,2,--- , k we have

YU(T;) = —pi(d —2) +my(d — 1) — 1.

k
Consider the graphoidal tree d-cover U7 = |J ¥; of G.
i=1

k k
Yr| = | U ;| = Z(mi(d_ 1) —pi(d-2)-1)
k

k

= Z[(mi —pi)(d—1) + qi
i=1

k

Notice that

k k
Z p; = Z(numbers of internal vertices and pendant vertices of T;)
i=1 j

[l
=
_|_

\'M
E
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Therefore, |U7| = —(d — 1) 4+ ¢. In other words, vgpd)(G) < q—p(d—1). Hence, vgpd)(G) =

q—p(d-1) O

Corollary 3.18 Let G be a graph such that §(G) = [5] 4+ k where k > 1. Then %Epd)(G) =
g—p(d—1) ford <k+1.

Proof §(G)—d+1=[5]+k—-d+1>[5] > ~y7(G) by Theorem 2.5. Applying Theorem
3.17, %\P(G) = ¢ — p(d — 1). O

Corollary 3.19 Let G be an r-regular graph, where v > [5]. Then ’yrfpd)(G) =q—p(d—-1) for
d<r+1-[§].

Proof Here 6(G) = r and so the result follows from Corollary 3.18. O

Corollary 3.20 ”ygpd)(Kmyn) =q—p(d—1), where 2 <d < %T_" and 6 <m <n<2m—6.

Proof Consider

2m — 3m —2
S(G)—d+1 > m-— m3 "+1=mfm+"+1
m+n m—+n
Hence by Corollary 3.18, ”ygpd)(Kmyn) =q—p(d-1). O

Theorem 3.21 1\ (C,, x C) =3 for d > 4 and 42 (Cp x Cn) = q — p.

Proof For d > A(G) = 4, %Epd)(Cm x Cp) = y7(Cp X Cy,) = 3 by Theorem 2.14. Since
§(C x Cp) = 4 and v (Cy, x Cp) = 3, we have yp(Cy, x Cp) = 6(G) — d + 1 when d = 2.
Applying Theorem 3.17, 7(T2)(Cm x Cp)=q—p. O
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