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Abstract: A Smarandache-Fibonacci triple is a sequence S(n), n > 0 such that
S(n) = S(n — 1) + S(n — 2), where S(n) is the Smarandache function for integers
n > 0. Clearly, it is a generalization of Fibonacci sequence and Lucas sequence. Let
G be a (p,q)-graph and {S(n)ln > 0} a Smarandache-Fibonacci triple. An bijection
f:V(G) — {5(0),5(1),5(2),...,5(q)} is said to be a super Smarandache-Fibonacci grace-
ful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set
{5(1),5(2),...,5(q)}. Particularly, if S(n),n > 0 is just the Lucas sequence, such a label-
ing f:V(G) — {lo,l1,l2,--- ,la} (a € N) is said to be Lucas graceful labeling if the induced
edge labeling fi1(uwv) = |f(u) — f(v)] is a bijection on to the set {l1,l2, -+ ,lq}. Then G is
called Lucas graceful graph if it admits Lucas graceful labeling. Also an injective function
f:V(G) = {lo,l1,l2,--+ 1} is said to be strong Lucas graceful labeling if the induced edge
labeling f1(uv) = |f(u) — f(v)| is a bijection onto the set {l1,l2,...,lq}. G is called strong
Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper, we show
that some graphs namely P,, P;L —e, Smn, Fn@QP,, CnhQP,, K1, ®2P,, C3@Q2P, and
C,QK; 5 admit Lucas graceful labeling and some graphs namely K1 , and F, admit strong

Lucas graceful labeling.
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§81. Introduction

By a graph, we mean a finite undirected graph without loops or multiple edges. A path of
length n is denoted by P,. A cycle of length n is denoted by C,,.G™" is a graph obtained from
the graph G by attaching a pendant vertex to each vertex of G. The concept of graceful labeling
was introduced by Rosa [3] in 1967.

A function f is a graceful labeling of a graph G with ¢ edges if f is an injection from
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the vertices of G to the set {1,2,3,---,q} such that when each edge wv is assigned the la-
bel |f(u)— f(v)], the resulting edge labels are distinct. The notion of Fibonacci graceful
labeling was introduced by K.M.Kathiresan and S.Amutha [4]. We call a function, a Fi-
bonacci graceful labeling of a graph G with ¢ edges if f is an injection from the vertices of
G to the set {0,1,2,...,F,}, where F, is the ¢'" Fibonacci number of the Fibonacci series
FL=1,F,=2F;=3,F, =5,..., and each edge uv is assigned the label |f(u) — f(v)|. Based
on the above concepts we define the following.

Let G be a (p,q) -graph. An injective function f : V(G) — {lo,l1,1l2, -+ ,l.}, (a € N),
is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)] is a
bijection onto the set {l1,l2, - ,l;} with the assumption of lop = 0,11 = 1,13 = 3,13 = 4,14 =
7,15 =11,--- . Then G is called Lucas graceful graph if it admits Lucas graceful labeling. Also
an injective function f : V(G) — {lo, 11,12, - , 14} is said to be strong Lucas graceful labeling if
the induced edge labeling fi(uv) = |f(u)— f(v)| is a bijection onto the set {l1,l2,--- ,ls}. Then
G is called strong Lucas graceful graph if it admits strong Lucas graceful labeling. In this paper,
we show that some graphs namely P,,, P —e, Sy, F,QP,, C,QP,, K, ®2P,, C5Q2P,
and C,QK; 5 admit Lucas graceful labeling and some graphs namely K ,, and F}, admit strong
Lucas graceful labeling. Generally, let S(n), n > 0 with S(n) = S(n — 1) + S(n — 2) be a
Smarandache-Fibonacci triple, where S(n) is the Smarandache function for integers n > 0. An
bijection f: V(G) — {S5(0),5(1),5(2),...,5(q)} is said to be a super Smarandache-Fibonacci
graceful graph if the induced edge labeling f*(uv) = |f(u) — f(v)| is a bijection onto the set

82. Lucas graceful graphs

In this section, we show that some well known graphs are Lucas graceful graphs.

Definition 2.1 Let G be a (p,q) -graph. An injective function f :V(G) — {lo, 11,12, ,1a, },
(a € N) is said to be Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)] is
a bijection onto the set {l1,la,--- 1} with the assumption of lo = 0,11 = 1,10 =3,l3 =4,l4 =
7,05 =11,---,. Then G is called Lucas graceful graph if it admits Lucas graceful labeling.

Theorem 2.2 The path P, is a Lucas graceful graph.

Proof Let P, be a path of length n having (n + 1) vertices namely v1, va, v3, -+ , Un, Upt1-
Now, |V(P,)| = n+ 1 and |E(P,)| = n. Define f : V(P,) — {lo,l1,l2, ,la,},a € N by
flu;) =liy1,1 <i <n. Next, we claim that the edge labels are distinct. Let

E = {filvivig1) : 1 < i <n} ={|f(vi) = fvita)| : 1 i <n}
= {If(v1) = f(va)l,[f(v2) = fva), -, [f(vn) = fvnt1)], }
= {“2 - l3| ) |l3 - l4| y T 7|ln+1 - ln+2|} = {117127 T 7ln}'

So, the edges of P, receive the distinct labels. Therefore, f is a Lucas graceful labeling.

Hence, the path P, is a Lucas graceful graph. O
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Example 2.3 The graph Ps admits Lucas graceful Labeling, such as those shown in Fig.1
following.

ly I3 lg ls lg l7 ls

ll 12 13 l4 l5 16

Fig.1
Theorem 2.4 P —e,(n > 3) is a Lucas graceful graph.

Proof Let G = P} —e with V(GQ) = {uy,u2, -+ ,unt1} U{ve, v3, - ,vp41} be the vertex
set of G. So, |V(G)| = 2n+1 and |E(G)| = 2n. Define f : V(G) — {lo, 11,12, ,la, },a € N,
by
flui) =l2i1,1<i<n+1 and f(vj) =ly;-1),2<j<n+1

We claim that the edge labels are distinct. Let

Er = {filvivit1) 11 <i<np={[f(ui) — f(uir1)] : 1 < i <}
= {If(u1) = fu2)],[f(uz) = fus)l, -, | f(un) = funt1)[}
= Al =1l lls = I5], - [lan—1 = longa |} = {2, lay -+ S l2n

Ey = {filuivj):2<1i, j<n}
= {[f(u2) = f(v2)|; | f(uz) = fvs)l, -+ s |f(uns1) = fons1)]}
= {lls—lal,[ls = lals- -+ s l2n1 = lonl} = {li 13, -+ l2n—1 )

Now, E = Ey U Ey = {ly,1l3, - ,lan—1,lan}. So, the edges of G receive the distinct labels.
Therefore, f is a Lucas graceful labeling. Hence, P;F — e, (n > 3) is a Lucas graceful graph. [J

Example 2.5 The graph Pg+ — e admits Lucas graceful labeling, such as thsoe shown in Fig.2.

la ly lg ls lio li2 lia lis
Iy I3 ls l7 lg I l13 li5
lo ly lg ls lio lig lia lis
Fig.2

Definition 2.6([2]) Denote by Sy, such a star with n spokes in which each spoke is a path of
length m.

Theorem 2.7 The graph Sy, is a Lucas graceful graph when m is odd and n = 1,2(mod 3).
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Proof Let G =S,,, and let V(G) = {u; 1<i<mand1<j5< n} be the vertex set of
Smn- Then |V(G)| = mn + 1 and |E(G)| = mn. Define f: V(G) — {lo,l1,l2, - ,la, },a € N
by

flug) =lgfori=1,2,--- ;m—2 and i = 1(mod 2);
f (ué) =ln(i—1)42j-1,1 <j<nfori=1,2,--- ,m—1and i = 0(mod 2);

f(u;) =lpiy2-25,1<j<nandfors=12,--- ,g,
F(u") = lyim—1)42(j+1)—3s,35 —2 < j < 3s.
We claim that the edge labels are distinct. Let
Bo= U {h@u)i= U {If(w)-f(u)}
El(in:ulad 2) iEl(in:ul)d 2)
= U {o-teonl= U {weom)
El(in:ulad 2) El(in:ulad 2)
= {11512n+1al4n+1a"' 7ln(m—l)+l} )
m—1 . m—1 )
B o= U {hwa)= U {If@) -7}
iEl(ir:uljd 2) iEl(ir:uljd 2)
m—1 m—1
= U {|lo_lnz|} = U {lnz} = {l2n714n7"' 7ln(m71)}
izl(in:mi)d 2) izl(in:mi)d 2)
Es = U {fl(u}u3+l):1§j§n—1}

=1
i=1(mod 2)
m—2 - -
B U 7)) —f(ujn):1<i<n-1}
iEl(in:ulyd 2)
m—2
B U {[lnGi-1y25-1 = ln-1y42j1] 1 1< j < —1}
iEl(in:ulyd 2)
m—2
- U {lngi—1)425:1<j<n—-1}
i=1(mod 2)
m—2
- U {ln(i71)+2a ln(i71)+4, eyl ln(i71)+2(n71)}
i=1(mod 2)
= {l2lant2, s bngm-3)+2} U {las lonas - s bngmez)a} U

U {l2n—27 l4n—27 ceey ln(m73)+2n72} )
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m—2
= U {A@u):1<i<n—1}
i=1(mod 2)
m—2 ) )
= U {lf@)—flu)]:1sj<n-1}
i=1(mod 2)
m—2
= U {llni—2j42 — lni—2;] : 1 < j<n—1}
i=1(mod 2)
m—2
= U {lni—2j41:1<j<n-—-1}
i=1(mod 2)
m—2
= U {lni—17 lni—37 t 7lni7(2n73)}
i=1(mod 2)

= {loan—1,lon—3, I3, lan—1,lan—3, s lon43, Lnm—1)—1,*** + In(m—1)—(2n—3) } -

For n = 1(mod 3), let

Es

n—1

-

U {f1 (u;” uﬁl):3s—2§j§3s—1}

s=1

%

U A7 (") = £ (ua)] 35 -2 <5 < 35— 1}
s=1

n—1

5
U {|tatm=1)+2j—3542 — ln(m—-1)+2j—3s4+4] : 3s =2 < j <3s— 1}
s=1

n—1 n1
3 BER

U {lnm—1)42j-3s12:35s—2<j<3s—1} = U {lnm—1)+35—1> ln(m—1)+3s5+1}
s=1 s=1

{ln(m71)+27 ln(m71)+47 ln(m71)+57 ln(m71)+77 ol m—g, lmn} .

We find the edge labeling between the end vertex of st loop and the starting vertex of

(s+ 1) loop and s =1,2,-- -,

By =

n—1

. Let

n—1 n—1

U {’fl (ug; ug;ﬂ)}} = U {’f(ug;) _f(ugéﬂ)}}
{1f (ug®) = f ()], 1 (ug?) = £ )] (ugh) = F@io)l - | f (uny) = F (up)] }

{’ln(m71)+5 - ln(mfl)+4‘ ) ‘ln(mfl)+8 - ln(m71)+7

ln(mfl)JrnJrl - ln(mfl)Jrn’ }

R

{ln(m71)+37 ln(m71)+67 T 7ln(m71)+n71} = {ln(mfl)+37 ln(m71)+67 T 7lnm—1} .
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For n = 2(mod 3), let

By = |J{fi(uuly)3s—2<j<3s—1}

= U lr @) —rp)]:3s-2<j<3s—1}

= {|lnim=1)+2j—3542 — ln@m—-1)+2j-3s+4] : 3s =2 < j < 3s—1}

n—1

= =
= U {ln(m-1)+2j-3s13 135 —2<j<3s—1} = U {ln(m-1)135—1>ln(m—1)+3s+1}

s=1 s=1
= {ln(mfl)+27 ln(m71)+47 ln(m71)+57 ln(m71)+77 T ln(m71)+n727 ln(mfl)Jrn} .
We determine the edge labeling between the end vertex of s** loop and the starting vertex
-1
of (s 4+ 1)t loop and s = 1,2,3, ..., n 3

Let By = |J{h (gt = U {7 @i -7 @)}
s=1 s=1
= {If ) = F @) f gy = F @] ) = )] f () = f ()]}

- {|ln(m—l)+5 - ln(m—1)+4‘ ’ |ln(m—1)+8 - ln(m—1)+7| y T |ln(m—l)+n+1 - ln(m—l)-{-n‘}

- {ln(m—l)+3a ln(m—1)+67 T ;lnmfl} .

6 6 , ,
Now,E = |J E; if n = 1(mod 3) and F = (U EZ-) UE;UE; if n = 2(mod 3). So the
i=1 i=1

edges of Sy, (when m is odd and n = 1, 2(mod 3)), receive the distinct labels. Therefore, f is
a Lucas graceful labeling. Hence, Sy, is a Lucas graceful graph if m is odd, n = 1, 2(mod 3).
O

Example 2.8 The graphs S5 4 and S5 5 admit Lucas graceful labeling, such as those shown in
Fig.3 and Fig 4.

la la ls
1-3 1-5 l7
Ly
lg l7 lo
l10 ha | l14 .
I l13 l15
hs hs I X
l14 Lo l1o
hs lao l1g )
l1g l21 l20
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lo N lo ls

ls I s I
ly lz ls l3

ls ls ly la
112 . 114 116 ll8

113 115 ll? 119
lig li7 lis li3

l1g li6 l14 li2
l22 log la3 l2s

I3 las log las

Fig.4

Definition 2.9([2]) The graph G = F,,QP,, consists of a fan F,, and a path P, of length n

which is attached with the maximum degree of the vertex of F,.
Theorem 2.10 F,,,QP, is a Lucas graceful labeling when n = 1,2 (mod 3).

Proof Let v1,v2, ..., Um, Um+1 and ug be the vertices of a fan Fj,, and uy,us, - -- ,u, be the
vertices of a path P,. Let G = F,,,QP,,. Then |V(G)| =m +n+ 2 and |E(G)| =2m +n+ 1.
Define f : V(G) — {lo,l1,l2, - ,la, },a € N, by f(ug) = lo, f(vi) = loi—1,1 < i < m+ 1.
For s = 1,2,--- ,n—l or n;2
lom+2j—3s43,35 —2 < j < 3s.

according as n = 1(mod 3) or n = 2(mod 3), f(u;) =

We claim that the edge labels are distinct. Let

By = {fiviviy1) : 1 <i<m} ={|f(vi) = f (viz1)] : 1 <@ <m}
= {lloi—1 —l2iqa] : 1 <0 <m}

{121' : 1§Z§m}:{12,l4, 7l2m}7

Ey = {filuovy) :1<i<m+1} = {|f(u) — f(vi)| 1 <i<m+1}
{|l0_12i—1| : 1§z§m+1}
= {loic1:1<i<m+1} ={l1,13, - ,lomy1}

and

Bz = {f1 (uou1)} = {|f(uo) — f(w)[} = {llo = l2m+2]} = {lom+2}



8 M.A.Perumal, S.Navaneethakrishnan and A.Nagarajan

-1
For s = 1,2,3,-~,n and n = 1(mod 3), let

3
-

3
E, = U {fl(ujaujJrl)535—2§j§35—1}

s=1

3

3
-

I
C

{1£(uy) = Flugn)] 35 —2 < j < 35— 1}

»
Il
=

3

=
= U {llom+2j+3—3s — lom+2j45-3s| 135 —2 < j <3s—1}

s=1

n—1

= U (lom+2j44—3s 1 3s —2<j <3s—1)

s=1

= {lamg2j—2:4<5 < 5}U{l2m+2j—5 :7<5< S}U
U{l2m+2j—n+4 imn—3<j<n-—-2}

= A{lom+e; lomys} U {lomro, lomy11} U o U {lomin—2,l2min}

= {lam+6: lam+8s lam+9, lam+11, 5 loman—2, lamn }

We find the edge labeling between the end vertex of st loop and the starting vertex of

-1
(s+ 1) loop and s = 1,2,3,--- ,nT ,n = 1(mod 3). Let

n—1 n—1

3

By = JA{h@yu):i=3st=J () = Fluger)] 5 = 3s}

n—1

3
= U {|l2m+2j+3—35 - l2m+2j+5—35| ] = 35}

s=1

= {|lam+2j — lom+2j—1| 1 7 = 3} U{|lom+2j—3 — lom42j—a| : j = 6} U e
UAll2m2 — lam2j-1] 1§ =n— 1}

= {lamt2j—2:7 =3} U{lams2j—5: =6} U, -+ ,U{lami2j-nt3:j=n—1}

- {l2m+4; l2m+7; tee ;l2m+n+1} .

Fors:1,2,3,---,n_

2
and n = 2(mod 3), let

n—2

3
E4 = U {fl(uj Uj+1)13$—2§j§3$—1}
s=1

= U {If(u;) = flujs1)] :3s —2<j<3s—1}
s=1

3
= U {llom+2j+3—3s — lom+2j45-3s| 135 —2 < j < 3s—1}

s=1
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T
= U (lom+2j4a—3s 135 —2< 7 <3s—1)

s=1
= {lomy2j—2:4<j < 5}U{12m+2j75 :7<j < 8}U

U {lom42j-nta :n—3<j<n-—2}
- {12m+67 12m+8} U {12m+97 lQerll} U tee U {12m+n72; l2m+n}

= {lam+6, lam+8:2m+9 > lom+11, 5 lomtn—2, lamn }

We determine the edge labeling between the end vertex of s** loop and the starting vertex

-2
of (s + 1) loop and s = 1,2,3, ..., nT, n = 2(mod 3). Let
n-2
By = | {f (wup) 5 =3s}
s=1
n-2 n-2
3 3
= U Uf(ug) = fujpr)| 1 5 = 3s} = U {llamy2j43-3s — lomy2j45-3s| 1 j = 38}
= s=1

= {llom+2j — lom+2j—1]| : j =3} U {llam+2j—3 — loam+2j—a| : j = 6} U e
U {llom+2j—n+4 — lom+2j—n+5| : 5 =n —1}
= {lamt2j—2:J =3} U {lami2j—5: j =6} U . U {lomi2j—(n-3y: j=n—1}

= {lomta, lom+7, ooy lomgns1 -

Now, E = U E; if n = 1(mod 3) and E = <U E>UE4UE5 if n = 2(mod 3). So, the

edges of F,,, @P (whenn = 1,2(mod 3)) are the distinct labels. Therefore, f is a Lucas graceful
labeling. Hence, G = F,,@QP, (if n = 1,2(mod 3)) is a Lucas graceful labeling. O

Example 2.11 The graph F5s@QP; admits a Lucas graceful labeling shown in Fig.5.

lo ly lg lg lio

Fig.5

Definition 2.12 ([2]) The Graph G = C,,QP,, consists of a cycle Cp, and a path of P, of
length n which is attached with any one vertex of Cp,.
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Theorem 2.13 The graph C,,QP,, is a Lucas graceful graph when m = 0(mod 3) and n =
1,2(mod 3).

Proof Let G = C,,,QP, and let uy,uq, - - ,uy, be the vertices of a cycle C,,, and vi,ve, -+ , Uy, Up41
be the vertices of a path P, which is attached with the vertex (u; = v1) of C,,. Let V(G) =
{ur = v1 }U{ug,ug, -, um} U{va,v3, ..., 05, vnt1} be the vertex set of G. So, |[V(G)| =m+n
and |E(G)| = m + n. Define f: V(G) — {lo,l1, -+ ,la}, a € N by f(u1) = f(v1) =lo; f(ui) =
lyi—6,35—1<j<3s+1fors=1,23,- % i =23, m; f(v;) = lygaj_sr, 37 — 1 <

1
j§3r+1forr=1,2,---,% and j = 2,3,--- ,n+ 1.

We claim that the edge labels are distinct. Let

Ev = {fi(u1 u2)} ={|f (u1) = f (u2)|} = (llo — l1]) = {ls },

By {f1 (w; ujy1) :3s =1 <i < 3s and Upms1 = u1}

[l
L=k

e

= U {f1 (ui) — fui+1) : 3s =1 <4 < 3s and umi1 = u1}
s=1

= {If(u2) = f(us)l,[f(us) = flua)l, s |f (um) = f(Ums1)]}
= {lli =1l [ls = Is], la = ls[ [le = Is| -+ s |lm — lol}
= {lo,l, 15,07, L}

We determine the edge labeling between the end vertex of s*" loop and the starting vertex

of (s + 1) loop and s = 1,2, ..., % — 1. Let

m__q m__q

By = U {f1(uss+1 uss42)} = U {|f(uss+1) — f(uss+2)|}
s=1 s=1
= {If(ua) = flus)|, | f(ur) = flus)|, - | f(um—2) = f(um-1)|}
= {lls = la|,|ls = lz|,- s llm—1 = ln—2|}
= {6, lmes),

{fi(vr v2)} = {|f(v1) = f(w2)l} = {llo = lmta—s|} {llo — linta—sl}
{llo = lms1l} = {llo = lnt1l} = {Im+1} -

E,

For n = 1(mod 3), let
n—1

3
B = U {fi(vj vjy1):3r =1 <5 <3r}

r=1

n—1

= U {If(vj) = flvje)]:3r =1 <5 < 3r}
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{1f(v2) = fus)l, [f(vs) = flua)l, - [f (1) = f(va)[}

= {llmya—3 = lmr6-3]sllmr6—3 = lnis—3l, llmr10-6 — lmr12-6|, [lmr12-6 — lmy14-6/,
oy lmton—2-n+1 — lmt2n—nt1l}

= {llmt1 = bntal s llmts = lnssl s llmta = el e — sl - 5 [lmn—1 — lnnsa |}

= {lm+2u lm+47 lm+57 lm+77 ce 7lm+n} .

We calculate the edge labeling between the end vertex of " loop and the starting vertex
-1
Of(r—l—l)thloopandr:1,2,---,n . Let

B = U {f1(v3r41 v3ry2)} = U {If(vsrs1) = fvsri2)|}
r=1 r=1
= Alf(va) = f(vs)], [f(vr) = flvs)] -+, | f(vn—2) — f(vn-1)|}

= {|lmts—3 — lm+10—6|s lmt14—6 — lmt16-9| >, [lm+2n—a—n+2 — lmt2n—2—n+1|}
= A{llm+s = lmtal ) llmss = lmazl, -+ 5 llman—2 — lmynl}
= btz lmt6: lmto, - s lmin—1}

For n = 2(mod 3), let

By = J{fv)3r—1<i<3ry = J {If(v;) = Flvj11)| :3r— 1< j <31}
r=1 r=1

= {If(w2) = f(v3)],|f(vs) = flva)|, -, [f(vn-1) = fvn)|}
= {|llmta-3 — lmt6-3|s llms6-3 — lm+8—3| ; |lm+10—6 — lm+12—6| s [lm+12—6 — Im+14—6] ,
T |lm+2n—2—2n+1 - lm+2n—n+1|}

- {lm+2u lm+47 lm+5u lm+77 ceey lm—i—n} .

We find the edge labeling between the end vertex of r** loop and the starting vertex of
-2
(r+1)th100pandr=1,2,---,n . Let

n—2 n—2

’

B = U{fl(vsm vmz)}:U{lf(vgrﬂ)—f(vm)u
r=1 r=1
= {lf(va) = f(s)],|f(vr) = fws)l, - | f(vn—2) = f(vn-1)[}

- {|lm+873 - lm+1076| ) |lm+1476 - lm+1679| P |lm+2n747n+2 - lm+2n727n+1|}
= {{lm+s — lmal s lmss — Izl [lmtn—2 — lntnl}
= {lm-i-?n lm+67 lm+97 Tty lm-l—n—l}

6 4 , ,
Now, E = | E; if n = 1(mod 3) and E = <U EZ) UFE5UFEg if n = 2(mod 3). So,
= i=1
the edges of G receive the distinct labels. Therefore, f is a Lucas graceful labeling. Hence,

G = C,,QP, is a Lucas graceful graph when m = 0(mod 3) and n = 1, 2(mod 3). O
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Example 2.14 The graph Co@QP; admits a Lucas graceful labeling, such as those shown in
Fig.6.

Fig.6

Definition 2.15 The graph K , ® 2P,, means that 2 copies of the path of length m is attached

with each pendent vertex of Ki .
Theorem 2.16 The graph K1, © 2Py, is a Lucas graceful graph.

Proof Let G = Ky, ®2P,, with V(G) = {ui:0<i<n}U{ Z(Jl), fj) 1<i<n, 1<y
<m-—1}and E(G )—{u0u1.1<z<n}u{u Wi v() 1<z<ncmd1<j<m—1}u
{Uilj) (,1J)+1’U1(2J) vlg?j)-i-l 1<i<nand1<j<m-— 1}. Thus |V(G)| = 2mn +n + 1 and
|E(G)| = 2mn + n.

For i = 1,2,--- ,n, define f : V(G) — {lo,l1,l2,- - ,la},a € N, by f(ug) = lo f(u;) =
l2m+1)(i—1)+2; f(vf,lj)) = lemini-1+2+1, 1 < Jj < m and f(vfj)) = lemini-1)+2j4+2, 1 <
7 < m.

We claim that the edge labels are distinct. Let

{f1 (uo i)} = (J{If (wo) — f (ui)}

B =
=1 i=1
= ULl —lemma-l} = U {lemmnenie}
=1 =1
By = J{no) Ao}
=1

) - £}

|

N
Il
-

{| £ - sl



E,

Lucas Graceful Labeling for Some Graphs

U {llem+1)-142 — lem+n—1+3| > [lemtn)-1+2 — lem+1)i—1)+4| }
=1

U {lem+1)i-1)+1> lemr1)-1)+3 )

i=1

{llv l3} U {l2m+2; l2m+4} U {l2mn+n72m+17 lan+n72m+3}

{lla 12m+2; tee ;l2mn+n72m+17 l3; l2m+4; tee 712mn+n72m+3} 9
1

{f‘(UE? U£?+1}

3

-

i=1 | j=1

n m—1 .

U U {’f f(vz(,j)-l-l’}

=1 Jj=1

n m—1

U {|lem+1)-1)+2j41 — lem+1)(i-1)+25+3] }
i=1 | j=1

n m—1

U U {lemiese12}

i=1 | j=1

S

U{ 2mt1)(i—1)+45 L@m41) (i—1)4+65 " » L@m+1)(i—1)+2m |

{la,l6, - s lom} U {lmi )44 Lamt1) 16>+ s Lem1)(i—1)+2m } U

o U {lem+ 1) (-1 44, lemr1)(n—1)+6:*** » L@m+1)(n—1)+2m }

{147 e 712777,7 12m+57 e 7l4m+17 e 71(2m+1)(n71)+47 l(2m+1)(n71)+67 e 7l2mn+n—1} 9
n m—1
LJ { J ,J+1}
i=1 | j=1
n m—1
2

U {‘f f(UE,j)Jrl‘}
i=1 | j=1
n m—1
U {Jlemin-1+242 = lamini-1+24a}
i=1 | j=1

m—1

U {lamt1)i—1)+2j+3

j=1

Hat

S

U{ 2m41)(i=1)+5 L@m4+1)(i=1) 47> L@mA1)(i—1)$2m+1 )

{5, lom+1} U {lomt145: omt147, 0+ lomt1+2mt1}

U {lemt1)(n—1)45 lEmt1)(n—1)4+7: "+ L@m+1)(n—1)+@m+1) }

13

{Is,+  lamt1, lamtes 5 lamats 5 L@mt 1) (n—1) 45> Lema1 (=147, L@mt1)4n ) -
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4
Now, E = |J E; = {ll,lg, ...71(2m+1)n}. So, the edge labels of G are distinct. Therefore,
i=1
f is a Lucas graceful labeling. Hence, G = K ,, © 2P, is a Lucas graceful labeling. O

Example 2.17 The graph K; 4 ©® 2P, admits Lucas graceful labeling, such as those shown in
Fig.7.

l36 l37,
I35 l36

l34 l359
ls3 l34

l32 [334

l5 l7 ly
TR s

ls lr ly

17 16
l1g li7
/19 g
Fig.7

Theorem 2.18 The graph C3Q2P,, is Lucas graceful graph when n = 1(mod 3).

Proof Let G = C3Q2P, with V(G) ={w; : 1 <i<3}U{u;: 1 <i<n}U{v;:1<i<n}
and the vertices ws and ws of C5 are identified with v; and w; of two paths of length n
respectively. Let E(G) = {wjw;y1 : 1 <4 <2} U{ujuipr,vvi41 : 1 < i < n} be the edge set of
G. So, |[V(G)] = 2n + 3 and |E(G)| = 2n + 3. Define f : V(G) — {lo,l1,l2,+ ,la},a ¢ N
by f(w1) = lnta; f(wi) = lngs—i, 1 <@ < n+1; f(vj) = luyayej—3s, 38 —2 < j < 3s for
§=1,2, .y and f(v;) = lnsasaj_3s 35 —2<j <3s—1 for s = ”T_l +1.
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We claim that the edge labels are distinct. Let

E U {filuiui1} = U {1 (ui) = f(uita)]}

= U {llgs—i = lngs—i—1]} = U {lnts—i — lng2—il}
i=1 i=1

- U{anrlfi}: {ln;lnfla"' 711}5

E, = {_f1(ulw1),f1(w1v1),f1(v1ul)}
= {If(w1) = flw)], [f(wr = fo)], [f(v1) = f(w)l}

= {|ln+2 - ln+4| P |ln+4 - ln+3| s |ln+3 - ln+2|} = {ln+37 ln+27 ln—i—l} .

Fors=1,2,---, ——

n—1

3
E3 = U{fl(vjvj+1):33—2§j§35—1}
s=1

n—1

- O{|f(Uj)_f(Uj+1)|:35—2§j§38_1}

= {lf(1) = f2)l, [f(v2) = fua)|} U{[f(va) = f ()], [ £ (vs) = fve)l}
|\ J {1 Was) = F(on-2)] |f (vn2) = fon-1)]}

= {lln+s = lnsl s llnss — gl U {llnss — bnrsl s lnss — Inraol}
- JHl2n—1 = lansal s llang1 — lonsal}

= {lnras b} J{Inrr laro} - (U lons lon2} -

We find the edge labeling between the end vertex of st loop and the starting vertex of
-1
(s+1)" loop and 1 < s < nT Let

Ey = {fi(vjuj1) 1§ =3s} = {|f(v;) = f(vj+1)| : j = 3s}
= {If(v3) = f(va)l,[f(ve) = flvz)|,- | f(vn-1) — fun)]}
= A{llnt7 = lnvel s llnt10 = lnsol s -+ s [langs — longal} = {5, 08, -+ l2nt1} -

-1
Fors:nT—Fl,let

Es = {filvju(j+1) 15 =3s =2} = {|f(vj) = f(vj41)| : j = n}
= A{lf(vn) = fons1)|} = {llntat2n-n—2 — ln+atont2—n—2[}
= Allon+2 — lan+al} = {l2nts}-
5
Now, E = |J E; = {l1,l2,...,lan+3}. So, the edge labels of G are distinct. Therefore, f is

s=1

a Lucas graceful labeling. Hence, G = C3Q2P, is a Lucas graceful graph if n = 1(mod 3). O
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Example 2.19 The graph C3@2P, admits Lucas graceful labeling shown in Fig.8.

lg Vige V2o, U3y V4, Us
e . . . .
N o il o
ls ¢wn I5
w36 Iy lq s L2
l7 Ul l4 U l3 us 12 Uq ll Us
Fig.8

Theorem 2.20 The graph C,, QK1 2 is a Lucas graceful graph if n = 1(mod 3).

Proof Let G = C,QK; 2 with V(G) = {u; : 1 <i<n}U{v1,v}, E(G) = {uwit1 :
1 <i<n—1 U{upu1, upvn, unva}. So, |V(G)| =n+2and |E(G)| =n+2. Define f : V(G) —
{lo,l1,l2, ..., 1o} ,a e N by f(ur) =0, f(v1) =ln, f(v2) = lngs; flug) =loi—ss, 3s—1 <0 <
3s+1fors=1,2,..., n_—4 and f(u;) = lai—3s, 3s —1 < i < 3s for s = Ly We claim that
the edge labels are distinct. Let s

By = {fi(wiu2), fi(usv1), fi(unve), fi(unui)}
= {[f(u1) = f(u2)], [f(un) = flo1)], | f(un) = flo2)], | f(un) = fv1)l}
= {llo = Ul [lnt1 = lul, [lng1 = bl 1 — lol}
- {llalnflaln+2yln+1}7
E2 = U {fl UZUZJrl :3s—1 S 7 S 38}
s=1

n4
= U {I1f(us) = fuig1)| :3s =1 <4 < 3s}

= {If(u2) = f(ua)l, | (us) = flun) H LI (us) = Fuo)] [ f(us) = f(ur) [}
A\J A (ns) = )l |f (un—a) = fun-3)[}

= {lh =l lls = ANl = Tl 16 — 1s[3} |
A J s = bacal s s = Laal}

= {3} J s - U lns s} = {losla I, bz -+ D5, s}

We determine the edge labeling between the end vertex of s** loop and the starting vertex
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—4
of (s + 1) loop and 1 < s < nT Let

Es

{fi(uivisr) 2 i =3s+ 1} = {|f(us) — fuiy1)| 1 =35+ 1}
{If(ua) = fus)| ;[ f(uz) = flus)],- - [ f (Un-3) = fun—2)l}

= {|ls—3 —lio—sl, lia—6 —li6—90|, -, [lon—6—n+a — lon—a—n+1|}

= {|l5 - l4| ’ |18 - l7| PR |ln72 - ln73|} = {lg,lg, e ,ln,4} .
For s = "T_l, let

E4 = {fl(uiuiH) :3s—1 S 7 S 38}

= {[f(ui) = f(uig1)] : 35 =1 < i < 3s}

= {lf(un—2) = flun—0)|, [f(un-1) = f(un)[}

- {|l2n747n+1 - l2n727n+1| ) |l2n727n+1 - 12n7n+1|}
= {lln-3 = ln-1l, [ln—1 = lnga |} = {ln—2,ln}

4
Now, E = | E; = {l1,12, ..., lnt2}. So, the edge labels of G are distinct. Therefore, f is a

i=1
Lucas graceful labeling. Hence, G = C,,QK] 5 is a Lucas graceful graph. O

Example 2.21 The graph C10@QK; 2 admits Lucas graceful labeling shown in Fig.9.

Fig.9

83. Strong Lucas Graceful Graphs

In this section, we prove that the graphs K ,, and F}, admit strong Lucas graceful labeling.

Definition 3.1 Let G be a (p,q) graph. An injective function f : V(G) — {lo,l1,l2,--- .14}
is said to be strong Lucas graceful labeling if an induced edge labeling fi(uv) = |f(u) — f(v)| is
a bijection on to the set {l1,l2,...,lq} with the assumption of lo = 0,11 = 1,la = 3,l3 =4, =
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7,05 =11,---,. Then G is called strong Lucas graceful graph if it admits strong Lucas graceful
labeling.

Theorem 3.2 The graph K, ,, is a strong Lucas graceful graph.

Proof Let G = Ky, and V = V4 UV, be the bipartition of K; , with V4 = {u1} and
Vo = {uy,uz, ..., unt. Then, |V(G)| =n+1and |E(G)| = n. Define f : V(G) — {lo, 11,12, ..., 1}
by f(uo) =lo, f(u1) =11,1 <i < n. We claim that the edge labels are distinct. Notice that

E = {fituour) :1<i<n}={f(uo) = f(u):1<i<n}
= {If(uo) = flur)l,|f(uo) — f(uz)l|, ..., [ f(uo) = f(un)[}
= {llo=Ul,llo = la|,. [lo = ln]} = {l1,12, ..., In}

So, the edges of G receive the distinct labels. Therefore, f is a strong Lucas graceful labeling.

Hence, K1, n the path is a strong Lucas graceful graph. 0

Example 3.3 The graph K; g admits strong Lucas graceful labeling shown in Fig.10.

lo

Fig.10

Definition 3.4([2]) Let uy,ug, ..., Un, unt1 be the vertices of a path and ug be a vertex which
is attached with wy, ug, ..., Up,Uny1. Then the resulting graph is called Fan and is denoted by

F,=P,+ K.
Theorem 3.5 The graph F,, = P, + K1 is a Lucas graceful graph.

Proof Let G = F, and uy,us, ..., Un, Un+1 be the vertices of a path P, with the central
vertex ug joined with uy, ug, ..., U, un+1. Clearly, [V(G)| = n+ 2 and |E(G)| = 2n + 1. Define
f : V(G) — {lo,ll,lg, ...,l2n+1} by f(UQ) = lo and f(uz) = lgi_l, 1 S ) S n 4+ 1. We claim that
the edge labels are distinct.

Calculation shows that

By = {fi(wiuit1) : 1 <i<n} = {|fowi) — f(uir1)] : 1 <i <n}
= {If(ur) = fu2)l; [f(u2) = fua)l, s | f(un) = f(uns1)l}
= {|li =3\l = 5], ..., |lan—1 — lont1|} = {l2, la, ...y lan },
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E2 = {fl(uoul) 01 S ) S n —+ 1} = {|f(’u0) - f(uz)l 01 S ) S n -+ 1}
{1/ (uo) = f(ua)l, [f (uo) = fu2)l, s |f (uo) = funta)[}
{|ZO — ll|, |lo — lg|, veey |lo — 12n+1|} = {ll,lg, ...,12n+1}.

Whence, E = Ey U Ey = {l1,la, ..., lan, lan+1 - Thus the edges of F,, receive the distinct labels.
Therefore, f is a Lucas graceful labeling. Consequently, F,, = P, + K; is a Lucas graceful
graph. 0

Example 3.6 The graph F7 = P; + K; admits Lucas graceful graph shown in Fig.11.

Iy
la
I3

la
ls

Fig.11
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