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Abstract 

Some splitting lemma of topological nature provides fundamental 
information when dealing with dynamics (see [1], pg.79). Because the 
set involved, namely X \ P:;, is neither open nor closed, a natural 
question arise: can this set be modified in order to obtain aditional 
data? cnfortunately, the answer is negative. 

For a metric space X which is locally connected and locally com­
pact and for some continuous mapping f : X -+ X: the set w-set of 
each element x of X is given by the formula 

J.)(x) = {Y E Xly = lim fkn(X) , lim kn = +oo} . 
n ...... +x n ...... += 

vVe also denote by Wj(X) , 1 :S j :S r: the set 

,",-"j(x) = {Y E Xly = lim fmnr+j(X) , lim ffin = +oo}. 
n-+x n-+= 

~ ow: :.u( x) can be spli tted according to the following lemma. 

r 
Lemma 1 a) .... ,(x) = U :.uj(x) ; 

j=1 

b) f (,",-"j(x)) C wU+l)moor' 
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Its proof relies upon the properties of :.u( x) . 

Lemma 2 For some nonvoid subset S oj X we consider e a compo­
nent oj X \ S. i.e. a maximal connected set (see [2/, pg. 54). Then: 

a) C'< C C U (5 n &'< 5) : 
b) aX e c (e n aX c) U ( 5 n aX s) . 
1L·here eX signifies the closure oj e under the topology oj X while 
if'< e is the boundary oj C under the same topology. 

Remark 1 For instance. if 5 is closed. then aXe c aX 5 as the 
components of a locally connected space are open. 

Proof. a) First, let's show that eX c e uS. For x E X \ (e uS) = 
(X \ S) \ e, as e is closed in X \ S, there will be some open G C X 
such that 

x E G n (X \ S) eX \ (e uS). 

Obviously, 

[G n (X \ S)],'"I e = G n e = 0 

and so 
x~ eX. 

Further on, let's assume that x E eX n S. If x E X \ aX S: then 

x ~ X \ SX. There will be some open W C X such that 

xEvV; wnX\SX =0. 

-x In particular, W n e = 0 and so x ~ e . 
b) According to a): we have: 

aX e c (e n X \ ax) u [( S n aX s) n X \ eX] 

( en X \ eX) u (s n aX 5) 

because of S ,'"I ax S eSc X \ e . 
Obviously: 

• 
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Remark 2 It worths noticing that the sets (C n aX C) and (5 n aX 5) 
are disjoint; in other words. f)-)( C is piecewise-made. Lemma 2 works 
equally well in any topological space. 

Lemma 3 (j'vlelbourne, Dellnitz, Golubitsky) 
For some nonvoid subset 5 of X. we denote by P s the union 

::c 

Ps(J) = U (j)-l (5) 
n=O 

Let x be some element of 5. Then either ~(x) C P; or the following 
are valid: 
a) ~(x)\Ps is covered by finitely many (connected) components Co, .. ·, Cr - 1 

of X \ P s ; 

b) These components can be ordered so that 

f(Ci ) C C(i+l) mod r; 
-x -x 

c) ~(x) C Co U ... U C r - 1 . 

Remark 3 Notice the splitting in relation with lemma 1. A.s we men­
tioned in the A.bstract. it is qu-ite natural to ask if X\ P s can be replaced 
by the easier-to-work-with X \ P s' The following lemma shows that 
this would imply no more the presence of finitely many components. 

Lemma 4 Let 5 be some nonvoid subset of X which is not dense in 

X, i.e. SX =1= X. We consider C a component of X \ SX and D a 
component of X \ 5 such that C CD. Then any element x of D \ C 

X -x belongs either to a 5 or to any other component of X \ 5 . 

Proof. If x rt. X \ S then x E (X \ 5) n SX c f)-Y 5 .• 
An example would be appropriate: in R2, we denote by 1'(O,r) the 

r-disk centered in 0. Now, for X = 1'(0, 2)R2 , 5 = 1'(0,1) U (1,2] U 
[-2, -1), we have 

-R2 R2 
5 = 1'(0,1) U [1, 2] U [-2, -1] 

D = X \ 5, C E { ( X \ SR2) n (y > 0) , (X \ SR2) n (y < 0) } . 

Further exemples can be architectured easily even to obtain infinitely 

many components of X \ SX . 
In other words, finitely many components of X \ 5 may include infi­

nitely many components of X \ SX . 
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