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ABSTRACT. A locally recoverable (LRC) code is a code over a finite field F, such that
any erased coordinate of a codeword can be recovered from a small number of other
coordinates in that codeword. We construct LRC codes correcting more than one erasure,
which are subfield-subcodes of some J-affine variety codes. For these LRC codes, we
compute localities (r, ) that determine the minimum size of a set R of positions so that
any 6 — 1 erasures in R can be recovered from the remaining r coordinates in this set.
We also show that some of these LRC codes with lengths n >> ¢ are (6 — 1)-optimal.

INTRODUCTION

The growth of the amount of stored information in large scale distributed and cloud
storage systems makes the loss of data due to node failures a major problem. To obtain a
reliable storage, when a node fails, we want to recover the data it contains by using infor-
mation from other nodes. This is the repair problem. A naive solving method consists of
the replication of information across several nodes. A more clever method is to protect the
data using error-correcting codes, what has led to the introduction of locally recoverable
(LRC) codes [11]. LRC codes are error-correcting codes for which one or more erased co-
ordinates of a codeword can be recovered from a set of other coordinates in that codeword.
As typical examples of this solution we can mention Google and Facebook storage systems
that use Reed-Solomon (RS) codes to protect the information. The procedure is as follows:
the information to be stored is a long sequence b of elements belonging to a finite field

i, where p is a prime number. This sequence is divided into blocks, b = b1, ba, ..., b, of

the same length h. According to the isomorphism ]FZZ = F,mn, each of these blocks can be

seen as an element of the finite field F,, with ¢ = p® and s = [h. Fix an integer k < g.
The vector (b1, ba,...,b;) € F’; is encoded by using a Reed-Solomon code of dimension k
over [Fy, whose length n, k < n < g, is equal to the number of nodes that will be used in
its storage. We choose a1, g, ..., a, € Fy and send

f(Oéz) =by + boa; +--- _|_bkaf:—1

to the i-th node. Even if a node fails, we may recover the stored data (b1, bg,...,b;) by
using Lagrangian interpolation from any other k available nodes.

Note that this method is wasteful, since k symbols over n nodes must be used to recover
just one erasure. Of course other error-correcting codes, apart from RS codes, can be used
to deal more efficiently with the repair problem. Thus, in terms of coding theory the
repair problem can be stated as follows: let C be a linear code of length n and dimension
k over F,. A coordinate i € {1,2,...,n} is locally recoverable if there is a recovery set
R = R(i) € {1,2,...,n} such that i ¢ R and for any codeword € C, an erasure at
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position ¢ of & can be recovered by using the information given by the coordinates of x
with indices in R. The locality of the coordinate ¢ is the smallest size of a recovery set for i.
The code C is locally recoverable (LRC) if each coordinate is so, and the locality of C is the
maximum locality of its coordinates. In Section 1 we shall specify these definitions. Note
that strictly speaking, all codes C of minimum distance d(C) > 1 are locally recoverable;
just take {1,2,...,n} \ {i} as a recovery set for coordinate i. However we are interested
in codes admitting recovery sets as small as possible. Thus, in practice we restrict to
consider codes with ‘moderate’ localities. In general, the locality r of an LRC code C with
parameters [n, k,d] is upper-bounded as r < k. For example, MDS codes (RS codes in
particular) of dimension k have locality k. Several lower bounds on r are known. The
most commonly used is the Singleton-like bound (1).

Among the different classes of codes considered as good candidates for local recovering,
cyclic codes and subfield-subcodes of cyclic codes play an important role, because the
cyclic shifts of a recovery set again provide recovery sets [3, 12, 14, 22]. In this article we
continue this line of research by using the very general language of affine variety codes. We
consider specific J-affine variety codes, introduced in [9], whose subfield-subcodes provide
LRC codes. These subfield-subcodes have large lengths over fields F,, and Theorems 2.8
and 2.9 provide bounds on their localities.

A variant of LRC codes was introduced in [19]. As multiple device failures may occur
simultaneously, it is of interest to consider LRC codes correcting more than one erasure.
This idea leads to the concept of localities (r,d) of an LRC code C, which measure the
recovery capability of C when at most 6 — 2 erasures occur in a recovery set (see Section 1
for a rigorous definition). LRC codes for multiple erasures have been subsequently studied
in [3, 5, 1]. In [3] the authors constructed some classes of such LRC codes over F,, with
lengths n such that either n|g — 1 or n|g+ 1. Codes of similar type and unbounded length
were given in [5]. Here 6 = d — 1,d — 2 or 6 = d/2, where d stands for the minimum
distance.

The localities (r,0) of an LRC code satisfy a Singleton-like bound ((2) in Section 1).
Codes reaching equality for some (r,d), are called optimal. For example, the codes in [3, 5]
are optimal. Note that, as for the original Singleton bound, the bounds (1) and (2) do
not depend on the cardinality of the ground field ;. Some size dependent bounds can be
found in [1].

A somewhat different definition of LRC code with localities (r,d) is proposed in [15] for
systematic codes. There, the purpose is to repair erasures on the information symbols of
a codeword. Other related variants of LRC codes deal with sequential repair of erasures
[20], the availability property [24], or the cooperative repair [21].

In this work we use use affine variety constructions to obtain LRC codes suitable for
multiple erasures, whose localities (r,d) behave well (Theorems 2.14 and 2.15). In some
cases these codes are optimal for the Singleton-like bound (2). Compared with the codes
shown in [3], the ours are considerably longer, although not optimal in general. Let us
recall here that most good currently known LRC codes have small lengths n, in comparison
with the cardinality of the ground field g; usually n < ¢, [13] (or n = ¢+ 1 for some codes
in [3]). For the opposite, our codes (as is the case with those in [5]) have lengths n > q.

The article is organized as follows: in Section 1 we recall some basic facts about LRC
codes and introduce the concept of t-locality. Section 2 is devoted to develop and study
LRC codes from affine varieties. In Subsection 2.1 we introduce J-affine variety codes
which also gave rise to good quantum error-correcting codes in [8, 9, 6]. In subsections
2.2 and 2.3, we show that subfield-subcodes of several types of J-affine variety codes are
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good LRC codes, and we determine some of their localities (r,d). Finally in Section 3
we give examples of LRC codes obtained by our procedure. We list some parameters and
localities.

1. LRC CcODES

In this section we state some definitions and facts concerning LRC codes that will be
necessary for the rest of the work. We mostly follow the usual conventions and definitions
of locally recoverable codes. As a notation, given a fixed coordinate ¢ and a set R such
that i ¢ R, we write R = RU{i}. Let C be an [n, k,d] code over F;. Let G be a generator
matrix of C with columns ¢1,¢,...,¢,. A set R C {1,2,...,n} is a recovery set for a
coordinate ¢ ¢ R if ¢; € (¢; : j € R), the linear space spanned by {¢; : j € R}. In this
case, for any codeword « € C, x; can be obtained from the coordinates x;, j € R, just by
solving the linear system whose augmented matrix is (¢;,j € R|¢;).

Let R be a set of cardinality #R = r and let 7 : Fy — Fj be the projection on the
coordinates in R. For x € Fy we write g = mr(x). Often we shall consider the punctured
and shortened codes:

CIR] :=={xr:x € C} and C[[R]] := {zr : ¢ € C,supp(x) C R},
respectively, where supp(x) denotes the support of @, supp(x) := {i : z; # 0}. Note
that ¢; € (¢j : j € R) if and only if dim(C[R]) = dim(C[R]). So the notion of recovery
set does not depend on the generator matrix chosen. If ¢; € (¢; : j € R), there exist
wy, w2, ..., wy, € Fy such that Z?:l wjc; = 0 with w; # 0 and w; = 0 if j ¢ R. Then

w = (wy,ws, ..., w,) €C, the dual of C, and wg € C*[[R]]. Thus R is a recovery set for
the coordinate i if and only if there exists a word wg € CH[[R]] with w; # 0. In this case
#R >d(Ch) - 1.

The smallest cardinality of a recovery set R for a coordinate 7 is the locality of . The
locality of C, often denoted by r = r(C), is the largest locality of any of its coordinates.
Thus, we have proved the following result.

Proposition 1.1. The locality r of an LRC code C satisfies r > d(Ct) — 1.

A code C reaching equality in the bound given by Proposition 1.1 will be called sharp.
Note that all cyclic codes are sharp. Apart from Proposition 1.1, perhaps the most im-
portant bound on the locality r of an LCR code with parameters [n, k,d] is given by the
following Singleton-like inequality, see [11].

Theorem 1.2. The locality v of an LRC code C satisfies
k

(1) d+k+[—‘§n+2.
r

The difference between the two terms in Theorem 1.2, Dy :=n+2—d —k — [k/r]|, is
the LRC-Singleton defect of C. Codes with Dy = 0 are called Singleton-optimal (or simply
optimal). While optimal LRC codes are known for all lengths n < ¢, [16], the problem of
finding codes of this type when n > ¢ is currently a challenge [13]. To avoid confusion in
what follows, we shall sometimes refer to r as the classical locality of C.

The LRC codes that we have described above allow local recovery of the information
stored in a failed node. However, concurrent failures of several nodes in a network are
also possible and uncommon. This problem was first treated in [19]. According to the
definition given in that article, an LRC code C has locality (r,d) if for any coordinate i
there exists a set of positions R = R(i) C {1,2,...,n} such that
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(RD1) i € Rand #R <r+6 — 1; and

(RD2) d(C[R]) > 4.

The sets R satisfying the above conditions (RD1) and (RD2) are called (r,§) recovery
sets. Given such a set R and i € R, the correction capability of C[R] can be used to correct
an erasure at position i plus any other § — 2 erasures in R\ {i}. Notice that the original
definition of locality of LRC codes corresponds to the case § = 2. Provided that 6 > 2, any
subset R C R of cardinality r with i ¢ R, satisfies d(C([R]U{i})) > 2 and consequently R
is a recovery set for 4. Thus if C has a locality (r,d), then the classical locality of C is < r
and the number of recovery sets of cardinality r for any coordinate ¢ is at least

()

which can be relevant to improve the availability of C for recovering erasures. We remark
that associated to C we have several localities (r, d), corresponding to the d(C)—1 values of
d=2,3,...,d(C). These localities satisfy the following generalization of the Singleton-like
bound of Theorem 1.2, which was proved in [19].

Proposition 1.3. Let C be an LRC code with parameters [n, k, d] and locality (r,6). Then,
the following inequality holds

(2) d+k+<m—1>(5—1)gn+1.

Analogously to what was done for the classical locality r, for t = 1,2,...,d(C) — 1, in
this article we define

re = 1¢(C) ::min{p : for alli=1,2,...,n, there is a set R; C {1,2,...,n}
with i € R;, #R; < p and d(C[R;]) >t + 1} — 1.

The value 7; is the minimum number of positions, #R — 1, needed to recover a given
coordinate i € R of any codeword x, when at most ¢ erasures occur in xg. Clearly rq is the
classical locality of C. We refer to r; as the t-locality of C. For example, since puncturing
< d times an MDS code gives a new MDS code of the same dimension, for ¢t < d the
t-locality of an [n, k,d] MDS code is rs = k +1¢ — 1.

Note that from the above definitions, the code C has locality (p,d) if and only if r5_1 <
p+ 0 — 2. Thus we can translate the bound given by Proposition 1.3 in terms of r,’s, as

3 d+k t < t+ 1.
(3) + +[rt—t+l-‘ <n+t+
The difference between the two terms of Inequation (3)

k
4 Dy = t+1—d—k— | ——|1
@) gt Lt—t—kl-‘ ’

is the t-th LRC-Singleton defect of C. Codes with D; = 0 will be called t-optimal. For
example, MDS codes are t-optimal for all t =1,2,...,d — 1.

The sequence (71,79, ...,74—1) we have associated to an LRC code C, resembles, up to
some extent, the weight hierarchy of C. Let us recall that for t =1,2,...,k = dim(C), the
t-th generalized Hamming weight of C is defined as

d; = di(C) := min{#supp(F) : E is a t-dimensional subcode of C},

where supp(F) := {i : there exists @ € F with x; # 0}, see [18, Section 3.3]. We extend
the bound given by Proposition 1.1 to all localities r;’s in the following new result.
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Proposition 1.4. Fort=1,2,...,d—1, the t-locality of an [n,k,d] LRC code C satisfies
re > dy(CH) — 1, where dy(CF) is the t-th generalized Hamming weight of the dual code C*.

Proof. First note that d—1 < dim(C*). Let R be a set of coordinates such that #R < r;+1
and d(C[R]) >t + 1. According to the Singleton bound, we have dim(C[R]) < #R — t.
Since C[R]* = C*[[R]] (see [18], Proposition 3.1.17), it holds that dim(C*[[R]]) > t. Thus
di(C*) < #R and the result follows. O

The above result can be stated in terms of localities (r,d) as follows.

Corollary 1.5. Let C be an LRC code with locality (r,6). Then the following inequality
holds
r4+6>ds 1 (CH) + 1.

Proof. From the definition of locality (r,d) we have rs_1 < r 4+ — 2. Since 1 < 141
for all 1 <t < d— 2, we deduce rs5_1 = r + 3 — 2. Then, Proposition 1.4 gives r + 4§ >
ds—1(CH) + 1. O

2. J-AFFINE VARIETY CODES GIVING LRC CODES

In this section we show that subfield-subcodes of some codes arising from J-affine va-
rieties are LRC codes with good recovery properties. We keep the notations as in the
previous sections. In particular our LRC codes will be defined over the finite field I,
where ¢ = p® and p is a prime number. We shall consider an extension field Fg of F,,
where Q = p’ and s divides £. The affine varieties we manage, and so the codes arising
from them, will be defined over Fg. Subfield-subcodes of these codes will be defined over
F,.

The concept of J-affine variety code was introduced in [9] and used in [6, 7] for con-
structing quantum and LCD codes with good parameters. In the first subsection we recall
the construction of J-affine variety codes over F and their subfield-subcodes over F,.

2.1. J-affine variety codes and their subfield-subcodes. Let F,, ¢ = p®, be a finite
field and let Fg, @ = p’, be an extension field of F,. Let R := Fg[X1, Xa,..., X;n] be
the polynomial ring in m > 1 variables over Fg. For simplicity we will often write the
monomial X' X5? ... X € R as X?, with @ = (a1, a,...,a,). Fix positive integers
N; > 1,7 =1,2,...,m, such that V; — 1 divides @) — 1. Let J be a subset of indices
of variables, J C {1,2,...,m}, and let I; be the ideal of R generated by the binomials

X]]-Vj_1 —1ifj€ J, and X]Nj — X; if j ¢ J. Denote by R the quotient ring R; = R/I;.
Set T; = N; —2if j € J and Tj = N; — 1 otherwise, and let
HJ = {O,l,...,Tl} X {0,1,...,T2} X oo X {0,1,...,Tm}.
Let Z; ={P1,Ps,...,P,,} be the set of zeros of I; over Fg. This set has cardinality
ny = HNj H(N] — 1).
j¢J  jeJ
Consider the well-defined evaluation map
evy: Ry %FiQLJ ’ eVJ(f) = (f(Pl)vf(PQ)"'"f(PnJ))’
where f denotes both the polynomial in $R and its corresponding equivalence class in R ;.

Definition 2.1. Given a non-empty subset A C Hj, the J-affine variety code Ei, is the
linear subspace EY := (ev;(X%) : a € A) C IF%’.
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Then Ei is a linear code over Fg. Its length is n; and its dimension equals the
cardinality of A, since ev; is injective, [9]. Recall that ¢ = p® where s divides ¢ and thus
[F, is a subfield of F,.

Definition 2.2. The subfield-subcode of Ei over the field IF,;, denoted Ci, is the linear
code Ci = Ei nEFy7.

In order to study the codes Ci, we shall manage the elements of H; in a particular
manner. Let j, 1 < j <m. If j € J then we identify the set {0,1,...,T;} with the ring
Z/(Tj+1)Z. When j ¢ J, we identify the set {1,2,...,7};} with Z/T};7Z, and we extend the
addition and multiplication of this ring to {0,1,...,T}}, by setting 0+« = «, 0-a = 0 for
alla =0,1,...,T}. The reason that explains these different ways of treating {0,1,...,7};}
is the fact that the evaluation of monomials containing X]Q or containing XJJ-Vj—1 may be
different when j ¢ J, see [6] for details.

Under the above conventions, a set & C H; is a cyclotomic set with respect to q if qy € &
for all y = (y1,v2,...,Ym) € &. Minimal cyclotomic sets are those of the form J = {q'y :
i > 0}, for some element y € H;. For each minimal cyclotomic set J, we consider a

unique representative a = (aq,az,...,a,) € J, constructed iteratively as follows: a; =
min{y; : (y1,y2,.-.,ym) € I}, and a; = min{y; : (a1,a2,...,aj-1,Yj,...,Yym) € I} for
Jj=2,3,...,m. We shall denote by J, the minimal cyclotomic set with representative a

and by iq the cardinality of J4. Thus J4 = {a,qa,... ,q(i‘fl)a}.

Let A be the set of representatives of all minimal cyclotomic sets in H ;. Given a non-
empty subset A C Hy, we define A(A) = {a € A : Jo C A}. The set A is called closed
if it is a union of minimal cyclotomic sets, that is, if

A= Ja.
acA(A)

An important tool to study subfield-subcodes is the trace map. Since we are interested
in subfield-subcodes over [y of evaluation codes over Fg, for a € A we consider the map

Ta: Ry =Ry, Talf) = F+ 04+ 17,

Let {q be a fixed primitive element of the field F .. The next result gives an explicit

description of the code C. It extends Theorem 4 in [8]. Here we state the result for any
set J C {1,2,...,m}, while in [8] only the case J = {1,2,...,m} was considered.

Theorem 2.3. With the above notation, if A C Hy then the set of vectors

U {eVJ(%(diXa)) C0<k<ig— 1}
acA(A)

is a basis of CX over Fy. In particular, if A is a closed set, then dim(C{) = dim(EY) =

#A.

The proof of Theorem 2.3 is similar to that of Theorem 4 in [8] and we omit it. Instead
we show an example illustrating this theorem.

Example 2.4. Takep=2,5=3,/=6and m = 2,s0 ¢ = 23 = 8 and Q = 2% = 64. Take
J = {1}, Ny =8 and Ny = 10, so that 71 = 6 and 75 = 9. Let a1 = (1,2),a2 = (2,3)
and a3z = (1,3). Then J4, = {(1,2),(1,7)},Ja, = {(2,3),(2,6)} and Jq, = {(1,3),(1,6)},
hence iq, = iq, = ta; = 2. Let Ay = TJq, UTq, and Ay = Jq, UTg, U{(1,3)}. Thus A,
is closed but As is not. Consider the affine variety codes Eil,EiQ defined over Fgq4 and
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the subfield-subcodes C¥ I,Ci2 over Fg. All of them have length n; = 70. Furthermore
dim(EY ) = 4,dim(EY,) = 5. In fact we have

EL, = (evy(X1X3),ev (X1X]),ev (XTX3),evs(XTXS)),
EX, = (evs(X1X3), ev (X1X7),evs(X7X3), ev (X7 X9), ev (X1X3))

over Fgs. And from Theorem 2.3

CA, = CX, = (evs(X1X5 + X1XJ), evy (EX1X5 + X1 X7),
evy(XTX5 + XTX5),evy (EXTX5 + EXTXY))

over the field Fg, where £ a primitive element of Fgs. This example shows that when we
study the properties of a code Ci, we can always assume that the set A, from which it
arises, is closed.

2.2. LRC codes from J-affine variety codes. In this subsection we present some
specific families of J-affine variety codes whose subfield-subcodes are LRC codes. We
determine recovery sets for these LRC codes and show that their localities (r,d) behave
well.

Let us remember that the construction of J-affine variety codes begins by taking a set
of indices J C {1,2,...,m} and integers N1, Na, ..., Np,, such that N; — 1 divides @ — 1
for all j. In order to obtain good LRC codes, from now on we shall assume the additional
property that Nj, Na, ..., Ny, have been chosen in a way that there exists a non-empty
subset L C J such that ¢ — 1 divides N; — 1 for all j € L. Throughout the rest of this
section we shall assume that the integers Ny, No, ..., N,,, and the sets J and L, have been
fixed satisfying the above conditions.

Let o and 7 be primitive elements of Fg and F,, respectively. For 1 < j < m, let
Vi = a@-D/(N;-1) ¢ Fg. The following property will be used later.

Lemma 2.5. Letl and n be two nonnegative integers. If j € L, then the following equality
holds in Fq,
(’yjn ) =1

Proof. The statement follows from the chain of equalities

N;—1

- g1\ UN;-1)
(o) = (@) = @ ) =

O

As defined in Subsection 2.1, let I; be the ideal in R generated by the binomials
X7 o lifje Jand X;7 — X;if j ¢ J, and let Zy = {Py, Py,..., P, } be the set of
zeros of Iy over Fg. In this subsection we determine recovery sets for codes Ci. These
recovery sets will be obtained from subsets R C Z; satisfying some geometrical properties.
Given a point P € Z; we set coord(P) := j if P = P;; consequently, given a set R C Z,
we set coord(R) := {coord(P) : P € R}.

Given a nonzero element \ € FZ} and a point P € Fp, we define the product A -, P
as the point of F{y obtained by multiplying by A the coordinates of P corresponding to
positions in L and leaving unchanged its remaining coordinates.

Lemma 2.6. If P € Z;, then 0" -1, P € Z; for every nonnegative integer n.
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The proof of this lemma follows directly from the definition of L and Lemma 2.5. We
define the orbit of a point P,, € Z; as the set

(5) Ry, :={n"-L Py :0<n<gqg—2}

Notice that R, C Z; by Lemma 2.6. As we shall see later, these orbits are closely related
to recovery sets of our codes. For short, the point " -1, P, will be denoted PnL,tO'

Let A be the set of representatives of all minimal cyclotomic sets in H j, as defined in
Subsection 2.1. For a € A we write oz(a) = }_,c; a;, where the a;’s and the sum o (a)
are seen as integers.

Lemma 2.7. Let a € A and let k and n be two integers such that 0 < k < iy — 1 and
0<n<q—1. Then we have

(6) Ta(€EX2) (PE,) = 0" T €k X ) (Py,) .

Proof. Since no coordinate of P, in the positions of L vanishes, we can write P, =
(’yiC 1,752, <o, yEm) without loss of generality. Then

. tq
ta—1
(7) Tal€X®) (PL) = > (& TTom ™ [T
t=0 leL I¢L
iq—1 m tq
=@y (sﬁH(ﬁl)“l) = "7 o (€ X?) (Py)
t=0 =1
as stated. O

The J-affine variety code E i was defined as the linear subspace spanned by the vectors
evy(X%), a € A, where A is any non-empty subset of H ;. Taking advantage of Theorem
2.3, from now on all the sets A we consider will be closed, that is a union of minimal
cyclotomic sets, A = Uj_,Jq,, with a; € A, 1 <1 < r. Later in this article we shall impose
even more restrictive conditions.

Theorem 2.8. Let A = U]_,J,,, where {a1,as,...,a,} is a subset of A with cardinality
r < q— 2. If the integers or(a1),0r(az),...,or(a,) are pairwise different modulo q — 1,
then the subfield-subcode Ci is an LRC code with locality < r.

Proof. Let ¢ = ev;(h) be a codeword of C{. By Theorem 2.3, h can be written as

h:ha1+ha2+"'+har7

where each hg, is a linear combination of polynomials of the form 7g, (fng @), 0<k<
iq, — 1, and coefficients in F,. Fix a possition ¢ty € {1,2,...,n}. We shall show that the

set R = {Pan-,to : i =1,2,...,7} of points corresponding to r consecutive nonzero n;’s,
gives a recovery set coord(R) for ty. According to Lemma 2.6, the points in R belong to
Zj. Assume we know the r coordinates h (PnLMO), 1=1,2,...,r, of c. By linearity

(8) h(Pto):hm (Pt0)+haz (Pt0)+"'+har (Pto)'
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Then, from Lemma 2.7 we get the equalities
h(™ L Pyy) = 0" g, (Py) + 0™ @) ha, (Py) + -+ + ™7 @ hg, (Py,) |
h(n™ . Py) = TInQUL(al)hal (Pr) + 77n20L(a2)ha2 (Pro) +-+- + anJL(ar)har (Pro) 5

h(n g Byy) = nnraL(al)hal (Py) + T]n’"aL(aQ)hag (Py) + -+ nanL(aT)har (Pyy) -

Write n; := n”L(ai), 1 <i <r. We have obtained the square system of linear equations

77?1 T 77;}1 hal (Pto) h (7)”1 L Pto)
77?2 T 7777}2 h’a2 (Pto) . h (an L Pto)
771” T 7]?"" ha'r‘ (Pto) h (ﬁn”" 'L Pto)

The matrix of this system is of Vandermonde type, and thus nonsingular. Then the
solution is unique and gives the values hq,; (P,), 1 <4 <. Once these values are known,
from (8) we can deduce h (Py,). O

Under some supplementary conditions we can obtain LRC codes with larger dimension.
In the next theorem we restrict to the case L = {1}, so that or,(a;) is the first coordinate
of a;. We denote by a; such first coordinate.

Theorem 2.9. Let L = {1}. Let A = U;];llﬁal, where {a1,az,...,a,-1} is a subset of
A such that the first coordinates ai,as, ... ,aq—1 of ai,as,...,aq—1, are pairwise different
modulo q — 1. If there is an index v, 1 < v < q— 1, for which the following conditions
(1) a, divides Ny — 1,
(2) ged(ay,a;) =1 foralll1 <1 <q—1,1# v, and
(3) ged(av,q— 1) =1;
hold, then CX is an LRC code with locality < q — 1+ (a, — 1).

Proof. As in the proof of Theorem 2.8, let ¢ = ev;(h) be a codeword of Ci. Fix a
coordinate tg and consider the set of points

R:={n"1 B, : Ogngqfl}u{wknLPto 1<k <a,—1},

where w is a primitive a,-root of unity. Since a, divides Ni; — 1, then it holds that
wkn . Py, € Zy for all 1 < k < a, — 1. We shall show that coord(R) \ {to} is a recovery
set, for the coordinate ty. For simplicity we can assume v = 1. As in Theorem 2.8, we can
write h as

h:ha1 +ha2+"'+haq_17

ha, being a linear combination with coefficients in F, of polynomials of the form g, ( [’ilX @),
0 <k <iq, —1. So we have

(9)
h(ﬁ 'L Pto) =n" al (Pto) + 77a2ha2 (Pto) +oot naqilhaq—l (Pto) )

h(wﬁ 'L Pto): “ a (Pt0)+77a2ha2 (W 'L Pt0)+"'+naq71haq—1 (w 'LPto)’

h (wal—ln . Pt()) = 0"hg, (Py) +1n%ha, (walfl I Pto) +o 0t he, (w‘“*l ‘L Pto) .
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The facts that a; divides N; — 1 and ged(ai, ¢ — 1) = 1 imply that none of the points
wkn-p Py, 0 < k < a; —1, coincide neither with Py, nor among them. Adding the equalities
in (9) we get a known value on the left hand. On the right hand we get

(10) (a1 —1) (" hay (Pr)) +0"hay (Pr) (14w + (@02)% 4 4 (w*2)2 71 4o
+ 0% g, (Pr) (1+w ! + (w1)? 4o (wia 1))
Since ged(ag,a;) =1 for 2 <[ < g — 1, it holds that
1 +wal + (wal)Z et (wal)al—l =0

as this expression is the sum of all a;-roots of unity. Then (10) becomes (a1—1) (™ hq, (Pi,)),
from which we deduce hq, (Py,). The polynomial h — hq, = ha, +- -+ hq,_, is related to
q—2 minimal cyclotomic sets, hence we can apply now the procedure developed in the proof
of Theorem 2.8 to compute (h—hq,) (P,). Finally h (Py,) = (h—ha,) (Piy) +ha, (Py). O

2.3. The case of {1,2,...,m}-affine variety codes. In this subsection we study the
codes Ci when J equals the whole set of indices, J = {1,2,...,m}. Let L be a non-
empty subset of J. As in the previous subsection, we take the closed set A as a union of

minimal cyclotomic sets, A = U?_,Jq,, but now we shall add the condition that the set

{or(a1),0r(az),...,or(a.)} contains exactly r consecutive integers. With these ingredi-
ents we construct the J-affine variety code Ei over [Fp and its subfield-subcode Ci over
F,.

q

Let us first deal with the case m = 1 and r = z. So let J = L = {1}. The set A
of representatives of all minimal cyclotomic sets in H; can be seen now as a subset of
Z. Let a1,aq,...,a,,a,41 be the r + 1 smallest (with respect to the natural order in Z)
representatives in A and let A = U/_;J,,. The codes E{ we obtain in this case were
studied in [6], where the following result was proved by using the BCH bound.

Proposition 2.10. ([6, Theorem 3.7]) Let m = 1 and let A = Uj_,Jq,, where ay, as, ..., a,,
a,y1 are the r + 1 smallest elements of A. Then the minimum distance of the dual code
(EL)* satisfies d((EL)Y) > ary1 + 1.

Let us recall that there exists a close relation between the dual of any linear code D of
length n, defined over Fg and the subfield-subcode D N Fy. This relation is given by the
Delsarte Theorem, as follows

(DNFp)*L = Te(DH)
where Tr is the trace map of the extension Fg/F, see [4]. In our case m = 1, this theorem
implies
1
(11) (CR)" = (B nFypr

see [10, Proposition 11] for a complete proof of this equality. If r < g — 2, then the r
smallest elements of A area; =1—1,1=1,2,...,r, and hence from Proposition 2.10 and
Equality (11) we have d((C{)*) > r + 1.

Proposition 2.11. Let m =1 and A = U]_,Jq,, where r < ¢ — 2 and a1, as,...,a, are
the r smallest elements of A. Then Ci is a sharp LRC code of locality r1 = r.

Proof. According to Theorem 2.8, C{ is an LRC code of locality < r. Since d((CX)*) >
r 4+ 1, Proposition 1.1 implies the result. U
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Le us study now the general case m > 1. So let J = {1,2,...,m}, let L be a non-empty
subset of J, and A = Uj_;Jq,. We are going to construct codes Ci with locality (r,q — )
for some r < z, whose (r, ¢g—r) recovery sets satify the conditions (RD1) and (RD2) stated
in Section 1 with equality. Fix a coordinate g, 1 <ty < nj, and let us consider the orbit
of P,,, defined in Equation (5),

Riyy={n" 1Py :0<n<q-2}={Py,Ply,....PL o, } S 2.

Lemma 2.12. Let J = {1,2,...,m} and let A = Uj_,Tq, be a closed set. Let ty be a
coordinate, 1 < ty < ny, and let Ry, be the orbit of P,y € Zj. If the set {or(a1),
or(az2),..., or(ay)} contains exactly r < q — 2 distinct elements modulo g — 1, then the
punctured code C{[coord(Ry,)] has length ¢ — 1 and dimension 7.

Proof. The statement about the length is clear, since Ry, C Z;. Let us compute the
dimension of C{ [coord(Ry,)]. According to Theorem 2.3, this code is generated by the set
of vectors

(12) Vig = (7:11 (EZlXal)(Pto)v 7:11 (gleal)(Pfto)v s 77:11 (gleXal)(R;L—Q,to))

1<1<2 0<k<iq —1. From Lemma 2.7 we have
v = (Tay (€6, X™)(Pr) ) (1@, o270y — (T, (e X)(Py) ) wy

for 1 <l <zand 0 <k < g, — 1, where w; = (1,7]"L(“l),...,n(q_2)"L(al)). Since 7 is
a primitive element of F,, then the set of vectors {wi,ws,...,w.} has rank exactly r.
Thus, to prove our claim on the dimension of C{[coord(Ry,)] it suffices to prove that for
any a € {a1,as,...,a.}, there exists k such that To (£5X%) (P,) # 0. Suppose, on the
contrary, that there is a such that 7, (ﬁgXa) (Py) =0 forall k&, 0 < k < i — 1. Let
1 = iq. A simple computation shows that we can write

0="Ta (X (Py)=X%Py)1+b1+---+bi_1),
0= Ta (£aX®) (Pyy) = XU(Pr)(€a + €801 + - + €5 %;y),

0=Ta (6a71X%) (Pg) = X*(Py) (€ + (&6 )1+ 4 (€71 Dbi0)

for some elements by1,bs,...,b;—1 € F,. Note that X*(P,,) # 0 since J = {1,2,...,m}.
Thus the vector (1,b1,be,...,b;—1) # 0is a solution of a homogeneous square linear system
whose matrix is of Vandermonde type, what is not possible. O

Let us recall here the well-known fact that the dual code of a linear MDS code is again
an MDS code.

Proposition 2.13. Let J = {1,2,...,m} and A = Uj_,Jq, be a closed set. If the set
{or(a1),0r(az),..., or(a.)} contains exactly r < q — 2 distinct values and these values
are consecutive integers, then for any coordinate ty, the punctured code CX [coord(Ry,)] is
an MDS code with parameters [q — 1,7,q — r], where Ry, is the orbit of Py, € Z;.

Proof. For simplicity suppose that o1 (a1),o0r(az2),...,or(a,) are the consecutive integers
mentioned in the statement. Since r < ¢ — 2 all these integers are distinct modulo ¢ — 1,
and hence the statements about length and dimension follow from Lemma 2.12. Let us



12 CARLOS GALINDO, FERNANDO HERNANDO AND CARLOS MUNUERA

compute the minimum distance of CX [coord(Ry,)]. A generator matrix of this code is

Tay (X4) (Pyy) 07Ty (X4) (Py) - 97270 (@0 TG, (X9) (By)

Ta, (X47) (Pyy) 072 T, (X47) (Pyy) -+ 097270 (@n) T g (X9) (Py)

If 7o, (X%) (P;,) = 0 we can remove the corresponding row in this matrix, hence we can
assume Tq, (X)) (Py,) # 0 for all a;. To study the independence of columns, it suffices to
consider the matrix

1 noL(al) e n(q_2)0L(al)
A= = : :
1 porler) ... por((e=2ar)
Since or(ay),0r(az),...,0r(a,) are consecutive integers, any submatrix of A obtained

by taking r columns of A has rank 7, see [23, Lemma 6.6.5]. Thus the minimum distance
of C{[coord(Ry,)]* is > r + 1. So it has parameters [ — 1,¢g — 1 — r,r + 1] and then it is
an MDS code. Therefore C{[coord(Ry,)] is also MDS with parameters [¢ —1,7,¢ —r]. O

As a direct consequence of this proposition, we have the following theorem.

Theorem 2.14. Let J = {1,2,...,m} and A = Uj_,TJq, be a closed set. If the set
{or(a1),0r(az),..., or(a.)} contains exactly r < q — 2 distinct values and these values
are consecutive integers, then for any coordinate ty, the set coord(Ry,) is a (r,q — 1)
recovery set for tg, where Ry, is the orbit of Py, € Zj. Consequently Ci is an LRC code
with locality (r,q —1) and rg—p—y < q—1—t fort=1,2,...,¢q—r—1.

Proof. The first statement follows from Proposition 2.13. The second one follows from the
definition of 7,’s and the fact that puncturing ¢ < d times an [n, k,d] MDS code gives an
[n—t,k,d —t] MDS code. O

Let us note that formulas for the length and dimension of the codes CX are given given
by Theorem 2.3. For the opposite, we do not have any explicit bound for its minimum
distance (apart from the trivial bound d(CX) > d(EX)). The same happens to most codes
obtained as subfield-subcodes. Therefore, we cannot explicitly calculate formulas for the
Singleton defect. In some of the examples we shall show in Section 3, these distances are
calculated by computer search. Next we shall show that we can give such explicit formulas
in the univariate case, m = 1, when char(F,) # 2 and Q = ¢>.

So let m = 1. Given a closed set A = Uj_,Jq, C Hj, we define its dual set as
At :=H;\U_,T5,—a,- The dual code (C{)* is related to the dual set A+ as follows

(13) (CA)T = (BANTFy)*" = EX. NFyY,
see [6, Proposition 2.4].

Theorem 2.15. Assume Q = ¢® with ¢ odd. Let m = 1, J = L = {1} and N; =
2(q — 1)+ 1. Take r < q — 2 consecutive integers a; = 0,a2 = 1,...,a, = r — 1, and
let A = U_TJq,. Then the subfield-subcode CX has length ny = 2(q — 1), dimension
k =2r —[%] and minimum distance d > (¢ — 1) — 2| “52]. It is a sharp LRC code with
locality (r,q —r) and (¢ — r — 1)-th Singleton defect

T r—2
Dyor1 < ujuzl 5 J—i—l—r.
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Proof. The length of C{ is ny = Ny —1 = 2(¢—1). The minimal cyclotomic sets in H s are
Ja = {a} when a is even and Jq = {a,¢+a—1} when a is odd. Thus #A = 2r—[%] and
since A is a closed set, C{ has dimension k = #A = 2r — {%W according to Theorem 2.3.
Furthermore, a simple computation shows that the dual set AL = H;\ U/_,J,,,_q, is the
union of (¢ —2) — 2| (r —2)/2] minimal cyclotomic sets with consecutive representatives.
Then from equation (13) and Proposition 2.11 we get a bound on the minimum distance

of Ci as follows

i) =a((edr) = a(B0) = a-v-2| 52|

From Proposition 2.11 the code Ci is sharp. Finally, according to Theorem 2.14, Ci is
an LRC code with locality (r,0) = (r,q — r). Based on this locality, the (¢ — r — 1)-th
Singleton defect of C{ satisfies

Dyro1 <2(q—1)+1— <(q—1)—2 VfJ v or— H + {%_’w—q (q—r—l)) .

Since

we get the bound on the defect Dy_,_1. O

3. EXAMPLES

In this section we give examples of parameters of LRC codes Ci over [F, correcting
several erasures, which are obtained as subfield-subcodes of J-affine variety codes Ei.
The theoretical support for these examples is in theorems 2.3, 2.14 and 2.15. So the
parameters we show arise from these theorems when they provide these data, and are
calculated by computer search otherwise (see below for details). In particular, all codes
we present have locality (r,q — r), where r < ¢ — 2 depends on the cyclotomic sets in
A. In order to evaluate the quality of these codes for local recovery purposes, we use the
Singleton bounds (2) and (3), and compute the corresponding Singleton defects as stated
in Section 1. Let us recall that when a code of parameters [n, k, d] has locality (r, ), then
r1 < r and its defect Ds_; satisfies

(14) D5—1§n+1<d+k+(ﬁ-‘1)(61)).

In most cases, the codes we present are optimal (Ds_1 = 0); otherwise they have small
defect Ds_q1. Let us remark that, besides the Singleton-like bound, there exist other
available bounds on the (r,d)’s (eg. Corollary 3 of [1]). To gain clarity, these bounds are
not included here.

This section is organized in two subsections. In the first one we show examples with
m = 1; the second one contains examples of bivariate codes, m = 2, improving some
results obtained in the univariate case. We also include an example showing that this
improvement does not always happen.
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3.1. Examples of LRC codes coming from the univariate case. We take m = 1,
J = L = {1}, and apply Theorems 2.14 and 2.15. The following tables contain the
relevant data of the obtained codes: the cardinality ¢ of the ground field over which the
code is defined; their parameters [n, k, d]; the dual distance d*; the locality (r,§) given by
Theorems 2.14 or 2.15; and the estimate on the (6 — 1)-th Singleton defect Ds_; given by
the bound of Equation (14). All these data have been computed from the above theorems,
except the minimum distance in Table 1, which has been obtained by computer search
using Magma [2].

Let us note that in all cases, the localities (r,d) shown satisfy that § = ¢ — r and r is
equal to d+ —1. So from Proposition 1.1 it follows that all our codes are sharp and r = 71,
the classical locality.

Example 3.1. Let ¢ =8,Q =64, N1 =22, a;=1—-1,1<1<6, and let A = U]_,Tg,
for r = 2,3,4,6. We get codes with the parameters given in Table 1.

q [n,k,d dt (r,0) Ds_i
8 2L, 314 3 (26) 0
8 [21,512] 4 (35 1
8 [21,612] 5 (44) 1
8 21,108 7 (62) 3

TABLE 1. Univariate LRC codes over Fg.

Look, for example, at the [21,6,12] code of the third row of Table 1. Its has locality
(4,4), so 3 < 6 and thus o < 5,77 < 4. Since d+ = 5, from Proposition 1.4 we get
equality in all cases. Then this code has defects Dy = 3,Dy = 2 and D3 = 1. Note
furthermore that the best known [21, 6] code over Fg has minimum distance d = 13, [17].
So no currently known [21, 6] code can be 1-optimal.

Example 3.2. Let ¢ =9, Q =81, Ny =2(¢q—1)+1=17,a;=1—-1,1 <1 <7, and let
A =U]_Jgq, for r =2,3,4,5,6,7. We get codes with the parameters given in Table 2.

dJ_

O O © © Y
oS
=
=z
=)

3
4
5
6
7
9 [16,10,4] 8
TABLE 2. Univariate LRC codes over Fy.

Example 3.3. Let ¢ =11, Q =121, Ny =2(q—1)+1=21,a;=1—-1,1 <1 <7, and
let A =U]_,TJq, for r=2,3,...,7. We get codes with the parameters given in Table 3.

Example 3.4. Let ¢ =25, Q =625, Ny =49, a;=1—-1,1 <[ <7, and let A = U;_,Tg,
forr=2,3,...,7. We get codes with the parameters given in Table 4.

Example 3.5. Let ¢ =27, Q =729, N1 =53, a;=1—-1,1<1<7,and let A = U]_,TJq,
forr=2,3,...,7. We get codes with the parameters given in Table 5.
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q [nk,d dt (r,0) Ds_
11 [20,3,10] 3 (29 0
11 [20,5,100 4 (38 0
11 [20,6,8] 5 (47) 1
11 [20,7,8] 6 (56) 1
11 [20,9,6] 7 (65) 2
11 [20,10,6] 8 (7.4) 2

TABLE 3. Univariate LRC codes over .

q [n7k7d] d* (7’7 5) Ds

25 48324 3 (223) O
25 48424 4 (322) O
25 [48,6,22] 5 (421) 1
25 [48,722] 6 (520) 1
25 [48,9,20] 7 (6,19) 2
25 [48,10,20] 8 (7,18) 2

TABLE 4. Univariate LRC codes over Fos.

q [n>k7d] d* (T7 5) Ds_1

27 [52,3.260] 3 (2,25) O
27 [52,4,26) 4 (324) 0
27 52,624 5 (423) 1
27 [52,7,24] 6 (522) 1
27 [52,922] 7 (6,21) 2
27 [52,10,22] 8 (7,20) 2

TABLE 5. Univariate LRC codes over Fo7.

3.2. Examples of LRC codes coming from the bivariate case. Let us consider
now the bivariate case m = 2, with J = {1,2} and L = {1}. As above we show tables
of parameters of codes Ci over I, for different values of g. The minimum distances in
these tables have been computed with Magma [2]. The dual distances d*- have been also
computed with Magma; they are included in the tables only when they provide relevant
information about sharpness, what corresponds to the cases ¢ = 8,11,16. For ¢ = 25, 27,
the codes are far from being sharp, and the value of d* is omitted. The examples we are
going to present seem to suggest that bivariate codes give better results than the univariate
ones. However, this is not always true, as shown in Example 3.11.

Example 3.6. Let ¢ = 8,Q = ¢* = 4096, N; = 8 and Ny = 6. Table 6 contains
the parameters of codes Ci obtained by using successively the following defining sets A:
J0,1); J0,) YT,1y; and T,y UT(1,1) UT21)-

Example 3.7. Let ¢ = Q = Ny = 11 and Ny = 3. Table 7 contains the parameters of
codes C i obtained by using the following defining sets A: the first code (first row of Table
7) comes from the set J(g,0)UT(0,1)UT(1,0)UT(2,0); the defining sets for the remaining codes
are obtained by successively adding the cyclotomic sets J(30); J(4,0); I(5,0; J(1,1) Y I(6,0);
and 3(771).
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q [nk,d dt (r,0) Ds_
8 [354,14] 2 (1,7) 0
8 [35,812] 3 (26) 1
8 [3512,10] 4 (3,5) 2

TABLE 6. Bivariate LRC codes over Fg.

q [TL, k? d} dJ_ (T’ 5) Ds—1
11 [20,4,10] 4 (3,8) 0
11 [20,5,10] 4 (4,7) 0
11 [20,6,10] 4 (5,6) 0
11 [20,7,10] 4 (6,5) 0
11 [20,9,8] 6 (7,4) 1
11 [20,10,8] 8 (8,3) 1
TABLE 7. Bivariate LRC codes over Fq;.

Example 3.8. Let ¢ = Q = Ny = 16 and No = 4. Table 8 contains the parameters of
codes C i obtained by using the following defining sets A: the first code comes from the set
J(0,00 YT 0,1) YT (1,1) UT(2,0) UTJ(3,0)- The defining sets for the remaining ones are obtained
by successively adding the cyclotomic sets J4 0y; I(5,0); and J(41) U T (g, 1).-

¢ [nkd d- (r,0) D

o—1
16 [45530] 3 (4,12) 0
16 [45,6,30] 3 (511) 0
16 [45,7,30] 3 (6,10) 0
16 [459,28] 3 (79) 1

TABLE 8. Bivariate LRC codes over Fg.

Example 3.9. Let ¢ = Q = Ny = 25 and Ny = 3. Table 9 contains the parameters
of codes Ci obtained by using the following defining sets A: the first code comes from
the set J(0,0) U J(0,1) U T(1,0) UT(1,1) UT(2,0)- The defining sets for the remaining ones are
obtained by successively adding the following cyclotomic sets: J(30); J(4,0); I(5,0); I(6,0);

J (7,00 J(8,0); and T (g o).

q [n7k7d] (Tﬂé) Ds—q
25 [485.23] (3.22) O
25 [48,6,23] (4,21) 0
25 [48,7.23] (520) 0
25 (48,823 (6,19) 0
25 [48,9,23] (7,18) 0
25 [48,10,23] (8,17) O
95 [48,11,23] (9,16) 0
95 [48,12,23] (10,15) 0

TABLE 9. Bivariate LRC codes over Fos.
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Example 3.10. Let ¢ = Q = Ny = 27 and Ny = 3. Table 10 contains the parameters of
codes Ci obtained by using the following defining sets A: the first code comes from the
set J(0,0) U J(0,1) YU T(1,0) UT(1,1) UT(2,0) UT(3,0)- The defining sets for the remaining ones
are obtained by successively adding the cyclotomic sets J40); J5,0); J(6,0); (7,05 I(8,0)
J(9,0); and J10,0) U J(11,0)-

q [n,k,d (r,0) Ds_q
97 [52,6,25] (4.23) 0
o7 [52,7,25] (5.22) 0
97 [52,8,25] (621) 0
27 [52,925] (7.20) 0
27 [52,10,25] (8,19) 0
97 [52,11,25] (9.18) 0
27 [52,12,25] (10,17) 0
27 [52,13,25] (11,16) 0
27 [52,14,25] (12,15) 0

TABLE 10. Bivariate LRC codes over For.

Example 3.11. To conclude this work we show the parameters of some univariate LRC
codes over 3o which seem not to be improved by the bivariate ones. Let m = 1. Take
q=32,Q=1024,N; =94, a;=1—-1for 1 <1 <4, and let A = U]_,TJq, for r = 2,3,4.
We get univariate codes with the parameters given in Table 11. Bivariate codes improving

q [n? k, d] d* (7’, 5) Ds—y

32 [93,3,62] 3 (2,30) 0

32 [93,5,60] 4 (3,29) 1

32 [93,6,60] 5 (4,28) 1
TABLE 11. Univariate LRC codes over F3s that cannot be improved by the
bivariate ones.

these should come from the choice N; = 32, Ny = 4, and we are forced to use the same
field extension. An exhaustive computer search shows that such bivariate codes do not
improve the univariate ones.
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