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1. INTRODUCTION

In the paper [1] the author investigated some properties on the exponential
convergence of all real non-decreasing sequences. Being inspired by this paper
we consider a positive non-decreasing sequence {ay, },, with nh_)rrolo an = +oo and
we denote A = {a,}n. Let S be the collection of all the infinite subsequences
of A. We consider S as a metric space endowed with the Fréchet metric d(z,y)
given by,

d(l‘ y):ii ‘xk _yk’
k=1 2k1+‘xk _yk|

where z = {z, }, y = {y,} € S. The convergence in this space is considered
as point-wise convergence. It is well known from the monograph [2] that for
any monotonic increasing divergent sequence A = {ay,}n, a, > 0 there exists
a unique real number A > 0 such that

(o)
Z an” ? = +oo, foreach o < A
n=1

oo
Z a, ° < +oo, for each o> A,
n=1
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where o > 0 is a real number.
Here the number A = A(A) is called the exponent of convergence of the
sequence A. It is formulated by

inf{a>0:ia,{"<+oo}:)\.

n=1

It is known [3] that
A(A) = lim sup logn

n—00 log a,

We now consider a function A : S — [0, \(A)] defined as

AMz) = MA(x)) = inf {a >0: i ap. < +oo},
k=1

where z = {an, }32; € S. It is clear that A(z) = A(A(z)) < A(A) for every
x € 8S.

2. SOME SET THEORETIC PROPERTIES OF THE FUNCTION \.
THEOREM 2.1. The function X : S — [0, A\(A)] is onto but not one to one.

Proof. Case 1: Let t = 0. We can choose x = {aj,} in S such that
ag, > n" for each natural number n. Then A\(z) = t.

Case 2: For t = A\(A) clearly we choose x = {a,} so that \(z) = t.
Case 3: Let t € (0,A(A)). We have

) log k . log(l + k) log k
lim sup = lim su

_o8k - _A\A) >t (1
k—o00 log (aHk) k—o00 p log (al+k) log(l + k) ( ) ( )

for any natural number .
Now we can choose an integer P; > 1 such that ap, 42 > 1 and —log2 4

log(ap, +2)
By the result (1) we have
log k
lim sup 08k > t.
k—o0 log (ap1+k)
Then there exists a least positive integer P, > 2 such that bg?ﬁ% > t.
1 2

So for each n with 2 < n < P, we have log%?z% < t. Again choose P3 >
1 n
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max{ Py, P»} so that s (Ptl) 4 Result (1) implies that

log (apy+Ps+1

log k
lim sup o8 > t.

k—o0 log (aP3+k)

log Py >
log (apy+py) =

< t. Proceeding this way we

Then there exists a least positive integer Py > P3 such that
logn

(aP3+n)
construct a sequence {P,} of natural numbers such that

t. Then for P, < n < P, we have Tog

log Ps;

— 2>t 1=1,2,3,...
log (G’PQi—1+P2i)

and
logn

log (G’P2i71+n)

for Py;_ o < n < Py, i =2,3,4,... and Py > maX{P1,Pg,...,P2i}. Now
for i > 2,

<t

0 < log Py _ log (P — 1)
~ log(ap,_,+py)  log(ap, ,+py,-1)
log Py; ~ log (Po; — 1)
~ log (aPQi—1+P2i) log (aPQi—1+P2i)
log %

= ———— > 0asi1— o0.
log (aPQi—1+P2i)

Then clearly,

. log Ps; o log (P —1)
lim sup ————————— = lim sup =t
1o log (apy,_y+py) =00 log (apy,_14Py—1)
So if we choose x = {ay, } where,
ki =P, ko = P, + 2, k3:P1+3,...,kPQ,lzpl—l-Pg—l,
kp,=Pi+ P, kpppi=Po+P3+1, ..., kp,_1 =P+ P —1,

kp,, = Pai—1 + Paiy, kpyt1 = Poi + Poiv1 +1, ...

then we have

. logn
lim sup

—— =1t, ie., Ax) =1t.
n—o00 log(akn) r S8 (517)
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We now show that A is not one to one.
Let a € [0, A(A)]. Then there exists x = {an, }32; € S such that A\(z) = q,
i.e.,

o0
a=inf{oc >0: Za;;’ < 4o0}.
k=1

Let yr, = an,,,, for k =1,2,3,..., then y = {y}72, € S. Clearly
o
inf {0 >0: Z yp ° < —i—oo} =a, i.e, A(y) =a.
k=1
So A(x) = A(y) when z # y. Therefore A is not one to one. §

We are interested about the measurability of the function A. For this
purpose here we shall study some properties in terms of Borel classification
and Baire category of the level sets of \ defined as follows:

Ki={xeS: \Nz) <t} K'={xeS:\x)>t}
for t €e R = (—00,00).
THEOREM 2.2. The set Ky = {z € S: A(z) <t}

(i) belongs to the second multiplicative Borel class for each t € (—00,00).
(ii) is dense in S for 0 <t < A\(A).
(iii) is of first category for t < \(A).

Proof. (i) If t <0, then Ky = ¢ and K; belongs to the second multiplica-
tive Borel class. Let ¢ > 0. Then

Ky ={z ={x} ={an,} € S: AMx) <t}

z €S: i a;k(H%) < +oo}

I
=

where
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Let (") = {z("M1%2 | € S(m,i,p,7) and lim, oo (") = x. Tt is clear that

_ 1
T ()R = g )

for each k = 4,4+ 1,4+ 2,...,i + p whence = € S(m,i,p,r). Consequently
each set S(m,i,p,r) is closed. This proves that K; is an F,s set. Hence the
set Ky belongs to the second multiplicative Borel class.

(ii) We show that K is dense in S for 0 < ¢ < A(A). We have

o oo o0 [o.¢]
K; = ﬂ ﬂS(m,z,p,T)
m=1i=1p=1r=1
o0
= [ F(m),
m=1
where
i+p _ 1 1
fum):{xeszagQ@;NﬁJE:mﬁ”m’g;}
k=i

Let y = {ap,} € S and let ¢ > 0. Consider the open ball S(y,e) with centre
at y and ¢ as the radius. Let ! be the smallest positive integer such that
S211/2" < e. For t > 0 let s1 be the least positive integer such that

2041 > ap,. Now choose the least positive integer ¢; such that ag > 2“7117
aq, € A. Again let sy be the least positive integer such that 20T > ag, and

further we can choose the least positive integer g2 with a4, > 2#721, ag, € A
and proceeding this way we have two subsequences {s;} and {g;} of natural
numbers such that

g, > 271, k=123 ...

Consider the sequence z = {z;}72, as follows:

Zi=ap;, 1=1,2,...,1; 24k = Gq, k=1,2,3,...
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Then it can be verified that d(y, z) < € and hence z € S(y,¢). Again

© 1 ! —sk(t +’I}L)
Z Zkf(tJrE) < Z ap, _|_ Z 27 tr1
k=1 = k=Il+1
(t+d tt
_Zapk +k;+1 )" =T
< Z apy, t+ + Z 2a
k=l+1

< 00, since 0 < a < 1.

Clearly z € F(m) and then z € F(m) N S(y,e). Therefore, F(m) is dense in
S and consequently K; is dense in S.

(iii) If ¢ < A(A) we show that the set K} is of first category.

Case 1: If t < 0, then K; = ¢ and so Ky is of first category.

Case 2: Let 0 < ¢t < A(A). Since t < A(A), then there exists a natural
number mg such that ¢ + L < A(A) for all m > mg. So we have

Ej F(m,r),

m=mg

where

r

i+p 7(t+i) 1
F(m,r)z{xéS:Hj’ilV;:ilZank m Sf}.
k=i

In order to show that F'(m,r) is of first category in S, it is sufficient to show
that F'(m,r) is an F;, set and its complement is dense in S. Let y = {a,, } € S
and let € > 0. Consider the open ball S(y,e) with centre at y and ¢ as the the
radius. Let [ be the smallest positive integer such that 3.22;,,1/2" < e. Now
we choose the smallest positive integer s so that as > ap,. Define a sequence
u={ug} in S as follows:

U = ap;, ©=1,2,...,1; w4 = asqk, k=1,2,3,...

It is clear that u € S(y,¢) and for every positive integer i there exist integer
p such that
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since the series
e 1
S 4
k=1

is divergent for (£ + L) < A(A). Thus the complement of F(m,r) is dense in
S. Also each set S(m,i,p,r) is closed and hence

oo o0
F(m,r) = U ﬂ S(m,i,p,r)
i=1p=1
is an F, set. Since every set F'(m,r) is of first category hence
o (o]
Kt = U m F(m,r)
m=mo r=1

is of first category in S. |

COROLLARY 2.3. For eacht € R the set K! = {x € S: \(z) > t} belongs
to the second additive Borel class.

Proof. 1t follows from the fact that K!* = S — K; is a G4, set for each
teR. 1

COROLLARY 2.4. The function A is Lebesgue measurable on S

Proof. Here S is a subset of [a1,00)N. Using Fubini’s theorem we have
from theorem 2.2 that X is Lebesgue measurable. 1

THEOREM 2.5. The function A is discontinuous everywhere in S.

Proof. Let b € S and b = {apl,ap2,ap3, ...}. We can choose a sequence
¢ = {aq, 132, € S such that A(b) # A(c). Let 6 > 0. It is sufficient to show
that there exists a point z in the open ball S(b,d) such that A\(z) = A(c). For
§ > 0 let I be the smallest positive integer such that >5°,,,1/2 < §. Now
we consider the sequence z = {z;}72, € S as follows:

ap,  fork=1,2,3,...,1
2k = k
ag, ~ for k> 1.
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Then clearly z € S(b,d) and

0>0: +Z < oo}

= l+1

[e.o]

nf {
1nf{a>0 Zaq_l”—i-(Za;f—Za;i“) < oo}
i=1 i=1
{
)-

o0
=infi0>0: Z a,” < oo}; (since the sum in the first bracket is finite)

i=1

Ae
Hence A is discontinuous everywhere in S. |

COROLLARY 2.6. The function X is not a Darboux function.
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