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Abstract. Let G be a connected graph. For an edge e = uv ∈ E(G), suppose n(u)
and n(v) are respectively, the number of vertices of G lying closer to vertex u than to
vertex v and the number of vertices of G lying closer to vertex v than to vertex u. The
Mostar index is a topological index which is defined as Mo(G) =

∑
e∈E(G) f(e), where

f(e) = |n(u) − n(v)|. In this paper, we will compute the Mostar index of a family of
fullerene graphs in terms of the automorphism group.
Keywords: Automorphism group, Mostar index, group action.

1. Introduction

For arbitrary vertices u and v of a graph G, the distance d(u, v) is defined as
the length of a shortest path connecting u and v. For the edge e = uv ∈ E(G),
suppose n(u) and n(v) are respectively, the number of vertices of G lying closer to
vertex u than to vertex v and the number of vertices of G lying closer to vertex v
than to vertex u. The Mostar index is defined as Mo(G) =

∑
e∈E(G) f(e), where

f(e) = |n(u)− n(v)|, see [10].

Let G be a group which acts on the non-empty set Ω. The left action G on
Ω induces a group homomorphism ϕ from G into the symmetric group SΩ, that
satisfies the following two axioms (where we denote ϕ(g, α) as αg): αe = α for all
α ∈ Ω (e denotes the identity element of group G) and α(gh) = (αg)h for all g, h ∈ G
and all α ∈ Ω. The orbit of an element α ∈ Ω is denoted by αG and it is defined
as the set of all αg’s, where g ∈ G. The size of Ω is called the degree of this action.
The stabilizer of an element α ∈ Ω is defined as Gα = {g ∈ G : αg = α}. Let
H = Gα, then for β ∈ Ω (α 6= β), Hβ is denoted by Gα,β . On the other hand, the
orbit-stabilizer theorem implies that |αG|.|Gα| = |G |, see [9].

A bijection σ on the vertex set of graph G is called an automorphism of G if it
preserves the edge set. In other words, if α is an automorphism of G, then e = uv
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is an edge if and only if σ(e) = σ(u)σ(v) is an edge of G. Let Aut(G) be the
set of all automorphisms of G. Then Aut(G) under the composition of mappings
forms a group. The graph G is called vertex-transitive if its automorphism group
has one orbit. This means that for two arbitrary vertices x, y ∈ V (G), there is an
autoorphism ϕ ∈ Aut(G) such that ϕ(x) = y. We can similarly define an edge-
transitive graph.

The aim of this paper is to compute the Mostar index of an infinite family of
fullerene graphs. To do this, we shall first compute the automorphism group of the
fullerene graph, and afterwards we shall compute all edge-orbits. Finally, we shall
determine the contribution of each edge in the formula of Mostar index.

2. Mostar index of fullerenes

If G is a vertex-transitive graph, for every edge e = uv ∈ E(G), we have
n(u) = n(v) and thus Mo(G) = 0. Here, by relyinh on this and knowing that the
action of a group on its orbits is transitive, we will compute the Mostar index of a
benzenoid graph by means of orthogonal cuts. Let F be an orthogonal cut. For the
arbitrary edge e ∈ E(G), all vertices in one shore of F are closer to the end-vertex
of e belonging to the same shore than to the other one. Hence, all edges of the
same orthogonal cut contribute equally to Mo(B). It is proved in [10] that if F ⊂
E (B) is an orthogonal cut of a benzenoid graph B of size p and if the shores of F
have n1 and n2 vertices, respectively, then the total contribution of edges from F
to Mo(B) is equal to p|n1 − n2|. Hence, we have the following theorem.

Theorem 2.1. Let B be a benzenoid graph on n vertices and let F1,. . . , Fq be all
its orthogonal cuts. Let pi denotes the size of Fi, and ni1 and ni2 be the number of
vertices in its shores. Then

Mo(B) =

q∑
i=1

pi|ni1 − ni2 |.

Došlić et al. in [10] proved that since the dodecahedron and the Buckminster
fullerene are the only two vertex-transitive fullerene graphs, we have Mo(C 20) =
Mo(C 60 : Ih) = 0. They also introduced the following open problem:

Problem [10]. Are there other fullerene graphs G such that Mo(G) = 0?

Here, we will compute the Mostar index of an infinite family of fullerenes. This is
the first attempt to give some new results about the above problem. We conjecture
that if F is a fullerene (except dodecahedron and the buckminsterfullerene) then
Mo(F ) 6= 0. Let F be a fullerene with Mo(F ) = 0. Then for all edges e = uv,
we have n(u) = n(v) and thus F is a distance balanced graph. In other words, we
conjectured that a fullerene is distance-balance if and only if F is vertex-transitive.
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Theorem 2.2. Let E1, · · · , Er be the orbits of graph G under the action of Aut(G)
on the set E(G). Then

(2.1) Mo(G) =
r∑
i=1

∑
ei∈Ei

|Ei| × |n(ui)− n(vi)|.

Proof. Let E 1, . . . , Er be the orbits of graph G under the action of Aut(G) on the
set of edges. For two edges e = uv and f = ab in the same edge-orbit of G, one
can prove that {n(u), n(v)}={n(a), n(b)}. This completes the proof.

Fullerenes are polyhedral molecules made entirely of carbon atoms. The most
symmetric fullerene is the famous buckminster fullerene, C60, whose discovery in
1985 marked the birth of fullerene chemistry [23]. In 1991, the buckminster fullerene
was declared ”The Molecule of the Year” by Science magazine, and since then, these
new graphs have been attracting attention of various research communities. Many
methods of graph theory have been applied to investigate the mathematical models
of fullerene molecules called fullerene graphs. M. Ghorbani and A. R. Ashrafi, in a
series of papers [1–8,12–17,21], introduced some infinite classes of fullerene graphs.
At first, they tried to classify fullerenes with respect to their automorphism group.
However, this problem is still open, although Fowler and his co-authors in [11]
showed that fullerenes are realizable within 28 point groups. Recently, Ghorbani et
al. have computed the automorphism group of some classes of polyhedral graphs,
see [18–20].

Fig. 2.1: C10n, n is even.

Example 2.1. Consider the fullerene graph C10n (n is even) as depicted in Figure 2.1.
The vertices of central pentagon are labeled by {11, 21, 31, 41, 51}. These vertices compose
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the first layer of fullerene graph C10n. The vertices of the second layer are the boundary
vertices of five pentagons adjacent to the central pentagon and so on. In [22], it is shown
that the following elements are in the automorphism group of fullerene graph C10n. Let
α be a symmetry element that fixes the vertices 11, 102, 103, · · · , 10n, 52, 53, · · · , 5n and
3n+1 and σ = (11, 1n+1, 21, 2n+1, 31, 3n+1, 41, 4n+1, 51, 5n+1)(12, 2n, 32, 4n, 52, 6n, 72,
8n, 92, 10n)(22, 3n, 42, 5n, 62, 7n, 82, 9n, 102, 1n) (13, 2n−1, 33, 4n−1, 53, 6n−1, 73, 8n−1,
93, 10n−1) (23, 3n−1, 43, 5n−1, 63, 7n−1, 83, 9n−1, 103, 1n−1) · · · (1n/2, 2(n+4)/2, 3n/2,
4(n+4)/2, 5n/2, 6(n+4)/2, 7n/2, 8(n+4)/2, 9n/2, 10(n+4)/2) (2n/2, 3(n+4)/2, 4n/2, 5(n+4)/2, 6n/2,
7(n+4)/2, 8n/2, 9(n+4)/2, 10n/2, 1(n+4)/2) (1(n+2)/2, 2(n+2)/2, 3(n+2)/2, 4(n+2)/2, 5(n+2)/2,
6(n+2)/2, 7(n+2)/2, 8(n+2)/2, 9(n+2)/2, 10(n+2)/2).

It is clear that α2 = σ10 = 1, ασα = σ−1 and G = 〈α, σ〉 6 A = Aut(C10n). On the
other hand, every symmetry element which fixes 11, must also fix 102, 103, · · · , 10n, 52, 53,
· · · , 5n and 3n+1. The identity element and the symmetry element α do this, too. Hence,
the orbit-stabilizer property ensures that |A| = | 11 A|.|A11 | and thus |A| = 10 × 2 = 20
which implies that A ∼= D20. All orbits of the automorphism group C10n are given in Table
1.

Example 2.2. Consider the fullerene graph C10n (n is odd) as depicted in Figure 2.2.
Assume that α is a symmetry element which fixes the points 11, 102, 103, · · · , 10n, 1n+1,
52, 53, · · · , 5n−1 and 5n and σ is a symmetry element by the following permutation
presentation:
σ = (11, 4n+1, 21, 5n+1, 31, 1n+1, 41, 2n+1, 51, 3n+1) (12, 7n, 32, 9n, 52, 1n, 72, 3n, 92, 5n)
(22, 8n, 42, 10n, 62, 2n, 82, 4n, 102, 6n) (13, 7n−1, 33, 9n−1, 53, 1n−1, 73, 3n−1, 93, 5n−1) (23,
8n−1, 43, 10n−1, 63, 2n−1, 83, 4n−1, 103, 6n−1) · · · (1(n+1)/2, 7(n+3)/2, 3(n+1)/2, 9(n+3)/2,
5(n+1)/2, 1(n+3)/2, 7(n+1)/2, 3(n+3)/2, 9(n+1)/2, 5(n+3)/2) (2(n+1)/2, 8(n+3)/2, 4(n+1)/2,
10(n+3)/2, 6(n+1)/2, 2(n+3)/2, 8(n+1)/2, 4(n+3)/2, 10(n+1)/2, 6(n+3)/2).

Similar to the last case, one can see G = 〈α, σ〉 = Aut(C10n) is isomorphic with the
dihedral group D20. The orbits of the automorphism group are given in Table 4.

In the following part, we will count all orbits of fullerene C10n. To do this, let
fix(g) be the set of elements of X fixed by g. By applying Burnside’s Lemma, if
group G acts on the set X, then for g ∈ G, the number of orbits is

(2.2) #O =
1

|G|
∑
g∈G
|fix(g)|.

For every edge e = uv and each automorphism α ∈ Aut(G), define ᾱ(e) =
{α(u), α(v)}. Thus, Aut(G) acts on the set of edges by the above rule and the
Burnside’s Lemma for the set of edges can be rewritten as follows:

(2.3) #Ō =
1

|Ḡ|
∑
ḡ∈Ḡ

|fix(ḡ)|.

Again, consider the fullerene graph C10n, where n is even, as depicted in Figure
2.1. In this part, we will find the permutation presentation of elements of Aut(C10n).
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Fig. 2.2: C10n, n is odd.

It is not difficult to see that there are five symmetry elements of order two in
Aut(C10n) denoted by αi, 1 ≤ i ≤ 5. One can easily check that

fix(α1) = {11, 102, 103, · · · , 10n, 52, 53, · · · , 5n, 3n+1},
fix(α2) = {21, 22, 23, · · · , 2n, 72, 73, · · · , 7n, 4n+1},
fix(α3) = {31, 42, 43, · · · , 4n, 92, 93, · · · , 9n, 5n+1},
fix(α4) = {41, 62, 63, · · · , 6n, 12, 13, · · · , 1n, 1n+1},
fix(α5) = {51, 82, 83, · · · , 8n, 32, 33, · · · , 3n, 2n+1}.

This means that |fix(αi)| = 2n, (1 6 i 6 5). Suppose β1 is an involution that
maps 11 to 2n+1, 21 to 1n+1, 31 to 5n+1, 41 to 4n+1, 51 to 3n+1, 12 to 2n, 22 to 1n,
32 to 10n, 42 to 9n, 52 to 8n, 62 to 7n, 72 to 6n, 82 to 5n, 92 to 5n, 102 to 3n and
so on. It is clear that fix β1 = φ. If we continue with this method, all permutation
presentations of βi’s are as follows:
β 1 = (11, 2n+1)(21, 1n+1)(31, 5n+1)(41, 4n+1)(51, 3n+1)(12, 2n)(22, 1n)(32, 10n)(42,
9n)(52, 8n)(62, 7n)(72, 6n)(82, 5n)(92, 4n)(102, 3n)(13, 2n−1)(23, 1n−1)(33, 10n−1)
(43, 9n−1)(53, 8n−1)(63, 7n−1)(73, 6n−1)(83, 5n−1)(93, 4n−1)(103, 3n−1) · · · (1n/2,
2(n+4)/2)(2n/2, 1(n+4)/2)(3n/2, 10(n+4)/2)(4n/2, 9(n+4)/2)(5n/2, 8(n+4)/2)(6n/2,
7(n+4)/2)(7n/2, 6(n+4)/2)(8n/2, 5(n+4)/2)(9n/2, 4(n+4)/2)(10n/2, 3(n+4)/2)(1(n+2)/2,
2(n+2)/2)(3(n+2)/2, 10(n+2)/2)(4(n+2)/2, 9(n+2)/2)(5(n+2)/2, 8(n+2)/2)(6(n+2)/2,
7(n+2)/2),

β 2 = (11, 3n+1)(21, 2n+1)(31, 1n+1)(41, 5n+1)(51, 4n+1)(12, 4n)(22, 3n)(32, 2n)(42

, 1n)(52, 10n)(62, 9n)(72, 8n)(82, 7n)(92, 6n)(102, 5n)(13, 4n−1)(23, 3n−1)(33, 2n−1)
(43, 1n−1)(53, 10n−1)(63, 9n−1)(73, 8n−1)(83, 7n−1)(93, 6n−1)(103, 5n−1) · · · (1n/2,
4(n+4)/2)(2n/2, 3(n+4)/2)(3n/2, 2(n+4)/2)(4n/2, 1(n+4)/2)(5n/2, 10(n+4)/2)(6n/2,
9(n+4)/2)(7n/2, 8(n+4)/2)(8n/2, 7(n+4)/2)(9n/2, 6(n+4)/2)(10n/2, 5(n+4)/2)(1(n+2)/2,
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4(n+2)/2)(2(n+2)/2, 3(n+2)/2)(5(n+2)/2, 10(n+2)/2)(6(n+2)/2, 9(n+2)/2)(7(n+2)/2,
8(n+2)/2),

β 3 = (11, 4n+1)(21, 3n+1)(31, 2n+1)(41, 1n+1)(51, 5n+1)(12, 6n)(22, 5n)(32, 4n)(42,
3n)(52, 2n)(62, 1n)(72, 10n)(82, 9n)(92, 8n)(102, 7n)(13, 6n−1)(23, 5n−1)(33, 4n−1)
(43, 3n−1)(53, 2n−1)(63, 1n−1)(73, 10n−1)(83, 9n−1)(93, 8n−1)(103, 7n−1) · · · (1n/2,
6(n+4)/2)(2n/2, 5(n+4)/2)(3n/2, 4(n+4)/2)(4n/2, 3(n+4)/2)(5n/2, 2(n+4)/2)(6n/2,
1(n+4)/2)(7n/2, 10(n+4)/2)(8n/2, 9(n+4)/2)(9n/2, 8(n+4)/2)(10n/2, 7(n+4)/2)(1(n+2)/2,
6(n+2)/2)(2(n+2)/2, 5(n+2)/2)(3(n+2)/2, 4(n+2)/2)(7(n+2)/2, 10(n+2)/2)(8(n+2)/2,
9(n+2)/2),

β 4 = (11, 5n+1)(21, 4n+1)(31, 3n+1)(41, 2n+1)(51, 1n+1)(12, 8n)(22, 7n)(32, 6n)(42,
5n)(52, 4n)(62, 3n)(72, 2n)(82, 1n)(92, 10n)(102, 9n)(13, 8n−1)(23, 7n−1)(33, 6n−1)
(43, 5n−1)(53, 4n−1)(63, 3n−1)(73, 2n−1)(83, 1n−1)(93, 10n−1)(103, 9n−1) · · · (1n/2,
8(n+4)/2)(2n/2, 7(n+4)/2)(3n/2, 6(n+4)/2)(4n/2, 5(n+4)/2)(5n/2, 4(n+4)/2)(6n/2,
3(n+4)/2)(7n/2, 2(n+4)/2)(8n/2, 1(n+4)/2)(9n/2, 10(n+4)/2)(10n/2, 9(n+4)/2)(1(n+2)/2,
8(n+2)/2)(2(n+2)/2, 7(n+2)/2)(3(n+2)/2, 6(n+2)/2)(4(n+2)/2, 5(n+2)/2)(9(n+2)/2,
10(n+2)/2),

β 5 = (11, 1n+1)(21, 5n+1)(31, 4n+1)(41, 3n+1)(51, 2n+1)(12, 10n)(22, 9n)(32, 8n)(42,
7n)(52, 6n)(62, 5n)(72, 4n)(82, 3n)(92, 2n)(102, 1n)(13, 10n−1)(23, 9n−1)(33, 8n−1)
(43, 7n−1)(53, 6n−1)(63, 5n−1)(73, 4n−1)(83, 3n−1)(93, 2n−1)(103, 1n−1 · · · (1n/2,
10(n+4)/2(2n/2, 9(n+4)/2)(3n/2, 8(n+4)/2)(4n/2, 7(n+4)/2)(5n/2, 6(n+4)/2)(6n/2,
5(n+4)/2)(7n/2, 4(n+4)/2)(8n/2, 3(n+4)/2)(9n/2, 2(n+4)/2)(10n/2, 1(n+4)/2)(1(n+2)/2,
10(n+2)/2)(2(n+2)/2, 9(n+2)/2)(3(n+2)/2, 8(n+2)/2)(4(n+2)/2, 7(n+2)/2)(5(n+2)/2,
6(n+2)/2),

β 6 = (11, 3n+1)(21, 4n+1)(31, 5n+1)(41, 1n+1)(51, 2n+1)(12, 6n)(22, 7n)(32, 8n)(42,
9n)(52, 10n)(62, 1n)(72, 2n)(82, 3n)(92, 4n)(102, 5n)(13, 6n−1)(23, 7n−1)(33, 8n−1)
(43, 9n−1)(53, 10n−1)(63, 1n−1)(73, 2n−1)(83, 3n−1)(93, 4n−1)(103, 5n−1 · · · (1n/2,
6(n+4)/2)(2n/2, 7(n+4)/2)(3n/2, 8(n+4)/2)(4n/2, 9(n+4)/2)(5n/2, 10(n+4)/2)(6n/2,
1(n+4)/2)(7n/2, 2(n+4)/2)(8n/2, 3(n+4)/2)(9n/2, 4(n+4)/2)(10n/2, 5(n+4)/2)(1(n+2)/2,
6(n+2)/2)(2(n+2)/2, 7(n+2)/2)(3(n+2)/2, 8(n+2)/2)(4(n+2)/2, 9(n+2)/2)(5(n+2)/2,
10(n+2)/2).

This yields that Aut(C10n) includes four rotational elements γi (1 ≤ i ≤ 4)
and four permutations σi (1 ≤ i ≤ 4) of order 10 with the following permutation
presentation:
γ 1 = (11, 21, 31, 41, 51)(12, 32, 52, 72, 92)(22, 42, 62, 82, 102)(13, 33, 53, 73, 93)(23, 43,
63, 83, 103) · · · (1n−1, 3n−1, 5n−1, 7n−1, 9n−1)(2n−1, 4n−1, 6n−1, 8n−1, 10n−1)(1n, 3n,
5n, 7n, 9n)(2n, 4n, 6n, 8n, 10n)(1n+1, 2n+1, 3n+1, 4n+1, 5n+1),

γ 2 = (11, 31, 51, 21, 41)(12, 52, 92, 32, 72)(22, 62, 102, 42, 82)(13, 53, 93, 33, 73)(23, 63,
103, 43, 83) · · · (1n−1, 5n−1, 9n−1, 3n−1, 7n−1)(2n−1, 6n−1, 10n−1, 4n−1, 8n−1)(1n, 5n,
9n, 3n, 7n)(2n, 6n, 10n, 4n, 8n)(1n+1, 3n+1, 5n+1, 2n+1, 4n+1),

γ 3 = (11, 51, 41, 31, 21)(12, 92, 72, 52, 32)(22, 102, 82, 62, 42)(13, 93, 73, 53, 33)(23, 103,
83, 63, 43) · · · (1n−1, 9n−1, 7n−1, 5n−1, 3n−1)(2n−1, 10n−1, 8n−1, 6n−1, 4n−1)(1n, 9n,
7n, 5n, 3n)(2n, 10n, 8n, 6n, 4n)(1n+1, 5n+1, 4n+1, 3n+1, 2n+1),
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γ 4 = (11, 41, 21, 51, 31)(12, 72, 32, 92, 52)(22, 82, 42, 102, 62)(13, 73, 33, 93, 53)(23, 83,
43, 103, 63) · · · (1n−1, 7n−1, 3n−1, 9n−1, 5n−1)(2n−1, 8n−1, 4n−1, 10n−1, 6n−1)(1n, 7n,
3n, 9n, 5n)(2n, 8n, 4n, 10n, 6n)(1n+1, 4n+1, 2n+1, 5n+1, 3n+1).

σ 1 = (11, 5n+1, 51, 4n+1, 41, 3n+1, 31, 2n+1, 21, 1n+1)(12, 10n, 92, 8n, 72, 6n, 52, 4n, 32,
2n)(22, 1n, 102, 9n, 82, 7n, 62, 5n, 42, 3n)(13, 10n−1, 93, 8n−1, 73, 6n−1, 53, 4n−1, 33,
2n−1)(23, 1n−1, 103, 9n−1, 83, 7n−1, 63, 5n−1, 43, 3n−1) · · · (1n/2, 10(n+4)/2, 9n/2,
8(n+4)/2, 7n/2, 6(n+4)/2, 5n/2, 4(n+4)/2, 3n/2, 2(n+4)/2)(2n/2, 1(n+4)/2, 10n/2, 9(n+4)/2,
8n/2, 7(n+4)/2, 6n/2, 5(n+4)/2, 4n/2, 3(n+4)/2)(1(n+2)/2, 10(n+2)/2, 9(n+2)/2, 8(n+2)/2,
7(n+2)/2, 6(n+2)/2, 5(n+2)/2, 4(n+2)/2, 3(n+2)/2, 2(n+2)/2),

σ 2 = (11, 1n+1, 21, 2n+1, 31, 3n+1, 41, 4n+1, 51, 5n+1)(12, 2n, 32, 4n, 52, 6n, 72, 8n, 92,
10n)(22, 3n, 42, 5n, 62, 7n, 82, 9n, 102, 1n)(13, 2n−1, 33, 4n−1, 53, 6n−1, 73, 8n−1, 93,
10n−1)(23, 3n−1, 43, 5n−1, 63, 7n−1, 83, 9n−1, 103, 1n−1 · · · (1n/2, 2(n+4)/2, 3n/2,
4(n+4)/2, 5n/2, 6(n+4)/2, 7n/2, 8(n+4)/2, 9n/2, 10(n+4)/2)(2n/2, 3(n+4)/2, 4n/2, 5(n+4)/2,
6n/2, 7(n+4)/2, 8n/2, 9(n+4)/2, 10n/2, 1(n+4)/2)(1(n+2)/2, 2(n+2)/2, 3(n+2)/2, 4(n+2)/2,
5(n+2)/2, 6(n+2)/2, 7(n+2)/2, 8(n+2)/2, 9(n+2)/2, 10(n+2)/2),

σ 3 = (11, 2n+1, 41, 5n+1, 21, 3n+1, 51, 1n+1, 31, 4n+1)(12, 4n, 72, 10n, 32, 6n, 92, 2n,
52, 8n)(22, 5n, 82, 1n, 42, 7n, 102, 3n, 62, 9n)(13, 4n−1, 73, 10n−1, 33, 6n−1, 93, 2n−1,
53, 8n−1)(23, 5n−1, 83, 1n−1, 43, 7n−1, 103, 3n−1, 63, 9n−1) · · · (1n/2, 4(n+4)/2, 7n/2,
10(n+4)/2, 3n/2, 6(n+4)/2, 9n/2, 2(n+4)/2, 5n/2, 8(n+4)/2)(2n/2, 5(n+4)/2, 8n/2,
1(n+4)/2, 4n/2, 7(n+4)/2, 10n/2, 3(n+4)/2, 6n/2, 9(n+4)/2)(1(n+2)/2, 4(n+2)/2, 7(n+2)/2,
10(n+2)/2, 3(n+2)/2, 6(n+2)/2, 9(n+2)/2, 2(n+2)/2, 5(n+2)/2, 8(n+2)/2),

σ 4 = (11, 4n+1, 31, 1n+1, 51, 3n+1, 21, 5n+1, 41, 2n+1)(12, 8n, 52, 2n, 92, 6n, 32, 10n, 72,
4n)(22, 9n, 62, 3n, 102, 7n, 42, 1n, 82, 5n)(13, 8n−1, 53, 2n−1, 93, 6n−1, 33, 10n−1, 73,
4n−1)(23, 9n−1, 63, 3n−1, 103, 7n−1, 43, 1n−1, 83, 5n−1) · · · (1n/2, 8(n+4)/2, 5n/2,
2(n+4)/2, 9n/2, 6(n+4)/2, 3n/2, 10(n+4)/2, 7n/2, 4(n+4)/2)(2n/2, 9(n+4)/2, 6n/2, 3(n+4)/2,
10n/2, 7(n+4)/2, 4n/2, 1(n+4)/2, 8n/2, 5(n+4)/2)(1(n+2)/2, 8(n+2)/2, 5(n+2)/2, 2(n+2)/2,
9(n+2)/2, 6(n+2)/2, 3(n+2)/2, 10(n+2)/2, 7(n+2)/2, 4(n+2)/2).

Hence, C10n (n is even) has n−2
2 ×2 + 2 = n orbits each of them has 10 vertices,

see Table 1.

Vertex Orbit members
11 11, 21, 31, 41, 51, 1n+1, 2n+1, 3n+1, 4n+1, 5n+1

12 12, 32, 52, 72, 92, 2n, 4n, 6n, 8n, 10n

22 22, 42, 62, 82, 102, 1n, 3n, 5n, 7n, 9n

...
...

1n/2 1n/2, 3n/2, 5n/2, 7n/2, 9n/2,
2(n+4)/2, 4(n+4)/2, 6(n+4)/2, 8(n+4)/2, 10(n+4)/2

2n/2 2n/2, 4n/2, 6n/2, 8n/2, 10n/2,
1(n+4)/2, 3(n+4)/2, 5(n+4)/2, 7(n+4)/2, 9(n+4)/2

1(n+2)/2 1(n+2)/2, 2(n+2)/2, 3(n+2)/2, 4(n+2)/2, 5(n+2)/2,
6(n+2)/2, 7(n+2)/2, 8(n+2)/2, 9(n+2)/2, 10(n+2)/2

Table 1. Members of orbits of C10n, n is even.
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Fig. 2.3: C10n, n is even.

It is not difficult to see that |fix(αi)| = n + 2 (1 ≤ i ≤ 5), |fix(βj)| = 2
(1 ≤ j ≤ 5) and |fix(β6)| = |fix(γk)| = |fix(σl)| = 0 (1 ≤ k ≤ 4), (1 ≤ l ≤ 4).
By considering the action of Aut(C10n) on the set of edges and using Eq. 2.3,
one can prove that the number of orbits is n + 1 for which n is even. They are

O(e1
1), O(e1), O(e2

1), O(e2), · · · , O(e
(n−2)/2
1 ), O(e(n−2)/2), O(e

n/2
1 ), O(en/2) and

O(e
(n+2)/2
1 ). Hence, we proved the following theorem.

Theorem 2.3. Consider the fullerene graph C10n, n is even. Then there are n+1
orbits under the action of automorphism group on the set of edges.

Theorem 2.4. Consider the fullerene graph C10n, where n is even and n ≥ 10.
Then

Mo(C10n) = 75n2 − 100n+ 3980.

Proof. Suppose e1
1 = {11, 21} and e1 = {51, 82}. Then

N11 = {11, 51, 72, 82, 92, 102, 73, 83, 93, 74, 84, 75},
N11 = {11, 51, 72, 82, 92, 102, 73, 83, 93, 74, 84, 75},
N21 = {21, 31, 22, 32, 42, 52, 33, 43, 53, 44, 54, 55},

N11,21 = V (C10n)−N11 −N21 ,

N51 = {11, 21, 31, 41, 51, 22, 32, 42, 33},
N82 = V (C10n)−N11 −N51,82 ,

N51,82 = {12, 52, 62, 102, 13, 23, 43, 53, 24, 34, 44, 35}.
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This means that n(11) = 12, n(21) = 12, n(11, 21) = 10n − 24, n(51) = 9, n(82) =
10n− 21 and n(51, 82) = 12. Also if e2

1 = {22, 12}, e2 = {92, 93}. Then

N22 = {21, 31, 41, 22, 32, 42, 52, 62, 33, 43, 53, 63, 44, 54, 64, 55, 65, 66},
N12 = V (C10n)−N22 −N22,12 ,

N22,12 = {11, 51},
N92 = {11, 21, 31, 41, 51, 12, 22, 32, 42, 52, 62, 72, 82, 92, 102},
N93 = V (C10n)−N92 −N92,93 ,

N92,93 = ∅,

and thus n(22) = 18, n(12) = 10n−20, n(22, 12) = 2, n(92) = 15, n(93) = 10n−15,
n(92, 93) = 0, and so on, see Table 2. By using Theorem 2.2, for every edge
e = {u, v}, one can determine the contributions of n(u) and n(v) of edge e = {u, v}
as reported in Table 2. The summation of these integers yields that

Mo(C10n) = 10× (12− 12) + 10× (10n− 30) + 20× (10n− 38)
+10× (10n− 30) + 20× (10n− 50) + 10× (10n− 50)
+20× (10n− 65) + 10× (10n− 70) + 20× (10n− 81)

+10×
∑n/2−5
i=0 10n− 2(45 + 10i) + 20×

∑n/2−6
i=0 10n− 2(50 + 10i)

+10× (5n− 5n) = 75n2 − 100n+ 3980.

Type of edge n(u), n(v), equidistant Number
e1

1 12,12,10n-24 10
e1 9,10n-21,12 10
e2

1 18,10n–20,2 20
e2 15,10n-15,0 10
e3

1 24,20n-26,2 20
e3 25,10n–25,0 10
e4

1 32,10n-33,1 20
e4 35,10n-35,0 10
e5

1 40,10n-41,1 20
e5 45,10n-45,0 10
e6

1 50,10n-50,0 20
e6 55,10n-55,0 10
...

...
...

e
(n−2)/2
1 5n-20,5n+20,0 20

e(n−2) /2 5n-15,5n+15,0 10

en1
/2 5n-10,5n+10,0 20

en /2 5n-5,5n+5,0 10

e
(n+2
1

)/2 5n,5n,0 10

Table 2. The values of n(u), n(v) and equidistant vertices, where n ≥ 8.
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The exceptional cases are given in Table 3. Also, their Mostar indices are given
in Table 4.

Type of edge C40 C60 C80

e1
1 12 12 16 12 12 36 12 12 56

e1 9 20 11 9 39 12 9 59 12
e2

1 15 22 3 18 40 2 18 60 2
e2 15 25 0 15 45 0 15 65 0
e3

1 18 18 4 23 34 3 24 54 2
e3 - - - 25 35 0 25 55 0
e4

1 - - - 29 29 2 32 47 1
e4 - - - - - - 35 45 0
e5

1 - - - - - - 39 39 2

Table 3. Exception of n(u), n(v), equidistant vertices.

n 4 6 8
Mo(C10n) 350 1360 3140

Table 4. Special cases of Mostar index of fullerene C10n..

Now consider the fullerene graph C10n, where n is odd, as depicted in Figure 2.2.
There are five symmetry elements of order two in Aut(C10n) denoted by αi, 1 ≤
i ≤ 5. One can easily check that

fix(α1) = {11, 102, 103, · · · , 10n, 1n+1, 52, 53, · · · , 5n},
fix(α2) = {21, 22, 23, · · · , 2n, 2n+1, 72, 73, · · · , 7n},
fix(α3) = {31, 42, 43, · · · , 4n, 3n+1, 92, 93, · · · , 9n},
fix(α4) = {41, 62, 63, · · · , 6n, 4n+1, 12, 13, · · · , 1n},
fix(α5) = {51, 82, 83, · · · , 8n, 5n+1, 32, 33, · · · , 3n, 2n+1}.

This means that fix(αi) = 2n, (1 6 i 6 5). Similar to the last case, the pre-
sentations of other elements of Aut(C10n) are as follows:

β1 = (11, 1n+1)(21, 2n+1)(31, 3n+1)(41, 4n+1)(51, 5n+1)(12, 1n)(22, 2n)(32, 3n)(42, 4n)
(52, 5n)(62, 6n)(72, 7n)(82, 8n)(92, 9n)(102, 10n)(13, 1n−1)(23, 2n−1)(33, 3n−1)(43,
4n−1)(53, 5n−1)(63, 6n−1)(73, 7n−1)(83, 8n−1)(93, 9n−1)(103, 10n−1) · · · (1(n+1)/2,
1(n+3)/2)(2(n+1)/2, 2(n+3)/2)(3(n+1)/2, 3(n+3)/2)(4(n+1)/2, 4(n+3)/2)(5(n+1)/2, 5(n+3)/2)
(6(n+1)/2, 6(n+3)/2)(7(n+1)/2, 7(n+3)/2)(8(n+1)/2, 8(n+3)/2)(9(n+1)/2, 9(n+3)/2)
(10(n+1)/2, 10(n+3)/2),

β2 = (11, 3n+1)(21, 2n+1)(31, 1n+1)(41, 5n+1)(51, 4n+1)(12, 3n)(22, 2n)(32, 1n)(42,
10n)(52, 9n)(62, 8n)(72, 7n)(82, 6n)(92, 5n)(102, 4n)(13, 3n−1)(23, 2n−1)(33, 1n−1)
(43, 10n−1)(53, 9n−1)(63, 8n−1)(73, 7n−1)(83, 6n−1)(93, 5n−1)(103, 4n−1 · · ·
(1(n+1)/2, 3(n+3)/2)(2(n+1)/2, 2(n+3)/2)(3(n+1)/2, 1(n+3)/2)(4(n+1)/2, 10(n+3)/2)
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(5(n+1)/2, 9(n+3)/2)(6(n+1)/2, 8(n+3)/2)(7(n+1)/2, 7(n+3)/2)(8(n+1)/2, 6(n+3)/2)
(9(n+1)/2, 5(n+3)/2)(10(n+1)/2, 4(n+3)/2),

β 3=(11, 4n+1)(21, 3n+1)(31, 2n+1)(41, 1n+1)(51, 5n+1(12, 5n)(22, 4n)(32, 3n)(42,
2n)(52, 1n)(62, 10n)(72, 9n)(82, 8n)(92, 7n)(102, 6n)(13, 5n−1)(23, 4n−1)(33, 3n−1)
(43, 2n−1)(53, 1n−1)(63, 10n−1)(73, 9n−1)(83, 8n−1)(93, 7n−1)(103, 6n−1) · · ·
(1(n+1)/2, 5(n+3)/2)(2(n+1)/2, 4(n+3)/2)(3(n+1)/2, 3(n+3)/2)(4(n+1)/2, 2(n+3)/2)
(5(n+1)/2, 1(n+3)/2)(6(n+1)/2, 10(n+3)/2)(7(n+1)/2, 9(n+3)/2)(8(n+1)/2, 8(n+3)/2)
(9(n+1)/2, 7(n+3)/2)(10(n+1)/2, 6(n+3)/2),

β 4=(11, 5n+1)(21, 4n+1)(31, 3n+1)(41, 2n+1)(51, 1n+1)(12, 7n)(22, 6n)(32, 5n)(42,
4n)(52, 3n)(62, 2n)(72, 1n)(82, 10n)(92, 9n)(102, 8n)(13, 7n−1)(23, 6n−1)(33, 5n−1)
(43, 4n−1)(53, 3n−1)(63, 2n−1)(73, 1n−1)(83, 10n−1)(93, 9n−1)(103, 8n−1) · · ·
(1(n+1)/2, 7(n+3)/2)(2(n+1)/2, 6(n+3)/2)(3(n+1)/2, 5(n+3)/2)(4(n+1)/2, 4(n+3)/2)
(5(n+1)/2, 3(n+3)/2)(6(n+1)/2, 2(n+3)/2)(7(n+1)/2, 1(n+3)/2)(8(n+1)/2, 10(n+3)/2)
(9(n+1)/2, 9(n+3)/2)(10(n+1)/2, 8(n+3)/2),

β 5=(11, 1n+1)(21, 5n+1)(31, 4n+1)(41, 3n+1)(51, 2n+1)(12, 9n)(22, 8n)(32, 7n)(42,
6n)(52, 5n)(62, 4n)(72, 3n(82, 2n)(92, 1n)(102, 10n)(13, 9n−1)(23, 8n−1)(33, 7n−1)
(43, 6n−1)(53, 5n−1)(63, 4n−1)(73, 3n−1)(83, 2n−1)(93, 1n−1)(103, 10n−1) · · ·
(1(n+1)/2, 9(n+3)/2)(2(n+1)/2, 8(n+3)/2)(3(n+1)/2, 7(n+3)/2)(4(n+1)/2, 6(n+3)/2)
(5(n+1)/2, 5(n+3)/2)(6(n+1)/2, 4(n+3)/2)(7(n+1)/2, 3(n+3)/2)(8(n+1)/2, 2(n+3)/2)
(9(n+1)/2, 1(n+3)/2)(10(n+1)/2, 10(n+3)/2),

β 6=(11, 2n+1)(21, 1n+1)(31, 5n+1)(41, 4n+1)(51, 3n+1)(12, 1n)(22, 10n)(32, 9n)(42,
8n)(52, 7n)(62, 6n)(72, 5n)(82, 4n)(92, 3n)(102, 2n)(13, 1n−1)(23, 10n−1)(33, 9n−1)
(43, 8n−1)(53, 7n−1)(63, 6n−1)(73, 5n−1)(83, 4n−1)(93, 3n−1)(103, 2n−1) · · ·
(1(n+1)/2, 1(n+3)/2)(2(n+1)/2, 10(n+3)/2)(3(n+1)/2, 9(n+3)/2)(4(n+1)/2, 8(n+3)/2)
(5(n+1)/2, 7(n+3)/2)(6(n+1)/2, 6(n+3)/2)(7(n+1)/2, 5(n+3)/2)(8(n+1)/2, 4(n+3)/2)
(9(n+1)/2, 3(n+3)/2)(10(n+1)/2, 2(n+3)/2),

γ 1=(11, 21, 31, 41, 51)(12, 32, 52, 72, 92)(22, 42, 62, 82, 102)(13, 33, 53, 73, 93)(23, 43,
63, 83, 103) · · · (1n−1, 3n−1, 5n−1, 7n−1, 9n−1)(2n−1, 4n−1, 6n−1, 8n−1, 10n−1)(1n, 3n,
5n, 7n, 9n)(2n, 4n, 6n, 8n, 10n)(1n+1, 2n+1, 3n+1, 4n+1, 5n+1),

γ 2=(11, 31, 51, 21, 41)(12, 52, 92, 32, 72)(22, 62, 102, 42, 82)(13, 53, 93, 33, 73)(23, 63,
103, 43, 83) · · · (1n−1, 5n−1, 9n−1, 3n−1, 7n−1)(2n−1, 6n−1, 10n−1, 4n−1, 8n−1)(1n, 5n,
9n, 3n, 7n)(2n, 6n, 10n, 4n, 8n)(1n+1, 3n+1, 5n+1, 2n+1, 4n+1),

γ 3=(11, 51, 41, 31, 21)(12, 92, 72, 52, 32)(22, 102, 82, 62, 42)(13, 93, 73, 53, 33)(23, 103,
83, 63, 43) · · · (1n−1, 9n−1, 7n−1, 5n−1, 3n−1)(2n−1, 10n−1, 8n−1, 6n−1, 4n−1)(1n, 9n,
7n, 5n, 3n)(2n, 10n, 8n, 6n, 4n)(1n+1, 5n+1, 4n+1, 3n+1, 2n+1),

γ 4=(11, 41, 21, 51, 31)(12, 72, 32, 92, 52)(22, 82, 42, 102, 62)(13, 73, 33, 93, 53)(23, 83,
43, 103, 63) · · · (1n−1, 7n−1, 3n−1, 9n−1, 5n−1)(2n−1, 8n−1, 4n−1, 10n−1, 6n−1)(1n, 7n,
3n, 9n, 5n)(2n, 8n, 4n, 10n, 6n)(1n+1, 4n+1, 2n+1, 5n+1, 3n+1),

σ 1=(11, 2n+1, 31, 4n+1, 51, 1n+1, 21, 3n+1, 41, 5n+1)(12, 3n, 52, 7n, 92, 1n, 32, 5n, 72,
9n)(22, 4n, 62, 8n, 102, 2n, 42, 6n, 82, 10n)(13, 3n−1, 53, 7n−1, 93, 1n−1, 33, 5n−1, 73,
9n−1)(23, 4n−1, 63, 8n−1, 103, 2n−1, 43, 6n−1, 83, 10n−1) · · · (1(n+1)/2, 3(n+3)/2,
5(n+1)/2, 7(n+3)/2, 9(n+1)/2, 1(n+3)/2, 3(n+1)/2, 5(n+3)/2, 7(n+1)/2, 9(n+3)/2)(2(n+1)/2,
4(n+3)/2, 6(n+1)/2, 8(n+3)/2, 10(n+1)/2, 2(n+3)/2, 4(n+1)/2, 6(n+3)/2, 8(n+1)/2, 10(n+3)/2),
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σ 2=(11, 3n+1, 51, 2n+1, 41, 1n+1, 31, 5n+1, 21, 4n+1)(12, 5n, 92, 3n, 72, 1n, 52, 9n, 32,
7n)(22, 6n, 102, 4n, 82, 2n, 62, 10n, 42, 8n)(13, 5n−1, 93, 3n−1, 73, 1n−1, 53, 9n−1, 33,
7n−1)(23, 6n−1, 103, 4n−1, 83, 2n−1, 63, 10n−1, 43, 8n−1) · · · (1(n+1)/2, 5(n+3)/2,
9(n+1)/2, 3(n+3)/2, 7(n+1)/2, 1(n+3)/2, 5(n+1)/2, 9(n+3)/2, 3(n+1)/2, 7(n+3)/2)(2(n+1)/2,
6(n+3)/2, 10(n+1)/2, 4(n+3)/2, 8(n+1)/2, 2(n+3)/2, 6(n+1)/2, 10(n+3)/2, 4(n+1)/2, 8(n+3)/2),

σ 3=(11, 4n+1, 21, 5n+1, 31, 1n+1, 41, 2n+1, 51, 3n+1)(12, 7n, 32, 9n, 52, 1n, 72, 3n, 92,
5n)(22, 8n, 42, 10n, 62, 2n, 82, 4n, 102, 6n)(13, 7n−1, 33, 9n−1, 53, 1n−1, 73, 3n−1, 93,
5n−1)(23, 8n−1, 43, 10n−1, 63, 2n−1, 83, 4n−1, 103, 6n−1) · · · (1(n+1)/2, 7(n+3)/2,
3(n+1)/2, 9(n+3)/2, 5(n+1)/2, 1(n+3)/2, 7(n+1)/2, 3(n+3)/2, 9(n+1)/2, 5(n+3)/2)(2(n+1)/2,
8(n+3)/2, 4(n+1)/2, 10(n+3)/2, 6(n+1)/2, 2(n+3)/2, 8(n+1)/2, 4(n+3)/2, 10(n+1)/2, 6(n+3)/2),

σ 4=(11, 5n+1, 41, 3n+1, 21, 1n+1, 51, 4n+1, 31, 2n+1)(12, 9n, 72, 5n, 32, 1n, 92, 7n, 52,
3n)(22, 10n, 82, 6n, 42, 2n, 102, 8n, 62, 4n)(13, 9n−1, 73, 5n−1, 33, 1n−1, 93, 7n−1, 53,
3n−1)(23, 10n−1, 83, 6n−1, 43, 2n−1, 103, 8n−1, 63, 4n−1) · · · (1(n+1)/2, 9(n+3)/2,
7(n+1)/2, 5(n+3)/2, 3(n+1)/2, 1(n+3)/2, 9(n+1)/2, 7(n+3)/2, 5(n+1)/2, 3(n+3)/2)(2(n+1)/2,
10(n+3)/2, 8(n+1)/2, 6(n+3)/2, 4(n+1)/2, 2(n+3)/2, 10(n+1)/2, 8(n+3)/2, 6(n+1)/2, 4(n+3)/2).

So, the fullerene C10n (n is odd) has n−1
2 × 2 + 1 = n orbits which each of them

has 10 vertices, see Table 5.

Vertex Members of orbit
11 11, 21, 31, 41, 51, 1n+1, 2n+1, 3n+1, 4n+1, 5n+1

12 12, 32, 52, 72, 92, 1n, 3n, 5n, 7n, 9n

22 22, 42, 62, 82, 102, 2n, 4n, 6n, 8n, 10n

...
...

1(n+1)/2 1(n+1)/2, 3(n+1)/2, 5(n+1)/2, 7(n+1)/2, 9(n+1)/2,
1(n+3)/2, 3(n+3)/2, 5(n+3)/2, 7(n+3)/2, 9(n+3)/2

2(n+1)/2 2(n+1)/2, 4(n+1)/2, 6(n+1)/2, 8(n+1)/2, 10(n+1)/2,
2(n+3)/2, 4(n+3)/2, 6(n+3)/2, 8(n+3)/2, 10(n+3)/2

Table 5. Members of orbits of C10n, n is odd.

The values of n(u), n(v) and equidistant vertices in Table 6 can be obtained by
a similar argument. Hence, we have the following theorem.

Theorem 2.5. Consider the fullerene graph C10n (n is odd), then there are n+1
orbits under the action of automorphism group on the set of edges. They are O(e1

1),

O(e1), O(e2
1), O(e2), · · · , O(e(n−1)/2), O(e

(n+1)/2
1 ) and O(e(n+1)/2).

Theorem 2.6. Consider the fullerene graph C10n where n is odd and n ≥ 9. Then

Mo(C10n) = 75n2 − 100n+ 4005.
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Fig. 2.4: C10n, n is odd.

Type of edge n(u), n(v), equidistant Number
e1

1 12,12,10n-24 10
e1 9,10n-21,12 10
e2

1 18,10n–20,2 20
e2 15,10n-15,0 10
e3

1 24,20n-26,2 20
e3 25,10n–25,0 10
e4

1 32,10n-33,1 20
e4 35,10n-35,0 10
e5

1 40,10n-41,1 20
e5 45,10n-45,0 20
e6

1 50,10n-50,0 20
e6 55,10n-55,0 10
...

...
...

e
(n−1)/2
1 5n-15,5n+15,0 20

e(n−1)/2 5n-10,5n+10,0 10

e
(n+1)/2
1 5n-5,5n+5,0 20

e(n+1)/2 5n,5n,0 5

Table 6. The values of n(e), n(v) and equidistant vertices, where n ≥ 7.

The exceptional cases are given in Table 7. Also, their Mostar indices are given
in Table 8.
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Type of edge C30 C50 C70

e1
1 10 10 10 12 12 26 12 12 46

e1 9 13 8 9 29 12 9 49 12
e2

1 12 14 4 17 30 3 18 50 2
e2 15 15 0 15 35 0 15 55 0
e3

1 - - - 21 26 3 24 44 2
e3 - - - 25 25 0 25 45 0
e4

1 - - - - - - 31 37 2
e4 - - - - - - 35 35 0

Table 7. Exception of n(u), n(v), equidistant vertices.

n 3 5 7
Mo(C10n) 80 760 2160

Table 8. Special cases of Mostar index of fullerene C10n.
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