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Ser. Math. Inform. Vol. 35, No 1 (2020), 167-178

https://doi.org/10.22190/FUMI2001167K

TANGENT BUNDLE ENDOWED WITH QUARTER-SYMMETRIC
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MANIFOLD
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Abstract. In this paper, we have studied the tangent bundle endowed with quarter-
symmetric non-metric connection obtained by vertical and complete lifts of a quarter-
symmetric non-metric connection on the base manifold and, also, proposed the study of
the tangent bundle of an almost Hermitian manifold and an almost Kaehler manifold.
Finally, we obtained some theorems for Nijenhuis tensor on the tangent bundle of an
almost Hermitian manifold and an almost Kaehler manifold.
Keywords: Almost Hermitian manifold, almost Kaehler manifold, vertical lift, com-
plete lift, Nijenhuis tensor.

1. Introduction

The idea of quarter-symmetric linear connections in differentiable manifold was
introduced by Golab [4] in 1975. A linear connection is said to be a quarter-

symmetric connection if its torsion tensor T̃ is of the for

T̃ (X,Y ) = u(Y )φX − u(X)φY

where u is 1-form and φ is a tensor of type (1, 1). Agashe and Chafle [1] studied a
semi-symmetric non-metric connection on a Riemannian manifold in 1992. In 2007,
the author [7] defined and studied a quarter-symmetric semi-metric connection on
Sasakian manifold. In 2008, Chaturvedi and Pandey [2] studied Kaehler manifold
equipped with a semi-symmetric non-metric connection.

The method of lift has an important role in modern differential geometry. With
the lift function, it is possible to generalize to differentiable structures on any man-
ifold to its extensions. The complete, vertical and horizontal lifts of tensor fields
and connections on any manifold M to the tangent manifold TM were obtained
by Yano and Ishihara [13] in 1973. In 1969, Tani [11] developed the theory of
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hypersurfaces prolonged to tangent bundle with respect to complete lift of metric
tensor of Riemannian manifold. In 2005, Das and the author [3] obtained almost
product structure by means of the complete, vertical and horizontal lifts of almost
r-contact structures on the tangent bundle. The author [8] studied the lifts of hy-
persurfaces with quarter-symmetric semi-metric connection to the tangent bundles
and obtained an important result (Theorem3 in [8]). We have used similar method
in section 3 of this paper. Among some other authors who studied the differential
geometry of the tangent bundle are the following [6, 9, 12, 14].

The paper is structured as follows. In Section 2, we will recall an almost Hermi-
tian manifold, Quarter symmetric non-metric connection, Tangent bundle, Induced
metric and connection. We will consider, in Section 3, the tangent bundle endowed
with quarter-symmetric non-metric connection obtained by vertical and complete
lifts of a quarter-symmetric non-metric connection on the base manifold and pro-
pose to study the tangent bundle of an almost Hermitian manifold and an almost
Kaehler manifold. In Section 4, we will obtain some theorems for Nijenhuis tensor
on tangent bundle of an almost Hermitian manifold and an almost Kaehler mani-
fold. In the last Section, we will construct an example of a four dimensional almost
Hermitian manifold on tangent bundle.

2. Preliminaries

2.1. An almost Hermitian manifold

A tensor field F̂ of type (1,1) on an even dimensional differentiable manifold
M,n = 2m such that

F̂ 2X̂ + X̂ = 0.(2.1)

If non-singular Hermitian metric of type (0,2) satisfies

ĝ(F̂ X̂, F̂ Ŷ ) = ĝ(X̂, Ŷ )(2.2)

for arbitrary vector fields X̂, Ŷ , then (M, F̂ , ĝ) is called an almost Hermitian man-
ifold with an almost Hermitian structure (F̂ , ĝ). Let ∇̂ be the Riemannian connec-
tion on M , then M is said to be a Kaehler manifold [2] if

(∇̂X̂ F̂ )Ŷ = 0.(2.3)

2.2. Quarter-symmetric non-metric connection

A linear connection ∇ on M is defined as

∇X̂ Ŷ = ∇̂X̂ Ŷ + ω̂(Ŷ )F̂ X̂,(2.4)

for arbitrary vector fields X̂, Ŷ , 1-form ω̂ and ∇̂ denotes Riemannian connection on
M .

The torsion tensor T is given by
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T (X̂, Ŷ ) = ∇X̂ Ŷ +∇Ŷ X̂ − [X̂, Ŷ ].

The connection ∇ is symmetric if its torsion tensor vanishes, otherwise, it is non-
symmetric. If there is a metric ĝ in M such that ∇ĝ = 0, then the connection ∇ is
a metric connection; otherwise it is non-metric [5].

A linear connection ∇ is said to be a quarter-symmetric linear connection if its
torsion connection T is of the form

T (X̂, Ŷ ) = ω̂(Ŷ )F̂ X̂ − ω̂(X̂)F̂ Ŷ(2.5)

and
(∇X̂ ĝ)(X̂, Ŷ ) = −ω̂(Ŷ )ĝ(F̂ X̂, Ẑ)− ω̂(Ẑ)ĝ(F̂ X̂, Ŷ ).(2.6)

The connection ∇ satisfying (2.4), (2.5) and(2.6) is called quarter-symmetric
non-metric connection [7].

2.3. Tangent Bundle

Let Tp(M) be the tangent space of differentiable manifold M at a point of M ,
then the set T (M) = ∪p∈MTp(M) is called the tangent bundle over the manifold
M . For any point p̃ of T (M), the correspondence p̃ → p determines the bundle
projection π : T (M) → M . Thus π(p̃) = p, where π : T (M) → M defines the
bundle projection of T (M) over M . The set π−1(p) is called the fibre over p ∈ M
and M the base space [3, 13].

Vertical lifts: If f is a function in M , we write fV for the function in T (M)
obtained by forming the composition of π : T (M) → M and f : M → M , so that
fV = foπ. Thus, if a point p̃ ∈ π−1(U) has induced coordinates (xh, yh), then
fV (p̃) = fV (x, y) = foπ(p̃) = f(p) = f(x) thus the value of fV (p̃) is constant along
each fibre Tp(M) and equal to the value f(p). We call fV the vertical lift of the
function f .

Complete lifts: If f is a function in M , we write fC for the function in T (M)
defined by fC = i(df) and call fC the complete lift of the function f . The complete
lift fC of a function f has the local expression fC = yi∂if = ∂f with respect to
the induced coordinates in T (M), where ∂f denotes yi∂if .

Suppose that X̂ ∈ Im1
0(M). We define a vector field X̂C in T (M) by X̂CfC =

(X̂f)C , f being an arbitrary function in M and call X̂C the complete lift of call X̂
in T (M).

Suppose that ω̂ ∈ Im1
0(M). Then a 1-form ω̂C in T (M) defined by ω̂C(X̂C) =

(ω̂(X̂))C , X̂ being an arbitrary vector field in M . We call ω̂C the complete lift of
ω̂. Moreover, these lifts have the following properties [8]:
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[X̂C , Ŷ C ] = [X̂, Ŷ ]C ; F̂C(X̂C) = (F̂ (X̂))C

ω̂V (X̂C) = (ω̂(X̂))V ; ω̂C(X̂C) = (ω̂(X̂))C

ĝC(X̂V , Ŷ C) = ĝC(X̂C , Ŷ V ) = (ĝ(X̂, Ŷ ))V ; ĝC(X̂V , Ŷ C) = (ĝ(X̂, Ŷ ))C

T̂C(X̂C , Ŷ C) = (T̂ (X̂, Ŷ ))C

where X̂V , ω̂V , ĝV , T̂V and X̂C , ω̂C , ĝC , T̂C are vertical and complete lifts of X̂, ω̂, ĝ, T̂
respectively.

2.4. Induced metric and connection on T (S)

Let S be a manifold of (n − 1)-dimension immersed in M by the immersion
τ : S → M . Let us denote the differentiable mapping dτ of the immersion τ of B
is a mapping from TS into TM , which is called tangent map of τ where T (S) and
T (M) are the tangent bundles of S into M respectively. The tangent map of B is

denoted by B̃ : T (T (S))→ T (T (M)).

Let ĝ be the Riemannian metric in M . The complete lift ĝC of ĝ in T (M). If
we denote by g̃ the induced metric on T (S) from ĝC then we have g̃(XC , Y C) =

ĝC(B̃XC , B̃Y C) for X,Y ∈ Im1
0(S). The complete lift ∇̂C of ∇̂ to T (M) have the

property ∇̂C
X̂C

Ŷ C = (∇̂X̂ Ŷ )C ; ∇̂C
X̂C

Ŷ V = (∇̂X̂ Ŷ )V for X,Y ∈ Im1
0(M), ∇̂ being

Riemannian connection of T (M) with respect to ĝ, ∇̂C is Riemannian connection
of T (M) with respect to ĝC [14]. Similarly, the complete lift ∇̂C of the induce con-
nection ∇ on (S, g) is also the Riemannian connection in (T (M), g̃).

Yano and Ishihara [13] proved the following theorem:

THEOREM 2.1. If T̂ is torsion tensor of ∇̂C in (M, ĝ), then T̂C is torsion
tensor of ∇̂C in (T (M), ĝ).

In [11], using (3.10) we have

ω̂V (B̃XC) = ω̂V (BX)C = ~(ω̂V (X̂C)) = ~(ω̂(X̂))V = (ω̂(BX))V

ω̂C(B̃XC) = ω̂C(BX)C = ~(ω̂C(X̂C)) = ~(ω̂(X̂))C = (ω̂(BX))C

for arbitrary vector fields X,Y in S. Here, we denote the operation of restriction
to π−1M (τ(S)) by ~ and the vertical and complete lift operations on π−1M (τ(S)) by V
and C respectively.

3. Tangent bundle endowed with quarter-symmetric non-metric
connection on an almost Hermitian manifold

Let M be an almost Hermitian manifold and T (M) be its tangent bundle. The
complete lift of the F̂ and ĝ are F̂C and ĝC satisfying

(F̂C)2X̂ + X̂ = 0.(3.1)
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ĝC((F̂ X̂)C , (F̂ Ŷ )C) = ĝC(B̃XC , B̃Y C)(3.2)

An almost Hermitian manifold M is called
a Kaehler manifold if

(∇̂C
B̃XC B̃F

C)(B̃Y C , B̃ZC) = 0(3.3)

a Nearly Kaehler manifold if

(∇̂C
B̃XC B̃F

C)(B̃Y C , B̃ZC) = (∇̂C
B̃Y C B̃F

C)(B̃ZC , B̃XC),(3.4)

an almost Kaehler manifold if

(∇̂C
B̃XC B̃F

C)(B̃Y C , B̃ZC) + (∇̂C
B̃Y C B̃F

C)(B̃ZC , B̃XC)(3.5)

+(∇̂C
B̃ZC B̃F

C)(B̃XC , B̃Y C) = 0,

a Quasi-Kaehler manifold if

(∇̂C
B̃(FX)C

B̃FC)(B̃(FY )C , B̃ZC) + (∇̂C
B̃XC B̃F

C)(B̃Y C , B̃ZC) = 0(3.6)

for arbitrary vector fields X,Y, Z and where ∇̂C is the Riemannian connection of
T (M).

If we define

′FC(B̃XC , B̃Y C) = ĝC(B̃(FX)C , B̃(FY )C)(3.7)

taking the complete lift on the both sides of the equation (2.4) we get,

(∇BXBY )C = (∇̂B̃XB̃Y )C + (ω̂(BX)(BFY ))C

∇B̃XC B̃Y
C = ∇̂B̃XC B̃Y

C + ω̂C(B̃Y C)(B̃(FX)V ) + ω̂V (B̃Y V )(B̃(FX)C)(3.8)

Now,

∇C

B̃XC B̃Y C −∇C

B̃Y C B̃XC − [XC , Y C ] = ∇̂C
B̃XC B̃Y

C

+ ω̂C(B̃Y C)(B̃(FX)V ) + ω̂V (B̃Y V )(B̃(FX)C)

− ∇̂C
B̃Y C B̃X

C − ω̂C(B̃XC)(B̃(FY )V )

− ω̂V (B̃XV )(B̃(FY )C)− [XC , Y C ].

Using the theorem 2.1, we get

T
C

(B̃XC , B̃Y C) = ω̂C(B̃Y C)(B̃(FX)V ) + ω̂V (B̃Y V )(B̃(FX)C)(3.9)

− ω̂C(B̃XC)(B̃(FY )V )− ω̂V (B̃XV )(B̃(FY )C),
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and

(∇C

B̃XC )(B̃Y C , B̃ZC) = (ω̂(B̃Y ))C(ĝ(B̃(FX), B̃Z))V(3.10)

+ (ω̂(B̃Y ))V (ĝ(B̃(FX), B̃Z))C

+ (ω̂(B̃Z))C(ĝ(B̃(Y ), B̃(FX)))V

+ (ω̂(B̃Z))V (ĝ(B̃(Y ), B̃(FX)))C .

The equation (3.8) can be written as

∇B̃XC B̃Y
C = ∇̂B̃XC B̃Y

C +H(X,Y ),(3.11)

where
H(X,Y ) = ω̂C(B̃Y C)(B̃(FX)V ) + ω̂V (B̃Y V )(B̃(FX)C).(3.12)

If we define
′H(X,Y, Z) = ĝC(H(X,Y ), B̃ZC)(3.13)

then in the view of (3.12),(3.13) becomes

′H(X,Y, Z) = (ω̂(B̃Y ))C(ĝ(B̃(FX), B̃Z))V(3.14)

+ (ω̂(B̃Y ))V (ĝ(B̃(FX), B̃Z))C .

Theorem 3.1. If an almost Hermitian manifold M admits a quarter symmet-

ric non-metric connection ∇C
with respect to the Riemannian connection ∇̂C in

(T (M), ĝC), then the necessary and sufficient condition for an almost Hermitian

manifold to be a Hermitian manifold is that metric connection (∇̂C
B̃XC

B̃FC)(B̃Y C)

is hybrid in both slots, i.e. (∇̂C
B̃(FX)C

B̃FC)(B̃(FY )C = (∇̂C
B̃XC

B̃FC)(B̃Y C).

Proof. Covariant derivative of (FY )C with respect to the connection ∇C
gives

(∇C

B̃XC B̃FC)(B̃Y C) + FC(∇C

B̃XC B̃Y C) = ∇C

B̃XC B̃(FY )C

.

In consequence of (3.1) and (3.8), the last expression becomes

(∇C

B̃XC B̃FC)(B̃Y C) = (∇̂C
B̃XC B̃F

C)(B̃Y C) + ω̂C(B̃Y C)B̃XV(3.15)

+ ω̂V (B̃Y V )B̃XC + ω̂C(B̃(FY )C)(B̃(FX)V )

+ ω̂V (B̃(FY )V )(B̃(FX)C).

Replacing X by FX and Y by FY in (3.15) and using (3.1), we get

(∇C

B̃(FX)C B̃F
C)(B̃(FY )C) = (∇̂C

B̃(FX)C
B̃FC)(B̃(FY )C)(3.16)
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+ ω̂C(B̃(FY )C)B̃(FX)V

+ ω̂C(B̃Y C)B̃XV

+ ω̂V (B̃(FY )V )B̃(FX)C

+ ω̂V (B̃Y V )B̃XC .

Subtracting (3.15) from (3.16), we have

(∇C

B̃(FX)C B̃F
C)(B̃(FY )C) − (∇C

B̃XC B̃FC)(B̃Y C)(3.17)

= (∇̂C
B̃(FX)C

B̃FC)(B̃(FY )C)

− (∇̂C
B̃XC B̃F

C)(B̃Y C).

A necessary and sufficient condition for an almost Hermitian manifold to be a
Hermitian manifold is

(∇̂C
B̃(FX)C

B̃FC)(B̃(FY )C) = (∇̂C
B̃XC B̃F

C)(B̃Y C).(3.18)

In view of (3.17) and (3.18), we obtain the statement of the theorem.

Theorem 3.2. An almost Hermitian manifold M admits a quarter-symmetric

non-metric connection∇C
with respect to the Riemannian connection ∇̂C in (T (M), ĝC)

is an almost Kaehler manifold if and only if ′FC is closed with respect to the con-

nection ∇C
.

Proof. We have

XC(′FC(B̃Y C , B̃ZC)) = ∇C

B̃XC B̃′FC(B̃Y C , B̃ZC)

+′FC(∇C

B̃XC B̃Y C , B̃ZC)

+′FC(B̃Y C ,∇C

B̃XC B̃ZC)

= ∇̂C
B̃XC

B̃′FC(B̃Y C , B̃ZC)

+′FC(∇̂C
B̃XC

B̃Y C , B̃ZC)

+′FC(B̃Y C , ∇̂C
B̃XC

B̃ZC),

then

(∇C

B̃XC B̃′FC)(B̃Y C , B̃ZC) = ∇̂C
B̃XC

B̃′FC(B̃Y C , B̃ZC)

−′FC(∇C

B̃XC B̃Y C − ∇̂C
B̃XC

B̃Y C , B̃ZC)

−′FC(B̃Y C ,∇C

B̃XC B̃Y C − ∇̂C
B̃XC

B̃ZC).

In consequence of (3.1), (3.2),(3.8), the last expression becomes

(∇C

B̃XC B̃′FC)(B̃Y C , B̃ZC) = ∇̂C
B̃XC

B̃′FC(B̃Y C , B̃ZC)(3.19)
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+ω̂C(B̃Y C)ĝC(B̃(X)V , B̃(Z)C)

+ω̂V (B̃Y V )ĝC(B̃(X)C , B̃(Z)C)

−ω̂C(B̃ZC)ĝC(B̃(FY )C , B̃(FX)V )

−ω̂V (B̃ZV )ĝC(B̃(FY )C , B̃(FX)C)

Taking the cycle sum of (3.19) in X, Y, Z, we get

(∇C

B̃XC B̃′FC)(B̃Y C , B̃ZC) +(∇C

B̃Y C B̃′FC)(B̃ZC , B̃XC)(3.20)

+(∇C

B̃ZC B̃′FC)(B̃XC , B̃Y C)

= ∇̂C
B̃XC

B̃′FC(B̃Y C , B̃ZC)

+∇̂C
B̃Y C

B̃′FC(B̃ZC , B̃XC)

+∇̂C
B̃ZC

B̃′FC(B̃XC , B̃Y C).

In consequence of (3.5) and (3.20), we see that ′FC is closed with respect to the

connection ∇C
. Converse part is obvious from (3.20).

4. Theorems on Nijenhuis Tensor with M admits a quarter symmetric

non-metric connection ∇C

Theorem 4.1. An almost Hermitian manifold M admits a quarter-symmetric

non-metric connection∇C
with respect to the Riemannian connection ∇̂C in (T (M), ĝC)

then the Nijenhuis Tensor of ∇̂C and ∇C
coincide.

Proof. From (3.15), we have

(∇̂C
B̃XC B̃F

C)(B̃Y C) = (∇C

B̃XC B̃FC)(B̃Y C)− ω̂C(B̃Y C)B̃XV(4.1)

− ω̂V (B̃Y V )B̃XC − ω̂C(B̃(FY )C)(B̃(FX)V )

− ω̂V (B̃(FY )V )(B̃(FX)C).

Replacing X by FX in (4.1) and using (3.1), we find

(∇̂C
B̃(FX)C

B̃FC)(B̃Y C) = (∇C

B̃(FX)C B̃F
C)(B̃Y C)(4.2)

− ω̂C(B̃Y C)B̃(FX)V

− ω̂V (B̃Y V )B̃(FX)C + ω̂C(B̃(FY )C)(B̃XV )

+ ω̂V (B̃(FY )V )(B̃XC).

Interchanging X and Y in (4.2), we get

(∇̂C
B̃(FY )C

B̃FC)(B̃XC) = (∇C

B̃(FY )C B̃F
C)(B̃XC)(4.3)

− ω̂C(B̃XC)B̃(FY )V
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− ω̂V (B̃XV )B̃(FY )C + ω̂C(B̃(FX)C)(B̃Y V )

+ ω̂V (B̃(FX)V )(B̃Y C).

Operating FC on whole equation of (4.1) and using (3.1), we get

FC(∇̂C
B̃XC B̃F

C)(B̃Y C) = FC(∇C

B̃XC B̃FC)(B̃(FY )C)(4.4)

− ω̂C(B̃Y C)B̃(FX)V − ω̂V (B̃Y V )B̃(FX)C

+ ω̂C(B̃(FY )C)(B̃XV )

+ ω̂V (B̃(FY )V )(B̃XC).

Interchanging X and Y in (4.2), we obtain

FC(∇̂C
B̃Y C B̃F

C)(B̃XC) = FC(∇C

B̃Y C B̃FC)(B̃(FX)C)(4.5)

− ω̂C(B̃XC)B̃(FY )V − ω̂V (B̃XV )B̃(FY )C

+ ω̂C(B̃(FX)C)(B̃Y V )

+ ω̂V (B̃(FX)V )(B̃Y C).

The Nijenhuis Tensor in an almost Hermitian manifold is given by

N(XC , Y C) = (∇C

B̃(FX)C B̃F
C)B̃Y C − (∇C

B̃(FY )C B̃F
C)B̃XC(4.6)

− B̃FC(∇C

B̃XC B̃FC)B̃Y C + B̃FC(∇C

B̃Y C B̃FC)B̃XC .

In view of (4.2), (4.3), (4.4), (4.5) and (4.6)

N(XC , Y C) = (∇̂C
B̃(FX)C

B̃FC)B̃Y C − (∇̂C
B̃(FY )C

B̃FC)B̃XC(4.7)

− B̃FC(∇̂C
B̃XC B̃F

C)B̃Y C + B̃FC(∇̂C
B̃Y C B̃F

C)B̃XC

is Nijenhuis tensor of connection ∇̂C .

N(XC , Y C) = N̂(XC , Y C),

where

N̂(XC , Y C) = (∇̂C
B̃(FX)C

B̃FC)B̃Y C − (∇̂C
B̃(FY )C

B̃FC)B̃XC

− B̃FC(∇̂C
B̃XC B̃F

C)B̃Y C + B̃FC(∇̂C
B̃Y C B̃F

C)B̃XC .

Corollary 4.2. An almost Hermitian manifold M admits a quarter-symmetric

non-metric connection∇C
with respect to the Riemannian connection ∇̂C in (TM, ĝC

to be a Hermitian manifold if the Nijenhuis tensor of connection ∇C
vanishes, i.e.

N̂(XC , Y C).
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Corollary 4.3. On a Kaehler manifold, Nijenhuis tensor with respect to the

quarter-symmetric non-metric connection ∇C
vanishes, i.e. N̂(XC , Y C).

Theorem 4.4. On a Kaehler manifold, Nijenhuis tensor with respect to the

quarter-symmetric non-metric connection ∇C
satisfies the following relations:

(a)(∇C

B̃(FX)C B̃F
C)(B̃(FY )C = (∇̂C

B̃XC
B̃FC)(B̃Y C) i.e. (∇C

B̃XC B̃FC)(B̃Y C)

is hybrid in both slots.

(b)(∇C

B̃XC B̃FC)(B̃Y C) = 0⇔ ω̂C(B̃Y C) = 0, ω̂C(B̃Y C) = 0.(4.8)

Proof. In view of (3.3), (3.15) becomes

(∇C

B̃XC B̃FC)(B̃Y C) = ω̂C(B̃Y C)B̃XV + ω̂V (B̃Y V )B̃XC(4.9)

+ ω̂C(B̃(FY )C)(B̃(FX)V )

. + ω̂V (B̃(FY )V )(B̃(FX)C)

Substituting FX in place of X and FY in the place of Y in (3.15) and using (3.15),
we can find

(∇C

B̃(FX)C B̃F
C)(B̃(FY )C) = ω̂C(B̃(FY )C)B̃(FX)V(4.10)

+ ω̂C(B̃Y C)(B̃XV )

+ ω̂V (B̃(FY )V )B̃(FX)C

+ ω̂V (B̃Y V )(B̃XC)

in consequence of (4.9) and (4.10), we can find (4.8).

Again, if (∇C

B̃(FX)C B̃F
C)(B̃(FY )C) = 0, then (4.9) gives

ω̂C(B̃(FY )C)B̃(FX)V +ω̂V (B̃(FY )V )B̃(FX)C + ω̂C(B̃Y C)(B̃XV )

+ω̂V (B̃Y V )(B̃XC) = 0.

If X and FX are linearly independent, hence

ω̂C(B̃Y C) = 0, ω̂C(B̃Y C) = 0,

which proves the first part of the statement. The converse part is obvious.
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5. Example

Let V 4 be a real vector space with a chosen basis {e1, e2, e3, e4}. Let ` denote the
Lie algebra. Let G be a real connected four-dimensional Lie group and constructed
with left-invariant an almost Hermitian structure F̂C by

F̂Ce1 = −e3, F̂Ce2 = −e4, F̂Ce3 = e1, F̂
Ce4 = −e2,(5.1)

Define a left invariant non-singular Hermitian metric g in G by

ĝC(e1, e1) = ĝC(e2, e2) = ĝC(e3, e3) = ĝC(e4, e4) = 1,(5.2)

ĝC(ei, ej) = 0, i 6= j, i, j = 1, 2, 3, 4.

Thus, in consequence of (3.1), (3.2), (5.1), (5.2),
{G,φ, ξp, ηp, g} is an almost Hermitian manifold on a tangent bundle.
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