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Isogeometric regular discretization for the Stokes problem
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The infsup stability and optimal convergence of an isogeometric C! discretization for the Stokes problem
are shown. In this discretization the velocities are the push forward through the geometrical map of cubic
C! NURBS functions, and the pressures are the push forward of quadratic C' NURBS. This paper follows
the work in Bazilevs et al. (2006) where the authors showed the numerical result of this discretization
and proved the infsup-stability for C° NURBS functions. The use of more regular functions is useful to
decrease the degrees of freedom and thus the computational cost. The analysis is performed by means of
the Verfiirth trick, the macro-element technique, some approximation properties and the inf sup condition
for tensor products of B-spline spaces.
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1. Introduction

The Stokes problem is a simplified model of the equations used to describe incompressible fluid flows
and elastic deformations in solids. Its mathematical formulation is: find a velocity field v: R* — R” and
a pressure p : R” — R such that

—VAv+vVp =1 in Q, (1.1a)
v-v=0 in Q, (1.1b)
v=0 ondQ, (1.1¢)

where:

Q CR" n=2,3is abounded domain with Lipschitz boundary,
f: Q — R, is a given force vector,

v > 0, is a constant viscosity.
The corresponding variational form is: find v € H} ()", p € L3() such that

(£, w) Yw € H} (Q)", (1.2a)
0 Vg e L*(Q). (1.2b)

V{(VV, VW) — (p, V-w)
(V'V, Q>

For each f € H~!(Q)" the system has unique solutions v € HJ ()" and p € L3(2), which continuously
depend upon the datum force vector f (see Girault & Raviart (1986)).

TEmail: andrea.bressan.ab@gmail.com

(© The author 2010. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.



2 0f22 A. BRESSAN

As usual, L2(Q) is the Hilbert space of the square integrable functions defined on Q, H' () is the
subspace of L?(2) of the functions whose first order partial derivatives are in L*(2), H}(Q) is the
subspace of H'!(Q) of the functions with zero trace on the boundary 92, L3(£2) is the subspace of
L*(Q) of the functions with zero mean value and H!(£) is the dual space of H}(£2). The symbol
L>(Q) denotes the space of bounded functions on £, the L norm of a vector field is the sup in Q of
its euclidean norm, and that of a tensor field is the the sup in Q of its matrix norm.

The isogeometric analysis was born to help integration between design and numerical simulation in
engineering. A deep analysis of the motivations is found in Hughes et al. (2005). The main motivation
for the development of the isogeometric method is that CAD and simulation tools use different descrip-
tions of the geometry (polynomial vs. NURBS). This arose from the different development paths of the
two disciplines and causes the need for complex software that creates and refines meshes from CAD
data. In the isogeometric method, the CAD geometry is used directly to eliminate that complexity.

The main features of this method are

e cxact description of the geometry, thus there is no error due to geometry approximation,
e mesh refinement is simplified,
o NURBS spaces with a given global regularity are easily built.

The possibility to easily control the regularity is interesting since it permits the construction of methods
that are both efficient and accurate Evans et al. (2009). In fact the behavior of the approximation error
with respect to the mesh size depends on the degree of the NURBS functions but not on the number
of degrees of freedom Bazilevs et al. (2006). Thus, all the NURBS spaces of the same degree give the
same convergence, but the most regular ones requires the smallest computational cost. In particular, a
new refinement strategy has been developed, called k-refinement, that consists in both order elevation
and mesh refinement. This technique gave good results in numerical simulations Hughes et al. (2005,
2008).

The isogeometric method is being applied in many fields. Good examples are elastic deformations
Cottrell et al. (2006, 2007) and fluid mechanics Bazilevs & Hughes (2008). In particular there is great
interest in fluid-structure interaction for applications in medicine Bazilevs et al. (2008), Calo et al.
(2008), Bazilevs et al. (2009).

The aim of this article is to show the stability and optimal convergence of methods based on regular
NURBS spaces subject only to mesh regularity and size. This analysis is done for the C! for which
numerical results are known Bazilevs et al. (2006) (pages 1080, 1081), but the difference for the general
case are minimal. The first section summarizes the isogeometric framework: the description of the ge-
ometry, the discrete spaces and their approximation properties. The second section contains the discrete
formulation of the problem and the proof of its stability and error estimates.

2. Isogeometric framework

The following subsections provide a basic background on spline, NURBS, geometry description, meshes
and discrete spaces.

2.1 B-Splines

A spline space over a real interval I = [by, b] is a piecewise polynomial function space. Let b; <
-+ < by_1 be the desired junction points belonging to ]b,, b;[, then a spline space is described by the
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Figure 1. Canonical base Ongg, where & = (b07b07b]7b]7b27b2,b3,b3,b4,b4).

(maximum) degree of the polynomials d and an ordered knot vector £ = (& = by, ..., &, = by) of
junction points that codify trough repetition the regularity of the functions. If b; is repeated k; times in
= then the functions have at least r; = d — k; continuous derivatives in b;: if r; = —1 then jumps are

admitted; r; is called regularity in the knot b;. At the boundary points, continuity is intended with the
null function outside of I so the regularity is the number of derivatives that are null on the boundary. The
space described by the knot vector = and the degree d is denoted Sz 4. The space Sz 4 has a canonical
base {Bi 41 defined recursively over the degree by

BSy(x) = {1 x € [&i-1,&l,

0 otherwise,

x=§& x=&ita+
Bid(x) = l Bs,d—l (x) éBﬂl,d*] (x)-

Siva — & Sivar1—&ir1
On a Cartesian product of intervals @ = I} x --- X I,, spline spaces are described by n degrees
di, ..., d, and n knot vectors Xy, ..., =, (one for each dimension), and are the tensor products of the

corresponding one dimensional spaces

S(E1, s &) (1) = S521,dy @ - S5, 4, (2.1)
In this case, the canonical basis is {Bid}i where d = (dy, ..., d,) andi= (iy, ..., iy)
Bid(xl, ceeyXp) = BiS1 a4 (x) ‘Bfn,dn (xn)- (2.2)
In this article only spaces where d; = d, = --- = d,, and the regularity is the same in all the on knots
(except for those on d®) are used. These spaces are uniquely identified by the degree, the regularity
and the knots. Let b; g, ..., b;; € I; be the junction points in the i-th dimension and
Sar(L;) ={spline: rip,riy=—1 Arjj=rforj=1,...,5—1}, (2.3a)
S9,(I) = {spline : r; j = rfor j =0, ..., 5} (2.3b)
In higher dimensions, set
Sar(©@ =1 X+ X1y) = Sq, (1) @+ ®Sq,(In), (2.4a)

SG O =1 % x1,)=8] (1) ® @8] (I,). (2.4b)
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Using spline spaces, it is possible to construct maps from a parametric domain @ =1; x - - - x I, to R",
called spline-maps. They are identified by a spline space S and dim S control points in R": each control
point X; € R” is associated with an element of the canonical basis {BlS 4} of S, and the corresponding
map is

F(xl,...,x,,):ZBid(xl,...,xn)ii. (2.5)
1

2.2 NURBS

Non Uniform Rational B-Splines were born to extend spline maps and allow the exact representation
of useful geometries such as circles and ovals. The main idea is to map @ in R"*! with a spline map
F such that gcd(Fi,...,F,) = 1 and to project the result on the plain {x,4; = 1} by lines through the
origin. Let F be the spline map from @ to R" given by the first n components of F', and w be the last
component that is called weight function. The expression of the composition of F with the projection is

1 ~

F()C],...,Xn): F(xla"'axn)a (26)

w(x1, ..., Xy)
so it is a piecewise quotient of polynomials. From this expression, it is clear that w(x) cannot be 0 in
any point, so it is assumed w(x) > 0 Vx € @. Usually, but it is not a requirement, by construction of the
geometry,

w=Y wiB}4 wi>1, 2.7)
i
sothatw > 1.

NURBS spaces are identified by a spline space S(z,, ... z,),(d,,....d,) and a weight function 0 <w €
S(Z1,...En), dy,....dy,)» and are defined by

A
Ny, oz () =400 L ES(E,, 50, d) - (2.8)

The degree and the regularity in the junctions of a NURBS space are, by construction, those of
the corresponding spline space, moreover the regularity is yet the number of continuous derivatives.
NURBS spaces have a canonical basis whose elements are

WiBtgd
By = W" (2.9)
As for spline spaces, only NURBS spaces with d| = dp = -+ = d,, and the same regularity in all
internal junctions are considered:
Nypw(@ =11 x---x1I,) = {% : f€84,(0)}, (2.10a)
N (@ =1 x - x1,) = {f . fE€S),(0)}. (2.10b)

w
NURBS-maps from @ to R" are built as spline-maps: choose a NURBS space N and select a control
point X; € R” for each BY,, then the map is

Fxi, o xn) = Y Bia(x, -, x0)%i. 2.11)
i
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2.3 Geometry and discrete spaces

In the isogeometric method, the domain € is parametrized over a rectangular (or cuboid) domain © =

I x -+ x I, by aNURBS map F. Let w be the piecewise polynomial denominator of F, then each dis-

crete space ¥(z,, .. z,),(d),....d,) (£2) is the push-forward through F of a NURBS space Nz, .. z,),(d;,....dy),w(©)
whose weight function is the denominator of F', w:

K)o B (dyyensd) () = AL 1 fOF €Nz, 50) (dyy o) w(©) ] (2.12)
The canonical basis of the discrete spaces is the set of
Blq=B}4oF . (2.13)

Remark that both the map F' and the weight function w are determined by the geometry of Q2 so are
common to all discrete spaces defined on Q.

The knot vectors of a discrete space naturally define a mesh for the parametric domain ®. Let b; ;

be the j junction point in the i dimension. The induced mesh for @ is the set of the elements Kg i

Ko j=[b1j,—1, b1 ] X X [buj, 1, buj,]- (2.14)
A corresponding mesh for (2 is the set of the elements
K;=F(Kgj). (2.15)

Vice versa, giving the degree, the regularity and the junction points in each dimension of ®, a unique
discrete space is identified. Thus the correspondence between meshes and discrete spaces with given
degree and regularity is one to one. To simplify the notation, and avoid carrying around the junction
points, .7}, is used to denote a generic mesh for £2 whose maximum diameter of the elements is less than
h; the corresponding discrete spaces of degree d, and regularity r are:

Varn(Q)={f: foF ' €Nypu(®)}, (2.16a)
VP Q) ={f:foF €Ny, (0)}. (2.16b)

2.3.1 Regularity. There are two regularity requirements:

o the regularity of the domain, which is expressed by the regularity of F'; in particular F must be
invertible and

FeC'(0), (2.17)
Flec'(Q), (2.18)
o the regularity of the meshes
h
3¢ :Vh, T, K € T p—’kc, (2.19)
K

where Ay is the diameter of the element K and pg is the maximum diameter of a contained circle.
This condition implies both shape regularity of the elements and local quasi uniformity of the
mesh. Note that this condition (assuming domain regularity) is equivalent to

h
o :Vh, T K€ T  —2 < L. (2.20)
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Figure 2. Scheme of the geometrical setup.

2.4 Projections and approximation properties

In this subsection, some of the results presented in Bazilevs et al. (2006) are summarized.
The projection operator 7y, from L?() to ¥;,.4(£2) is defined in terms of an auxiliary operator 7g,
from L?(©) t0 Sy,,4(0):

75, = LB B, 2.21)
i
where {B} is the canonical basis of Sy,.,(©) and {B;"} is a dual basis defined in L?(0): i.e. B €
L?*(®) and
S* pS
(Bi 7Bj> = 6‘».]

The definition of the projector is

F~L (2.22)

s, (WfoF
Ery/]lf: % o

It is possible to define an analogous operator 71:% from H} () to ¥4,,,(2) NH () by restricting the
definition (2.21) to a the basis {B;} of S; (@) N H& (©):

g f = Z(Bi*, f)Bi;

) L (wfoF)

7'6,7/}1 = oFﬁl.

w
Define K , the support extension of K, as
K= |J SuppB/y (2.23)

i: Supp BZ;iDK

where Supp f is the support of f. Then the following approximation property holds: Vf € H' (I? ),
VO<kSILd+],

[
- i—1
| = 75 |y < i Cotape ZO IVF w1 oy 1 i) » (2.24)
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where Cgpqpe is dependent on the shape of K but not on its diameter sx. The estimate (2.24) holds also
for nf,)/h, provided that f € H'(K) NH} (). In particular, for f in H} (L),

e =25, < Cotapemax 1,1l 0} 1 - 2.25)

L*(K)

Summing over all elements, gives the important approximation property

(L, s =ms

Key

1

2 2
L2(I()) < Cappr()x ||f||Hl(Q) 5 (226)

1 -
where Cupprox = CynapeCspace max{1, ||V F|| Lw(@)} and Cspace is the maximum number of the K;’s that

d+1

contains a given element K. For ¥, Copace = | 4

obtained:

]n. In the same way, the continuity of 71:(,)/ is
h

Hﬂ%lf| < Ceont [1f 11 () - (2.27)

HI(Q)

3. Discretization and theoretical analysis
3.1 Discrete problem

Let © be the parametric domain, Q be the domain, F' € C 1((‘7)) be the parametrization map, 9}, be a
mesh such that the regularity condition (2.19) holds, and

Vi = 73,10(2)" N Hy (Q)", (3.1)
Py =7514(Q) NLG(RQ). (32)
The discrete problem corresponding to .7}, is: find v, € Vj, and p;, € P, such that
V(V vy, VW) —{pp, V-w) = (£, W) Yw €V, (3.3a)
(V-vi,q) =0 Vq € Py. (3.3b)

Sufficient conditions for well-posedness, stability and continuous dependence of v, and pj, upon f}, are
(see Brezzi & Fortin (1991)):

o coercivity: ICeperc : Yh, T, W €V},

<VW, VW> 2 Ccoerc ||W||?{1(9) 9 (34)
e infsup condition: ICfsup > 0: VA, T},

v.
inf sup 7< W, )

2 Cinfs 200 - (3.5)
9€Ph wey, ”WHHI(Q)n 1nisup Hq”L (£2)

From these conditions, the following error estimate can be derived (see Brezzi & Fortin (1991)):
IV =Vallgr @y + 1P = Pall 20y <

. . (3.6)
Csolution (‘vlg‘ﬁhHV—WHHI(Q)"‘|'qlglfh||I’—CI||L2(Q))-

The first condition is satisfied on all H& (Q), as a consequence of the Poincaré inequality. The infsup
condition is proved in the next subsections.
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3.2 Verfiirth trick
It is known (see Girault & Raviart (1986)) that Héinfsup >0:

(V'W, q> S

inf sup = Cinfsup ||Q||L2(_Q) : 3.7

9ELE(2) weH) (@) W1 (e

Thus, for each g € P, there exists W € H& (£2)" such that
(V-%, 4) > Cantaup lall72(0) (3.8)
Wl 1@y = llPll20) - (3.9)

The projection ), W of W in V, can be decomposed as 7). W = W — (W + 7, W). Using this decomposi-
tion, equation (3.8) and integration by parts gives

<V'7T2/hw, q) = (V'V_V, q)-f—(V(?T(}/hW—W),q) (3 10)
o 2 _ _ .
P Cinfsup ||CI||L2(Q) + (n(,)/hw —W, Vq).

Moreover, the second term on the right side of (3.10) can be written as a sum over all elements and
bounded by

<7r5}/hv‘v—v‘v,Vq>‘< ) /‘(n%’v_v—W)-Vq‘dx
kez, 'K

|
<Y g Hﬂ%’W—W 2
Keg),
2 |

Y mxlvallian)
KeZ,

K he 1V all 2y

Nl—=

<(Y h,;ZHnS}/hv‘v—v‘v

KEg, LZ(K)")

From the approximation properties of 7'[,01/h (2.26) and (3.9), the estimate

D=

0~ - _ 2 2
‘<7T«//IZW—W, vQ>‘ < Capprox“WHHl(_Q) ( Z hK||vq||L2(Q)”)
KeJ,

1
< Capproxldllza) (Y 11194172 qp) 2
Keg,

1
follows. Since P, C L§(£2), the expression (Y, hk ||Vq||iz(K),1) * defines a norm for P, hereafter
called [|-||p,:

Bl

lgllp, = (Y & lIVallfzgen) *- 3.11)
KEF,

Inserting these results within (3.10) gives

<V~7r%lv‘v, q) = Co‘infsup ||51||22(Q) — Capprox ||51||L2(Q) ||CI||P,1 ) (3.12)
from which, using (2.27) and (3.9), it follows

sup (V-w,q) > Cinfsup
wev, ||W||H1(,Q) Ccanl

C
lallzz@) === llallp, - (3.13)
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The Verfiirth trick Verfiirth (1984) consists in reducing the infsup condition (3.5) to the validity of
(3.13) and of the following property: ICvers : Vh, T}, g € Py

sup <V'W, q)

> Cvert ||qllp, - (3.14)
wevy Wiy = 0

lalp,

Indeed, suppose that (3.14) holds and call t = T then combining (3.13) and (3.14) gives
12(Q)
(V ‘W, q) . Cc‘infsup Capprox
sup ——— > min(max{Cyeft, - ——t 200) 5 (3.15)
WE‘I;)h ||W||H1(Q) - t>0( { ¢ CCOnT Ccont }) ||q||L (-Q)
thus ( >
. V-w, q
inf sup ——— = Cintsuwp |9l12(01 »
4€Fh wey, ||W||H1(.Q) " supH I ()
CVerféinfsup

Where Cinfsup = CVerfCC(>nr+Capprnx :

Summarizing, the existence of Cyes such that (3.14) holds is sufficient to get the infsup condition
(3.5), and thus to get stability and convergence of the method.

To simplify the next subsections, it is possible to reduce (3.14) to: ICy,;: Vh, T4, ¢ € Py

v.
sup (V-w,q)

2 Cvert ll4llp, » (3.16)
wev, |W|H1(Q) Verf“ ||Ph

Indeed by the Poincaré inequality: |[Wl|;1 (o) < (1+Cp(£2)) [W]p1 (), equation (3.16) implies

V-w,q * -
sup A0 4) 5 o (14Co(2) " gl G.17)
wev, ||W||H1(.Q)

3.3 Macro-element technique

The proof of (3.16) is based on the macro-element technique (see Stenberg (1984) and Stenberg (1990))
that consists in reducing it to the validity of the same infsup condition on suitable macro-elements.

A macro-element ./ is a subset of .7}, such that each contained element is connected to the union of
the others elements by at least a face. Each macro-element .# naturally defines a domain M = Jgc , K
and a corresponding macro-element on the parametric domain .#g = {Ke : K € .#}. On each macro-
element ./ consider the local discrete spaces:

Vi = {f|s : £ € V), Suppf C M}, (3.18)

Py =A{plu:p€ Py, /Mpdx:o}. (3.19)

The functions on V), are identified with their zero extension to the domain £, and their norm is
1l (aayn = Il 71 (yn- On Py define the norm

Nl—=

lallp, = (X hklIVallf2g0) % (3.20)
Ken
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There is a natural projection 7p,, from Py, to Py given by
”PMf:f|M_|M|_1/Mde, (3.21)

where |M| is the measure of M.
For each mesh .7}, let 91}, be the set of all macro-elements .# whose .#g contains 4" elements laid
out in a “hypercube” of side 4. Then, for sufficiently fine meshes, this choice guarantees the conditions:

e V.9, VK € 9}, there exists a macro-element in 91, containing K,
® V.7, VK € 9}, there are at most Cyyeriqp macro-elements in 91, containing K, with Cyperiqp = 4",

o VI, NAM € My, A contains (at most) C,,,, elements, with C,,,,, = 4".

Suppose that ICyacro : VT, Vol € My,

. (W, Vq)
inf sup ————— > Cyacr , 3.22
QEPMwE‘g,[ |W|H1(_Q)n Z macro ||Q||PM ( )

then (3.16) holds. In fact, let g be a function of P, and, for each macro-element .# of I, let wy; € Vi
be such that

<WMa v”PMQ> 2 Cacro ””PM‘]H]%M >

IWatl g1y = l17eydllp,, »
then

sup(w,vq) = ( Y wi,vg)= Y (wu,Vq)
wEV, MEM,, M EM,

2
P Z Cmacro“nPM‘]HpM
k//leimh

2
= Cuacro Z Z h%(HVLI”LZ(K)”
MEM, Ke M

2 Chacro Z h%( ||VQ||i2(K)/1 = Cacro ||‘Z||123h )
Ke,
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and

2 2

Y ow| -

MEM),

Y w

MEM),

H(@) K& H(K)

<Y (Y Ml

Ke, #emy,
Ken

gcoverlap Z Z |WM|12-11(K)
KeI, M eMmy,
Ke.#t

2
= LCoverlap Z Z ||7rPMq||PM

Ke g, #emy,
Ke#

< Coverlapcelem Z Z h%{HVQHIZAZ(K)"
MEM, KeM

2 2
< CoverlapCé’I@m ||q||Ph :

Combining the above estimates gives (3.16) with

1
* —1 2
CVerf = CuacroC C,2

overlap™~elem*

(3.23)
The proof of the existence of G400 such that (3.22) holds is composed of three logical steps:
1. proof for the case when F is the identity map and thus the discrete spaces are spline spaces,

2. proof of the existence of h:Vh < h,V.J, there exists Cyacro in the case of NURBS spaces on the
parametric domain,

3. proof of the existence of h:Vh< h, Y.}, there exists Cpacro in the case of isogeometric spaces on
the physical domain.

Each step corresponds to a subsection, one more section is put between the first and the second step
which contains the study of the relations between the used norms.

3.4  Spline spaces on ©

Let .# be the family of all the “abstract macro-elements” .#, containing the 4" elements defined by

n
Ko = Q)KL a=(0y,...,0), 1 <o <4,i=1,...,n, (3.24)
i=1
where
K| =1;,; >0, i=1,....n,
(Ki, K3, K3, Kj) form a partition of [0, Z li il, i=1,...,n,
j=1
h
V., e FNKeE M -X<Eo, see (2.20).

px
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Figure 3. An “abstract macro-element” in .% and its coordinates, n = 2.

The /; ;’s are a set of coordinates for .# and induce the topology of R* on .%. For each “abstract
macro-element” .#, € .%, define the discrete spaces:

VM‘, =59,(M,)", (3.25)
M, = 52,1 (Ma) VLY (M), (3.26)
with norms
| a1 (aay > (3.27)
a7, = X FxlIVallfa (3.28)
Ke#,
respectively.

On .7, it is possible to study the positive function

Cs(M,) = inf sup _ wve) (3.29)

4€PM, wevy, |W|H1 (Mg)" ||61||PM
q w#0

Note that Cs is scaling invariant: if .# = A4, ie. I j( A1) = Al; j(A2), then Cs( A1) = Cs(AM2).
Indeed setting f(x) = f(Ax) gives

(W, 94) > Cs(0) Wl 1l
= A" (W, 94) > Cs(A)A"E [y A2 (4], 330,
= (W, V4) = Cs(40) W1 1y) 141,
= Cs(#) < Cs( A1),

then by symmetry Cs(.#) > Cs(.#>) thus they are equal to each other.

Let & be the subset of .% of the “abstract macro-elements” having unitary diameter: diam.Z, = 1,
then G is closed and bounded, thus compact. Moreover, Cs is continuous in the chosen topology, thus it
admits a minimum on &, let it be Cg . This minimum is absolute due to the scaling invariance of Cs.
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The positivity of Cg is equivalent to the following property: V.#, € & if g € Py, is such that
Yw € Viy, (W, Vg) =0, then Vg = 0 and thus ¢ = 0. This property can be checked by introducing GP
such that GP D {Vq: g € Py, } and showing that if 0 # g € GP then there exists w € Vjs such that
(w, g) # 0. Recalling that Py, = S,1 (M,,) N L3(M,), define GP as

d d
GP = TxlSLl(Ma) XX TanLl(Ma)
4 4 4
=810([0, ¥ 11,]) ®52.1([0, Y b)) ® -+ ® 82,1 ([0, Y I]) %
i=1 i=1 i=1 3.31)

4 4 4
x 82.1([0, Zlu]) ®85,1([0, 21275]) ®---®81,0([0, Zln,i])a
= = i

that has independent components. If 0 # g € GP then at least one of its components is non zero. Without
loss of generality, suppose g; # 0. We show that there exists w € Vjy, with w = (w, 0, ..., 0) such that
(w, g) > 0. Indeed, g; admits a decomposition of the form

n
g1(0) =Y BB () =Y B []B" (x))- (3.32)
i i =1
If there were functions BY (x;) € S3,1([0, X4_, /;]) such that (B¥*(x;), BY (x;)) = &, j, then choosing
n
wi=Y Bi[]Bx), (3.33)
i =l

and applying the Fubini-Tonelli decomposition theorem, it would follow

(w,g8) = Z B2 > 0. (3.34)

The existence of the B}/ (x;)’s is implied by the fact that, for all space dimensions, and for every interval
I =1[0,Y% 1], the ranks of the matrices associated with the L?-scalar product between Sy i (/) and
5(3),1 (1), and between S; o(I) and 5(3)71 (1) equal the dimension of Sy ; (7). This is proved by calculating the
determinant of the upper-leftmost minor of order dim S5 ; (1) of these matrices expressed in the canonical
basis. The expressions of the determinants in terms of the lengths of the subsegments /i, ..., 4 are

5(3),1 (1) against Sp 1 (1)

Iy
43200000(11 + lz)(lz + l3)(l3 + l4)

2L +13) + 11 (2L + 1)) - [213 (1 + la) + (213 + )] (3.35)
[ll (13(13 + 14) + 12(213 + l4)) + l2(2l3(l3 + 14) + 12(213 + 14))],
5(3)71(1) against S o(/)
2
NBG (00, + 1)l + (983 + 94 1)). (3.36)

640000(14 + 13)
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Since all the coefficients are positive, also the determinants are (assuming positive lengths), thus Cg > 0.
Concluding for every regular mesh .}, for all macro-element .# € 9, there is a translation .#,
of ./ that is in .#. Leaving the translation implicit, Vj;, C Viy and Py, = Py thus (3.22) holds with
Cinacro = CE
The spaces Vi, and Vjy differ only if dM N JO # O since the functions of Vjy, have null gradient on
00, where those in Vj; do not. The use of smaller spaces is a stricter condition, thus it is not necessary
to threat differently the macro-elements that touch the boundary.

3.5 Norm equivalences
In the general isogeometric setting, it is possible to associate with each macro-element .# € 9, of any
mesh .7}, an abstract macro-element .#, € .% by taking the unique translation of .#Zg that is in .%. To

simplify the notation .#, and .#g are identified.
The relation between the discrete spaces on M and Mg require a deeper analysis than in the spline

case. For each .9, # € M;,, w € Viy and g € Py, set

Wy =WoF, ws =w(WoF),

gn =qoF, gs =w(qoF),

then the correspondences between wg, wy and w and between ¢s, gy and g are one to one.
The space Vi, = Vi, is contained in the space of {ws: w € Vj/}. As previously noted they differ

v
only if M touches on the boundary of 2. We now prove that there exist CV:;@, C:,/g‘j > 0 such that
)
YT, M €My, we Vi

Vi,
e}
CV

~1
Y
M |WS|H1(M@)" < |W|H1(M)” < Cv,[g@ |WS|H1(M@)"- (3.37)
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Indeed
2 _ 2 _ 2
IWSlir1 0t —/M@vavsn dx—/M@nv(wwoF)n dx

= [ Ivw(woF)+wy(woF)| dx
Mo
<2 J[vw(wo )+ |wo(wo )| dx
Mg
<20vuliee [, IwoFI dx+
Mo

2 wlit-o) [ ll(vwoF)VF|* dx

(€]
2 2 —
:2||VW||L°°(®)/M||WH |detF | dx + (3.38)

2||w||im(@)/M||VW(VF0F_1)||2|detF_1| dx

—_ 2 2
< 2)|detF ™ oy (19112 0) IWIF2 4y +
2 2 2
WllZ= (@) IVF Ilz=(0) [Wz1 (a1
+

<2)|detF oy (I9l13+0) Co(2)?

w120y 19 F11E~(0) ) W21y

Vo2, 12
=Cy” Wiy
where M C Q assures that the Poincaré constants satisfy Cp(M) < Cp(€2). The other inequality follows
by the same steps using Cp(®) instead of Cp(Q2).
In the general case Py, and {gs : ¢ € Py} are distinct spaces since |, Mg 45 dx can be different from
0. Anyway it is possible to define a one to one correspondence between the functions g, € Py, and
q € Py by
_ -1 _Ya ~1 -1 qa 1
da = qs — [Me| gs dx, g=-—oF  —|M| —oF dx.
Mo w MW
As for the velocities the norm of the associated functions are equivalents, but the proof requires
some technical properties of the Poincaré-Wirtinger inequality: let D be a domain then there exists
Cpw(D) :Vf € H(D)NL3(D)
1A li2(py < Cpw (D) |f 11 () - (3.39)

It is known that Cpy (D) is the square root of the inverse of the second eigenvalue of the Neumann
Laplacian, thus if D = @ ,[0,/;] and D satisfy the regularity condition (2.20) then

_1
L ’ 1 H;l—lli 1 lrrélax Cg_llmax
= — =N @ — - < .
Cpw (D) <Z 1.2> T ; T < (3.40)
14

2 < 2n—2

/ 12 12

Yii [zl n-pec
(¢]

where [, is the longest edge of D.
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If D is a subset of @, then it is possible to associate with each function f € H'(D)NL3(D) a
function f € H'(F(D)) NL3(F(D)) defined by f = foF~! — |F(D)|™! Jr(py f o F~'dx. Then for all
feH (D)NLF(D)

2
<2soF iy + 2P ([ oFax)

S 2Hf0F71||iz(F(D)) +2|F(D)[™! ||foF71||iz(F(D)) Iz o)

A2
NeEm))

3.41)
—1112 112
<2|forF ”L2 +2||f°F ||L2 (F(D))
<A £ F 2oy < AldetFll=(o) 11700
and 1
|f|H1(D) < HdetF‘l ||Z°°(_Q) ||VF||L°°(®) |f|H1(F(D))~ (3.42)
Combining (3.41) and (3.42) gives
L 1
Cpw (F(D)) < 2||detF_1||L2m(_Q) |detF| gy 1V F | =) Cow (D). (3.43)
2 2
We now prove that there exist CIL,M;M@) and CIQM(M) such that V.7, # € My, q € Py
Idall20e) < g ® llaal (3.44)
Dall2(Me) S “Py,, — 119allpy, - .
LA (M
lallz2ary < €, gl - (3.45)

Indeed using (3.40) V.7, A4 € My, g4 € Py,
5 5 5 C2n 212 )
Il ) < Cow (M) gy < ™ ¥ [ |17l ax
Ko€ Mo

then by noting that the ratio between the longest edge of an abstract macro-element and the diameter of
one of its elements is less than 4{g it follows

2n—2
2 [C] 2 2
lauligne) < "o X (o) [ 17l dx
o€Mo
2n—2
Y R o [ 194l dx (3:46)
nm? KoE Mo Ko
= M g -

2
A similar argument, based on (3.43), gives the existence of CﬁM(M)

. . . P)
It is now possible to prove the existence of CP[[;@, Cgf‘j > 0 such that V.7, # € My, q € Py:
(0]

PM@)_I Py
Cp, ||Qa||PM® < llgllp, < Cpy ||61a||pM (3.47)
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Indeed, reasoning as in (3.38) gives

2 2 2
laally = X o [ 19407 dx=
KoEMo Ko

Y i, [ Nvasl? ax
Ko

Ko€ o

<2 % i [tF ) (1991 [ P ax
Ked K

lB-(o) IVF IR0, [ I7all dx) (3.48)

<2[|detF | o gy (diam @2 7wl o) lllF2 ) +
i) IVFllz0) X N19F " [l7o(0) ik /K ||vq||2dx).
Ke#

Inserting (3.46) in (3.48) gives the desired inequality

2 - - 2 12 (M)?
an”PM@ < 2||detF 1||L°°(.Q) <d1am®2||Vw||Lm(@)CPM( "y

112
w11 @) 19 F 10y ||V F [y ) Nl (3.49)
P 2
=Cp® llqll7, -

The other inequality follows in a similar way.
Using these equivalences and some approximation properties the proof is completed in two steps:

e prove, by approximating the weight w, that 3k, Cyy, > 0:Vh < h, Ty, M € My, q € Py, IWE Vi :
(Wn, Van) 2 Cy [Wlgi e 4l » (3.50)
e prove, by approximating the map F, that Ellzz, Cinacro > 0:Vh < Izz, Ty M EMy, q € Py, IWE V) :

(W, Vq) = Cuacro |W|H1(M)" ||Q||PM - (3.51)

3.6 Proof of (3.50)

In this subsection it is shown that from 0 < Cy it follows that 3, Cy, > 0: Vh < h, T, .4 € My, Vg €
Py, Iwe Vi :

(wn, Van) 2 Cy Wiy lldll - (3.52)

For all g € Py, it is possible to choose wg € Vi, :

(Ws, V4a) = (Ws, Vas) 2 C5 [|9allp,, Wl (asg)
>cocm et ! 39
Z %5 Yy Pug ||‘I||PM |W|H1(M)"'
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Moreover, for all wg, it holds

I(Ws, Vas)| = [(Ws, Vga)| = [{V-Ws, qa)]

< |WS|H1(M@)” ||f1a||L2 (Mg)

Vu L2 M Py (3.54)
<CVM®CP( e @|W|H‘ "Hq”PM
:C;|W|H1(M)” lqllp,, -
and
|Cl1wsllme, gs)| < [1Wsll2010) 1951 120016
Vi T
<C1>(Me>)CvM‘9 Wlat oy || detF | e ) Il =0y llall 2

19F | = CVM® Wit (3.55)

f

ldet |- gy Ill0y Cor g,
< hcéw |W|H1(M)" Hq”PM )

where in third line the following estimate of Cp(D) for a rectangular domain D with longest edge /imax
is used:

lmax
Cp(D) £ . 3.56
P( ) ﬂ\/ﬁ ( )
By expressing the NURBS functions in terms of spline functions, it holds
Wy - Vgydx = s V S dx
Mg Mg W w
3.57
. Ws-Vgs gsWs: VWd (357
= 5 — 3 X.
Mg W w

Let wy,.,, be the mean value of w in Mg; then, V.9, .# € 9, the approximation error of w by w,,,, can

be bounded as .
W = Wil L=ty < diamMe [|[VW]| 1= (@)

. (3.58)
<R[ VF 7 o ) 19l =(e)
Using this approximation and equation (3.57) gives
V
wy - Vgy dx >/ Ws Vds dx
M@ m v
Ws-Vgs Ws-Vgs
- - dx 3.59
Mo W Wiy, ‘ ( )
qsWs:-Vw
)
Mg W

By hypothesis for all g € Py there is w, € Vyy, such that :
Ws - Vg

-1 -1
dx>C;a e T W oo gl WL age
Mo Wmv S “Vig Pug H ||L (0) Py 1Y IH (M) (3.60)

=C ||‘1||PM |W|1-11(M)
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For the second term on the right-hand side of (3.59), the estimate

‘ W Vqs Ws-Vgs ‘ ‘/ w? —wp, ) (Ws - vas) oo
W m.v. Mo w2w %1\1
w— Wmv W+Wm.v.) + 3.61)
C n
H w2w | L=(g) S |W|H1(M) ||61||PM
<G W1 gy ||‘Z||PM
holds, where
C2 = 8Cy [Iwll (o) ||W74||L°°(@) I7F 7| o) 119910
For the third term on the right-hand side of (3.59) the estimate
-3
s )| < o |, Isenase
- 3.62
w0 eqag) oo 4y WLt (.62
< hC|lgll gy, Wl ()
holds, where C; = C3, [|[w > Vw|,.. (@)- Inserting (3.60), (3.61) and (3.62) in (3.59) gives
(Wy, Vgn) = (Cy —hCy — hC3) Hq”PM |W|HI(M)n . (3.63)
So choosing i < C{(C> +C3) ! gives
Cy :=C) —hCy —hC3 > 0. (3.64)

3.7 Proofof (3.51)

In this subsection it is shown that from 3%,C v > 0such that (3.50) holds, it follows that EIZ, AChnacro >0
Vh < /_l,%,/f e My, Vg e Py,Iwe V.

(w,vq) > Cmacro|W|H1(M)" ||‘1||PM- (3.65)
Using (3.54), (3.55) and (3.57), it follows that Vh, 9}, # € M;,,Yw € Viy1,q € Py

(W, Van) < Cy [Wlg ) lldllp, » (3.66)

with
Cy = C w2 =) + o diam 2 w2 |VW][[] g - (3.67)

The thesis is related to the hypothesis by the relation
/ w-Vgdx = / wy - VET'Vqy|det VF| dx, (3.68)
M Mo

where VF ' is the transpose of the inverse of VF.
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The main assumption is the regularity of F in particular that F € C' (@) and F~!' € C'(Q). Since
both © and @ are bounded their closures are compact. This mean that both VF and VF ! are uniformly
continuous i.e. Ve > 030 : Vx,y: |[x—y|| < O

IVF (x) = VF ()l g (@n gy < €, (3.69)
[VF~ (%) = YV 0)]| g oy < €5 (3.70)
|detVF (x) —detVF(y)| < e. 3.71)

Moreover, the determinant of VF is non zero everywhere so it possible to assume detVF > 0.
For all 9}, .# € My, choose a point x € M and let F,,, be a linear approximation of F such that
VF,pp = VF(x). Using this approximation, equation (3.68) can be written as a sum of three terms

/ w-Vgdx= | Wwy-VF,),VgydetVF,,,dx
M Mo

+ Wy - VE,;,Vqy(det VF —det VF,,,) dx (3.72)
Mo

+ [ wy-(VF'=VF,),)Vgydet VF dx.
Mo

By hypothesis for all g € Py, there is W such that

y W - Vay dR" = Cy [lqll g, W g1 gy - (3.73)
(¢]
Let w = VF,,,W then

Wl ey <AV =0y [Wlgn gy - (3.74)
For such w, for the first term on the right side of (3.72) it holds:

Wy - VF,, Yy detVF,,,dx = /M Wy - Vgy det VF,,, dx
(¢}

Me
= Cy igf|detVF| |W|H1(M)" llgllp,, (3.75)
> C4|W|H1(M)" l4llp, -

where C4 = Cy ||det vF~! ||;i(g) ||VF||E,}(@). For the second term the following estimate holds:

Wy - VE, ! Vgn(det VF — det VF,,) dx

‘M@

app
- 3.76
<Gy ||VF t||L°°(Q)8|W|H1(M)” llgllp,, (3.76)
< €Cs Wl e M1l p, -
For the third term on the right hand side of (3.72) it holds:
‘ wy - (VF™' — VF,,,)Vqndet VF dx
Mo
_ _ 3.77
< ||vF - VFap[p||g(Rn7Rn) |det VF || () (o Wl oy 1Vl p, 3-77)
< &Co W1 ayn 1V 4l -
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Inserting (3.75), (3.76), (3.77) in (3.72) gives
‘/]V[W " Vq, dX 2 (C4 - SCS - 8C6) |W|H1(M)n ||q||PM . (378)

Thus, for € < CSCT“C(), and choosing h = 8(&) it holds

Chacro :=C4 — EC5 — ECg > 0.

4. Conclusion

The Stokes problem is a simplified model for both elastic deformations in solids and fluid-dynamics.
In this article the infsup stability and optimal convergence of an isogeometric C! discretization for the
Stokes problem is proved. The problem of the infsup stability of isogeometric discrete spaces (the
push forward through the geometrical map of NURBS space on the parametric domain), is reduced
to the infsup stability of spline spaces on the parametric domain. In this case the multidimensional
problem is reduced to two unidimensional problems. The one dimensional problems associated with
cubic C' velocities and quadratic C' pressures are analyzed by symbolic computation. The case of
higher regularity spaces is the subject of a forthcoming paper. The use of more regular functions is useful
to decrease the degrees of freedom and thus the computational cost without affecting the convergence
to zero of the error estimates.
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