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Abstract Models with orthogonal block structure, OBS, have variance covariance
matrices that are linear combinations » 7, y; Q; of known pairwise orthogonal—
orthogonal projection matrices that add up to I,,. We are interested in characterizing
such models with least square estimators that are best linear unbiased estimator
whatever the variance components, assuming that y € Vs, with Vs the set of
vectors with nonnegative components of a subspace V. This is an extension of the
usual concept of OBS in which we require y € R”. Thus as we shall see it is usual
when we apply our results to mixed models. -
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1 Introduction

If a model has the family
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of variance—covariance matrices it suffices that T', the projector onto the column
space of matrix X¢, commutes with M1, ..., M, for the least square estimators,
LSE, to be best linear unbiased estimator, BLUE, whatever 0 = 0y,...,0,.
Following [12] and [11], we say that, then, the LSE are uniformly best linear
unbiased estimator, UBLUE.

When the model has only one variance component 6, then having variance—
covariance matrix 6 M, T commuting with M is, see [13] and [14], a necessary
and sufficient condition for the LSE to be UBLUE. Then matrix M has the spectral
decomposition

m
M= Z b;Q; 2)
j=1
with @, ..., Q,, pairwise orthogonal-orthogonal projection matrices, POOPM,

and the family of variance—covariance matrices can be written as

m
v=13%"y0;; yER®):, 3)

j=1
where R(U) is the range space of matrix U, b [y] has components by, ..., by
[¥1,...,¥Ym] and As is the family of vectors of subspace A with nonnegative

components. We say that those models have rank 1, since rank(b) = 1. We intend
to extend the necessary and sufficient conditions obtained for rank 1 models to
models with

v={>"yQ;; yevs;. 4)

j=1

where dim(s7) = r > 1. These models will have rank r. When v = R™ all the
matrices Z'}Ll yj @, with nonnegative coefficients may be variance—covariance
matrices and we say the model is full rank. Moreover if

>0, =1I, )
j=1

the model will have orthogonal block structure, OBS, see [8, 9]. These models
continue to play a prominent role in the theory of randomized block designs, see
[2,3].

An interesting case studied by [1] is the case where the family of possible
variance—covariance matrices, while still commutative, no longer forms an orthog-
onal block structure.
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In the next section we present results on commutative Jordan algebras (of
symmetric matrices), CJA, and describe the algebraic structure of the model. Finally,
in the third section, we characterize the models with OBS whose LSE are UBLUE,
this is they are BLUE whatever the variance components.

2 Algebras and Structure

A CJA is a linear space constituted by symmetric matrices that commute and
containing the squares of its matrices. Each one of these algebras, say 4, has a
unique basis, the principal basis, pb(A), constituted by POOPM, see [10]. For
a family W = {Wy,..., W,} of symmetric matrices to be contained in a CJA,
see, e.g., [5], it is necessary and sufficient that its matrices commute. Moreover,
intersecting all the CJA that contain W we obtain the least CJA, A(W), that contains
W, this will be the CJA generated by W. If the n x n matrices in pb(.A) add up to
I,,, the CJA will be complete. For a CJA to contain invertible matrices it is necessary
and sufficient that it is complete, see [5].
Let us consider the mixed model

w
Y =) XB;. (6)

-
where B is fixed and the B4, ..., B, are random, independent, with null mean
vectors and variance—covariance matrices 611,, ..., 01, . If the matrices M; =

XiXiT,i = 1,...,w commute, they will generate A = A(M), where M =
My,...,M,}. With Q ={0Q,,..., Q,,} = pb(A), we will have

m
M=) bijQpi=1.. w @)
j=1

and so we will have the variance—covariance matrices

Ve)=) 6M; =Z<Zb,-,je,») Q=) 70; =V, ®)
i=1 j=1 \i=1

j=1
with

w
yj=Zbi’j95,j=1,...,m, )
i=1

andso y € R(BT)=, where B = (i j1-
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Let us establish

Proposition 1 If R([X1...Xy]) = R" and the matrices M;,i = 1,...,w,
commute, the model has OBS.

Proof Since the 04, ..., @,, are POOPM we have only to show that Z?=1 0, =
I, this is that A is complete. Now

rank (Z M,~> = rank(R[X1 ... Xyp]) = n,

i=1

s0 >_/” | M;, being an n x n matrix with rank n, is invertible and since ) ;" | M; €
A, Ais complete. o

We point out that V(81) = V(0;) implies 1 = 05 if and only if the matrices
Mi,..., M, are linearly independent so the row vectors of matrix B. From now
on we make this assumption of linear independence so B will be a w x m matrix
with rank w.

If the model has OBS and T commutes with M, the model will have commuta-
tive OBS and we say that it has COBS. The models with COBS were introduced in
[6]. We now have the

Proposition 2 A model with OBS has COBS if and only if T commutes with the
0,...,0,.

Proof We have only to establish the part of the thesis for COBS since the proof
for OBS is identical. For this, it is sufficient to show that T' commutes with
M, ...,M, if and only if it commutes with Q4,..., Q,,. Now, if T and the
My, ..., M, commute, the matrices of M* = {T, M, ..., M,,} generate a CJA,
A*, that contains A(M), since M € M*. Namely we will have T, Q4,..., Q,, €
A* so rQo, = Q;T,j = 1,...,m. The inverse is easy to establish since
M; = Z';':lbi,ij,i =1,...,w, thus TQj = QjT,j = 1,...,m implies
TM; =M;T,i=1,...,w. m|

Corollary 1 A model with OBS has COBS if and only if their matrices Q;‘ =

Q/T, j = 1,...,m, are orthogonal projection matrices (we point out that 0y, x,
is an orthogonal projection matrix).

Proof The thesis follows directly from Proposition 2 since the Q; are symmetric
and idempotent if and only if @, T = T Q;,j = 1,...,m. We point out that,
see [7], pb(A*) is constituted by the nonnull matrices T Q; and (I, — T)Q;, j =
1,...,m. m]

Let the g; row vectors of matrix A; constitute an orthonormal basis for V; =
R(Q ;). Now

v =UY
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is an LSE estimator of its mean vector

¥y =Up,
if and only if

UT =U.

We now have
Theorem 1 The OBS whose LSE are UBLUE are the COBS.

Proof As for Proposition 2 we have only to establish the first part of the thesis. In
COBS we have, whatever y, TV (y) = V(y)T aswellas TV (y) = V(p)T¢,
withT¢ =1, —T.PuttingUgp =UT andU o1 = UT* we get

Cov(UY) =UV()U' = (UQUQL)V(:/)(UEUIZQ =

since UQV(y)UQL =UTV(y)TUT = UV(y)TTU" = 0,, and, likewise

Ug. V(}I)U_(2 = 0,,x,, considering Cov the covariance matrix.
Given another linear unbiased estimator ¥* = LY of ¢ we have Ly = Ug, so
Lo—-Ugp)Xo=(L-U)TXq = 0,xx since the row vectors of (L — U)T belong
to £2 = R(Xy) and are orthogonal to 2.

Thus Lo = LT =UT =Ug, so

Cov(LY) > Cov(LgY) = Cov(UgY) = Cov(¥),

and the proof is complete. O

We now look for an expression to 1; which exhibits the algebraic structure of
models with COBS. Let the g; row vectors of A; constitute an orthonormal basis
for R( Qj), so that we have

T_ T .
AA 8/ AjAszj,jzl,...,m,
we put Xo,; = A;X; and represent by P; the orthogonal projection matrix on
£2;=RXo,;),j=1,...,m.If, with p; = rank(P ), the p; row vectors of W;
constitute an orthonormal basis for £2;, we will have

T T .
W/W pj, Wjosz,le,...,m

When p; = 0 we assume that Iy = [0] and that P; = 0,51
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‘We now establish

Proposition 3 [n models with COBS, the Q j = Q;T andthe Q = A/TP jAj are
identical orthogonal projection matrices with rank pj, j =1,...,m. .
Proof If p; = 0 we have Q; = Q; = 0,,. We saw that in models with COBS
the Q j»J = 1,...,m are orthogonal projection matrices it being straightforward
to show that the Qj, j=1,...,m, also are. Moreover

R(Q) = R(Q,T) = Q,R(T) = Q;R(Xg) = A]TA,R(XO) =
A}FR(AJ-XO) — A]TR(){OJ) — AJT.R(P./)"z R(AJTPj) = R((AJTP,)(AJTP,)T)
= R(ATP Aj) = R(Q)), thus Q; = Q; and rank(Q;) = rank(Q;). Now
P;=A4;0; A .50 pj = rank(Pj) = rank(Q,;) = rank(Q,) and the proof is
complete |

Corollary 2 In models with COBS and matrix X with k linearly independent
column vectors we have k = Z?:l Dj-

Proof We have k = rank(Xy) = rank(T) so the thesis follows from
m m
2.0;/|T=2.0,
j=1 j=1

and from the Ql, ey Qm being pairwise orthogonal so that rank (Z’;’zl Q]> =

(ZTerank(Qj)> =Z';’:1 pj- o
Let us have p; > Olfandonlylfj <[, withl <m,andputY; = A;Y and
Z;=W;Y; j=1, , 1. Since Qj = 0,xn, if j > [, whenever! < m, wehave

I I 1
D ITEES S IR SRS ST
j=1 j=1 =1

j=1
as well as, since P ; = Wj Wi j=1...,1
I I

~ T T
E=TY=) A[PjAjY=) AP;Y;=
j=1 j=1

!
Z ATWIW;Y; —ZATWT
j=1 j=1

sothat i = Y U;Z;, withU; = ATW], j=1,....1
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3 Model Characterization

We now characterize models whose LSE are UBLUE. The estimable vectors of a
model with mean vector p = Xy, are the

vy=Up.
The corresponding linear unbiased estimators are the ¥* = LY with
Lelyl=(L:ELY) =1y},

where E(.) indicates mean vector. We now establish
Lemma 1 We have E(L1Y) = E(LyY) ifand only if L'\T = L,T.

Proof Since E(L;)Y) = Lip = L;Tp,l = 1,2, the sufficient condition
is established. Inversely, if E(L1Y) = E(L.Y) we will have, whatever B,
L TXoBy= L2TXoBgsothat LiTXo= LT Xpandthat (L1T —LT)Xo =0,
where 0 denotes a null matrix. Thus the row vectors of W = LT — L, T =
(L1 — L2)T have to be orthogonal to £2 = R(Xy), but these vectors also belong to
£2 so they are null which gives L1T — LT = 0and so L1T = LT as we wanted
to established. |

Now the LSE for y = Upn is
v =LY
with L(3y) = UT and i = TY. We see that L(¥) € [¥], since
EW) =L)p=UTXoBy=Up =19,
besides this, according to Lemma 1, L € [¢] if and only if
LT =L(y)T =UTT =UT = L).
Putting T¢ = I,, — T we have, with L € [¢],
L=LT +LT"=L(y)+rB,
with —00 < r < 400 and B = iLT“’. Thus,
Covg(LY) = Covg(L(Y)Y) 4 2rCovg(L(¥)Y, BY) + r’Covg (BY)
it being easy to see that we have, whatever r €] — co; +o0[,

Covy(¥) = Covg(L(¥)Y) < Covg(LY)
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if and only if Covg(L(¥)Y, BY) = 0. Since B = iLT" we get

Covg(LTY,LT Y) =0,
whenever

Covg(L(¥)Y, BY) = 0.
Now

Covg(LTY,LT°Y) = LTV@)TLT =
L[TV@®)1,—-T)IL" =L[TV@®)—TV@®T)L",

so that to have

Covg(¥) < Covg(LY)

for every 0, if and only if TV(@) — TV(0)T = TV(@)T° = 0, which gives
TV®)=TV(@®)T and

VOT =(TV@®) =TVE@T) =TVE@T =TV ®),
also for every 6.
We now establish

Theorem 2 The LSE are UBLUE if and only if, for every @, T commutes with V (8),

Proof The preceding discussion establishes the necessary condition. To complete
the proof we point out that, when T commutes with V (0) we have

1
Covg(LTY,BY) =rCovg(LTY, LTY) = LTV((9)T“’L—r =0,uxn,
r
and so

Covyg(LY) = Covg(L(¥)Y) + r>Covg(BY) > CovwL(Y) = Covg(;/;).

O

Now the models with OBS where T commutes with the My, ..., M, and so
with V (0), whatever 6, are those with COBS so these are the models with OBS
whose LSE are UBLUE.

Corollary 3 Models with OBS have LSE that are UBLUE if and only if they have
COBS.
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In establishing Theorem 2, we did not require that

V)= oM,

i=1

in order to widen the class of models to which our results applies. Moreover, as we
stated in the introduction, when we restrict ourselves to OBS, assuming that

V=) viQ,

j=1

with y € V., our result holds whatever the dimension (< m) of V.

4 Final Remarks

The models we considered have variance—covariance matrices V (y) = 21}1:1 viQ;
where the Qy, ..., Q,, are POOPM that addup to I,, and y € V with dim(V) =
r > 1. We discussed the role played by T, the orthogonal projection matrix on the
space spanned by the mean vector, commuting with the @, ..., @,, in the LSE
of estimable vectors being UBLUE, this is, being BLUE whatever y. Namely we
showed that commutativity characterizes the models, in the class we consider, whose
LSE are UBLUE. We point out that in our mixed models we had y € R(BT)Z. To
have, as required in [8, 9], the y € R”, matrix B would have to have rank m and
thus being invertible. This condition holds when M is a basis for M, we then say,
see [4], that the family M is perfect.
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