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ABSTRACT: Structure relations for orthogonal polynomials on the unit circle are
studied. We begin by proving that semi-classical orthogonal polynomials on the
unit circle satisfy structure relations of the following type: 221:0 Brts kPrts—k +

1 /
Sito 162 By = iy syl + Siko s (Pia_y_y)  where
s1, 82,71, 72 are integers (specified in the text), the polynomials P} are the re-

1]

versed polynomials and qu denotes the monic polynomial of degree n correspond-

ing to Py, plY = P! 1/(n+1). Then, we study the semi-classsical character of se-

quences of orthogonal polynomials on the unit circle {R,, }, { P, }, connected through
*

a structure relation of the following type: 3 7' BnxRnvsi—k + D 5o Yok B gy i

T (1] T ! : . g
=> o a”vkpn—l—rl.—k.; + D10 Mk (PT’L‘HT,{) , where the integers si, So, 71, 2 satisfy
some natural conditions.
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1. Introduction

The so-called structure relations for orthogonal polynomials, that is, finite-
type relations involving sequences of orthogonal polynomials and its deriva-
tives, have been widely studied in the literature of orthogonal polynomials
(see, for example, [2, 3, 15] and its list of references). Such type of relations
appear in the framework of Sobolev orthogonal polynomials, within the study
of coherence of measures (see [4, 11, 16]). They also appear in problems
concerning quasi-orthogonality and formulas of quadrature (see [15, 17]),
where well-known connections to linear combinations of orthogonal polyno-
mials emerge.

Structure relations and linear combinations of orthogonal polynomials were
studied in a vast list of papers, and we refer the reader to [2, 3, 5, 7, 13]. The
subject matter is the modification of measures. In [13] it was proven that
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the measures of orthogonality of two sequences of orthogonal polynomials on
the unit circle (OPUC), say {P,}, {R,}, related through

Z an,jpn—j - Z Bn,jRn—j )
=0 =0

where oy, j, B, ; € C and k(n),l(n) depend on n, are a rational modification
of each other. Relations of the above type arise in problems of signal analysis
and linear prediction of stochastic processes (cf. [13, Section 1}).

Concerning orthogonality on the real line, a well-known topic of research
in the literature is to establish the semi-classical character of sequences of
orthogonal polynomials in terms of structure relations (see [3, 6, 14, 15] and
their list of references). Unlike the real case, this topic has not been getting
much attention for OPUC. As far as the authors of the present manuscript
know, the references where some relations between the semi-classical charac-
ter of OPUC and structure relations were studied are [4, 20].

In general terms, in the present paper we are interested in the study of the
semi-classical character of sequences of OPUC satisfying some structure rela-
tions (these will be made precise throughout the text). We begin by proving
that semi-classical OPUC satisfy structure relations of the following type:

S1 52

k p*
§ BnJrs,kPnJrsfk + § Yn—1,k% Pn_1_k;
k=0 k=0

71 T2
_ 2 : 1] § : * !
= O‘n—i—s,kpn_i_s_k + Tn+s,k (Pn—l—s—s’—k:) )
k=0 k=0

where the polynomials P’ are the reversed polynomials (see its definition in
section 2), the integers s1, so and 71,79 depend on the degrees of the polyno-
mials involved in the corresponding distributional equation satisfied by the

functional of orthogonality (see section 3). Furthermore, we study sequences
of OPUC, {R,},{P,}, related through

S1 52 1 T2
* 1 * /
Z ﬁn,kRn—i—sl—kJ + Z fyn,kRn—i—sQ—k — Z Oén,kpi_ﬂ_rl_k; + Z n.k (Pn+r2—k;) (1)
k=0 k=0 k=0 k=0

where, for the sake of compatibility, the integers s1, so, 71, 75 satisfy some na-
tural conditions (these shall be specified throughout the text). Under some
conditions, stated in Lemma 2, we deduce the semi-classical character of
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{P,} and {R,,}. Further, we obtain a connecting formula between {R,,} and
{P,} (see Lemma 2).
Note that when s; = r; = 0 and the +’s and the n’s are all zero in (1),

we get R, = %. In this case it is known [12] that P, = 2" ,V¥n > 1, thus
R, = P,,Vn > 1. When s; = 0,7; = 2 and the 7’s and the n’s are all zero
in (1), we get
/ Pl Pl
R, — n+1 n n—1 2
" n+1+an’1n+an’2n—1 2)

that is, (P,, R,) is a generalized coherent pair on the unit circle (according
to the definition of generalized pair on the real line introduced and studied
n [11]). When s; = 0,7 = 1 and the 7’s and the 7n’s are all zero, we get
/ Pl
n+1 + Ofn,l;n (3)

i = n+1
that is, (P,, R,) constitute a coherent pair on the unit circle. In such a case
both, {P,} and {R,}, are semi-classical (see [4, theorem 4]). Furthermore,
the measures of orthogonality of {R,,} and {P,} are a rational modification
of each other. We remark that such relationship between the measures fol-
lows from the application of the techniques on quasi-orthogonality [1] to a
connecting formula between {R,,} and {F,},

P, R,
2AY, = Mypn, ©n = [P*] , Up = [R*] )

n

where A is a polynomial that does not depend on n, and M,, is a matrix whose
entries are bounded degree polynomials. Unlike the cases of coherency (2)
and (3), to study the semi-classical character and to analyze the relation
between the measures of orthogonality becomes much more difficult when
in (1) one considers s; > 1, since that implies that {P,} and {R,} are
related through

zAK ), = Topn, n 2> 1, (4)

where there is a dependence on n in the polynomial K. Note that relations
such as (4) are more general than the ones studied in [7, Section 4.1].

The structure of the paper is as follows. In section 2 we give the definitions
and state the basic results which will be used in the forthcoming sections. In
section 3 we deduce structure relations for semi-classical OPUC. In section 4
we study sequences of OPUC connected through structure relations such
as (1). In section 5 we present some examples of OPUC related through (1).
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2. Preliminary results and notations

Let T = {z € C : |z| = 1} be the unit circle, let A = span{z* : k € Z}
be the linear space of Laurent polynomials with complex coefficients, and let
P = span {z* : k > 0} be the space of polynomials with complex coefficients.
Given a linear functional v : A — C, and the sequence of moments (¢, )nez

of u, ¢, = (u,&"), n € Z, ¢y = 1, define the minors of the Toeplitz matrix
A= (Ck*j) , by

ch ... Cg
A_lzl,AOICo, Ak: ,]CGN.
C_ ...

u is said to be Hermitian if c¢_,, = ¢,, Vn > 0, and quasi-definite (respectively,
positive definite) if A,, # 0,Vn > 0 (respectively, A, > 0), Vn > 0 (see [19]).
We will denote by H the set of Hermitian linear functionals defined on A.

Definition 1. Let {P,} be a sequence of complex polynomials with deg (F,)
= n, and let v € H be quasi-definite. {P,} is said to be a sequence of
orthogonal polynomials with respect to w if

{(u,Pn(z)zk>0, k=0,....n—1,n>1,

(u, Po(2)z™") =€y, €, #0, n=0,1,.... (5)

If P,(z) = z"+lower degree terms, {P,} will be called a sequence of monic
orthogonal polynomials, and we will denote it by MOPS.

If the linear functional u is positive-definite, then it has an integral repre-
sentation given in terms of a nontrivial probability measure p with infinite
support on the unit circle,

. 1 [
(u, ey = / e du(9), n € Z,
0

T or

and the corresponding MOPS will also be called the MOPS with respect to p.
We consider the Carathéodory function of u € H,

+00
Fu2)=1+2 Zékzk : (6)
k=1
If u € 'H is positive definite, associated to a measure whose absolutely conti-

nuous part is w, then lim,q; Re F(re?) = Re F(e') exists a.e. for 0 € [0, 27],
and the inversion formula w() = Re F(¢') holds (see [9, 18, 19]).
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Given a polynomial B(z) = Y_" ,bx2" and p € N, the polynomial B* is
defined by B*(z) = 2P B(1/z), that is, B*(z) = Y.}, bz "7 Throughout
the paper we will omit the index p in B* if, and only if, the degree of B is
exactly p.

The following properties will be useful throughout the text (see [20]).

Lemma 1. Let P € P and m € N. The following equalities hold:
(P(z))™ = P(2),

(=P'(2))" = (P(2)).
A(P(2) = mP(2) = (P()

Note that the reversed polynomials of a sequence of orthogonal polynomials
satisfy

(u,P¥(2) 2" =0, k=1,...,n, (u,P(2))=¢e,, n=0,1,...,

where e, is the same as in (5).
In the sequel we will use the vectors defined by

on(2) = [Pu(2) Pi(2)]", n>0,

where T" denotes the transpose operator.
It is well-known that MOPS on the unit circle satisfy the following recur-
rence relations, known as Szegd recurrence relations (see [10]):

zZ  ap

on = Anpn-1, An:[anz 1],7”LEN, an:Pn(O)

Therefore, for all k£ > 1,

Spn—l—k H An—i—k l SOn . (7)

For uw € 'H and A € P, we define
(Au, f) = (w, AR)F(), f e A,
(A+A)u, f) = (u, (A(2) + A(1/2)) f(2)), feA
(Du, f) = —i{u,2f'(2)), fE€A.

Notice that if u € H, then (A + A)u, as well as Du, belong to H. We will
use the notation u? = (A(z) + A(1/2))u.
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Definition 2 (see [1]). Let v € H, p € N, and let {P,} be a sequence
of monic polynomials. {P,} is said to be T-quasi-orthogonal of order p with
respect to v if:

(i) (v, Py(2) 27%) = 0, for every k with p < k < n — p — 1 and for every
n=>2p+1;

(ii) There exists ng > 2p such that (v, P, (z) z~"*P) £ 0.

Definition 3 (see [20]). Let u € H. wu is said to be semi-classical if there
exists A, B € P, A # 0, such that D(Au) = Bu. The corresponding {P,}

orthogonal with respect to w is said to be semi-classical.
Taking into account Theorem 4.1 of [1], in [4] the following was proved.

Theorem 1 ([4]). Let {P,} be a MOPS on the unit circle and { P} be the
sequence of reversed polynomials. Let {P,} satisfy a structure relation with
bounded degree polynomials, n > 1,

ALy (2) P (2) = Gu(2) Pa(2) + H(2) By (2) (8)
ALy (2)(F) (2) = Sn(2) Pa(2) + Tu(2) Py (2) - (9)
Then I1,, does not depend on n. Let p = max{deg(G,), deg(H,)+1,deg(S,),

deg(Ily — T},)}, Vn > 1. If there exists ng > 2p such that deg(1ly — T,,,) = p,
then {P,} is semi-classical.

3. Structure relations for semi-classical OPUC

In what follows we shall adopt the convention ) ;" - = 0 whenever m < [.

Theorem 2. Let {P,} be a MOPS with respect to a semiclassical linear
functional u that satisfies D(Au) = Bu Let deg(A) = s,deg(B) =5, s > 1.
Assume that (iB + kA)(0) # 0, k = 5',...,n, n € N, in the case s < ¢,
and A(0) # 0 in the case s > s'. Then, there exist sequences (Bni), (Yn-1k),
() and (nn) such that forall n > max{s,s'} + 1

s'—s5—2

s
k p*

§ BnJrs,kPnJrsfk + § Tn—1,k% Pn—l—k

k=0 k=0

min(s,s'—1)

5—s’

1 *

= @TIﬁFS,kPT[LJ’]»ka + Z Tn+s,k (PnJrs—s’—k)/ - (10)
k=0 k=0
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Proof: Case I: deg(A) < deg(B).
Let p =5 —s. Then, Vn > &', (10) reads as

s p—2 s
* 1
z :ﬁn—i—s,kpn—i—s—k + § :fyn—lﬁzkpn—l—k - E :Odn"i-S,kPT[H]—s—k : (11)

We write
n+l
1
PnJrl = E CTL‘FZ,‘]PTLJ’»ij ) [ = 07 » S
J=0
n—1
k px _ k (1] —
2P = Cpo1;En-1-j, E=0,....,p—2
7=0
Thus,
s p—2 n+s—1
P kpr =Pl P! 12
ﬁnJrs,k n+s—k + Tn—1,k%2 L 1-f = Lnts + Hn+s—1,5 n+s—1—j ( )
k=0 k=0 j=0
where
¢ j+1
Cn+s,j+1 + § Bn+8,kcn+87k,j+1*k7 ] = Oa ceey 8 1 )
k=1
s
Mnts—1,5 = g Cnts,j+1 + E BnJrs,k Cn+ts—k,j+1—k (13)
k=1
p—2
k .
+ E Yn-1kCp—1j-ss J =Sy ,n+s—1.
\ k=0

Let us multiply (12) by z=*™! and apply Au. Then, the left-hand side gives
us, for k=s+p,...,n,

s p—2
<u7 (Z BTL*FS,ICPTL‘FS*]C + Z ’Ynfl,kaP;f1fk) A Z_k+1> =0 ) (14>
k=0 k=0

where p > 1.
The right-hand side gives us, after using the definition of the operator D
as well as D(Au) = Bu,

1
pY = ((iB4+kA)u, Py iz ")

(Au, p
n+s—7

n+s—1—j
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Therefore, taking into account max{deg(iB + kA), k > 1} = deg(B), as
deg(A) < deg(B), there follows

(Au, p

o1 2 =0, k=5 nts—j—1. (15)

Taking into account (14) and (15) (note that s’ = s+ p), we obtain that
the coefficients pu,15-1,; in (12) satisty

n+s—1
0= Z Hn+s—1,j fk’j, k= S/, NN (16)

j=n+s—k
((iB+ kA)u, Py j27F)

n+s—j
Our goal is to prove that there exist B,ysx, & = 1,...,8, Yno1k k =
0,...,p — 2, such that in (12) one has fyis-15 = Hnts—1s5+1 = - -

where £, ; =

Mn4s—1n+s—1 — 0.
We expand (16), thus getting

gn,s te gn,n—p Hn+s—1,s

gs—l—p,n—p Hn+s—1,n—p

gn,n—p—l—l e gn,n—i—s—l Hn+s—1,n—p+1 0
+ : : : = i - (17)
gs—l—p,n—p—i—l e gs—l—p,n—i—s—l Hn+s—1,n+s—1 0
We remark that
Hnts—1n—p+1 = Hnds—1n—p+2 = = HUnts—1nts—1 — 0 (18)
implies fin1s—1.5 = flnts—1541 = =+ ° = Hnts—1m—p = 0, because if (18) holds
then (17) becomes
fn,s e fn,n—p ,un—l—s—l,s 0
gs—l—p,n—p Hn+s—1,n—p 0

where the matrix of the system (19) is nonsingular (upper triangular), as the
elements of the diagonal are given by

(u, (iB + (n —1)A)P,_jz7 ")
n —1

En—lstl = ,1=0,1,....n—(p+s),
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and since (iB+ (n—1)A)(0) #0, [ =0,1,...,n— (s+p), there follows that

fn—l,s—i—l 7é 07 vn > s
Let us return to (18). Taking into account (13) one expands (18) as

T
P _
gn,s—l BTZL),S - = [CTH‘S,N—]H‘? T CTH-S,N-FS] ’ (20)
where
e 0 R

Cnts—1n—p+1 Cnn—p—s5+2 Cp—1n—pt+l-s n—1n—p+l—s
D _ . . . .
n,s—1 —

0 —2
Cnt+s—1n+s—1 °°° Cn.n Cnfl,n—l U Cﬁfl,nfl

BTZZ,S = [BnJrs,l T ﬁnJrS,s Tn—-10 - ’anl,p—Q}T-
Note that G, | isa (s +p—1) x (s +p — 1) matrix.
Let us discuss the system (20). We denote by ng’sfl the (s+p—1) x (s+p)
matrix given by

_Cn+s,n—p+2
p .
n,s—1
_Cn+s,n+s
If det(G) , ;) # 0, then (20) has a solution, and this means that there exist
ﬁn—i—s,l; ceey ﬁn—i—s,s such that Hn+s—1n—p+1 = Hnt+s—1n+l = " = Upts—1nt+s—1 =

0, thus, from our previous discussion, there follows fi, 455 = finisst1 = =
tntsn—p = 0, and (11) holds.
If det(G;, ;) = 0, then (20) is possible if, and only if, the matrices
Ry ~£7 <1 have precisely the same number of independent rows.
Let us assume, without loss of generality, that the i-th and the j-th rows

of G, s—1 are linearly dependent, that is,

Cnts—1n+i  Cnt+s—2n+i—1 o Cnonti—(s—1)
Cn+s—1,n+j Cn4s—2n+j—1 Cnn+j—(s—1)
0 -2
B  Cpim—pti—i B CZ—l,n—p-i-l—i (21)
o Y o o Cp72 )
n—1ln—p+l—j n—1,n—p+1—j

Note that n is arbitrary and the algorithm described above can be carried
out to n + 1, thus we get the same proportion as above using the matrix
ni1.s 1, thus we can take n 41 in (21), and we conclude that the i-th and

the j-th rows of Gﬁﬁ_l, are linearly dependent. With a similar reasoning one
concludes that G ., ~£, .1 have precisely the same number of independent
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TOWS. Consequently, (20) is possible and, similarly to the previous discussion
in the case det(G, , ;) # 0, we conclude that (11) holds.

Case II: deg(A) > deg(B).
Let ¢ = s — s'. Then, Vn > s+ 1, (10) reads as

s—q—1

ZﬁnJrskPnJrs k= Z an+sk n—|—5 k+znn+5k n+q k;) . (22)

Let us write

n+s—I
1] E :
Pn+3_g = Cn—i—s—l,jpn—i—s—l—ja [ = 07"'78_q_ 17
J=0
n+q—Il—1
* I E : * ] .
( n+q_l) e Cn+q_l,jpn+q7l717j 9 l h— O, s ey q .
j=0
Thus,
s—q—1 q
1] } : * !
@”+3akpn+s—k + Tht-s,k ( N+q—k)
k=0 k=0
n+s—1
= I'pts + E Mn—l—s—l,jpn—l—s—l—j (23)
=0
where, for j =n,...,n+s—1, the p,,5-1,’s are given by
Hn+s—1,7 = Cn+s,j+1
s—q—1 14+q
*
+ § Qptsk Cnts—k,j+1-k + § :77n+s,k Crtq—k,j+q—s—k+1 - (24)
k=1 k=1

Let us multiply (23) by z=*™! and apply Au. Then, the left-hand side gives us

s—q—1

n—|—5 k+1
<’LB+I€A Zan+5k _k+1+znn+sk Jqu k>7
k=0

where we used the definition of D, as well as D(Au) = Bu. Therefore, taking
into account max{deg(iB + kA), k > 1} = deg(A), as deg(A) > deg(B),
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there follows, for k=s+1,...,n

Y

s—q—1
n s—k+1
<(ZB+]€A Z an+sk = k++1+z77n+sk n+q— k k>:0 (25)
From the rlght—hand side there follows
(Au,Ppigq jz " =0, k=s+1,....n+s—j—1. (26)

Thus, taking into account (25) and (26) we obtain that the coefficients
Pnts—1; in (23) satisfy

n+s—1
Z /,Ln+87]_’j£k’j, k=3+1,...,n, (27)
j=n+s—k
where & ; = (Au, Py 12 7).
As in the previous case, one can prove that there exist oy, s,k =1,...,5—

q— 1, Mnssk, k= 0,...,¢q, such that in (23) one has 1515 = flnts—1.511 =

= Mpds—1nts—1 = 0.
We expand (27), thus getting

fn,s e fn,nfl i Hn+s—1,s

£s+1,n71 | Mnts—1,n—1

gn,n T gn,nJrsfl Hn+s—1,n 0
+ | : : = |- (28)
_£s+1,n e §s+1,n+571 Mn+s—1,n+s—1 0
We remark that
Hnts—1,n = MUnts—1n+1 = " = Hnts—1nts—1 — 0 (29)
implies flnis—15 = fints—1541 = =+ * = Hnts—1n—1 = 0, because if (29) holds
then (28) becomes
fn,s e gn,nfl Mn+s—1,s 0
gs—l—l,n—l Mn+s—1,n—1 0

where the matrix of the system (30) is nonsingular (upper triangular), as the
elements of the diagonal are given by

Entspr = (u, AP, 127" 1 =0,1,...,n— (s +1),
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and since A(0) # 0, there follows that
fn—l,s—i—l 7é 07 Vn>s+1.

Let us return to (29). Taking into account (24) one expands (29) as

T
gn,S—l Bn,s = - [Cn—i—s,n—l—l T Cn—i—s,n—i—s} ) (31)
where
o« o e * Y *
Cnts—1,n Cntq+1nt+q—s+2 Cniqg—1n+q—s Cn—1,n—s
gn,sfl = ’ : : ) :
* *
Cnts—1nts—1 """ Cntg+lntq+l  Cpyg—1ntq-1 ~°° Cn—1p-1
T
Bn,s - [an+s,1 o Opyss—qg—1 TMn4s,0 nn—l—s,q} .

Note that G, s is a s X s matrix.

The discussion of the system (31) is similar to the one in case I, thus we
conclude that in (23) one has fi45-15 = fnts—15+1 = - = fnts—1n+s—1 =0,
hence (22) holds. m

Remark . If deg(B) = deg(A) + 1, that is, s' = s+ 1, then (10) becomes
Zﬁn+s,kPn+S_k = ZoszrS,kPﬂs_k, Vn>s +1. (32)
k=0 k=0

4. OPUC related through (1)
Given the MOPS {P,} and {R,}, we will consider the following notations:

Pn:| R,

= | el s Un= [ *} , neN.

. [Pn R

Note that ¢, and 1, satisfy the Szego recurrence relations in the matrix form

Pn = An@n—l; ¢n - Bn¢n—1; n e N7

z a, |z by
An = [an 1]’ Bn = [an 1]’
with a, = P,(0) and b, = R,(0).

In what follows we will denote by X () the element of a matrix X in the
position (i, 7).

where
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Lemma 2. Let {R,},{P,} be two sequences of MOPS on the unit circle
related through (1), ¥n > 1,

/
Z ﬁn kRn+31 kTt Z In k:Rn+32 k— Z Qlp, k n-i-h k + Z Tn, k: n+7~2 k; )

where the integers si, s9, 11,79 satisfy s; = ri, max{ss,mo} < $1. Let p, =
[ig] . Y, = [gg] ., n > 1. Then, the following assertions hold:
(a) there exists A € P and matrices X, such that

2zAQ, = Xypon, n>1. (33)
Further, let
p = max{deg(X"V), deg(X 1) + 1, deg(X >V, deg(A — X 22}, n > 1.

If Ang > 2p such that deg(A — X,§§’2’) = p, then {P,} is semi-classical.
(b) there exists K, € P and non-singular matrices 7, such that 1, and o,
are related trough

ZAK Yy = Topn, n> 1. (34)
(c) there exists Ay € P and matrices U, such that
A =Upby,, n > 1. (35)
Further, let
p = max{degU"V), deg(U'"?)) + 1, deg(U'>V), deg(A, — UPN}, n > 1.
If Ang > 2p such that deg(A; — L[éi’z)) = p, then {R,} is semi-classical.

Proof: If we apply the %, operator to (1) and then write the resulting
equation (after using the relations from Lemma 1) together with (1) in the
matrix form, we get

7“1+1 7"1+1

Z En iUtk = Z FukPnk + Z G kP i1 (36)
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with
(| 5
n,s1—k Tn,so—k
. si—k 7 si—k ,]CZO,...,SQ
_’Vn,Ska z Bn,slfk <
5n,k =X
ﬁn,sl—k 0
— si—k ,k232+1,...,81,
\ 0 Bn,slfk < !
o
0 0 k0
_ = . T2
77n77n27k(n + k) Z’I“l-i-l—ki Qi1 Z?“l—l—l—k' ) ’ 3
Fok = 1
0 0
0 a 1kzr1+1_k ,]{ZTg—l—l,...,Tl—l—l,
\ L TL,T1+ -
([ an,r +1—k
nh _ ek k=0 r
—ﬁ i Zr1+27k _an,r1+1—kzrr1+27k 3 =U,..., Ty
| e n+k
gn,k = 9
_Oén,rlJrlfk 0
n+k _
0 _a”vrl+1*kz7"1+2—k' 5 k —T2+1,...,T1+1,
\ L n+k

where, by convention, «;,,,+1 = 0.
Using the recurrence relations (7) for ¢, as well as for 1, with the con-

vention that [[,_, -+ = I whenever m > n, there follows
HnSO;L = jngpn + Kn@bna Vn € N. (37)
with
s1+1 k—1
Hn = Z gn,k H AnJrkfl ’
k=0 1=0

s1+1 s1+1 !

k-1 k-1
Tn = — g Fok H A1 — E Gk H Ayt |
k=0 1=0 k=0 1=0
S1 k—1
K:n = E 5n,k H Bn+kfl .
k=0 1-0
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If we multiply (37) by adj(/C,,) there follows

Lol = Mupn + Kby, n> 1. (38)
with non-singular matrices £,,, M,,, and a polynomial K, given by
L, = adj(l,)Hy, M, =adj(K,)T,, K, = det(k,).

To deduce (33) we start by writing (38) to n + 1 and use the recurrence
relations, thus getting

Lo, = Mpi1pn + &b (39)
with
»Cn,l :a‘d.](BTL+1) Lo A,
My = adj(B1) (M1 Ani — n+1An+1)
§n =Kni1 det( n+1) .

The elimination of v, between (38) and (39) gives us

N, = (EuMy — KoMy )pn s No = &Ly — KLy (40)
After multiplying (40) by adj(\N,,), we get

det(No) @y, = Supn s Sy = adj(No) (§nLn — KnLna) -

Taking into account Theorem 1, there follows (33) and the assertion concern-
ing the semi-classical character of {P,}.
Eq. (34) follows by eliminating ¢/, between (38) and (33),

ZAann = n@n; ,];L =L, X, — zAM,,.

To obtain (35) we take derivatives on (34), then we multiply the resulting
equation by zA and use (33), thus getting

zA(zAKn)’¢n + (zA)QKn@b;L = (zA’];L' + T,.X,)en - (41)

The multiplication of (41) by det(7,) and the use of relation (34) in the
equivalent form
Aet(T,) 0, = 2AK, adj(T,)ib,
yields
(zA)° K, det(T,)iy, = Vathn,
with
Vo = (AT + T, X,)2AK, adj(T,) — zA(zAK,) det(T,,).
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Taking into account Theorem 1, there follows (35) and the assertion concern-
ing the semi-classical character of {R,}. |

Remark . The Theorem 4 of [4], which asserts the semi-classical character of
coherent pairs on the unit circle, is a particular case of the previous Lemma.

Corollary 1. MOPS {P,} satisfying (10) also satisfy

ZASO;L = Xngpna Pn = [£2:| ) (42)
with A € P and matrices X,,. Thus, for
p = max{deg(X{"), deg(X (") + 1, deg(X V), deg(A — X))}, n > 1,
if Ang > 2p such that deg(A — XTE?’Q)) = p, then {P,} is semi-classical.

5. Examples
The case 11 > 1, s9,79 < 0 in (1), that is,

1
} : 1]

Rn+r1 — Oén7kpn+'r1—k7 Oén70 — 1 9 n 2 0’
k=0

gives (cf. (34))
2 AV, = Tppn

Notice that, in such a case, the polynomial K, in (34) satisfies K, = 1.
Taking into account the results of [1] on T-quasi-orthogonality, there follows
that if { P, } is semi-classical, then { R,,} is also semi-classical, since the corres-
ponding linear functionals are a rational modification of each other (the proof
follows the same technique as in [4, Theorem 4]). In particular, in [4] we gave
some examples of MOPS satisfying structure relations such as

P’ P’
n+1 n

The case s; =7 = 1 with a,, 90 = 0 and s9,72 < 0 in (1) gives a structure
relation of the following type:

/

Poto
n nilp — = s Mn y Z . 44
Ry + O R 2 Bn#0, n>0 (44)

In what follows we consider u,v the linear functionals corresponding to
the MOPS {P,},{R,}, respectively. Further, we assume that u and v are
associated to the measures du and do, respectively.
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do
Example 1. Let p be the Lebesgue measure on the unit circle, du = 5 that
T

is, P, = 2", n > 0. Then, (44) becomes

RnJrl +ﬁan = Zn+17 n>0.

If we apply the linear functional v to the above equality there follows (v, 2" ™1)

= 0, Vn > 1. Thus, the moments of v, which we denote by v,, satisfy
v, = 0,Vn > 2. Notice that we assume that vy = 1. To compute v; we use
R + ByRy = z, from which we get, applying v, Byvy = vi. Therefore,

v=1,n=0
Up = ﬁO?nzl
0, n>2

Therefore, the Toeplitz matrix corresponding to v is tridiagonal,

1 V1

@1 1 U1

According to the results of [8], the measure o is a perturbation of the
Lebesgue measure,

df df :
d0:%+(2+§)%, z=e".
Ezample 2. Let p1 be the Bernstein-Szegd measure du = df/(2m |z + c[?),
|c| < 1, that is, B, = 2" '(2 4+ ¢). Then, (44) becomes

1
nt 2", n>0.
n+ 2

Rn—i—l + 6an - Zn+1 +c

Applying v there follows

n+1
n —+ 2

Upi1+ € v, =0, Vn>1,

thus
2

m(—C)nvl , Vn Z 1.

Up+1 =
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Notice that we assume vy = 1. To compte v; we take n = 0 in (44), thus
getting v1 = By — ¢/2. Thus, we have

1, n =
Up = ﬁ0—0/2, n=1
== (=) vy, n>2.

The corresponding Carathéodory function, F,(z) = 142 Z:{g v, 2", becomes

+00 n—1
—1
n=2

Taking into account that

+00 - +oo
() (SR
2 (L™ e

n=2 n=0

there follows

+00 (_1)»”71 1

—n—1_n =
Zn—HC z Z%IH(l—FCZ)‘i_

ol —

n=2
which we substitute into (45), thus obtaining
4v, 4o,
F(z) =14 — — =1In(1 +¢z).
() =1+ (1 e2)
The inversion formula gives us the absolutely continuous part of o,

do = (lim Re Fv(rei9)> do . (46)

rT1
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