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Abstract

We state a necessary and sufficient condition for equality of two nonzero decomposable
symmetrized tensors when the symmetrizer is associated with an irreducible character of the
symmetric group of degree m.
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1. Introduction

Symmetry classes of tensors are extensions of the tensor product that involve a
symmetry depending upon a group (finite) and an irreducible character. If V is vector
space over C, and A is an irreducible character of S,,,, we denote the symmetric class
of tensors whose symmetry is defined by A by V,". The most known symmetry clas-
ses associated with an irreducible character of S, are the exterior power of V, A"V,
and the symmetric power of V, V" V.
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The study of decomposable elements
X1k %Xy, (X1,...,xp€V)

of symmetry classes of tensors is an important topic in Multilinear Algebra since
the knowledge of their properties is necessary for the understanding of symmetry
classes.

Among others, two basic issues are particularly relevant and have been challenges
in Multilinear Algebra for many years: The “vanishing question” that asks conditions
on the vectors xp, ..., x,, that characterize the vanishing

X1k kX, =0,

and the “equality question” that asks for conditions on the vectors of V that charac-
terize the equality

Xk ek Xy = Y]k Y

where X1 * - - - % Xy, Y1 % -+ -k Yy 7 O.
These conditions are well known for the tensor product. Indeed,

XN ® - Qxy =0
if and only if one of the factors x; is the zero vector, and the equality
xl®...®xm :yl®®ym

holds (for nonzero decomposable tensors x| ® -+ ® X, V1 ® - -+ ® yy,) if the
homologous factors are proportional (i.e. y; = ¢jx;, ¢; € C) and an extra normali-
zation condition on the coefficients is fulfilled (]_[;”=1 ¢ =1).

The answer to the corresponding question for the exterior power and symmetric
power are also well known. We have x; A --- A x,,, = 0 if and only if (xq, ..., x»)
are linearly dependent and x; Vv --- Vv x,, = 0 if and only if one of the vector x; is
Zero.

Concerning the equality question (if (x1, ..., x;) and (y1, ..., y»,) and are line-
arly independent), we have

XIAN - ANXpg =YL A Ym

if and only if (xi,...,xy) = (y1,...,ym) and the normalization condition
det[aij] = 1 holds, yvhere Vi = ZT:I qinj, i=1,...,m.
For the symmetric power, the equality

xl\/...\/_xm:yl\/...\/ym

(we are assuming Xxi, ..., X, Y1, - - ., ¥Ym are nonzero vectors) holds if and only if
factors of the right side are proportional to factors of the left side (i.e., there ex-
ists a permutation (i1, ..., i,;) of the integers (1, ..., m) such that x; = cjyij,j =
1, ..., m) and the normalization property, H;"zl ¢; = 1, satisfied.

Symmetry classes of tensors associated with irreducible characters of the full
symmetric group are the most basic ones, and it is natural to start with them to solve
the vanishing and the equality problems.
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Indeed, the vanishing problem was completely solved by Gamas [2] for these
symmetry classes. It was shown that if x, ..., x, are nonzero vectors the decom-
posable element xj * - - - % x,, of V;”* vanishes if and only if the rank partition of
X1, ..., Xy does not dominate the conjugate partition of the partition associated with
A. This condition obviously extends the results for A”V and V"V, since the irre-
ducible characters that define the symmetry AV and V"V have the associated par-

titions (1, ..., 1) and (m) respectively.

The purpose of this paper is to present, in symmetry classes associated to irreduc-
ible characters of S,,, the completed description of the conditions on (xy, ..., X;,)
and (y1, ..., ym) that are necessary and sufficient for the equality

Xpkeook Xy = V] koY

(assuming xj % - - - % X, y1 % - - - % yp, = 0). These conditions extend the above ref-
ereed conditions for A”V and V"V and can be viewed as a “mixture” of them. They
also extend previous work done on this topic [7,4].

2. Preliminaries

Let m be a positive integer, and let A be a subset of {1, ..., m}. We use §,, to
denote the symmetric group of degree m and S, to denote the subgroup of S,,,,

Sy={o€Sn:0l)=1ii¢A).

Throughout this paper we denote by |X| the cardinality of X, and we use Idy to
denote the identity map from X into X.

Let A = (A1,---,Ar), A1 = -+ = A; > 0 be a partition of m. The existence of a
bijective correspondence between the set of the partitions of m and the set of irre-
ducible complex valued character of S, is well known (see [11] or [12]). Then,
we denote the irreducible character of S, associated with the partition A by A. The
greatest k such that A, > 0 is called the length of A. The integers A;,i =1, ..., k,
where k is the length of A are called parts of A.

Let A=(\1,...,Ar) and u = (u1, ..., 1) be partitions of m. We say that A
majorizes |4 (denoted by A > u) if t < r and

J J
ZX;}Z/L,’, j=1,...,t.
i=1 i=1

If A = (A1, ..., Ar) is a partition of m, the sequence A" = (A}, ..., 1} ) where
M=WicAajzill, i=1,..., A,

is a partition of m called the conjugate partition of A. Note that the length of A is A;.
Let A = (A1, ..., A;) be a partition of m of length ¢, and let r be the number of
distinct parts of A". Let iy, ..., i, € {1, ..., A1} satisfying

’o_ /a7
A =2 > o>k =4
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Foreachs € {1,...,r}let
Iy ={j:)L’j =)\;S}.

We denote by S, the subgroup of Sy,
S)L/ = SF] X - X S]",_,

where x denotes the direct product.
Leto € Syyandletk e {1,...,r}.Since I';' N1I"; =0,i,j €{l,...,r},i # j,it
is easy to see that

o(I'U---Ul'y)=c)D)U---UaoU ) =T1U---UT}. @)
It is also easy to see that foralli € {1, ..., A/l} there exits k € {1, ..., r} such that
{1,...,x}=I1U---UT%. 2)
We denote the Young diagram corresponding to A by [A]. In this paper we identify
the boxes of [A] with integers of {1, ..., m} and label the m boxes of [A] from left to
right and from top to bottom.
A filling D of the diagram [A] with the integers 1, ..., m such that each integer
occurs once will be called a strict Young tableau. The mapping o that maps the
integer i(€ {1, ..., m}) on the integer o (i) filling the box i of [A] is a permutation

of m. We denote this strict Young tableau by D, ,. If D = D,  is a strict Young
tableau, and v € S,,, then we denote the strict Young tableau D, ,, by vD. We
say that a strict Young tableau D = D, _, is increasing by columns (by rows) if the
integers in each column (each row) of D are in increasing order. We say that a strict
Young tableau is standard if it increases simultaneous by rows and by columns.

Given a strict Young tableau D, the subgroup of S, of the permutations v such
that D and v D have the same rows is called the group of rows of D and is denoted
by R(D). Similarly, we define the group of columns of D, C (D).

Let C be the complex field, let V' be a finite dimensional vector space over C, and

let (x1,...,x,) and (y1, ..., ym) be linearly independent families of vectors of V
that span the same subspace. If y; = 27:1 ajjxj,i =1,...,m, the m x m matrix

[a;;]is denoted by

M[)’l»u-,)’m|x1,~--»xm]~
Let I'={iy,...,is} and 4 = {1, ..., js} be subsets of {1,...,m} of cardinality
s. Assume that (x;);cr is linearly independent, and (x; : i € I') = (y; : i € 4). We
denote the s x s matrix M[y;,, ..., yj|xi, ..., x| by

Mly1, ..., Ymlxt, ..., xp][AIT].

If I' = A, we denote the s x s matrix M[yy, ..., ym|x1, ..., xn1[4|4] by
M[ylv .. -»)’m|x1, o 7-xm][A]'
Definition 2.1. Let (xq, ..., x,) be a family of nonzero vectors of V. We say that a

collection C = (Cy,...,Cy), (Cj={x;:i€d;})j=1,., of subfamilies of
(X1, ..., Xm),1s a coloring of (xy, ..., x;) if the following conditions hold:
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(1) C; islinearly independent,i =1, ...,r;
Q) A4ind;=0i+jij=1,..r

B Ui 4i ={1,....m}
@) A1 =--- = |4,

The collection (A41,...,4,) is called the support of the coloring C =
(C1, ..., Cy). The finite sequence (|41], ..., |4,]) is a partition of m called the shape
of C and denoted by

shape(C).

If shape(C) = u, we also say that C is a p-coloring of (x1, ..., Xp).

Let (x1, ..., x;;) be a family of nonzero vectors of V. In [3] it was proved that,
with respect to majorization, the set of the shapes of colorings of (x, ..., x;;) hasa
maximum. This maximum partition is the rank partition of (x1, ..., x;;), and it will
be denoted by

PX1s ey Xm).
A p-coloring of (x1, ..., x,), where p is the rank partition of (xy, ..., x,,), is called
factorization of (x1, ..., X;).
Denote by I'y, , the set of the maps from {1, ..., m} into {1, ..., n}. We denote

the subset of I'y, ;, of the strictly increasing maps by O, . If A = [a;;]isam xn
matrix, andif @ € I') ;, and B € I'y ,, we use A[a|B] to denote p x g matrix whose
@i, j) entry isaa(;)ﬂ(j),i =1,....,p,j=1,...,q.

If V is an inner product vector space and if W is a subspace of V, we denote by
W the orthogonal complement of W. We denote by ®”V the mth tensor power
of V, and we write u; ® - - - ® u,, for the tensor product (decomposable tensor) of
uy,...,uy € V. An inner product (,) in V induces a unique inner product in "V,
also denoted by (,), satisfying

m
U@ @ty v @+ @ vp) = | [ (i vi) 3)
i=1
forall uy, ..., uy,v1,..., v, € V.
For o € S, let P(o) be the unique linear operator of ®”V such that

P)(ur @ - @um) =tg-1(1) ® -+ @ U1y

foralluy, ..., u, € V. Anoperator in the linear closure of { P (0), o € §,,} is called
a symmetrizer and its image is called a symmetry class of tensors. The image of
the decomposable tensor u; ® - - - ® u,, by a symmetrizer is called a decomposable
symmetrized tensor and is denoted by

Uk % Uy,
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Let D be a strict Young tableau. Denote by P (D) the symmetrizer
P(D) = Z P(0)
oeR(D)
and by N (D) the symmetrizer
N(D)= ) e(@)P(o).
oeC(D)

The symmetrizer E£(D) = P(D)N (D) is the Young symmetrizer associated with D.

Theorem 2.1 [6]. Let i be a partition of m, and let D be a Young diagram associated
with w. Let xq, ..., x, € V. Then

EMD)x1® - Qxm) #£0
if and only if
ND)(x1 Q-+ ® xp) # 0.

If H is a subgroup of S, and if A is a complex irreducible character of H, the
symmetrizer

A(id)
|H|

T(H,}) = Y Mo)P()

oeH

is an orthogonal projection, and its range is the symmetry class denoted by V," (H).
Observe that

P(D) = |R(D)|T(R(D), 1) “4)
and
N(D) = |C(D)|T(C(D), ¢). &)

If H = S,,, we call V" (H) an immanantal symmetry class of tensors, and we de-
note it by V;". A decomposable symmetrized tensor in V," is called an immanantal
decomposable tensor or just a decomposable element of V,".

If A = ¢, the alternating character,V" = A"V, and u * - - - % u,, is denoted by
uy A -+ Auy. If A =1, the principal character, Vlm =V"V, and uy % --- *u, is
denoted by uy Vv - -+ V uy,.

It is well known that u; A --- A uy, # 0 if and only if uy, ..., u, are linearly
independent vectors, and if a 0 € S, then

Ug(1) N  NUgm) = €(@)UT A+ AUy,
It is also well known that given a basis {ey, ..., e,} of V, the set

{eé{\ ta e Qm,n},
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where ¢}, denotes eq(1) A -+ A eq(m) is a basis of A™ V. This basis is orthogonal if
(e1, ..., ey)is an orthogonal basis of V. So, we can conclude that dim AV = <Z1> .

By convention, Q¢ ,={/} and ej; = 1.

Theorem 2.2 [10]. Let V be an n-dimensional vector space over C, and let
(e1,...,en) be a basis of V. Let (x1, ..., xx) be a family of linearly independent
vectors of V, and let T € CF*" satisfying

n
x,-:Ztijej, i=1,...,k
j=1

Then
XIA - AXp = Z det(T[nkla])er
a€Qkn

where n, = (1, ..., k).

The next result gives a necessary and sufficient condition for an element z € AV
to be decomposable:

Corollary 2.1. Let V be an n-dimensional vector space over C, and let {e1, . .., e}
be a basis of V. Let

AN
7= g ag€,
e Qk,n

be an element of NV Then, z is decomposable if and only if there exists a k x n
matrix A over C such that

ay = det(A[nlal), o € QOfa-

IfA={i,...,i}, (1 <--- <ig)isasubsetof {I,..., m}wedenotex; A---A
xi, by
/\ Xi.
ied
Let V be an n-dimensional vector space over C. We denote the Grassmann algebra
over V by AV, that is, the 2"-dimensional C-algebra
AV=COVOANVG - &A"V.

Let zzweAV,z=z0+z1+---+ 24, and w = wo + w; + - -- + w, where z;,
wi € AN'V,i=1,...,n and z9, wg € C. We define an inner product in AV as fol-
lows:

(z, w) = Z(zi, w;). (6)
i=0
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Ifo, 7 € S, wesay that o > 1 if

(oc(1),0(2),...,0(m)) > (r(1), t(2),...,(m))
by the lexicographic order. Based on the result of [9—p. 78], the following result was
proved in [4]:

Proposition 2.1. Let X be a partition of m. Letid = o1, . .., 64 be the permutations
of Sy satisfying

(D) oi<ojifi<ji,j=1,...,d;and

(2) Dj.oys ..., D; o, are the standard strict Young tableaux associated with the

Young diagram [A].

Letv € Sy,. Define P; = P(vD;, o) and Ni = N(vD; o,), i =1,...,m. Let

Aid) |
e, =——M;PN;,, i=1,...,d
’ |
m.
Where M] = Id®m‘/ and Mi = Id®mv — el,l —_ . — ei*],i*l; l — 2’ e, d Then,

T(Sm,A) =ei1+ - +edqa
Moreover, e 1, . .., eq.q4 are orthogonal idempotents.
Let u = (u1, ..., 1) be a partition of m, and let D be a strict Young tableau

associated with the Young diagram [u]. Let k;; be the integer filling the (i, j) box of
D, and let 6 be the permutation of S;, defined by the equalities

O(ur +pa+--+pj1+1) =kjs,
j=1,...,randt=1,..., u;. Using the pair (v, ®"V) where v = P(9_1) o®,

as a model of mth tensor power of V, we denote v(xy, ..., x,) by X1® - ®x,y, (or
by x| ® - - - ® x, if there are no ambiguities to avoid). Let ¥; = {k;i1,..., ki ;)
Jj=1,...,r. It can be easily checked thatif H = Sy, x --- x Sy, andif A = €,

TH, M@ &) =| \x|o-o /x
ie? ie¥,
forall x1,...,x, € V.

Since we will work with nonzero immanantal decomposable tensors, it is useful
to say something about the vanishing of these tensors. In [2], Gamas obtained a nec-
essary and sufficient condition for an immanantal decomposable tensor to be zero.
This result was reformulated in [3].

Theorem 2.3. In Vi! the immanantal decomposable tensor

X1 % ek Xy
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is nonzero if and only if there exists a )\ -coloring of the family xi, ..., Xy, if and
only if px1, ..., xp) = 2.

3. Irreducible subsets of the Grassmann Algebra

The objective of this section is to present two irreducible subsets of AV used in
the proof of the main result. Throughout this paper, we identify the elements of AV
with the 2"-tuple of its coordinates on the basis {e} : « € [J/_, Qi n}. We also view

C¥ asa topological space (with the Zariski topology).

Definition 3.1. A topological space X is called irreducible if, for any decomposition
of X = A{ U Ay as union of closed subsets, we have X = A; or X = Aj. A subset
X’ of X is called irreducible if X', as a topological space with the induced topology,

is irreducible.

Theorem 3.1 [8, p. 12]. Let X' be a subset of a topological space X. Then, X' is
irreducible if and only if the closure of X' is irreducible.

The next result states a sufficient condition for the irreducibility of a subset of C"
with the Zarisky topology.

Proposition 3.1 [8, p. 15]. Let f1,..., fn € C[Ty, ..., T,] where Ty, ..., Ty, are
independent indeterminates, and let Uy be the subset of C":

UO - {(f](tla "~7tl/ﬂ)a LR ] fn(tla --~7tm)) : (tl’ ""tm) e C'n} (7)
The closure of Uy in the Zariski topology is an irreducible affine algebraic variety.

We say that a subset U of C" is parametrizable if there are polynomials fi, ...,
fn € ClTy, ..., T,] satisfying equality (7).

Corollary 3.1. The parametrizable subsets of C"* are irreducible.

We denote by &(V) the subset of AV

n
V)= Zul/\--~/\ui:u1,...,unev .
i=1

Theorem 3.2. The set §(V) is an irreducible subset of c?.
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Proof. In order to prove that (V) is irreducible, we only have to show that §(V)
is parametrizable. Denote by 7" and T, respectively, the following scalar matrix and
the matrix of indeterminates:

i in
T = , t,'jE(D, i,j=1,...,n,
In1 thn
Ty Tin
Tnl Tnn
Define by gy = 0. For each i € {1, ...,n} and for each « € Q; p, let b; o be the

polynomial of C[T1y, ..., Ty, ..., Ty1, ..., Ty,] defined by
bi.o =: det(T[nilal).

Observe that, if uy = Z’}zl tjuj, k =1,...,n,then
WA Aup= Y big(Te), i=1,....n.
“GQi.n

Consider the map
O:C'x--xC"—> FV)
n
(3T T 4 P A B A Z Z bia(T)el
i=l a€Qin

Using Corollary 2.1, we can easily see that @ is well defined, i.e., Im® C F(V).
Since we are identifying the elements of AV with their 2"-tuple of the coordinates
in the base {e}) : « € [J/_, Qi n}, we conclude that the range of @ is

Im®= {(bi,a(tll,--~7t1nv~-~atn1,---,tnn))i:0 ..... no.

(tlli""tll'h""t)’ll""vt)’lﬂ)ECn }‘

If we prove that @ is onto, we conclude, by Corollary 3.1, that (V) is an irreducible
set of AV. Let z € §(V). Then there exist vy, ..., v, €V such that

n
z:Zvl/\--'/\vi.
i=1

Foralli € {1,...,n}let
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and let
ar e Adln
A=
Aanl ctc dpn
By Theorem 2.2, we have
vi A Av = Y det(Alnilaley,
C(EQi,n

where n; = (1,...,1).
Therefore,

n

il sl Qs @) = Y Y bia(Ae)

i=1 C{EQ,‘_,,
n
= Z [ ) B ANEEEVANN
i=1
=z,
and the proof is complete. [J

Let W be a subspace of V such that dimW =k <n. Let j € {l,...,n}. We

denote by &; w (V) the set of the z € F(V) for which there exist uy,...,u, € V
satisfying
n
z:Zul Ao A,
i=1
andu; e Wt.

Theorem 3.3. The set §; w (V) is an irreducible subset c?.

Proof. We prove that §; w (V) is parametrizable. The result follows by Corollary
3.1.

Denote by T’ and T’, respectively, the following scalar matrix and the matrix of
indeterminates:

i - ko Mk+1 o0 M

T7"=10 .-.-- 0 tikgr o tin |

n1 Ik ik R 7
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and
T - T T+t - T
T=|10 - 0 Tip1 - Tin
T c Tk Tnk+1 e Tun

Let {eq, ..., e,} be an orthonormal base of V such that
W ={(el,...,ex). 3

Therefore, if v € W=, we have

Consider the map
@ :C'x--xC"*x...xC"> FiwV)
such that

(Dl(tll’---vtlna~'-7tjk+ls~-~,ljn,-'-stnls---stnn)

=>"| D detT'[niledrel

i=I OZEQ,"n

Define gy 4 = 0. For each i € {1, ..., n} and each a € Q; ,, we use g; , to denote
the polynomial of C[T'1, ..., T1n, .oy Tjkwts oo oy Tjns oo Tuts oo oy Tin]

8i o = det(T'[n;la]).
By identifying the elements of AV with their 2"-tuple of coordinates in the basis

{ef :a € U'_y Qin}, we conclude that the image of @ is

Im®, = {(gi,a(fll,.-.,flnwu,fjk+l,~~7fjn,-utnl,'u,tnn))i: ,,,,, n

2
—k
(lll,...,lln,...,tjk_H,...,tjn,...,lnl,...,tnn)EC" }

After proving that @1 is onto, we conclude that §; w (V) is parametrizable, and so,
by Corollary 3.1, §; w (V) is an irreducible subset of AV

Let w € §;,w (V). Then w belongs to F(V), and so, there exist wy, ..., w, € V
such that

n
w:Zwl/\---/\wi,
i=1

and w; € w.
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Then, foralli € {1,...,n} —{j},
n n
w; = Zai,et, and w; = Z aje;,
=1 1=k+1
and bearing in mind Theorem 2.2, we have
n
w=Y | > det(Alnlel)e}
i=1 \@€Qi,
n
A
=2 | 2 sae
i=1 C{EQ,‘,,
where
ap - Ak Akl vt dln
A= 0 0 ajk-‘rl ajn
anl ctt Adpk Qpk+1 ctt Apn
By definition of &1, we obtain
Di(a11s ooy Qs oo s Ajlgls o e e s Ajps oo lply vy Apy) = W,
and the proof is complete. [J
We end this section with the following result:
Theorem 3.4 [1]. Let x1, ..., xx and yy, ..., Yk be families of linearly independent

vectors of the inner product vector space V. Then, x1 A - -+ A xi is orthogonal to

Y1 A -+ A yx if and only if
X1y XN, i) # {0).

4. Equality of decomposable symmetrized tensors

Finding conditions for equality of decomposable symmetrized tensors was an
open problem in the study of the symmetry class of tensors. This paper addresses
conditions for equality of immanantal decomposable tensors. If A is a linear character
of S, (that is, A = € or A = 1), then the conditions have been known for some time

[10,12]:
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Theorem 4.1 [10,12]. Assume that x1 A ... A Xy # 0. Then,
XIAN s ANXpg =YL A Ym

if and only if

(D (x1, ..o xm) = (15 - ooy ym); and

(2) detM[y13 -~'1ym|x17 -"1xm] = ]

Theorem 4.2 [10,12]. Assume that x; V ...V x,; # 0. Then,
xl\/...\/_xmzyl\/...\/ym

if and only there exists c1, ...,cy € Cand o € Sy, such that

(1) yi =cixg@y,i =1,...,m; and

2) l_[;’;l ci = 1.

If A is not a linear character of S,,, the problem of finding conditions for equality
of immanantal decomposable tensors has not been solved. However, some partial res-
ults have appeared in recent years. The main theorem proved in [4] is a necessary and
sufficient condition for equality of immanantal decomposable tensors xj - - - % X, =

Y1 k- --xy, with the assumption that the rank partition of (xi,...,x;) and
Y1y evs ym) is A,
Theorem 4.3 [4]. Let (x1, ..., xn) and (y1, ..., ym) be families of nonzero vectors

of V with rank partition ). Then,
Xk Xy =YL k--k Yy

if and only if the following conditions hold:

(1) The set of supports of the factorizations of (x1, ..., Xn) is equal to the sets of
supports of the factorizations of (y1, ..., Ym); and
2) If (41, ..., Ay,) is the support of a factorization of (x1, ..., Xp) then

(xiZiGAj)Z(yiiiGAj), j:l,...,)»],

and

Al
[ [detMiyr, ... ymlx1. ..., xdl4i] = 1.
i=1
A necessary condition for equality of immanantal decomposable tensors is given

in [5] without any constraint on the families of vectors (x1, ..., x;,) and (y1, ..., Ym).

Theorem 4.4 [5]. Let A be an irreducible character of Sy,, and let (xy, ..., xp) and
V1, - -+ Ym) be families of nonzero vectors of V. If
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X] ke kX = Yk %Yy, F0,

then every support of a A'-coloring of (x1, ..., xp) is also a support of a A'-coloring
of (V1,5 Ym)-

In a previous paper we state a necessary and sufficient condition for equality of
two nonzero decomposable symmetrized tensors when the symmetrizer is associated
with an irreducible character of the symmetric group of degree m with the form

(P, p).

Theorem 4.5 [7]. Let (x1,...,xy) and (y1, ..., Ym) be families of nonzero vec-
tors of V, and let A = (p, ..., p) be an irreducible character of S,,. Assume that
X1 %k xy £ 0. Then,

XKook Xy = YLk %Ym

if and only if the following conditions hold:

(1) The set of supports of the )\ -colorings of (x1, ..., Xm) is equal to the set of sup-
ports of the ) -colorings of (y1, ..., ym); and
) If (41, ..., Ap) is the support of a A -coloring of (x1, ..., Xm), then there exists

o € S, such that
(xiziedj)=(yi:i €dsipy), Jj=1,...,A1,
and
P
[[detMiyi.....ymlx1. ... xwll Aoy 4i] = 1.
i=1

The next result is the main theorem of this paper and generalizes the previous
theorem to all irreducible characters of §,,,.

Theorem 4.6. Let (x1,...,xn) and (y1, ..., Yn) be families of nonzero vectors of
V,andlet A = (A, ..., Ar) be an irreducible character of S;,. Assume that xy * - - - %
Xm # 0. Then,

XpkoookXy = YLk kyy

if and only if the following conditions hold:

(1) The set of supports of the )\ -colorings of (x1,...,Xxny) is equal to the set of
supports of the \'-colorings of (yi, ..., ym); and

(2) If (41, .... 4,,) is a support of a \'-coloring of (x1, ..., Xm), then there exists
o € Sy such that

(xiziedj)=(yi:i €dsipy), Jj=1,...,A1,



110 H.F. da Cruz, J.A. Dias da Silva / Linear Algebra and its Applications 395 (2005) 95-119

and
Al
[[detMiyi.....ymlx1. ... xwll 4] 4i] = 1.
i=1
Proof. Assume that

Xp ke k Xy = Y1 ¥k Yy

The first condition is satisfied by Theorem 4.4, so we only have to prove the second

condition. We do this by induction. Let (41, ..., 45,) be the support of a A’-coloring
of (x1, ..., x;). We start the proof by showing that there exists 1; € {1, ..., A1} such
that

(xjcied)=(yi 11 €dy).

If dim V = A/, then
(xi i edy)y={(yi:ied).

Assume thatdim V > )‘/1’ and let {eq, ..., e,} be an orthonormal basis of V such that
(xi i edy) = (el,...,ekr]).

We denote by ¢/, the unit tensor

1
SA A
e, = e, .
el

Let D be a strict Young tableau associated with [A], whose ith column is 4;, i =
1, ..., A1. Then, by Proposition 2.1 and Theorem 2.1,

rGid)
m!

T Aid)

=EMD)(y1 Q- Qym) #0,

ED)(x1 ® - Q xp) = e (xq %+ %kxy)

et (Y1 %% Ym) )

where e = (D E(D).

m!
Let uy, ..., u, be a family of vectors of V, and let u/, ..., u,, be a family of

vectors taken from uy, ..., u, choosing u’] = u; if j belongs to ith row of D.
Obviously, using (9), we get

Wy ® - @uy, E(D)(x1 ® -+ @ xp))
=W ® - @uy,, ED)y1®- - ® ym)), (10)
and, since T (R(D), 1) is an orthogonal projection, we get from (10) (using equalities
(4) and (5)) the equality
(T(R(D), H(u} ® --- @ u,,), T(C(D), €)(x1 ® - -+ @ X))
= (T(R(D), YW} ® - Quy,), T(C(D),e)(y1 @ ® ym)).
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Bearing in mind the way we have chosen the vectors u’l, R u;n, we can see that,
for all o € R(D), we have

PO)U)® - Qup) =u] ® - Qu,,.
So
T(RD), W) ®---Qup) =u) ® - Qup,
and, since T (C (D), €) is an orthogonal projection, we obtain
(T(C(D), &)Uy ® -+ Qup,), T(C(D),€)(x] @+ @ xp))
= (T(C(D), )} ®---®up,), T(C(D), )(y1 ® -+ ® ym))-

Then,
X o
/\ui ®® /\ui s /\xi ®® /\xi
i=1 i=1 i€ iEA)Ll
X o
=[[Aw]|o-e|Au]. | \v]e-o A ]|
i=1 i=1 ied i€,
that is,
Al )‘//' Al )‘//'
[T Awie N\ x| =111 N\w- /il (1)
j=1 \i=1  ie4; j=1 \i=1  ie4;
From now on we assume, forall j =1, ..., A1, that

/\x,', /\y,'e/\V,

lEAj IEAj

and denote by u the element of AV,

n
ﬁ:Zul/\---/\ui.
i=1

By (6) we conclude

!
Aj

ﬁ?Axi = Aui7 Axi 9 j=17""A'17
i=1

ied; i€d;
and, using (11), we can write

Al Al

l_[ ﬁ,/\xi =1_[ ﬁ,/\y,- . (12)

j=1 iEA/‘ j=1 iEAj
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Assume that
1
ue </\ x,-> .
ied;
Then, by (12), we have

Al

[Tla N\ vi]=o0 (13)

j=1 i€4;

Forall j =1,..., A1 let
N\ i = v +w;, (14)
iGAj

1
where v; € (/\;c , Xi), and w; € (/\ieAlxi)
Letk e {l,..., X} be

k={r: 2] =M}

Then I'y = {1, ..., k}. From (13) and (14) we conclude that

Al
@ w)...@wo) [] (@ /\ vi|=0 (15)

j=k+1 i€d;

forall it € F(V) N (N;cy, X)L,
Let W = (x; :i € 41). As we have defined before, gkfl’w(v) is the subset of
& (V) of the elements

n
ﬁ:Zul/\---/\ui,
i=1

such that
. €L
uk/le(xi.leAl) .

By Theorem 3.4 and by (6) we have

1
%%MWE%WM<AM>- (16)

ied;
Forall j =1, ..., k, let 2; be the hyperplane of AV,
(w,/)L,

andforall j =k +1,..., A, let ¥ be the hyperplane of AV,

(o)
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Using (15) and (16) we obtain
%A’],W(V) C2U- - UZUS U Uy,

Therefore,

fs’A/l,W(V):‘&M’W(V)ﬂ(@]U-~-Uﬂku,¢k+1U~-~U9’M)
=@ wWV)NZnU--- U@y wV)N P U
(31’1,W(V)ﬁykﬂ)U"'U(gx’l,w(v)nym)-
Since C&M w(V) is an irreducible subset of AV (Theorem 3.3) and since
SuwWNZj j=1... kand & wV)NSy, t =k+1,..., 4 are closed

sets of %M’W(V)’ in the topology induced by the Zariski topology of C?", there
exists r € {1, ..., k} such that

T, w(V) =T w(V)N 2y,
or there exists r € {k + 1, ..., A1} such that
SuwV) =8 wV)NI,.

Assume that an r € {k+1,..., A1} exists such that gAQ,W(V) = EA’I,W(V) nNY,.
Then

i, \yi|=0 (17)

i€,
forallu e Tyki,W(V).
Since A} > A, we can choose n vectors of V, uy, ..., uy,, such that

A
Nui= )\ v
i=1 i€,
and uy; € (x; :i € At
Let

n
IZ=ZM1/\~-~/\L£,'.
i=1

Then u € 8')»/1,W(V)’ and so, by (17),

Ay
ft,/\yi = /\uis/\yi
i=1

i€, ied,

/\yiv /\yi

ied, i€,

=0.
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This is a contradiction, since /\;., yi # 0. So

S w(V) # & wV)N S,

forallr € {k+ 1, ..., A1}. Then there exists t € I'; such that
Fuw (V) =Ty w(V)N 2.

Therefore,
(#, w) =0

forallu € TYAQ,W(V)~
Since w; € AM V, we can conclude, using Theorem 4.1, that
(z,w;) =0
for all decomposable elements z € (/\;, 1 x;)+, now viewed as a subspace of AV
Since w; € (/\;cy, xi)t and {e) :a € Qi — {nx/l}} is an orthogonal basis for
(Niea, x;)* formed by decomposable tensors, we conclude that
w; = 0.

Therefore,

/\y,-:v,

i€,

where vy € (/\;4, i), and then

where d; =det M[y1, ..., YmlXx1, ..., xml[4:]41]. By applying Theorem 4.1, we
conclude that

(xiied)=(y:ied).

Let/ € {2,..., A1 — 1} and assume that for all j € {1,...,[} NI there exists t; €
(1,..., 21} = {1, ..., tj—1}) N I’y such that

(x; ZiEAj) = (yi Zl.EAtj>.

Then ds, ..., d; exists such that
N vi=di Nxi. j=2....1 (18)
ieA,j ied;j

where d; = det M[y1, ..., ymlx1, ...,xm][A,j|Aj],j =2,...,1L
Since for every u € F(V)

Al Al

[T{a A f=TT{a Al

j=1 ied; j=1 i€d;
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we obtain from (18)

Ay
u,/\x, u,/\xi 1_[ ﬁ,/\x,
ied; ied; j=Il+1 ied;
Al
—dy...d H ﬁ,/\y,- =0.
Jj=1 ied;

JElty .t}

Forje{l+1,...,A1}let

—AN
/\ X = E ajaea y

i€d;j DtGQ)\/,”n

andfor j € {1,..., A1} —{r1,..., 1} let

/\ Yi = Z bjae;/\~

iEAj [01S] Q)x/. n
it
Let z be an arbitrary element of AV. Then

z=x0+ | D x| A DD xnal |

ate,n aeQng

andso,for j e {{ +1,..., 1},
Z, /\xi = Z AjaXjo,
ied; aeQ,r ,
i
andforj e {l,..., M} —{t1,..., 14},

z,/\yi = Z bjaXja-

i€ aeQ}Jj,n

115

19)

Let J be the algebraic variety of AV defined by the polynomial of C[X y : j =

IL....n,a € Qjal
Al Al
1_[ Z AjoXjo | —di...d 1_[ Z ﬂXja ,
R\ et \*€Qm

and let Z; be the hyperplane of AV,

(A
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By using (19) we conclude

FVYS (P U---UR UK,

SO
V) =FWV)NZU---URUA)
=@EWV)NZH)U---UFV)NR) UFV)NAH).
Since
/\ % #0,
iGAj
we have
/\ Xi, /\ xi | #0,
iEAj iEAj

therefore, there exists # € &(V) such that
i, /\ xi|#0.
ied;
Hence,
FVINR #FV), j=1...1
and since (V) is an irreducible subset of AV (Theorem 3.2), we conclude that

(V) =8(V)nx,

that is,
Al Al
[T {# Axif=dia TT (i A
Jj=l+1 i€d; o=l i€d;

for all z € F(V). Assume # is such that

1
i €< /\ x,~>
i€di4y

and [ + 1 € I'y. As before, we can conclude that a ;1 € {1, ..., ;) —{r1, ..., 1}
exists such that

N vi=d N\ x,

ieAU+1 i€+

where dj 1 = det M[y1, ..., ymlx1, ..., Xm1[Az,, 1 4141]. Using Theorem 4.1 we ob-
tain
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(xi 11 € Ajp1) = (yi i € Agy).

Therefore, #;11 € I'y. So, by induction, we conclude that there exists o € S,/ such
that

(xiZiEAj)Z(iniEAJ(j)>, j=1,...,)»].

Denote the integer in the box (i, j) of D by k;;. Let ¢’ be the permutation of S,
defined by

o'(ki,j) = kio(j)-

Bearing in mind (1) and (2) it is easy to see that ¢’ € R(D).
Then, since P(D)P(c') = P(D),

E(D @ Y
ICD)] D)1 ® - ® ym)

=PD) | A\vi]le-a| A v

€A iGA)Ll

=PDPE) || A vi|®-a| A

l'EA(,(l) l'EA(,()LI)

Al
=] [detMiy1, ... ymlx1, ..., ][ doi)] 4i]
i=1

xPD)[| ANxi|o-—o| N\ x

e iEAAl
3!

=[detMly1, ... ymlx1, .., ][40 )] 4i]
i=1

><|C(D)|E(D)(X1®-~-®xm),
and, since
EMD)(x1 ® - ®xp) = ED)(y1 @+ ® ym) # 0,
we obtain

Al
[TdetMiyi,.... ymlxt, .. xmll 4ol 4i] = 1.
i=1

Assume now that the conditions (1) and (2) are satisfied. We prove that

X ke k Xy = Y1k k Y,
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showing that
ED)Y X1 Q- Qxp) = ED) (V1 Q-+ Q ym)

for all standard strict Young tableaux associated to [A].
Let D be a standard strict Young tableaux associated to [A]. If the columns of D

are not a support of a A’-coloring of x1, ..., x,,, then by (1) they are not a support of
a )\/-coloring of y1, ..., ym, and so we have

ED)x1® - Qxu) =ED)(y1 ®- ® ym) =0.
If the columns of D are a support of a A’-coloring of xp, ..., x,,, using the adequate

model for the tensor product we have

E(D @ Y
ICOD)] (D)1 ® - ® ym)

=PD) || Avi|le-| A

ied; iEA)\l

=PDPE || A vi]e-o A u
i€45(1) iEAg(;Ll)
Al
=[TdetMiyi, ... ymlxi, .. xnll4o i) |4i]

i=1

xPO) || Nxi|o-o A\ x

e iEAAl

Al
=[[detMly1, ... ymlx1, ..., ][ do )] 4i]
i=1

1
XmE(D)(M R - Qxp),

and since

Al
[[detMiyi.....ymlx1. .. xwll Aoy 4i] = 1,
i=1
we coilclude that
EMD)x1®@ - ®@xm) =ED)y1 ® - ® ym)-
Finally, bearing in mind the Proposition 2.1, we get
i1 ® - Qxp) =e;;i(y1 Q- Qym), i=1,...,d,
where d is the number of the standard strict Young tableaux associated with [A], and
S0,
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X1 ke k Xy = Y] koo Yy,

and the proof is complete. [J
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