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Resumo

O controlo de helicopteros tem vindo a adquirir nas uUltimas décadas maior visibilidade
devido & caracteristica desta aeronave. E uma tarefa de elevada dificuldade devido ao proprio
sistema ser, ja por si, inconstante. O controlo de helicopteros é a juncdo de varias variaveis como
as qualidades de voo e performance, a pericia do piloto, condicdes atmosféricas, etc. Seja qual for
a missdo do helicoptero (militar, civil, SAR, etc), precisaremos de parametros de controlo precisos,
e é nas qualidades de voo que iremos focar a nossa atencéo.

O presente trabalho é dedicado entdo a modelacao e controlo auténomo de plataformas de
asa rotativa convencional, de forma a que haja uma boa relacao entre robustez e performance do
sistema para que, quando hajam perturbacdes, o sistema possa estabilizar eficazmente e, para se
verificar isso mesmo, um helicoptero especifico é utilizado para a validacdo dos métodos
elaborados: DRA research Lynx ZD559 (Lynx Mk7), ainda ao servico do UK Army Air Corps.

Na dinamica do voo do helicoptero, ira ser focada a fase de autorrotacao e fase de voo para
diferentes velocidades e dois sistemas de controlo irao ser comparados: LQR normal e LQR robusto.

Projectou-se entao os controladores referidos anteriormente comparando os seus resultados
através da dinamica e navegacado do modelo ja linearizado, para se verificar qual dos dois sera mais
apropriado para que a plataforma, no momento em que existe uma alteracdo na dinamica da
aeronave, possa regressar a essa mesma posicao o mais brevemente possivel.

Através entdo dos resultados obtidos, verifica-se em ambos 0s casos, 0 sucesso em
estabilizar a aeronave e controlar o voo dada uma determinada referéncia para diferentes

velocidades, mas um controlador evidencia-se mais que o outro.

Palavras-chave: Controlo de helicopteros, robustez, performance, LQR robusto
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Abstract

Helicopter flight control has gained greater visibility in the last decades due to its
characteristics. It is a task of high difficulty due to the system being changeable. Helicopter control
is the junction of several variables such as the flying qualities and performance, skill of the pilot,
weather conditions, etc. For a given configuration of a helicopter (military, civil, SAR, etc.), we
need precise control parameters, and is in flying qualities that we focus our attention.

This paper is then dedicated to autonomous modeling and control of conventional rotary-
wing platforms, so that there is a good balance between robustness and performance of the system,
so that when there are disturbances, it can stabilize more quickly and effectively and, to verify
this, a particular helicopter is used for the validation of the methods elaborated: DRA research
ZD559 Lynx (Lynx Mk7), still serving the UK Army Air Corps.

In helicopter flight dynamics, will be focused autorotation phase and different flight speed
phase and two specific control systems will be compared: normal LQR and robust LQR.
Is then designed the controllers previously mentioned, comparing their results through the dynamic
model already linearized in order to verify which one is most appropriate for the platform. When
there is a change in the balance of the aircraft, it can return to the same position as quickly as
possible.

By the obtained results, it’s verified in both cases, success in stabilizing the aircraft and
controlling it’s trajectory given different reference speeds, a controller is most evident than the

other.

Keywords: Helicopter flight control, robustness, performance, robust LQR.
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Chapter 1

Introduction

1.1 Motivation

The advantages of the rotorcraft unique flight capabilities have drawn much attention
through the years. The main benefit of using a rotorcraft is its ability to perform vertical/short
take-off and landing, hover around a specific object and its ability to be controllable when engine
failure happens. They have some advantages relative to fixed-wing aircraft: they don’t require any
relative velocity to produce lift and their vertical/hover flight capability previously mentioned. The
main representative of the rotorcraft family is, of course, the helicopter [9].

The number of situations in which helicopters could be deployed and used successfully are

various. The following list cites a few of the possible scenarios:

Search and rescue: "Para que outros vivam" (That others may live). This is the motto of the 751
Squadron "Pumas”. This helicopter squadron of the Portuguese Air Force operates, since 2006, the
new AgustaWestland AW101 Merlin and their crews have rescued 2757 people since 1978 (Fig.1).
These platforms will be able to search quickly and systematically a very large area and could be
more readily deployed, unlike fixed-wing aircraft, because of their take-off/landing and hover

capabilities and, therefore, saving human lives [17];

Surveillance: Helicopters could perform a variety of surveillance operations and report interesting

or unusual activity (fishing fleet control, contraband, etc.)(Fig.2);

Fig.1 - AW101 from PAF during a Fig.2 - Navy commandos during

sea rescue exercise a ship inspection exercise


http://en.wikipedia.org/wiki/AgustaWestland
http://en.wikipedia.org/wiki/AW101_Merlin

Law Enforcement: Helicopters could fly overhead to aid police forces in high-speed chases or

criminal search operations;

Inspection: Helicopters could inspect high voltage electrical lines (Fig.3), bridges, and dams in

remote locations and monitor traffic;

Aerial Mapping: Helicopters could build more accurate topological maps than conventional aircraft

with substantial cost savings by flying in smaller and more constrained areas;

Fire Fighting: Helicopters can be fitted with buckets usually filled by submerging or dipping them in
lakes, rivers, reservoirs, sometimes in hard to reach areas and perform the fire fight successfully
(Fig.4).

5. : by K

Fig.3 - High voltage electrical line Fig.4 - EMA’s Kamov performing a water
inspection discharge during a forest fire

Many aviation experts consider the helicopter the most innovative and versatile vehicle
known to man. Since helicopters first flew just over sixty years ago, they are without any question

one of the most vital aircraft in the world today [9].

1.2 Helicopter Manual Control

The typical configuration of a helicopter is shown in Fig.5. The most important parts of a
helicopter are considered: the main rotor and the tail rotor. The main rotor produces the thrust
force for the vertical lift; the tail rotor compensates the torque produced by the main rotor and

controls the heading of the helicopter [1].



Due to the strong coupling between the longitudinal and lateral motion, the work of the
pilot is harder than an aircraft pilot. In the helicopter pilot case, he must control, simultaneously,
four controllers: collective, cyclic, anti-torque pedals and throttle (Fig.6) [14]. The collective helps
the pilot to change the pitch angle of all main rotor blades collectively (i.e., all at the same time).
Therefore, if a collective input is made, all the blades change equally, increasing or decreasing
total lift or thrust, with the result of the helicopter increasing or decreasing in altitude or airspeed
(Fig.5); The cyclic can vary the pitch of the rotor blades throughout each revolution of the main
rotor system (i.e., through each cycle of rotation) to develop unequal lift (thrust). The result is to
tilt the rotor disk in a particular direction, resulting in the helicopter moving in that direction. If
the pilot pushes the cyclic forward, the rotor disk tilts forward, and the rotor produces a thrust in
the forward direction. If the pilot pushes the cyclic to the side, the rotor disk tilts to that side and
produces thrust in that direction, causing the helicopter to hover sideways, performing pitching a
rolling moments (Fig.5); The anti-torque pedals are located in the same position as the rudder
pedals in a fixed-wing aircraft, and serve a similar purpose, namely to control the direction in which
the nose of the aircraft is pointed. Application of the pedal in a given direction changes the pitch of
the tail rotor blades, increasing or reducing the thrust produced by the tail rotor and causing the
nose to yaw in the direction of the applied pedal and yawing moment is performed (Fig.5). The
throttle controls the power produced by the engine, which is connected to the rotor by a
transmission. The purpose of the throttle is to maintain enough engine power to keep the rotor rpm
within allowable limits in order to keep the rotor producing enough lift for flight. The throttle is

located in the collective lever [15].

thrust

pitching moment

( , pitching moment
pitching %

moment J / - T : .
) f e S
Z-force Anti-torque pedals | Collective lever

drag

g yawing moment yawing moment

EMPENNAGE side force /

&5

Fig.5 - The modeling components of Fig.6 - Helicopter’s input controllers
a helicopter



1.3 Helicopter Motion Equations

The behavior of a helicopter in flight is modeled by the combination of the following
interacting subsystems: main rotor, fuselage, powerplant, empennage (consist of horizontal
stabilizer and vertical fin) and tail rotor and the resulting forces and moments (Fig.5). The

simplified form of orthogonal body axes system is presented in Fig.7 [2].

3N
cg \
M, q . »
vﬁvv/5 N’@\_/L,pg‘\&:
&Z,W

z

Fig.7 - The orthogonal axes system for helicopter flight dynamics

where:

X, Y, and Z are the linear forces in the respective axis;
u, v, and w are the linear velocities in the respective axis;
L, M, and N are the moments in the respective axis;

p, g, and r are the angular velocities (roll, pitch and yaw rate) about the respective axis.

1.3.1 Coordinate Frames and Transformations

Body fixed and earth fixed frames are needed to demonstrate the motion of the vehicle.
The first assumption toward dynamic modeling of a helicopter is to consider it as a rigid body with
six degrees of freedom [11].

In order to derive the equations of motion, two frames are required. The first one is the
earth fixed frame. A typical convention of the earth fixed frame is the North-East-Down, which

means x represents North, y represents East and z points to the center of the Earth (Fig.8).



The second frame is the body fixed reference frame. A typical convention of the body fixed frame is

the Aircraft-Body-Centered, which means x points forward, y points at the right side and z points

downwards (Fig.8).

Earth Fixed

Body Fixed

Fig.8 - Helicopter two main frames

To transform between body and earth frames, a rotation matrix R is used, i.e., the

equations deduction that describe the orientation of the mobile reference in relation to fixed

reference is achieved from the rotation matrix (1.4). This matrix is the product result of three

rotation matrices, R(¢),R(0),R(y) (1.1-1.3) each of which represents the body frame rotation

around each axis of the earth fixed frame [18].

R(¢) =

R(6) =

R@) =

(1 0 0
0 cos¢ —sen(j)l (1.1)
[0 sen¢ cos¢
[ cos8 0 senf
0 1 0 (1.2)
l—senf 0 cos6
[cosyp —senyp O
seny  cosy 0] (1.3)
0 0 1

where Y, 0, ¢ (yaw, pitch and roll respectively), are the Euler rotations defining the orientation of

the fuselage axes with respect to earth [2].



cosOcosy sengsenbcosy — cospseny
R, = |cosOseny sengsenbseny + cospcosy
—senb sengcosf

cospsenfcosy + sengpsenyh
cos¢psenfsenmy) — sengcosy (1.4)
cos¢pcosO

where R, is body frame to earth frame matrix, which is obtained multiplying the rotation matrices

(1.1-1.3). We can obtain R,,, which is the earth frame to body frame matrix, by doing R,,”* = R,,”

cosBcosy cos@seny —senf

sengsenfcosyp — cospsenyy sengsenbseny + cos¢pcosy sengpcosO
cospsenfcosy + sengpseny) cospsenfsenyy — sengcosy

Rbe = (1 5)
cos¢coso

1.3.2 Equations of Motion

The helicopter can make two types of movements: translational and rotational. It defines
changes in position and rotation around the axis. Translational motion, which is the motion of the

center of gravity, can be defined by Newton’s second law and Coriolis Effect [1]

. Linear
accelerations along x, y, and z axes, along the body frame, are defined by [2]:
Cvr—aw 4+ B (1.6
u=vr—qw M, .6)
v=pw—ur+M—y (1.7)
FZ
W =uq—pv+o- (1.8)
where u,v,w are the translational velocity components along the fuselage [1], F, F,, F, are the
forces acting in the fuselage and M, is the helicopter mass [2].
On the other hand, angular accelerations around x, y, and z axes can be defined as [2]:
oot i
q—pr frhen | My (1.10)
Iyy Lyy

o (1.11)



where p, q,r are the angular velocity components on the fuselage, Iy, Iy, I,, are the moments of
inertia of the helicopter [1] and M,,M,,M, are the external aerodynamic moments about the
respective axis [2].

Finally, we have rotational kinematic equations. The kinematic equations represent the
motion of the helicopter with respect to earth fixed frame [2] and are represented by:

¢ =p+tg0(qseng +rcosp) (1.12)
6 =qcos¢p—rsend (1.13)
Y = (gsen¢ +rcosd)sech (1.14)

1.3.3 Force and Moments acting on a Helicopter

In order to represent the motion of the helicopter, force and moment effects must be taken

into account.

4>

Horizon

Horizon

Rear
View

w Z aw.
Reference vy T
Heading

Fig.9 - Forces and moments acting on the helicopter

The set of forces and moments acting on the helicopter has been modeled as follows:

Main rotor forces and moments: For the main rotor thrust, it’s assumed that the inflow is steady

and uniform. As for the rotor moments, two contributions have been considered.



The first contribution comes from the blade attachment to the rotor head, where the
restraint forces can be approximated using a linear torsional spring with a constant stiffness. The

second contribution comes from the tilting of the thrust vector [25];

Fuselage forces: The fuselage creates lift and drag. Main rotor downwash effects are also included
[25];

Tail rotor forces and moments: The only control input is the collective pitch coming from the

pedals, directly influencing induced velocity and therefore thrust [25];

Empennage forces and moments: The horizontal and vertical stabilizers produce lift and drag. The
empennage forces take into account the effect of the main and tail rotor wake. The corresponding
moments are computed as the forces multiplied by their distance from the helicopter center of

gravity [25].

As we stated before, a helicopter can be modeled by combining five subsystems. To define
the force and moment effects originated from main rotor, tail rotor, gravity and drag on main

rotor; mr, tr, g, and d subscripts are used respectively [2].

E, =X = Xpy + Xer + X, (1.15)
By =Y =VYp + Yy +Y, (1.16)
F,=Z7=Zmy+Zey + 7, (1.17)
L=M, =Ly +Ley+Lg (1.18)
M =M, = My, + My, + Mg (1.19)
N =M, = N, + Ne + Ny (1.20)

From [2], we obtain the following force equation matrix:

Ee = —Tpysing, —sinf « M, g (1.21)
E, = Ty *sinf, + Ty +sing * cos0 x My g (1.22)
F, = =Ty x cos B, *cos B, +cos¢ *cost « My g (1.23)

where Ty, Ttr, B, B> @re the main rotor and tail rotor thrust, lateral and longitudinal flapping
angle, respectively. The flapping variables are defined in Annex 2.



1.4 Generic Flight Control

The goal is to present a rather comprehensive and well justified analysis for designing
controllers for helicopters guarantying stability. We know that a typical flight control system is
composed of a mathematical algorithm that produces the appropriate command signals required to
perform any flight. The control receives measurement signals from several sensors and triggers a
suitable output for operating the helicopter [11].

The most reliable approach to designing a control algorithm and also examining the stability
properties of the autonomous flight system is via modern control theory. According to this, the
flight controller design is based on the helicopter’s dynamic model that we have seen before.

Helicopters are highly nonlinear systems with significant dynamic coupling that needs to be
considered during controller design and implementation. The dynamic coupling is attributed to two
main reasons: The first one is the helicopter nonlinear equations of motion; the second one is the
dynamic coupling between the generated aerodynamic forces and moments.

Helicopters are considered to be much more unstable than fixed-wing aircraft, and constant
control action must be sustained at all times. As in most control applications, the helicopter model
that is used for control design purposes is just an approximation of the actual nonlinear helicopter

dynamics.

1.4.1 General Flight Control

So, in order to develop a general flight control system, we must successfully solve the

following tasks [11]:

Derive the structure and the order of a parametric dynamic model that best describes the
helicopter motion and including only the necessary variables that are required to represent the

helicopter dynamics;

After the parametric helicopter model is derived, we must determine a nominal feedback
control law such that the helicopter tracks a predefined reference trajectory. The design should
guarantee that the control inputs remain bounded while the helicopter tracks the reference

trajectory;

Given a specific helicopter, we must determine which is the best methodology to accurately

extract the values of the parametric model that will be used to implement the controller.



1.4.2 General Model of a Controlled System

Consider the system in Figure 10 with m inputs and r outputs [26]. A state-space model for

this system, relates the input and output of a system using (1.24).

u(t) e R™ &= flz) y(t) e R

y = h(x,u)

Fig.10 - System with m inputs and r outputs

The equations governing the behavior of these interactions, commonly take the form of

nonlinear differential equations written in the form:

{x =f(xw (1.24)

y =h(xuw

with initial conditions x(0) = x, and x € R" is the state variables column vector; u € R™ is the
control vector, f and h are nonlinear functions of the helicopter motion, control inputs and external

disturbances [11] and y € R" is the observation vector.

1.4.3 Equilibrium State and Control

We mention that x, € R" is an equilibrium state system with (1.24) if exists a control
u €eR™

flxe,ue) =0 (1.25)

In this case, x, is the equilibrium state system when it suffers a input u = u,, being u, the

equilibrium control system, and to find the system equilibrium conditions, we must solve (1.25).
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1.4.4 Linearized Model

In general, most control designs are based on linearized helicopter dynamics using the
widely adopted concept of stability derivatives. However, in recent years there is considerable
research related to helicopter flight control based on nonlinear dynamic representations. The
nonlinear controller designs are mostly valued for their theoretical contribution to the helicopter
flight control problem.

Linearized helicopter models have a limited range of validity, which is limited to a flight
operation in the vicinity of a certain operating point. On the other hand, nonlinear models provide a
relative global description of the flight envelope. It is important that the mathematical model is
accurate, yet, manageable enough for the design of a controller [11]. The purpose of linearization
and its application is to obtain their corresponding linear model because it is easier to use tools for

linear calculus than nonlinear [7].

Around the state and control equilibrium system, which are the solutions of (1.25), the

model of (1.24) must be linearized and can be written:

{£=Ai+3a

y = C% + Dl (1.26)

where ¥ =x —x,; i =u—u,; A € R™", B € R™™, C € R™*", D € R™*™ and they are the state matrix,

the control matrix, the exit matrix and feed forward matrix respectively.

1.4.5 Controllability, Observability, Stability

Controllability, observability and stability are among the fundamental concepts in modern
mathematical control theory. They are qualitative properties of control systems are of particular
importance in control theory. Study of controllability and observability was started in the beginning
of the 60’s, when the theory of controllability and observability based on a description in the form
of state space for both time-invariant and time-varying linear control systems was worked out. The
concept of stability is also important, because almost every workable control system is designed to
be stable. If a control system is not stable, it’s usually of no use in practice. Many dynamical
systems are such that the control does not affect the complete state of the dynamical system but
only a part of it. On the other hand, in real industrial processes, it’s very often possible to observe

only a certain part of the complete state of the dynamical system.
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Therefore, it’s very important to determine whether or not controllability and observation
of the complete state of the dynamical system are possible. Roughly speaking, controllability,
means that is possible to steer a dynamical system from an arbitrary initial state to an arbitrary
final state using the set of admissible controls. On the other hand, observability means that is
possible to recover the initial state of the dynamical system from knowledge of the input and
output.

There are important relationships between stability, controllability and observability of
linear control systems. Controllability and observability are also connected with the theory of
minimal realization of linear time-invariant control systems. It should be pointed out that a formal

duality exists between the concepts of controllability and observability [27].

1.4.5.1 Controllability

Controllability concept refers to the ability of a controller to arbitrarily alter the

functionality of the system plant.

The system (1.24) is said to be controllable when given any initial state x; € R™, any final
state x, € R", and any finite time T, one can find an input signal u(t) that takes the state of (1.24)

from x; to x; in the interval of time 0 <t <T.

To determine if a system is controllable, we can compute the controllability matrix, which

is defined by

A=[B AB A?B .. A"1B] (1.27)

The system is controllable if and only if this matrix has rank equal to the size n of the state
vector [lgr_2].
1.4.5.2 Observability

Observability is a measure for how well internal states of a system can be inferred by

knowledge of its external outputs.
The system (1.24) is said to be observable when we can determine the initial condition

x(0) by simply looking at the input and output signals u(t) and y(t) on a certain time interval
0<t<T.
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To determine if a system is observable, we can compute the observability matrix, which is
defined by

(1.28)

The system is observable if and only if this matrix has rank equal to the size n of the state
vector [26].

1.4.5.3 Stability

The stability of a system is determined by its response to inputs or disturbances. Intuitively,
a stable system is the one that will remain at rest unless excited by an external source and will
return to rest if all excitations are removed. A system is stable if its impulse response approaches

zero as time approaches infinity [20].

1.4.6 Linear Quadratic Regulator Controller Design (LQR)

The theory of optimal control is concerned with operating a dynamic system at minimum
cost. The case where the system dynamics are described by a set of linear differential equations
and the cost is described by a quadratic functional is called the LQ problem. One of the main results
in the theory is that the solution is provided by the linear-quadratic regulator (LQR), a feedback
controller whose equations are given in the next page [19].

LQR is an optimal controller because provide the smallest possible error to its input, i.e.,
one or more of the outputs of the controlled system, combined with minimizing the control output.
Compared to LQR, a PID (Proportional Integral Derivative) controller simply creates a stable system,
without explicitly optimizing anything. LQR is also straightforward to use for multivariable systems;
the design procedure is essentially the same as for single-input-single-output (5/SO) systems [23] .

LQR is a control scheme that provides the best possible performance with respect to some
given measure of performance. The LQR design problem is to design a state feedback controller K
(1.32) such that the objective function J (1.31) is minimized. In this method a feedback gain matrix
is designed which minimizes the objective function in order to achieve some compromise between
the use of control effort, the magnitude, and the speed of response that will guarantee a stable

system [21].
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In a LQR project it’s necessary that the parameters don’t vary during the time and are
based in quadratic performance criteria. In this case, we force the helicopter to return to the

equilibrium when disturbed. Let’s consider the linear system

X = Ax + Bu (1.29)

with x € R", u € R™, A € R™", B € R™™

We are interested in parameterize the control vector of the LQR in a linear vector function

u(t) = —Kx(t) (1.30)

where K € R™", in order to minimize the performance index

Jw) = fooo(xTQx+uTu) dt (1.31)

where Q is an [ X [ symmetric positive-definite matrix and R an m X m symmetric positive-definite
matrix. The second term on the right side account for the expenditure of the energy on the control
efforts. The matrix Q and R determine the relative importance of the error and the expenditure of
this energy.

The system control law that minimizes (1.31) as the form of (1.30), where K is the system

gain matrix and it’s represented as

K =R7'BTP (1.32)

in which P must satisfy the Algebraic Riccati Equation (ARE) equation:

ATP+PA—PBR'BTP+(Q =0 (1.33)
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The LQR design selects the weight matrix Q and R such that the performances of the closed
loop system can satisfy the desired requirements mentioned earlier. The selection of Q and R is
weakly connected to the performance specifications, and a certain amount of trial and error is

required with an interactive computer simulation before a satisfactory design results [24].

1.4.6.1 Bryson's Rule

A first choice for the matrices Q and R is given by the Bryson's Rule [7] whose diagonal is

given by

Qi = ! —, withi €{1,2,..,1} (1.34)

maximum acceptable value of x;

R = L >, withj € {1,2,..,m} (1.35)

maximum acceptable value of uj

In essence, Bryson's rule scales the variables that appear in j(u) so that the maximum
acceptable value for each term is one. This is especially important when the units used for the
different components of x and u make the values for these variables numerically very different from
each other [lgr_2].

Sometimes the results are not satisfactory and we may have to readjust Q and R. The next

method permits a rigorous calculus of Q and R obtaining an optimal system response.

1.4.6.2 Pole Assignment Controller Design

A full state feedback controller based on the pole assignment method can improve the
system characteristics such that the closed loop system performance will satisfy the requirement
criteria. In the Riccati equation (1.33), weight matrices Q and R are needed. These matrices, and
mainly matrix Q, are calculated rigorously in order to make the control more efficient. Pole
assighment method allows this computation allowing the calculation of matrix Q basing on

eigenvalues imposed on the system by the designer [27].
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Here, eigenvalues of the system (1.29) are calculated from the closed loop feedback matrix,

A, when matrix K is calculated by (1.32) with matrices Q and R determined by Bryson’s Rule.

A=A-BK (1.36)

To calculate the matrix @ using the pole assighment method we need the matrix H called

Hamiltonian matrix. It is given by and its eigenvalues, 4;(H), are divided into two groups having the
form presented in [1.53].

_[AT —BR71BT
H(q)—_Q 4T (1.37)

Group I: 24,..., A, With Re(1;) <0,i=1,...,n (1.38)

Group Il: A, 41500y Az With Re(1,) >0,k =n+1,..,2n

The pole allocation method aims to determine Q so that eigenvalues of Group I of the
Hamiltonian matrix H match with the eigenvalues previously specifies by the designer of the
controller so that the helicopter has certain flight qualities. Then the equation (1.39) must be

fulfilled.
A(H)groupl = Aspecified (1 39)
The matrix Q is constituted
q12 0o 0 O
~[0 a 0 0 1.40
Q o0 0 0 (1.40)
0 0 O q,zl
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The elements g;'s of the matrix Q are computed by forcing

vi,det(4;] —H(q)) =0 (1.41)

Thus, the problem to find the matrix Q becomes a problem of optimization where we have

to calculate g;s values that satisfies

fi(@) = det(A41 — H(q)) = 0 (1.42)

So, at this point, what we have to do to find Q is minimize the function J indicated in (1.43)

J(@) = ZL(fi@)? (1.43)

Relatively to matrix R, we can see by cost function (1.31) that its weight is the form u"Ru,
where we can conclude that when the elements of matrix R are higher, lower is the cost to
stabilize the system, i.e, the magnitude of the control variables is lower. Therefore, there is
flexibility in choosing the elements of matrix R, where they can be have any values since they are
larger than zero, r{s > 0. Thus, matrix R can be simply computed by the Bryson’s Rule as shown in
(1.35).
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1.5 Objectives

This work has as main objective the control, when a disturbance occurs, of a specific
helicopter during flight, hover and autorotation phases, but also to find among the various
controllers in the market, which is desirable for the mission.

Being itself, an unstable platform, using controller will obviously indispensable. It was
projected then two controllers, robust LQR and a normal LQR, so we can find the difference
between them and compare which one will be best suited for the phases under study, for a
linearized and normalized model, and which controller is faster and more accurate to stabilize the
model without compromising performance.

The LQR, being the most used controller due to its characteristics, was used to stabilized
the system and an robust approach was also submitted to this work. The robust approach, which we
will see later, was adapted to this rotary wing platform and implemented. They were compared to
see which one was faster and smoother to stabilized the model in a particular reference.

In each approach we are also going to use the Bryson and Pole Allocation methods to

compare and obtain expected results.
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Chapter 2

Problem Modeling

Has we stated before, our work will focus in the control of the platform during leveled
forward flight, hover and autorotation. In the forward and hover flight, the state matrix A and
control matrix B, for the different velocities are given in Annex 3. These matrices were obtained
using HeliSIM. HeliSIM is a program that creates high-fidelity rotary wing flight dynamic simulation
and has two input files: one describing the aircraft configuration data (geometry, mass properties,
aerodynamic and structural characteristics, control system parameters); the other the flight
condition parameters (airspeed, climb/descent rate, sideslip and turn rate) and atmospheric
conditions [1]. In the autorotation case, some of the stability and control derivatives have to be
calculated and some variables we must take into account. But first, let’s see the general form of

trim and stability analysis.

2.1 Trim Analysis

To extract the linear models, the non-linear model must be trimmed first. The helicopter,
flying forward in straight trimmed flight, is assumed to consist of a main and tail rotor with a
fuselage experiencing only a drag force. The rotor is assumed to be teetering in flap, with no
moments transmitted through the hub to the fuselage, and the center of mass lies on the shaft,
below the rotor. Assuming the fuselage pitch and roll attitudes are close to zero, the following

elementary model of trim can be constructed
T=W (2.1)

This condition actually holds true up to moderate forward speeds for most helicopters and
can be considered for hover and autorotation. Since the thrust remains constant in trimmed straight
flight, the pitch angle follows the drag and varies as the square of forward speed. In this simple
model, the absence of any aerodynamic pitching moment from the fuselage or tail requires that the

hub moment is zero, or that the disc has zero longitudinal flapping [1], [10].
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2.1.1 General Trim Problem

The most general trim condition resembles a spin mode illustrated in Fig.12. The spin axis is
always directed vertically in the trim, thus ensuring that the rates of change of the Euler angles 6

and ¢ are both zero, and hence the gravitational force components are constant.

Fig.11 - The general trim condition of a helicopter

The helicopter can be climbing or descending and flying out of lateral balance with sideslip.
The general condition requires that the rate of change of magnitude of the velocity vector is

identically zero. Considering [1], the trim forms can be reduced to:

~(W.Q. —ViR.) +3,5 — gsen®, =0 (2.2)
—(U,R, —W,P,) + ;—‘; — gcosO,sen®, =0 (2.3)
-(V,R, - U,Q,) + ;—‘; — gcos®,cosd, =0 (2.4)
(Iyy = 122)QeRe + 11P.Qe + Le = 0 (2.5)

(Izz = Ly)RePe + 1,(RE — P2) + M, = 0 (2.6)
(Lx = Iyy)PeQe + 11zQcRe + Ne = 0 2.7)
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For the case where the turn rate is zero, the aerodynamic loads, X,, Y., Z, and the applied
moments L., M, and N, are zero. P,,Q,, R, are the angular velocities in trim. For a non-zero turn
rate, the non-zero inertial forces and moments are included in the trim balance. For our first-order
approximation, we assume that the applied forces and moments are functions of the translational
velocities (u, w, v), the angular velocities (p, q,7) and the rotor controls (8, 815, 61c, o7)-

The Euler angles are given by the relationship between the body axis angular rates and the

rate of change of Euler angle ¥, the turn rate about the vertical axis, i.e.,

P, = —W,sen0, = —Q,, sen0d, (2.8)
Q, = W,sen®,cos0, = Q,,send,cosO, (2.9)
R, = W,cos®,cos0, = Qy,cosP,cos0, (2.10)

We shall concern with the classic case where the four prescribed trim states are defined as in
Fig.11: Vg, (flight speed) , vy, (flight path angle), Y, = Q,, (turn rate), B, (sideslip).

The question that arises is: what happens if the helicopter trim is disturbed? The answer
regarding the effects of small perturbations can be found through analysis of the linearized

equations using the concepts of the stability and control derivatives.

2.2 Stability Analysis

In the stability case, we consider only the linear analysis. Classical six DoF is considered and
its theory is that higher order rotor and inflow dynamics are much faster than fuselage motions and
have time to reach their steady state well within the typical time constants of the whole aircraft
response modes. The stability and control matrices appear in the linearized equation (1.29) To do
that, we have to find first our state matrix A and control matrix B. The tables of stability and

control derivatives are presented in Annex 3 [1].

21



2.2.1 Description of Stability and Control Derivatives

There are 36 stability derivatives and 24 control derivatives in the standard six DoF set. We
shall discuss a limited number of the more important derivatives and their variation with
configuration and flight condition parameters. Each derivative is made up of a contribution from the
different aircraft components - the main rotor, fuselage, etc. In view of the dominant nature of the
rotor in helicopter flight dynamics, we shall give particular, but certainly not exclusive, attention to
main rotor derivatives in the following discussion [1]. The three most significant rotor disc variables
are the rotor thrust T and the two multi-blade coordinate disc tilts ;. and B,;. Considering the
simple approximation that the rotor thrust is normal to the disc, for small flapping angles, the rotor

X and Y forces take the form

Xr =TpPic (2.11)

Y = —TPBs (2.12)

2.2.1.1 Translational Velocity Derivatives

Velocity perturbations give rise to rotor flapping, changes in rotor lift and drag and the
incidence and sideslip angles of the flow around the fuselage and empennage. Although flapping
appears to be a strongly nonlinear function of forward velocity, the longitudinal cyclic required to
trim, is actually fairly linear up to moderate forward speeds. This gives evidence that the moment
required to trim the flapping at various speeds is fairly constant and hence the primary longitudinal
flapping derivative with forward speed is also relatively constant [1]. The translational derivatives

are shown in Annex 4.

2.2.1.2 Angular Velocity Derivatives

Our discussion on derivatives with respect to roll, pitch and yaw rate covers three distinct
groups - the force derivatives, the roll/pitch moment derivatives due to roll and pitch and the
roll/yaw derivatives due to yaw and pitch. Derivatives in the first group largely share their positions
in the system matrix with the trim inertial velocity components. In some cases the inertial velocities
are so dominant that the aerodynamic effects are negligible (e.g., Z, , Y;). In other cases the
aerodynamic effects are important to primary response characteristics. Two such examples are X,

and Y,. We can find these derivatives in Annex 4.
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2.2.1.3 Control Derivatives

Of the 24 control derivatives, we have selected the 11 most significant to discuss in detail
and have arranged these into four groups: collective force, collective moment, cyclic moment and

tail rotor collective force and moment. They are represented in Annex 4.

2.2.2 Linearized Model

We consider the helicopter equations of motion described in nonlinear form (1.29) and have

obtained the following motion states:

x={u,w,q,0,v,p,¢,7,9} (2.13)

where u, v, w are translational velocities; p, q,r are angular velocities; 9, ¢,y are the Euler angles.

The controls are

u= {90' 915: 91(;; GOT} (2.14)

where 6,60, 0., 6oy is main rotor collective, longitudinal cyclic, lateral cyclic and tail rotor
collective pitch, respectively. Now we consider the state matrix A and control matrix B from (1.29).

Matrix A is constituted in four parts: longitudinal dynamic 4,,,,, lateral dynamic 4;,,
longitudinal/lateral coupling A;ng,14:, and lateral/longitudinal coupling Aq;/i0ng- Matrix A can be

obtained in Annex [2].

4= [ Aiong Along tat (2.15)

Alat/long Alat
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General forms of these four sub-matrices are provided

Xy X, +0, Xq+W, —gcos0,
Z,+ Z Z,+U, —gcosd,sen®
Argng = |71 T e o Ta e Tgeosbesente (2.16)
u w q
l 0 0 cos®, O J
X, + R, Xp 0 X, +V,
4 Zy—F Z,—-V, —gsen®,cos0, Z, (2.17)
tong/tat = M, Mp - 2PeIxZIyy - Re(lxxlzz)lyy 0 M, — ZREIXZIY}’ - PE(IXXIZZ)IYY ’
0 0 —Q,c050, —sen0®,
Y.—R., Y,+P Y, gsend®, sen0,
L Ly, Ly + kP, — k3R, 0
Aat/tong = | o 0 sen®,tg0o, —Q,secO, | (2.18)
| N, N)—k;Q. N,+FkiR.P, —ksP, 0
Yo Y,+W, gcosd.cosO, Y.+ U,
L, Ly—kiQ, 0 Ny — kyQ,
Atat “lo 1 0 cos®,tg0, | (2.19)
vy Ny = ks@e 0 Ny = i Qe

All the elements in the above matrices can be obtained through numerical perturbation.
However, there are gravitational and inertial terms in the matrix that can be accurately obtained
through an analytical study of the equations of motion [11].

Finally, the control matrix B is provided by:

[ XGO X91s X91c X90T
Z90 2915 Z91c Z90T
M90 M91s M91c M90T
0 0 0 0
B = Y, Y, Y, Y, (2.20)
6o 015 O1c Oor
L 0o L 015 L O1c L Oor
0 0 0 0
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The stability analysis for the helicopter starts with trim to establish steady state condition,
to obtain linearized model with respect to the established trim condition, and centers on static and
dynamic stability studies. Static stability provides clues on the system’s initial response, while
dynamic stability looks at the system behavior in the long term.

The importance of stability analysis provides us with a clue to the system characteristics and

is also the basis of flight control system design [25].

2.3 Autorotation

What if the engine suddenly fails? The answer is: the helicopter enters in autorotation.
Autorotation is the state of flight where the main rotor system is being turned by the action of
relative wind rather than engine power. It is the means by which a helicopter can be landed safely
in the event of an engine failure. In this case, you are using altitude as potential energy and
converting it to kinetic energy during the descent and touchdown [5].

All helicopters must have this capability in order to be certified. Autorotation is permitted
mechanically because of a freewheeling unit, a type of clutch, which allows the main rotor to
continue turning even if the engine is not running. In normal powered flight, air is drawn into the
main rotor system from above and exhausted downward. During autorotation, airflow enters the
rotor disc from below as the helicopter descends.

The autorotation is also studied, but there are some variables to take into account. One of
them is, considering the Blade Element Theory (BET) shown in Fig.11, since the optimal descent is
purely vertical [3], we assume ¢ = 0, i.e., 8 = a. The rest of the studied variables are calculated

in Annex 2.

Fig.12 - Blade Element Theory
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To the work at hand, the platform as having a rigid structure has about 36 differential

equations, which makes the problem really non-linear and very difficult to solve. The following

simplifications are implemented in order to make the autorotation problem easier:

26

1.

The helicopter structure is considered to be absolutely rigid;
Longitudinal and lateral motions are uncoupled so they can be treated independently;
One DoF (throttle) is eliminated and the rotor speed is set as constant;

The blades are assumed as uniform and the lag bending, elastic twist, and axial deflections

are disregarded (rotor blade coning 8, and flapping motion B, and B;);
The blades do not bend or twist elastically;

The blades have homogeneous mass distribution;

Climb angle and sideslip angle are set as zero;

Induced wake flux and ground effect are ignored.



Chapter 3

Helicopter Robust Control Modeling

We have seen earlier the normal LQR approach, now we are going to see a proposed robust

method based in the LQR approach.

3.1 Robust Control

Modern control techniques have allowed engineers to optimize the control systems they
build for cost and performance. However, optimal control algorithms are not always tolerant to
changes in the control system or environment [4].

Robust control is a method to measure the performance changes of a control system with
changing system parameters. Application of this technique is important to building dependable
embedded systems. The goal is to allow exploration of the design space for alternatives that are
insensitive to changes in the system and can maintain their stability and performance. One
desirable outcome is for systems that exhibit graceful degradation in the presence of changes or
partial system faults.

Based on classical automatic control theory, which we’ve seen before, R.T. Yanushevsky
considered an approach of robust control systems with uncertain parameters which is based on the

optimal control problem with a specified performance [4], [13].

3.1.1 Statement of the Problem

Let’s consider a linear controllable plant described by the equation (1.29). It’s assumed first

that only elements of the state matrix A are not known exactly, i.e.
A <A<A, (3.1)
where 4, = |a,;;| and 4, = |ay;;| characterize the upper and lower bounds of A, respectively.
The robust control problem consists of finding controller equations that make the closed-

loop system asymptotically stable for all state matrices of the form of (3.1). The procedure of

analytical controller design for systems (1.29) is based on minimization of the equation (1.31).
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Unlike the standard procedure of the analytical controller design, in the case under
consideration we lack the proper information to calculate the matrix P. It is known that

minimization of the functional

Ji(w) = fow e? (xTQx + uTRu) dt (3.2)

subject to the boundary conditions described by (1.29) is equivalent to minimization of (1.31)

subject to the system

X = Ayx + Bu (3.3)
and we have that

Ay =A+yl (3.4)

where [ is the identity matrix; the eigenvalues of the matrix 4, are shifted by y in comparison to
the eigenvalues of the matrix A.

A special optimal control problem for (1.29) with fixed constant parameters is considered.
Some information regarding choosing y in (3.2) can be obtained from the estimate of the upper
bound of the eigenvalues of the state family matrices (3.1).

We will call y the upper bound of the eigenvalues of the matrix A of (1.29) if the half-plane

Re s = y contains no eigenvalues (3.1) of A. A simple estimate of y follows from the expression

y = min[max2?=1|aij|,max2?=1|al-j|] (3.5)

Then, we can say that given a controllable system (1.29) with the elements of A satisfying
(3.1), the optimal control law (1.32) makes (1.29) and (1.32) asymptotically stable for all matrices
satisfying (3.1).

The proposed method is based on the consideration of special optimal control problem for
the system with specified constant parameters. The estimate of the upper bound of the eigenvalues
of the state matrices family, can be used to determine the exponential factor used in the
performance index. The given procedure allows us to build robust linear systems as well as a wide

class of nonlinear systems.
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3.1.2 Conclusion

After we applied the proposed method [4] to the helicopter control, rapidly we saw that, by
adding (3.5), the outcome graphics didn’t satisfied what we were looking for, which was a faster
and smoother platform control. Instead of that, we’ve obtained great amplitude of values. To
overcome this problem, we verified that y values were to great and this approach only worked for a
specific interval. So, instead of finding the minimum value of the matrix sum of columns and rows,
we did the opposite, i.e., we found the maximum value of the matrix sum of columns and rows. We

considered (3.6) without compromising the stability.

y = max[min2?=1|aij|,min2?=1|aij|] (3.6)

The results shown on Chapter 4 are the proof that this alteration works and we can get a

faster stabilization without compromising the performance of the system.
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Chapter 4

Validation

In the different forward flight velocities and hover, we’ve obtained the state and control
matrices from [1] and they are represented in Annex 5. For the autorotation, the state matrix and
control matrix was calculated and is represented in Annex 3. In this validation process, we are going
to observe the difference between the normal LQR and robust LQR response. The results are
presented to autorotation, hover and forward flight at 20 knots. The results for the rest of the
velocities are presented in Annex 5.

4.1 LQR Simulation - Westland Lynx in hover flight (V = 0)

Longitudinal Simulation

Longitudinal Velocity vs Time 2 Ascent Rate vs Time
0.055

0.05 faes,

0,046 |-~

0.04

0.035

: : : : : / : : : : : : :
0.03 I I I I I ok I I I I I 1 I
0

% 10° Pitch Rate vs Time x10™ Pitch Angle vs Time
T T T T T T T T T

Fig.13 - LQR (with Bryson’s Rule) Longitudinal Response
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Longitudinal Velocity vs Time K107 Ascent Rate vs Time
T T T

0.05 T T

10 Pitch Angle vs Time
T T T

Fig.14 - LQR (with Pole Assignment) Longitudinal Response

We can easily see that with the LQR with Bryson’s rule, the longitudinal velocity, ascent
rate and pitch angle, when disturbed, their tendency to stabilize is slower than with the pole
allocation method. With the first method, they all tend to stabilize further than 8 seconds (Fig13).
That doesn’t happen with the second method that stabilizes from 2.5 seconds (Fig.14). The pitch
rate in the first method will tend to equilibrium more smoothly than in the second method. None

the less, we guarantee a good and faster control of the system when disturbed.

Let us consider now the robust case:

Longitudinal Velocity vs Time x10% Ascent Rate vs Time

O et S TN SN NN NN N N 4

Fig.15 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Longitudinal Velocity vs Time

Ascent Rate vs Time

Pitch Angle vs Time
T T

Fig.16 - Robust LQR (with Pole Assignment) Longitudinal Response

In the first method, we can see that the system rapidly tends to zero in the first 2,5 seconds

after the disturbance (Fig.15), the longitudinal velocity, ascent rate and pitch angle, respectively.

The pitch rate tries to stabilize faster, but encounters as well at 2,5 seconds the equilibrium. The

second method shows us the same time for stabilization, but as we can see, it is smoother and also

faster, taking only about 3 seconds to find it’s equilibrium position.

Lateral Simulation

Lateral Velocity vs Time
T T

T T 0.005
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Fig.17 - LQR (with Bryson’s Rule) Lateral Response
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Lateral Velocity vs Time Roll Rate vs Time
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Fig.18 - LQR (with Pole Assignment) Lateral Response

For the lateral case, we can see that also the pole allocation method results better, making
the stabilization of the aircraft more suitable and faster. The controller in Fig.17 is smoother than
in Fig.18 but only stabilizes later. In Fig.18 the roll rate is practically zero from the beginning and in
the other cases, it returns to the equilibrium roughly 4 seconds after the disturbance. In Fig.19 and

Fig.20, the robust controller is faster to return to its original position.

Lateral Velocity vs Time Roll Rate vs Time

Fig.19 - Robust LQR (with Bryson’s Rule) Lateral Response
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Lateral Velocity vs Time

Roll Rate vs Time

Fig.20 - Robust LQR (with Pole Assignment) Lateral Response

4.2 LQR Simulation - Westland Lynx in forward flight (V = 20)

Longitudinal Simulation

Longitudinal Velocity vs Time

Ascent Rate vs Time

Fig.21 - LQR (with Bryson’s Rule) Longitudinal Response
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Ascent Rate vs Time
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Fig.22 - LQR (with Pole Assignment) Longitudinal Response
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Fig.23 - Robust LQR (with Bryson’s Rule) Longitudinal Response



Longitudinal Velacity vs Time
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Fig.24 - Robust LQR (with Pole Assignment) Longitudinal Response

Lateral Simulation

Lateral Velocity vs Time
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Fig.25 - LQR (with Bryson’s Rule) Lateral Response
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Lateral Velocity vs Time Roll Rate vs Time

Fig.26 - LQR (with Pole Assignment) Lateral Response

Lateral Velocity vs Time Roll Rate vs Time

Fig.27 - Robust LQR (with Bryson’s Rule) Lateral Response



Lateral Velocity vs Time
10 T

Fig.28 - Robust LQR (with Pole Assignment) Lateral Response

4.3 LQR Simulation - Westland Lynx in autorotation

Longitudinal Simulation
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Fig.29 - LQR (with Bryson’s Rule) Longitudinal Response



40

Longitudinal Velocity vs Time Ascent Rate vs Time

Fig.30 - LQR (with Pole Assignment) Longitudinal Response

Longitudinal Velocity vs Time Ascent Rate vs Time
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Fig.31 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.32 - Robust LQR (with Pole Assignment) Longitudinal Response

Lateral Simulation
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Fig.33 - LQR (with Bryson’s Rule) Lateral Response
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Lateral Velocity vs Time Roll Rate vs Time

Yaw Rate vs Time

Fig.34 - LQR (with Pole Assignment) Lateral Response

Lateral Velocity vs Time Roll Rate vs Time

Fig.35 - Robust LQR (with Bryson’s Rule) Lateral Response



Lateral Velocity vs Time Roll Rate vs Time
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Fig.36 - Robust LQR (with Pole Assignment) Lateral Response

The autorotation control is a very difficult task for the pilot without the use of a controller.
We have considered for the program the parameters [3] to obtain the previous graphics results. For
the longitudinal case, the helicopter starts its descent at 3 knots and land, in all cases, 8 seconds
later and the descent rate is very controlled during the process. Of course the pitch rate is very
small because the helicopter is in vertical descent so it as to be controlled not to crash the aircraft.
The pitch angle is also very small because the controller don’t need a great angle to control the
machine. This is for the LQR with Bryson’s rule. We will ignore the results of the LQR with pole
assignment and robust LQR with Bryson’s rule because the descent rate is so fast, that in a real
autorotation this would not be considered a safe landing. For the last robust LQR, it has the same
results for the velocity and descent rate that the first LQR, but the pitch rate and pitch angle are
different because we have to control the descent with the cyclic, i.e., we have to reduce velocity
by altering the blades incidence angle.

For the lateral simulation, it was supposed the graphics appear all at zero because we do
not consider the four parameters. None the less, in each case the controller tend to the reference

point, which means if there is a lateral disturbance, the controller can always stabilize the system.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

Robust state feedback controller and LQR feedback controller for linear time in variant
systems with uncertain parameters have been presented in this thesis. The helicopter is an
extremely unstable aircraft due to constant vibration. This instabilities makes the development of
a reliable control imperative, to make the helicopter effectiveness during the mission. In the
helicopter simulation, the results focus specially in the attitude, heading and direction, and they
were very satisfying, but none the less we have to discuss the outputs.

The LQR controller is suitable for our work due to its accuracy and reliability. Also, the
sensitivity of the system can be controlled when variations occur, load and input voltage is
considerably low, the system easily adapts itself to these variations.

With the LQR we’ve obtained a desirable stabilization and we have proved that a robustly
stabilizing state feedback can be calculated by solving an auxiliary LQR problem. This controller was
implemented by considering the Yanushevsky robust control approach but with a little difference as
we saw before.

One of the considerations is that, being in this case a military helicopter, when an exterior
factor actuates in the machine and the flight is disturbed, he must stabilize rapidly. The other
considered case is a civil or medicalized helicopter, we must consider the comfort of the passengers
and therefore, when disturbed, it must stabilize smoothly.

We have also to take into account, that we are simulating with values that were obtained
with HeliSIM, who gives a great amount of data. With HeliSIM we can conceive and deploy a
complete aerodynamic model for the real-time simulation of any rotary wing aircraft, specify
subsystems behavior, including flight management systems, autopilot, flight controls and enter
aerodynamics and environmental parameters into the model to perform the simulation.

Starting in autorotation, we had only considered optimal conditions as we’ve said already
before. We had to disregard some of the stability and control derivatives, because some were hard
to find and probably only can be found utilizing HeliSIM and other, due to autorotation conditions,
are not considered. With autorotation, the helicopter is in emergency so it must land safer as fast
as he can but without compromising men and machine. So the robust control is, as well, the most
suitable controller for this situation.

For the stationary case, the machine is exposed to all kinds of disturbances (wind gusts,
vibration from the blades to the fuselage, etc.) and have to be perfectly still. For example, in a SAR

or anti-submarine mission, the AFCS and the pilot, have to keep the platform stand still, because
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the sonar can give erroneous readings or the balance of the winch can further hurt the victim. In
this case also we consider that the most suitable controller will be the robust LQR.

Finally, for the various velocities, the helicopter flies in straight flight. When disrupted from
the flight, the robust controller immediately actuates, and we can observe that in each case, the

robust controller with pole assignment is the one who tends to the imposed reference more quickly.

5.2 Future Work

In this work, we covered a small amount of work that can be made in this area. In the
future, we can use and compare other control methods and observe which one is more accurate for
the problem. In the autorotation case, for example, to see better the system’s behavior, since we
have disregarded other parameters also important such as aerodynamics, moment forces, structural
analysis, etc. We can also considered optimal conditions in our system but perhaps, and because
helicopters can operate in difficult conditions, we could study the model for the worst case scenario
possible.

As we stated before, rotary wing platform as many advantages and a more detailed and
precise study must be made in this area. More studies about trim and stability must be take into
account because it will always be the most important part of helicopter study.

Finally, the development of a RC scale helicopter can be also be interesting. To implement

these, and more controller, depending on the mission, and see how it responds.
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Annex 1

Helicopter configuration parameters

The Westland Lynx Mk7 is a twin engine, utility/battlefield helicopter currently in service in
the British Army Air Corps. The aircraft has been used extensively in a research programme to
calibrate agility standards of future helicopter types. The four-bladed hingeless rotor is capable of
producing large control moments and hence angular accelerations. It also embodies many features
with significant innovation for its age - hingeless rotor with cambered aerofoil sections, titanium
monoblock rotor head and conformal gears [1]. A three-view drawing of the aircraft is shown. The
physical characteristics of the aircraft used to construct the Helisim simulation model are provided

in the Configuration Data table.
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Configuration data — Lynx

aop 6.0/rad L 12208.8 kgm? Xcg —0.0198
aopr 6.0/rad Kpg 166 352 N m/rad 8o 0.009

1p0 —0.0175 rad Ln 7.48 m & 37.983
Bmo —0.0524 rad Lip 7.66 m 83 —45

c 0.391 m Ir 7.66 m 870 0.008

gr 5.8 M, 4313.7 kg 812 5.334

hg 1.274 m Np 4

hr 1.146 m R 6.4 m y T2

Iy 678.14 kgm? Ry 1.106 m Ys 0.0698 rad
Tiy 2767.1 kgm? Stn 1.107 m? A% 1.193

. 2034.8 kgm? Sip 1.197 m? Brve —0.14 rad
;i 13 904.5 kgm? ST 0.208 Qi 35.63 rad/s
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Annex 2

Since we have that optimal autorotation descent from hover is purely vertical, we can consider

certain parameters:

e v = (0 (lateral velocity);
e ¢ =0 (roll angle);
e p =0 (roll ratio);

e 3 =0 (sideslip angle)
From here, we can use the general flight dynamics equations [7] we have:

u="Vcosfcosa
v = Vsinf

w = VcosBsina

and

V =+u?+v2+ w?

For autorotation [3], we have:

V =yu?+w?

The angle of attack and sideslip are defined by:

w
a = arctg —
‘gu

g in—
= arcsin —
V

Since we consider the sideslip angle 8 = 0, in all flight phases and we obtain:

u=Vcosa
v=20
w = Vsina
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Annex 3

System matrix A in the general form

A=
[ X Xu=0Q X —W,
Zy+Q. Z, Zg+ U,
M, M,, M,
| 0 0 cos®,
Y.—Re Yy + P, Yy
L, Ly Ly + kP — kR,
0 0 sen®,tgo,
[ ™ N, N kR —ksP,

Control matrix B in the general form

—gsen®,cos0,

—gcosO, X, + R, Xp
—gcos®,sen®, Z, — P, Zp— Ve
0 Mu Mp - zpelxz/lyy - Re(lxx - Izz)/lyy
0 0 0
—gsen®,sen®, Y, Y, + W,
0 L, Ly + k4 Qe
QysecO, 0 1
0 N Ny + K3Q,
i X90 X91s X91c
290 2915 291c
M90 M91s M91c
s-| 0 0 0
Y90 Y91s Y91c
! ! !
L 0o L O1s L O1c
0 0 0
! ! !
[N 0o N 015 N O1c

0

0

—Qqc050,
gcos®,cos0,

0
0
0

X, +V,
z,

Mr + ZREIxz/Iyy - Pe(lxx - Izz)/lyy

—sen®,
Y, —-U,
L[r - kZQe
cos®P,tgO,
Nr’ - lee

|

|
|
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Annex 4

This description focuses on contributing sources, physical interpretation, and typical signs of
these derivatives [1], [6], [12].

X, (drag damping): is main contribution from fuselage parasite drag and main rotor H-force. By
definition, the sign of X, is negative, corresponding the increase of drag with the increase of speed.

The effect is to require more forward tilt as speed increases.

IR

Nt

Q

puS
M,
X,, (drag due to vertical velocity): At hover and autorotation, X, is zero. Is not very significant to

either static or dynamic stability characteristics.

Z,, (heave damping): For the helicopter at low speed, it is an important vertical control response

parameter. It plays an important part in hover and forward flight.

_ Pau(QR)A, ( 4 )

7. =
w 2M, 8u + ags

Z,, (lift due to forward speed): At hover and autorotation, Z, is zero. This derivative is not especially

significant, except possibly at high speed where it may affect dynamic divergence.

M,, (speed stability): At hover, the rotor flaps back in response to a head wind disturbance. As the
resultant nose-up moment is in the direction opposing the disturbance, the rotary-wing vehicle is
statically stable with Mu being positive. But an excessive value of M, may lead to unstable phugoid
response and is sensitive to gust. In forward flight, the rotor has a similar contribution

while the horizontal stabilizer may have a significant effect to M,,.

M,, (angle of attack stability) : At hover and autorotation, the value of M,, is considered zero. In
forward flight, a positive increase of angle of attack leads to backward tilting of the rotor, creating
a nose-up moment to further increase the angle of attack. Thus, the contribution from the rotor to

M, is destabilizing with its corresponding value taking positive sign. A horizontal stabilizer
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contributes a stabilizing effect, which is the main reason to justify its existence in a pure helicopter

configuration.

M, (pitch damping): For a rotor with counter clockwise rotation, a positive change in the pitch rate
results in a negative roll due to gyroscopic moment. This in turn causes a flap-down for the blade
over the nose and a flap-up for the blade over the tail. The resultant nose-down moment opposes

the original pitch rate variation, thus the damping effect.

L, (dihedral effect): L, is the lateral counterpart of M,,. For a right sideslip, the rotor responds with a
left roll. A positive dihedral effect thus takes a negative value. The contributions from both tail
rotor and vertical tail depend on their relative location above or below C.G. When above C.G., the
effect is stabilizing and vice versa. Similar to M,,, an excessively large value of L, may not be
preferable. In some helicopter configurations, the vertical tail is placed underneath the tail boom in

order to have a moderate value of L, .

L, (roll damping): L, is the lateral counterpart of M,. The contribution of the main rotor to the

damping in roll is an important characteristic for lateral-directional stability.

L, ~ —M@ +s,;1y—6)

IXX

N, (weathercock stability): In autorotation N, is zero. The main contributions to N, are from the tail

rotor and vertical tail. Both are stabilizing with N, taking a positive value.

N, (yaw damping): Both tail rotor and vertical tail will produce contributions to the yaw damping. In

hover, the main contribution to the yaw damping is from the tail rotor.
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Y, (sideforce due to sideslip) : The sideforce due to sideslip or sideward velocity will act to resist or

damp sideward motion.

Y, (sideforce due to yaw rate): The primary contribution to side force due to yaw rate will be from
the tail rotor for conventional helicopters. The vertical tail fin will also affect the side force due to

yaw rate.

Y, (sideforce due to roll rate): Both main and tail rotors will contribute to the side force due to roll

rate.

Yy15 (sideforce due to lateral control): The side force due to lateral control results from tilting the

rotor tip path plane to the side.

Yoor (side force due to directional control): The side force due to directional control will be a function

of tail rotor thrust resulting from a rudder pedal control input.

Ngor (yaw control moment): The directional control (yaw control) is the tail rotor effectiveness

or yawing moment resulting from rudder pedal inputs.

Lgqs (lateral control) The lateral control derivative is primarily a function of the rate of change of

rotor tip path tilt with lateral cyclic input.

56



N, (yaw due to roll rate) : The yaw due to roll rate derivative depends primarily on the height of the

tail rotor with some contribution from the vertical stabilizer.

Zgo (heave control sensitivity) : The heave control sensitivity, in hover, is

7 8 apApp(£2R)*Ag
90 31640 + ags)M,

and in forward flight

4 ayApp(AR)?p
Zogo® —=———(1+15
00~ 3B+ ags)M, 2
Zg1s : In hover, Zy,, = 0 but in forward flight is
, 2a,A,p(QR)? 112
O1s = " (Bu + ags)M,
Lg1c (rolling moment):
NSy, 0
LBlc x = 161
XX

Xoors Zgor» Mgor (tail rotor collective pitch angle): Are considered zero.

Xo0, Xo15: X916 Mo1s, Zg10 Xg1c+ Derivatives values considered zero.
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Annex 5

State and Control matrices and results of the different velocities

Autorotation

1—0.004214

0.0000
0.0000
0.0000
0.0000
0.3397
0.0000
0.0000

r 0.0000
—-93.9179
0.0000
0.0000
0.0000
0.0000
0.0000

L 0.0000

Hover [V = 0]
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[—0.0199
0.0237
0.0468
0.0000
0.0207
0.3397
0.0000
- 0.0609

[ 6.9417
—93.9179
0.9554

0.0000
—0.3563
7.0476
0.0000

L 17.3054

0.0000

—0.45212

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0000

—0.006832

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000

0.0215

0.0000 —9.8100 —0.0220
0.0000 —4.2857  0.0000
—1.69947 0.0000 0.0000
0.9981 0.0000 0.0000
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Forward Flight [V = 20]
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Longitudinal Simulation
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Fig.37 - LQR (with Bryson’s Rule) Longitudinal Response

Longitudinal Velacity vs Time
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Fig.38 - LQR (with Pole Assignment) Longitudinal Response
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Fig.39 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.40 - Robust LQR (with Pole Assignment) Longitudinal Response
61



Lateral Simulation

Lateral Velocity vs Time Roll Rate vs Time
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Fig.41 - LQR (with Bryson’s Rule) Lateral Response
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Fig.42 - LQR (with Pole Assignment) Lateral Response



Lateral Velocity vs Time
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Fig.43 - Robust LQR (with Bryson’s Rule) Lateral Response
“ Lateral Velocity vs Time “
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Fig.44 - Robust LQR (with Pole Assignment) Lateral Response
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Forward Flight [V = 60]
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Fig.45 - LQR (with Bryson’s Rule) Longitudinal Response
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Fig.46 - LQR (with Pole Assignment) Longitudinal Response
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Fig.47 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Longitudinal Velocity vs Time Ascent Rate vs Time
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Fig.48 - Robust LQR (with Pole Assignment) Longitudinal Response
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Fig.49- LQR (with Bryson’s Rule) Lateral Response



Lateral Velocity vs Time Roll Rate vs Time

Fig.50 - LQR (with Pole Assignment) Lateral Response
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Fig.51 - Robust LQR (with Bryson’s Rule) Longitudinal Response

67



Lateral Velocity vs Time

Roll Rate vs Time

Fig.52 - Robust LQR (with Pole Assignment) Lateral Response

Forward Flight [V = 80]
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Longitudinal Simulation

Longitudinal Velocity vs Time Ascent Rate vs Time

Fig.53 - LQR (with Bryson’s Rule) Longitudinal Response
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Fig.54 - LQR (with Pole Assignment) Longitudinal Response
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Longitudinal Velocity vs Time
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Fig.55 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.56 - Robust LQR (with Pole Assignment) Longitudinal Response
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Lateral Simulation

Lateral Velocity vs Time Roll Rate vs Time

Fig.57 - LQR (with Bryson’s Rule) Lateral Response

Lateral Velocity vs Time Roll Rate vs Time

Fig.58 - LQR (with Pole Assignment) Lateral Response
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Fig.59 - Robust LQR (with Bryson’s Rule) Lateral Response
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Fig.60 - Robust LQR (with Pole Assignment) Lateral Response



Forward Flight [V = 100]
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Fig.61 - LQR (with Bryson’s Rule) Longitudinal Response
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Longitudinal Velocity vs Time Ascent Rate vs Time
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Fig.62 - LQR (with Pole Assignment) Longitudinal Response

Longitudinal Velocity vs Time Ascent Rate vs Time
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Fig.63 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.64 - Robust LQR (with Pole Assignment) Longitudinal Response

Lateral Simulation

Lateral Velocity vs Time
T T T

i i i
4 5 6 7
Yaw Rate vs Time
0 T 1 ‘ T
0.01 [
\
i
0.02 Hy
!
1

s
=
2
It

Ascent Rate vs Time

E
N

Roll Rate vs Time

Roll Angle vs Time

LQR (with Bryson’s Rule) Lateral Response

75



76

Lateral Velocity vs Time Roll Rate vs Time
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Fig.66 - LQR (with Pole Assignment) Lateral Response
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Fig.67 - Robust LQR (with Bryson’s Rule) Lateral Response



Lateral Velocity vs Time

Forward Flight
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Fig.68 - Robust LQR (with Pole Assignment) Lateral Response

[V = 120]

0.0385
—0.9008
0.0380
0.0000
0.0129
0.2281
0.0000
0.0187

—7.0223
—49.3051
30.9867
0.0000
—1.2845
—19.4471
0.0000
—4.6280

61.5464
—2.5919

—0.1283
—1.8534

2.7192

0.9989

0.0016
0.0877

2.1602
0.0001
—6.0002
0.0000
-9.5747
—153.4332
0.0000
—26.3702

—9.8052
0.3205
0.0000
0.0000
—0.0152
0.0000
0.0000
0.0000

0.0000 1
0.0000
0.0000
0.0000
4.8851
—-0.9776
0.0000

—0.0001
—0.0236
0.0058
0.0000
—0.2142
—0.1847
0.0000
0.0811

—13.1671

—0.0916
-0.7219
0.4225
0.0000
—2.7024
—10.2992
1.0000
-1.7721

0.0000 0.0000 1
0.4681 0.0000
0.0000  0.0000
0.0000 0.0477
9.7940 —61.2455
0.0000 —0.3827
0.0000 —0.0327
0.0000 —1.3896-

77



Longitudinal Simulation

Longitudinal Velacity vs Time

Ascent Rate vs Time

Fig.69 - LQR (with Bryson’s Rule) Longitudinal Response
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Fig.70 - LQR (with Pole Assignment) Longitudinal Response
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Longitudinal Velocity vs Time x 107 Ascent Rate vs Time
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Fig.71 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.72 - Robust LQR (with Pole Assignment) Longitudinal Response
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Lateral Simulation
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Fig.73 - LQR (with Bryson’s Rule) Lateral Response
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Fig.74 - LQR (with Pole Assignment) Lateral Response
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Fig.75 - Robust LQR (with Bryson’s Rule) Lateral Response
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Fig.76 - Robust LQR (with Pole Assignment) Lateral Response
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Forward Flight [V = 140]
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Fig.77 - LQR (with Bryson’s Rule) Longitudinal Response
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Fig.78 - LQR (with Pole Assignment) Longitudinal Response
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Fig.79 - Robust LQR (with Bryson’s Rule) Longitudinal Response
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Fig.80 - Robust LQR (with Pole Assignment) Longitudinal Response

Lateral Simulation
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Fig.81 - LQR (with Bryson’s Rule) Lateral Response



w10 Lateral Velocity vs Time %107 Roll Rate vs Time

Fig.82 - LQR (with Pole Assignment) Lateral Response
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Fig.83 - Robust LQR (with Bryson’s Rule) Lateral Response
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Lateral Velocity vs Time Roll Rate vs Time
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Fig.84 - Robust LQR (with Pole Assignment) Lateral Response



