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The four-detector photopolarimeter (FDP) is analyzed for an arbitrary spatial configuration and any reflection
characteristics (ri, /i, Ai) of the first three detectors. The instrument matrix A, which relates the output signal
vector I to the input Stokes vector S by I = AS, and its determinant are derived explicitly. The essential condition
that A be nonsingular (det A $ 0) is satisfied in general with uncoated absorbing detector surfaces, assuming that
the plane of incidence (POI) is rotated between successive reflections by other than 90°. Therefore no special
coatings on the detectors are required, and a thin dielectric (e.g., thermal oxide) layer would suffice. The
differential reflection phase shift A is unrestricted for the first and third detectors and has optimum values of ±90'
for the second. The optimum rotation angles of the POI are +45 0 and +135'. The optimum values of the surface
parameter ip are 27.37°, 22.50 or 67.50, and 0 or 90° for the first, second, and third reflections, respectively. The
following topics are also considered: (1) the partition of energy among detectors, (2) the effect of tilting the last
detector, (3) operation of the FDP over a broadband spectral range, (4) choice of the light-beam path, and (5)
calibration.

1. INTRODUCTION

The most general state of (partial elliptical) polarization of a
beam of monochromatic or quasi-monochromatic light, as
represented by the four Stokes parameters, 1 can be mea-
sured by an arrangement of four photodetectors and no
other optical elements, as was demonstrated recently both
theoretically and experimentally.2 3 In this four-detector
photopolarimeter (FDP) (Fig. 1), the light beam is relayed
from one detector to the next by partial specular reflection
at oblique incidence, and the last detector absorbs substan-
tially all the remaining radiation that impinges upon it at or
near normal incidence. Each detector Dk generates an elec-
trical signal ik (k = 0, 1, 2, 3) proportional to the fraction of
the radiation that it absorbs. Because such a fraction is a
certain linear combination of the four Stokes parameters of
incident light, the four outputs thus developed form a 4 X 1
signal vector I = [io il i2 i3 ]t, which is linearly related by

I = AS (1)

to the input Stokes vector S = [So Sl S2 S 3]t. (t indicates the
transpose.) Consequently, S is obtained by

S = A-1 I. (2)

linear polarizations parallel and perpendicular to the local
plane of incidence, respectively. The unambiguous deter-
mination of all four Stokes parameters requires that A be
nonsingular, or det A 0 0. The singularity conditions are
established in detail. Optimum parameters that maximize
Idet Al are also derived. We also consider (1) the partition-
ing of energy among the four detectors; (2) the effect of
tilting the last detector; (3) operating the instrument over a
wide spectral range, using Si detectors; (4) light paths; and
(5) determination of A by calibration.

2. THE EXPLICIT INSTRUMENT MATRIX A

The Stokes vector of the incident light to be measured and
the Stokes vectors of the light reflected from the surfaces of
photodetectors Do, D1, and D2 are

S =S,

S() = MOS,

S(1) = MRMOS,

S(2) = M2R 2MRMOS, (3)

A is a 4 X 4 real matrix, called the instrument matrix, that is
characteristic of the FDP at a given wavelength.

In this paper we provide a general analysis of the FDP. In
particular, the instrument matrix A is determined for any
configuration of the four detectors with arbitrary surface
parameters rm, Pm, and Am (m = 0, 1, 2) of the first three

detectors and arbitrary rotations al and a2 between the
second and first and between the third and second planes of
incidence, respectively. r is the reflectance of the mth
detector surface for incident unpolarized or circularly polar-
ized light, and tan 'l/m exp(jAm) = rpm/rsm is the ratio of the
complex reflection coefficients of the surface for the p and s

respectively, where

1

-cos 2/'1
= rl 0

0 0

-cos 2'P

1

0

0

O sin 21 cos Al

O -sin 24'1 sin Al

0
0

sin 21 sin Al

sin 241 cos Aij
(4)

is the reflection Mueller matrix4 of the th detector and
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ly. The first two rows of F are obtained by simple inspec-
tion, and the remaining two are obtained by performing the
matrix multiplications that appear in F2 and F 3 , using the
explicit forms of Ml and R in Eqs. (4) and (5). The result is

F- f1 0 0 F ho fil ° ° lo
f2O 21 f22 f23 I (10)

Lf30 f3 1 f3 2 /331

where

D0 o0

Fig. 1. Diagram of the FDP. The surfaces of photodetectors Do,
DI, and D2 are partially specularly reflecting, whereas that of D3 is
substantially totally absorbing. The four output currents io, i, i2,
and i3 determine the input Stokes parameters So, SI, S2, and S3- Pn
is a transverse reference polarization direction parallel to the nth
plane of incidence. cl and a 2 are the rotation angles of the plane of
incidence.

fio = r,

fl = -rO COS 2os

f20 = rrl(l + cos 2/o cos 24/1 cos 2j),

f2l = -rorl(cos 2 o + cos 2/1 COS 2)

/22 = -r0 r1 (sin 2 o cos A0 cos 21 sin 2aj),

f23 = -r0 r1 (sin 2o sin A0 cos 2/1 sin 2a1),

/30 = r0r1 r2( + cos 2 o cos 2/1 cos 2a1

+ cos 21 cos 22 cos 2a2
Fi 0 0 0 1
0 cos 2acl sin 2 0

0 -sin 2a1 cos 2cr1 0

LO 0 0 ii

(5)

is the rotation Mueller matrix4 that describes the effect of
rotation of the plane of incidence between successive reflec-
tions. [The significance of adding the first of Eqs. (3) be-
comes apparent in what follows.]

The light flux of the beam along its segmented path is
given by So, SO0W), So, and So(2), which are the first elements
of the Stokes vectors S, S(0), S(1), and S(2), respectively. For-
mally, each flux is obtained by premultiplying both sides of
Eq. (3) by the row vector

r= [looo]. (6)

It is convenient to combine these fluxes into a single light
vector

IS (0)I
L = '0(°' * (7)

LSo(2)

L is linearly related to the input Stokes vector by

L = FS, (8)

where F can be expressed in terms of its rows as follows:

P2 m 1R 1M0 (9)

LFJ M2R2M1R1Mo0

By the definition of r [Eq. (6)], it is obvious that the second,
third, and fourth rows of F (F1 , F2 , and F 3) are the first rows
of the matrices MO, M1R1Mo, and M 2R2M1R 1Mo, respective-

+ cos 2V/o cos 242 cos 2ar1 cos 2a2

- cos 2 4 o sin 241 cos A1 cos 24/2 sin 2ac1 sin 2ac2), (llg)

f3l = -rorlr 2 (cos 2'o + cos 2 4 1 cos 2a,

+ cos 24,o cos 21 cos 22 cos 2cr2

+ cos 242 cos 2 1 cos 2a2

- sin 24/j cos A1 cos 22 sin 2 1 sin 2 2), (llh)

/32 = -rorlr 2 (sin 2 o cos A0 cos 2/1 sin 2 1

+ sin 2 a cos A0 cos 2/2 sin 2 1 cos 2a2

+ sin 2 o cos A0 sin 2 I, cos A1 cos 22 cos 2a1 sin 2a2

- sin 2o sin A0 sin 2j sin A1 cos 22 sin 2a2), (lli)

f3 = -rorjr 2 (sin 2o sin A0 cos 2, sin 2 1

+ sin 2 sin A0 cos 22 sin 2 1 cos 2 2

+ sin 2 o cos A0 sin 21 sin A1 cos 22 sin 2 2

+ sin 2 o sin A0 sin 21 cos A1 cos 22 cos 2a 1 sin 2a 2).

(llj)
The electrical output signal of each detector is proportional
to the light flux that it absorbs, which is the difference
between the incident and reflected fluxes, so that

io = ko(SO- S- o))

il = k(SO(° - SOM),

i2 = k2(SO (1) - S(2)),

i3 = k 3 SO(2 ), (12)

where k is the responsivity of the nth detector and includes
any postdetection amplification factor. The last element of

D3

(lla)

(lb)
(llc)

(lid)

(lie)

(lf)
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Eqs. (2) is consistent with the assumption that the last
detector is nonreflecting or totally absorptive. Equations
(12) can be cast in matrix form as

I = KDL, (13)

where K is the diagonal responsivity matrix,

Fo 0 0 0

K 0 k, 0 X (14)

10 0 k, 01

LO 0 0 k 3 J

D= 0 1 -1 0 ,(15)

LO 0 1,

and L is the light vector of Eq. (7). Clearly, D is a conve-
nient matrix that determines the detected flux differences,
when it premultiplies the light vector L. By combining Eqs.
(8) and (13), we obtain

I = KDFS. (16)

Comparing Eq. (16) with Eq. (1) establishes the instrument
matrix in the form

It is remarkable that the determinant of the instrument
matrix is in the product form of Eq. (21). det A = 0, and A is
singular, if any of the multiplicative terms is zero. It is
instructive to group the singularity conditions as follows:

(1) k = 0, = 0, 1, 2, 3. If the responsivity of any

detector is zero, the corresponding output signal disappears,
and a measurement is lost. This can happen, e.g., if a detec-
tor fails or if its power supply is disconnected, in which case
it becomes a passive reflector producing no output current.

(2) r = 0 for = 0, 1, 2. r = 0 means that the light beam
vanishes after the Ith detector and is not relayed to subse-
quent ones, leading to the loss of one or more signals. Mak-
ing the first three detector surfaces reflective guarantees
that this type of singularity will not occur.

(3) The third bracketed term on the right-hand side of
Eq. (21), sin 2cr1 sin 2c2, vanishes if crl or cr2 = 0, 900, 180°.
Thus the planes of incidence of two successive reflections
must not coincide or be orthogonal. The light path in the
FDP can be chosen easily to avoid this singularity once and
for all. (Because crl and cr2 are purely geometrical parame-
ters, characteristic of the light path, this type of singularity
is avoidable independent of the wavelength of light.)

(4) The fourth (psi) term in Eq. (21) vanishes if any of
the following conditions is satisfied:

A = KDF, (17)

where K, D, and F are given explicitly by Eqs. (14), (15), and
(10) and (11), respectively. This completes the task of find-
ing the instrument matrix of the general FDP. [Obviously,
there is nothing to gain by further expansion of Eq. (17),
considering the appearance of the elements of F in Eqs.
(1).]

3. SINGULARITIES OF THE INSTRUMENT
MATRIX

From Eq. (2) it is required that A-' exist for the unambigu-
ous determination of the full Stokes vector S from the out-
put current vector I. This means that A must be nonsingu-
lar and its determinant, det A, must be nonzero. Therefore
it is essential to calculate det A. From Eq. (17),

det A = (det K)(det D)(det F), (18)

since the determinant of a product of a number of matrices
equals the product of the determinants of the individual
matrices. From Eqs. (10), (14), and (15), we have

det K = koklk 2k3,

detD = 1,

det F = fll(/233 - f23f32), (19)

so that

det A = (k 0kjk 2k 3)f11(f22f33 - f23f32)- (20)

Finally, substitution of fij from Eqs. (11) into Eq. (20) gives

det A =-(kOkk 2k3 ) (ro3r, 2r 2) (sin 2cr1sin 2cr2)

X (sin 2 2 4/ cos 2 4o sin 24/, cos 24/1 cos 242) (sin Al).

(21)

Recall that, by definition, A assumes values in the range 0 <
A < 7r/2. Equations (22a) and (22c) tell us that the surfaces
of the first two detectors must not act as perfect linear
polarizers, whereas Eqs. (22b), (22d), and (22e) indicate that
none of the surfaces of the first three detectors should reflect
the p and s polarizations equally (or function as a reflection
retarder). From what we know about the reflection of light
from coated and uncoated absorbing surfaces,4 these singu-
larities would not occur unless by design. If the detectors
are coated by transparent films of thickness of the order of
the wavelength of light, these psi singularities may occur at a
few discrete wavelengths in broadband spectral applica-
tions.

(5) Finally, consider the last term on the right-hand side
of Eq. (21). This term, sin Al, shows that the successful
operation of the FDP as a complete photopolarimeter de-
pends on one essential differential reflection phase shift, Al,
at the surface of the second detector. The absence of AO and
A2 from the determinant is notable and indicates that these
phase shifts are unrestricted. This makes detector surface
design much simpler. Obviously, singularities occur when

A1 = 0 or 7r. (23)

Such phase shifts are typically associated with light reflec-
tion from transparent (dielectric) surfaces. Thus the mere
fact that a photodetector surface is absorbing guarantees
that the delta singularity will not occur. Again, for an opti-

0 = O or r/2,

40 = 7r/4,

4, = 0 or 7r/2,

A/ = 7/4,

42 = W4.

(22a)

(22b)

(22c)

(22d)

(22e)
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cally thick coating and over a broad spectral range, Eq. (23)
may be satisfied at a few discrete wavelengths.

From the preceding discussion we reach the following im-
portant conclusions: (1) With simple precautions the in-
strument matrix can be made nonsingular over a wide spec-
tral range. This is demonstrated further in Section 6 for a
FDP using Si detectors. (2) Operation of the FDP does not.
require special thin-film coatings of the detector surfaces
because the singularity conditions are avoided readily with
uncoated absorbing surfaces.

4. OPTIMIZATION

We now seek optimum parameters that make the FDP in-
strument matrix as far from singular as possible by maximiz-
ing the absolute value of a normalized determinant defined
by

(det A) = detA/(k0 klk2k3)(r 0
3 r 1

2 r2). (24)

(1) Rotation angles of the plane of incidence of

Crl c2 = 45' or 135' (25)

maximize the absolute value of the alpha term of the deter-
minant, T = Isin 2 1 sin 221, with the maximum value being
1. It should be noted that changing the angles between
planes of incidence by 15' around the optimum values of
Eq. (25) diminishes T by no more than 25% [sin(2 X
30')sin(2 X 30°) = 0.75]; therefore the selection of a light
path is not critical.

(2) The psi term of the determinant can be broken into a
product, T = TOThTtP 2, where To = sin2 2 /a cos 2 a T =
1/2 sin 4 i, and T 2 = cos 22. The maximum of To, occurs
when

dL (sin2 24/o cos 2 / ) = 0,
dwc i

which gives

,o = 1/2 cos 4I73 = 27.370,

value, small changes of 4o, 4/i, 02, and Al around the opti-
mum values given by Eqs. (26) and (27) do not affect the
determinant to first order. The maximum absolute value of
the overall normalized determinant is

(det A)aX =3 (28)

5. PARTITION OF ENERGY AMONG THE
FOUR DETECTORS

An interesting question related to the FDP has to do with
the choice of the surface reflectivities r, r, and r2 of the first
three detectors. (Recall that r3 = 0; i.e., the last detector is
totally absorbing.) This, in turn, determines the partition
of input beam energy among the four detectors in the course
of polarization measurement.

One meaningful criterion is that of equal weight in the all-
important determinant of the instrument matrix A. From
Eq. (21), we see that this is accomplished when

r =3 = r2 (29)

Equation (29) represents an intuitively desirable constraint
on detector surface reflectances. According to Eq. (29) the
reflectivity is highest for the first detector and decreases
gradually as we go to the second and third detectors. If we
were to make a special effort to satisfy Eqs. (29), this would
involve control of the angles of incidence and possibly thin-
film coatings on the detector surfaces.

Another criterion for selecting r, r, and r2 is equipartition
of energy among the four detectors for incident unpolarized
light. (It should be noted that for a given FDP, the division
of input radiation power among the four detectors is a func-
tion of incident polarization; that is exactly why such polar-
ization can be measured.) The normalized (unit-power)
Stokes vector of incident unpolarized light is

S= [0]t. (30)

Substitution of this vector into Eq. (8) gives the light vector

L. = [ fo f2a f3] t,
(26a)

at which 7moax = 2/3 T is maximum (=1/2) when 44i, = r/
2 or 37r/2, which gives

= r/8 = 22.50

or

= 3r/8 = 67.5°. (26b)

Finally, IT 2I is maximum (= 1) when 242 = 0 or r, or

2 = 0 or 90°. (26c)

The optimum values of 4/2 in Eq. (26c) indicate that the third
detector surface should, ideally, be polarizing. The overall
maximum absolute value of Tp is l1Q3.

(3) The remaining delta term, TA = Isin A1l, is maximum
(1) when

A1 = ±900, (27)

(31)

where the subscript u reminds us of the assumed unpolar-
ized incident radiation. The flux differences absorbed by
the four detectors are the elements of the vector

V = DL = [(1 - fo) - 20) (20 -f3o)f3o]X (32)

where D is the difference matrix of Eq. (15). Equipartition
is achieved by setting every element of V equal to 1/4:

1-f 1 0 = 1/4, f1o - f20 = 1/4,

(33)f2 - f3 = 1/4, f30 = 1/4.

Equations (33) simplify to

flo = 3/4,

f20 = 1/2,

f30 = 1/4.

(34a)

(34b)

(34c)

which corresponds to light incident upon the second detec-
tor at a principal angle.5

Because a function is stationary at a point of maximum

From Eqs. (ha) and (34a), we get

ro = 3/4, or 75%.

Azzam et al.
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1 .0 -

From Eqs. (11c), (hg), (34b), and (35c), it becomes evident

that r and r2, which are required for equipartition, will

depend in general on the other system parameters cri, {i, and
Ai. If the optimum choice cos 2cl = cos 2a2 = 0 (e.g., crl = a2

= 450) is made, which is always possible by the selection of

the light path, we get, from Eqs. (11c) and (34b),

rl = 2/3, or 66.67%.

0.9-

0.8-

0.7-

(35b) 0.6-
Q

Finally, if we also take cos Al = 0 (e.g., Al = 900), which is

also optimal, we get, from Eqs. (hg) and (34c),

r2 = 1/2, or 50%. (35c)

As before, Eqs. (35) may be satisfied by control of incidence
angles and detector coatings.

Whereas tailoring the surface reflectances according to
one or the other of the foregoing criteria is desirable, the
FDP will continue to function satisfactorily as long as a

nonnegligible fraction of the incident radiation (e.g., a few

percent) reaches the last detector. In this regard, notice
that, aside from noise considerations, the detector responsi-
vity and gain can make up for a reduced light level. This is

apparent in Eq. (21), where the k product precedes the r
product.

6. EFFECT OF TILTING THE LAST DETECTOR

In Fig. 1, the last detector D3 is shown to intercept the light
beam at normal incidence. Because the surface of D3 cannot
be made totally absorptive (or perfectly antireflective) over
a broad spectral range, it is desirable to tilt that detector by a
small angle to avoid multiple reflections inside the FDP.
The weak residual beam that is reflected by D3 is dumped. 3

If the surface of D3 is optically isotropic and planar (coat-
ed or uncoated) and is tilted by a small angle (<100), the
reflectance of that surface, r3, stays independent of the po-

larization of incident light. This follows from the stationary
property of reflection near normal incidence, which is dis-
cussed elsewhere.6 Under these conditions, the analysis of
Sections 2-4 remains intact, except for the minor substitu-
tion of (1 - r3)k3 in the place of k3 wherever it appears.

In conclusion, the operation of the FDP is unaffected by
the small tilt of the last detector that is required to block
unwanted optical feedback. (The case of the in-line light-

saving photopolarimeter,7 in which the last detector is tilted
by a large angle and all detector surfaces are made highly
reflective to preserve the power and the direction of the
incident light, falls outside the scope of this paper.)

7. OPERATION OF THE FOUR-DETECTOR
PHOTOPOLARIMETER OVER A BROAD
SPECTRAL RANGE

It is important to demonstrate that, for a given set of four

detectors and a given light path, the FDP can measure all
four Stokes parameters of incident light, if the wavelength is
changed over a broad spectral range.

As an example, we assume that the first three photodetec-
tors are identical, windowless, planar Si photodiodes with a
passivation SiO 2 layer only 10 nm thick on each detector

surface. For simplicity, we also assume that the light beam

strikes each detector at the same angle of incidence 0 and

0.

0. 3~~~~6

200 300 400 500 600 700 800

Fig. 2. The quantity Q(X) [Eq. (36)], which is h/8 of the normalized
determinant of the instrument matrix A, versus the wavelength X
for a FDP that uses identical Si detectors Do, D1 , and D2 , each of
which is coated by a thin (10-nm) SiO2 film and each of which
reflects light at the same angle of incidence k. The four curves
correspond to k = 500, 600, 700, 800. The optical properties of SiO2
and Si are taken from Refs. 8 and 9, respectively. Notice that Q(X)
5d 0, and hence A is nonsingular over the entire 207-826-nm spectral
range.

0.85 -

0.80 - K

0.75 -

r
0. 70 7

0 .65 - 6C

St

0. 60-

0.55 -

0.50-

0 .45-

0.40-

0. 35 -

0. 30 -
200 300 400 500

A -m

600 700 800

Fig. 3. The unpolarized-light spectral reflectance of a Si detector
coated by a 10-nm SiO2 film at four angles of incidence ,/ = 5 0 °, 600,

70°, 800. The optical properties of SiO2 and Si are taken from Refs.
8 and 9, respectively.

that the plane of incidence rotates by ±450 or ±1350 be-
tween the first and second and between the second and third
reflections (such rotations, crl and cr2, are optimal, as is dis-
cussed in Section 4). From Eqs. (21) and (24), the normal-
ized determinant of the instrument matrix is given by

+8(det A), = Q = sin 3(44)sin A, (36)

where = 4o = Al = 2 and A = Al.
Figure 2 shows the quantity Q(X) plotted as a function of

the wavelength X between 207 and 826 nm (1.5-6 eV of

Azzam et al.
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Q
0.4

60 ,

500' ( -
Fig. 4. Same as in Fig. 2 except that the thickness of
now 200 nm. The oscillatory behavior of Q(X), a 
interference in the optically thick film, causes the i
trix to be singular (det A = 0) at a number of discret

entire spectral range is adequate for the broadband opera-
tion of the FDP. Note that the region of low Q in the near
UV in Fig. 2 is one of high reflectance in Fig. 3.

Let us now consider the effect on the FDP of using a
thicker (e.g., 200-nm) oxide layer on each detector surface.
Figure 4 shows Q(X) versus X in this case. The oscillatory
behavior of Q (owing to interference in the oxide film) causes
Q to be zero and the instrument matrix to be singular at
several discrete wavelengths. For completeness, Fig. 5
shows the associated spectral reflectance. In this case r dips
below 1/3 at longer wavelengths, indicating another problem
with thicker films.

The most important conclusion of this section is that, for
broadband spectral application of the FDP with Si detectors
(similar conclusions would hold for other types of detector,
such as Ge in the IR), the thinnest dielectric (SiO2) layer
required for passivation is the most suitable optically, be-

100 800 cause this avoids interference-induced singularities of the

the SiO2 film is instrument matrix.
consequence of

ewavelengths. 8. CHOICE OF LIGHT PATH

0. -

0.8

0.6

0. 5 

0.43 

0.2 

200 300 400 500 600 700 800

Fig. 5. Same as in Fig. 3, except that the Sio 2 film is now 200 nm
thick.

photon energy) at four angles of incidence 0 = 500, 600, 70°,
80°. In this calculation the dispersion of the optical proper-
ties of io 2 and Si is fully accounted for by using the complex
dielectric function (or refractive index) data given in Refs. 8
and 9, respectively.

Two important conclusions are immediately drawn from
Fig. 2: (1) Q 0, and A is nonsingular over the entire
spectral range. This confirms that the FDP can be calibrat-
ed and used to determine the full Stokes vector of incident
light over a broad spectral range. (2) Q generally increases
as increases, so that a higher angle of incidence is desirable.
0 = 700 appears to be a good compromise because of the
broad peak (discounting the dip) of high Q at that angle.

Figure 3 shows the intensity reflectance r of the SiO2-Si
system for unpolarized or circularly polarized light as a func-
tion of the wavelength X at the same angles of incidence ( =
500, 600, 700, 800). The reflectance level of >1/3 over the

As is noted in Section 3, the planes of incidence for each pair
of successive reflections from detectors Do, Dl, and D2 (Fig.
1) should be neither coincident nor orthogonal (i.e., crl cr2 d

0, 90°, 180°). This constraint on the light path is by far the
most important. We have also shown that the choice of crl,
cr2 = 450 or +135' is optimal; furthermore, this choice
greatly simplifies the analytical expression of the instru-
ment matrix, as can be verified easily by setting cos 2 =
cos 2cr2 = 0 and sin 2 = sin 2cr2 = ih in Eqs. (11). We also
noted in Section 7 that it is desirable to have large enough
(60°-80°) angles of incidence (00, 0l, and 2) at the detector
surfaces.

Let the light path be denoted by IOPQR (Fig. 6), where 10
is the original direction of the incident light beam and 0, P,
Q, and R are the points of refletion at which the light beam
intercepts the surfaces of detectors Do, Dl, D2, and D3, re-
spectively. It should be noted that the lengths of the beam
segments OP, PQ, and QR have no bearing on the operation
of the FDP, in principle. Assume that the angles of inci-
dence 00, 0l, and 02 (at 0, P, and Q, respectively) are speci-
fied. The first plane of incidence IOP is fixed and can be
taken as a reference plane (the xy plane in Fig. 6). Specify-
ing 'kl alone makes the second internal light segment PQ as
any one of the infinite number of generators of a right circu-
lar cone with an apex P, an axis OP, and a semiapex angle of
180 - 201. Q is fixed by cl. If crl = 450 and cl = 1350
are considered equally good (which they are), we have a
fourfold choice of the segment PQ. Likewise, for a given 2,

Z 

I I

Fig. 6. A general light path IOPQR in the FDP. The meaning of
the two indicated cones appears in the text.
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The angles of incidence 'ko (2) and 0i and the rotation
angle of the plane of incidence crl (= 2) are all determined by
two characteristic angles 1 and 12 that are defined in Fig. 7.
By introducing a set of unit vectors along the segmented
light path and performing a simple vector analysis, we ob-
tain

cos 20o = -tan 1l/( + tan2 Al sec2 12)1/2,

COS 2k1 = (-h + tan2 #1 sec2 02)/(1 + tan2 o1l sec2 12), (38b)

COS ar1 = COS 132 /(1 + tan 2 #1 tan 2
02) 1/2.

Fig. 7. A simple symmetrical light path IOPQR for the FDP. This
path is determined completely by the distance 2a and the two angles
f1 and 132.

Notice that the only dimensional parameter, 2a, is not need-
ed to define the essential angles of the light path.

Figures 8, 9, and 10 show 0o, ki, and crl, respectively,

plotted as functions of 12 at constant values of A1 = 15°, 300,

450,600, 75°.
To cite a specific example, we take a light path with A1 =

15°, 12 = 420, giving 00 = 52.300, 'l = 70.17°, and cal = 43-75°
from Eqs. (38). For identical Si detectors with thin (10-nm)
oxide layers, Al = 70.170 is a good angle, because sin Al > 0.4
and sin 4 41 > 0.34 over the entire h.5-6-eV spectral range.
With 00 = 02 = 52.30°, /ao = 42, and the combined psi factor
for detectors Do and D2 in the determinant of the instrument
matrix becomes proportional to (sin 44o)2, which is >0.09
over the same spectral range. Finally, the alpha factor of
det A in Eq. (21) is sin2 (2 X 43.75°) 0.998, which is

0 00 2 oo 2 .oo 3600 8 00 2 60 00

12

72.00 9 0.00 g9 00

Fig. 8. Angle of incidence 0o = 02 at the first and third detectors
(positioned at 0 and Q) for the light path of Fig. 7 plotted as a
function of the angle 12, with f11 as a parameter, where fl, = 150, 30°,
450, 600, 750, as marked by each curve.

QR is any one of the generators of another right circular cone
with an apex at Q and an axis PQ. Again, QR is fixed by r2.
If ac2 = ±450 or ±1350, we have another fourfold selection of
the last light beam segment QR. It follows that, for given X0,
01, and 02 and for cr1, ac2 = ±450 or +135', there are 16
possible and optically equivalent light paths for the FDP.

Other criteria that may be used in selecting a light path
are simplicity (or symmetry) and compactness. One path
that satisfies these requirements is shown in Fig. 7. In this
path the initial and final directions of the beam, IO and QR,
are (anti) parallel, a distance 2a apart, and in the xy plane of
a reference xyz coordinate system (IO is in the direction of
the negativex axis). 0 and Q lie on the y axis, and P is in the
plane y = a, which is the plane of mirror-image symmetry for
this light path. P' is the foot of the normal from P to the xy
plane, and PI is the foot of the normal from P to the y axis.
Because of symmetry, we have

0 = 02, r1 =c r2. (

75 \'

o.0 0 12 .O 2 00O 36 00.0D\10 S0.00 0 2.0 0 80.5 7 2 00

Fig. 9. Angle of incidence 01 at the second detector (positioned at
P) for the light path of Fig. 7 plotted as a function of 12 with 131 = 15°,
300, 450, 600, 750, as marked by each curve.

Th°0 [2.Oo 2 .00 306.00 08.00 60 00
132 Go 0

72.00 80.00 96.00

Fig. 10. Rotation angle al = a2 between successive planes of inci-
dence for the light path of Fig. 7 plotted versus the angle 132 with A1 =
150, 300, 450, 600, 750, as marked by each curve.

2)

(38a)

(38c)
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negligibly less than the maximum value of 1. This numeri-
cal example confirms that a simple compact light path such
as that shown in Fig. 7 (with flu = 150 and 132 = 420) is well
suited for the FDP. In fact, the first operated FDP10 used a
similar light path.

9. DETERMINING THE INSTRUMENT
MATRIX A BY CALIBRATION

For a given light path and photodetectors with well-charac-
terized surfaces (e.g., SiO 2-coated Si), and known responsi-
vities, the instrument matrix A (X) can be calculated as a
function of the wavelength X, as is described in Section 2.
An alternative, more-practical approach is to determine A
by calibration, using a polarized-light source. By recording
the output current vectors Im of the FDP, at each , that
correspond to four different input polarizations, described
by four linearly independent Stokes vectors S (m = 1, 2, 3,
4), Eq. (1) can be written four times, and the results can be
compressed into one matrix equation,

Y =A , (39)

where

= [Il I2 13 14], (40a)

= [S1 S2 S3 S4]. (40b)

From Eq. (39) we obtain

A = R-1. (41)

Notice that Y-1 exists because S in Eq. (40b) are linearly
independent Stokes vectors.

Equation (41) offers the basic prescription for the experi-
mental measurement of A. Once A has been determined by
calibration, the FDP becomes ready to accept and to mea-
sure any unknown polarization of light of same wavelength
as the calibration wavelength.

If we take the determinant of both sides of Eq. (41), we
obtain

det A = det Y/det . (42)

Because det s 0 by the choice of calibration states, it
follows that we must have

detY #0 5 (43)

if A is to be nonsingular. Relation (43) leads to the following
simple and important practical theorem:

At a given wavelength, if the four output current vectors of
the FDP, Im (m = 1, 2, 3, 4), that are generated by four
linearly independent input polarization states are them-
selves linearly independent, the instrument matrix A is non-
singular, and the FDP is capable of determining the full
Stokes vector of input light of any state of polarization.

If the four calibration states are represented by four
points on the surface of the Poincar6 sphere, an optimum
choice results if the four points are as far apart as possible,
which makes them the vertices of a tetrahedron. This is the
maximum-volume pyramid inscribed inside the sphere and
corresponds to maximum determinant of S. One such selec-
tion is indicated in Fig. 11, in which the calibration states C2,
C3, and C4 are the vertices of an equilateral triangle inscribed
inside a circle with a latitude that is a distance of 1/3 below

Fig. 11. The optimum calibration polarization states Cl, C2, C3,
and C4 are the vertices of a tetrahedron (maximum-volume pyra-
mid) inscribed inside the Poincar6 sphere.

the plane of the equator of the unit-radius Poincar6 sphere.
C2, C3, and C4 represent left-handed elliptical polarization
states of the same ellipticity (e = -9.736° and the ellipse
axial ratio Itan = 0.1716) that are 600 apart in azimuth.
The remaining calibration state C is the fourth vertex of the
tetrahedron and represents the right circular polarization.

From simple geometry, the maximum tetrahedron volume
is

V1max = 843/27. (44)

Consider, for comparison, the previously suggested'2 set of
calibration states that consist of three linear polarizations
450 apart in azimuth and the right or left circular polariza-
tion state. The volume of the associated pyramid inside the
Poincar6 sphere is V = 1/3; hence

Vmax/V = 8C3/9 = 1.54 (45)

is the relative improvement factor that results from choosing
the optimal set of calibration states.

The calibration polarization states can be produced by
passing a monochromatic collimated source beam through a
linear polarizer followed by a quarter-wave retarder of ad-
justable azimuths. Rotation of these elements around the
beam as an axis generates all possible totally polarized
states.13 By providing two pinned relative positions (at
-9.736° and 450) of the retarder fast axis with respect to the
polarizer transmission axis, the three optimal elliptical cali-
bration states can be obtained easily by two successive 60°
rotations of the two elements as one unit in their -9.736°
relative position, followed by change of the relative position
to 450 to produce the circular state.

10. SUMMARY

In this paper we present a general analysis of the FDP. In
Section 2, we obtain an explicit expression of the instrument
matrix A in terms of the reflection properties of the surfaces

C1
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of the first three detectors, rm, Amy, Am (m = 0, 1, 2), the angles
of rotation cl and c2 of the plane of incidence between
successive reflections, and the responsivities km (m = 0, 1, 2,
3) of all detectors. In general, A is nonsingular and det A id

0 if the light beam does not remain in one plane. The
conditions for the existence of occasional singularities, det A
= 0, are considered in detail in Section 3. Only one differen-
tial reflection plane shift, Al, is important; A0 and A2 of the
first and third detectors do not appear in the expression for
det A in Eq. (21), and hence they are unimportant.

In Section 4, optimum values of the surface parameters 4a,
4/, A,, and 4/2 and of the rotation angles cl and cr2 are
determined that maximize Idet Al and hence make A as far
from singular as possible. In Section 5 we offer two criteria
for the selection of detector surface reflectances ro, rl, and r2
that determine the partition of energy among the four detec-
tors.

It is advantageous to tilt the last detector by a small angle
to avoid multiple reflections between detectors, and in Sec-
tion 6 we prove that this has no significant effect on the FDP.

Operation of the FDP over a broadband spectral range is
discussed in Section 7. Taking, as an example, identical Si
detectors Do, D,, and D2; equal incidence angles; and opti-
mum rotation angles (450 or ±1350), we show that the
instrument matrix A is nonsingular over the entire 1.5-6-eV
(-200-800 nm) spectral range when the Si surfaces are coat-
ed by only a thin (10-nm) SiO2 passivation layer. Thicker
films (e.g., 200 nm) lead to interference-induced singulari-
ties of A at discrete wavelengths in the same spectral inter-
val.

Provided that successive planes of incidence are neither
coincident nor orthogonal, there is considerable flexibility in
the choice of a light path, as is discussed in Section 8.

Finally, Section 9 we provide an account of how A can be
measured by calibration. For a given black box of four
detectors, we present a simple practical test for determining
whether det A is nonsingular. If the calibration light beam
is sequentially polarized in four linearly independent polar-
ization states, represented by four points on the Poincar6
sphere C1, C2, C3, and C4, which are not in one plane, and the
corresponding four output current vectors Im (m = 1, 2, 3, 4)

of the FDP are found to be also linearly independent (i.e.,
det [I,, I2 I3 I4] # 0), then det A 5d 0. An optimum choice of
calibration states occurs when C1, C2, C3, and C 4 become the
vertices of a tetrahedron (maximum-volume pyramid) in-
scribed inside the Poincar6 sphere.
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