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THE APPLICATION OF THE LAW OF VIRTUAL WORK IN THE
SOLUTION OF CIVIL ENGINEERING ETﬁﬁﬁTﬂﬁﬁﬁ

Ts ,1xmaenuawxsﬁ

The purpase nf this theals 1s to explare ths civil

.»v_engineering appliﬁatien af the law af virtual wark ka the

o determinatieﬁ of ﬁafzeatisns, shears, b&néing streasaa in.

'v:truasad atruﬁtures, beams, atructures subjemﬁed ta both

o ﬁiract stress and banéing;-and inéeterminaﬁe aﬁyucturea,

and further %o give exampiea of thelr mathematical aalu~
hiens¢ RO '; |
The study of ééfieétisns is highly impaﬁﬁant in .
vstruetural analysis. The limitations on daflectigns, as
iare impesed by maﬁerials used in aanstruehian or by the
nature of the 1aeabian~af'the struoture or by»tha loading
ef the struchure, make 1t dmperative that an aecurate
mathematigal analysis af the expected dafzeetianxba pre*
vided. The se éaflaﬁtians'af & strueture may ba.&ue t0
either elastic or naaééiésﬁia"ﬁxstaptisn of the elementa

of the structure. Elastis distortion mey be eauaeﬂ by

agses: dey: v@d;by—khe—&pg%%eé—i@&és——ﬁr—b1_;ﬂanins*f
| causad by temperature BNges ) 2n elther case ths disu

,5ta?tian disappears an‘rsmaval of 1ts eauvse, yr@videﬁ of
iceuyse thﬁ aiaatis 1im1t was nat exeeeded in bha origiﬁal

1"laading.

be caused by pl&v In

’<*;yn can_

. piﬂ joints, settlamﬁnt af foundations, shrinkage af con=

~erete, et al.



In the erectlon of cantilever and aentinusus .
briéges and 1n the design of lifting daviees for awing
bridgaa, 8 knowledge cf ﬂefleetian is imperatives

An exawple wherein deflection is Iimited aaeurs
“1n thﬁ case of aeilings ef bulldings to prevent axeassive
araeking of plaster. Here it 1s necessary to kaom and
.limit by eonstruction the magnitude of the deflections.

Whet 1s pwebabiy most Importent, the xmthaﬁs af
stroas analysis of indeterminate structures are baseé
upen an evaluatien of thsmr distortion under-laaéw

| The Methoed of Virtual Work 1is now eensidered to
be one of the more basie ‘mothods in analysis of this

Iatter type of akructure.




“ vcomputing defleetiaas unhil mich laters Iaﬁé‘ia araditeé

1. -"sxstf:amf

| | as early as 1?17, Jahn Bernoulll formulated ths'

| prineigla of virbtual w@rk, or virtual ﬁiaglaaements whzeh

he stateﬁ as followss e ) LR : | ;4hfmf,
®if a ayatam of fources ae%ing on . -

& rigid vody is in equilibrium, i , o
the virtual work done by them in i s

eny virtual dlsplacement 18 squal

to gero."

"Alﬁheugh this bepame & well racognizeé meahanieal pr1n~

'&cipla, it was net appliedfas a8 structural %esl for

 with first having ﬁane aa in 1882, ?rafessar Glsrk Maxmell
Coin England end Mohr in Germany were the next writera to
' ﬁiseuss further ayyliea%iona in papers puhiiahed in 1864
and 18¥é‘ Subseguent &erman wrlters, inaluding As Feppi
Frankel and ﬁullar~ﬁraalau, extended this mathod. %aday
1t 18 ineludaé in advanced.taxts such as Fife and w1lbur
an& Miller<Breslaus ,

| The law of ¥irﬁual York as 1% now usnally 13

‘atat&d followss

Rorp

um.under a system af Qrfarc@s and. re~
maing in equillbrium as the body la
subjeeted to 8 small virtual distop-

tion, the external virtual work done , }

by the external Q-forces is equal %a" . , o
the internal virtual work of distop=

tion done by the internal Q~stressesc"




III. GENERAL THEORY

The derivatlion whieh failawa will be ves#riéﬁeé
toa gonsideration af aﬁruetmras whoge memhars are 1n a
shﬁﬁa of plane stress, ﬁhﬁ case In-which all atresses in
th@ strueﬁure ane parallel ﬁo,ane planes. - This cerres«
pﬁﬁds to the state of streas ordinarily found in the -

- usual sﬁruaﬁural prahlem
concerning a tvuss or baam.
This method 1is net limiteé
to such a casej it 1s per*'

»feetly'ganarai and as Quﬂh
‘is appliceble to the mest
general case of three

dimensional stress. zThé de~

rivation 1s limiteé énly
Fie | a - for simﬁliﬂitya
- R Any structuﬁe 1n a
,gta%e of plane stress. is eﬁnaiéereé, such as the body shown

in ?1@;; la, which is m equg.libx*ium unGer a system of ex-

' ~2sulking_intekn&&—amﬁ%?easeﬁw—

Now a small change in shage o T
of the body is allawed ta =

aeeur, the change being to ' "‘+‘9 -

eon&itien of distartian

' Suah 8 change in shape wsll

be- aalleﬁ & virbusl distartien + s » the %erMAvirtual



| 1_'hernal Q~forces whiah§

meaning that the distgﬁtion is 1nﬁepenéent,9f}§he Q&J ,
forces. | | |

Kext, any small partiela of the body under the

aanditiens described abave is pondidered as sheWn in Fig.

'1h* When such a diffeventiai particie ieiaelateé, on 1ts
. iﬁﬁernai boundaries with aéjacsnt ga?tiéléa 1t would be
aeteé upon by internal Qﬂstressas» If the partieié has

fany exteraal boundary, then 1t 18 acted wpon hy tha ax~

'Sinae he body as n whaze is in equilibrium under khe X~ |

"'ternal G~forces, then eaeh.anﬁ eveﬂy'pa?tiale of th@ bady

s ﬂ eguilibrium unéar thﬁ forces 4o which it 18 sub«

3@3%@&. ¥hen the virtual ﬁisbar%ien is 1mpesad upon tha,

| bady, this particle nay be translated, ratatsé and dls-
_tarteé, and the faraes and stresses acting on its baund»
gx;gﬁ will do eertainvamﬁgnta»ef wark,.wh&&h-are desig*
ﬁﬁkad a8 virtual werk;wéiﬁee the movements of the géinhs
of appliaatian of the foraas are inﬁep&nﬁant of the
fovces. It oW designates the virtual work done by

the forces and stresses of the Q-system acting on the

,iexist on this axterﬂal beundary.

boundaries of the parﬁi#lé, this total virtual work
A is eempasééféf two parts: first, that

s égne dus‘§9 only the aistbrhien of the particlsnghiﬁh

- will be ealled AW, = and second that due to the |
translation and ro@ampn of the partlcle, which will be

squal o AW, - AN « Bwé&@&@tamew&@ﬁe“

of virtual work, if a-sySgeﬁfgf forees acting on & rigld



particle 1is 1n.eqnili§éium, the virtusl work done by them
,duringrany virtual éiﬂpiaéamenﬁ is equal to 25%0*1 éehea

’ hhe virtual work dene by ths forces and aﬁresaas af “the

:f@~syshem acting on ﬁhe particle, during only ﬁhe virtu&l

translatlion and raﬂaﬁiﬁn of the particle as a rigld
parﬁicle, is equal ta aerg, that is, o(mée dl&Q o, o

AM/ . oW  3§;(1)

If the virtual erk be integrated aver the whala

bedy, thils eqnatien baeam&s,

Ws= V‘é - | Eq;.,.-.j_(-a) "

| On the internai bbunﬁarie5 of every partiale sf g Q
”'the bady the forces aeting are due to the 1ntarnal Q« | '
stresses, and represent the action of the parhiela

‘aéjaaent to the baundary en the parsicle being censidaraﬁ.

o ?hua, on every inkernal beunéary betwsen aéjaeent parti«

'13195 ‘there are two sata ef forees, equal, but apﬁesihe
In directions cenaequsntly, the amounts of virﬁual work 1

“done by the two sets in aﬂy translation or rotation af

thg ‘boundary surface musﬁ—aéé up algebraically ﬁa zere.
anee, the virtusl work done by the surface fareea act-
ing an the internal baunéaries of all particles mnst be
" zeve and Wi must be interpreted as being only

the virtual work done by the forces aching on the ex~

ternal boundaries of the body. Recognizing this, from
equation 2, the lew of virtual work my be stated:



"If & body 1s in equilibrium

under a Q-forece system, and
remalns In equilibrium while

it 1s subjected to & small
virtual distortion, the virtual
work done by the external Q-

' forses mching on the ‘body is

equal to the virtual work of

 Q-atregses.”

‘éis#arti@ﬂéﬁ@hé by the Internsl 3 s




ITI. é?mmmm T0 TRUSSED STRUCTURES

Eefare equahiun 2 may be usad as & taal ﬁa

' evalu&te tha deflection of the 3nints of & trussed
' .gﬁrueture, axprassiana far the virhual wark ef dis-';E'
'tevﬁian for trussed atructuraa must be develapaﬁ. 5#;
the most common ease, Where the usual a&aump&iqna;gf :
truss stross analysiajéﬁéiyermisaibl&, %wusgiméﬁbargf,
 are:§ub3$ataé ﬁé anly‘&xial,sﬁrsaaes when thaftruss,ia
loaded by joint 1@3&&3: ﬁeﬁee,if the Qﬁféree $y8Eém7één@
glsts of Joint loads aﬁgﬁhé’trﬁﬁs, these Qéféﬁ%é&iﬁill
“develop anly”axial Gestresses in the nﬁnheggiaf;ﬁhﬁ\
truss. Further, if the deflection of the ﬁrués“ié'
 aause§ by jeiﬂt loads or by & uﬁifarm ﬁhanga in tenmeraw
hure in,any one msmber, ‘the virtu&l diatartian af eaeh

| menbeyr will bs anly an axial ehange 1n langth._ Th@
xvirtual wark af diato?tien éana by the interﬁal Qr ;:."v'
stras&es éuring thﬁ virtual éistarbiam ef tha truas may
’eaai&y/he evalaataﬁ." ﬁny'pwismatia mﬁmbar af tha ﬁruas

vviaféaﬁsiﬁereé,‘aa shewn in Fig. 2, having 8 lengﬁh,rg,

s} 7y
[
i . §

- - ] _;~_;f%

s
“ AdL)= (e XdL)



' éri;ss seotional a'z"ea,ﬁ',‘ﬁr;é & modulus of ala"stié‘ity@.- '

The total axial at:veas In- this member due to the Q-leads

i aeting on the truss is. F‘? -, which is plus wh n"":s

"’Ltension; An element of ths menber between two crosa ssm-:

ticns m—m and nmn wh:leh ars a differential distance. dl}, .
- apart 15" considered. This gélement will be equal to [FQ]
o [ata) . 1e the axial strain of the member 1s [%]

then  A(dl)=(e)dt) « The virtual work of distertion .
for the whale‘mémber» will»he the sum of the virtual _work'-

for all of the elements, or will equal

L S ]
L (Falree7 = [Fojlest] - [RTlaleT
since, if the wember is prismatic, €  1is constant

over the entire length of the member. Note that Alp

designates the change -‘of ze‘ng%;h of i:he menmber due' o i:he-- :

cause of distortlion ai’ the truss, and 1s ;msitive when an
| elﬂngatian. The virtu&l werk of éiaﬁex*tion for the sntira
truss will then be i;hsa sum of the products [Fe/[als] far

eaﬁh mambar, ar »

» If ‘(F denotes ‘she éisplaaamant of the peint
of apnlieatién of one ef the egternal forces, Q, of the

Q«-aystem, along 1'&3 line oi‘ sctlon dnring the virtual | |
éistartion of' f:ha truss, then W my be represented by

‘fMA*WszQ $ B @



10
since it has been shown that W, 1s equal to the virtual
WGfk;done by-the'mearcés’aeting on the axternai boundar=

,iea Qf the body éuring its virﬁual distartian»:

Hence, by substitutmng from sguations 3 and 4 ine

tc equation 2y the law of virtu&l work In the case of

trusses sbruatures may ba expressed as,
Lo ‘-rZ, F% ALp Eq. (5)

It is impertant that at thils péint that the A
assumptions and 11mitatians of this derivation be empha-
sized so that the flexibility and generality of the

thgﬁ be reaagnized. =

(1) The only requiremsnt of the external Q-
forces and the inﬁernéifa-stressea is that they form a
systémVof force whiahiare in equilibrium throughout the
virtual distortion. qurthis regquiremsnt to be satisfiled
i%'is ne@esaary to asshﬁé”th&t the virtusl disﬁartigh
has not been enough te vary the geometry of the atruetura

'appregiablv.

(2} The relatibha derived are independent of the

cause of distortion aﬂd'réqﬁire only that tha.ehangeﬁ in
length.af the merbers af the truss be eampatible with the

displaeementa of the structuve, ie@., these relatimns are”

~ true whether the éiabartian,is due to loads, temperature,

lack of fit of members,fﬁr other causes.

(3) Since, iﬁ‘tha general sxpressions, all

virtual work terms aréhassumed as peaitiva,‘théisign
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' convention for the ﬁisplacemenhaéis thet they are posi-
tive when in the direction of the corresponding external

QA=forces.

.n z | ol
' /

Fre 3

In order to use eéuai;mn (5) for cempuﬁgtian of
-derlectimza of joints of a truss, 1t 1s necessary to
gelect a suitable Q-farsé*system. For example in S‘iga 35,
i ’aitmik load, applied at joint m in the direction ‘:m_,
togother with the reactions 1t caused were selected as
the Q-force system, then the external virtual work done
bj* this sybem, ag expressed by the left hand side of
equation (8), would be:-equal to ( {/)( 8m) + Wk ’
where 4,  is the deflection of joint m in the

divection mh due to the dlstortion of the truss, and
V\/m 1s the virtual work deone by the raaetien;s'
I of this unit load. Is?, duelta‘ the cause of distortion,
the”sﬁpperts of" this »tmas,ﬁeré unyielding, ‘. WE o,

the virtual work done by the Q-reactions would be éero\-

— ¥nowing the condition of distortion of the truss, and

hence the change 1n length of the membera of the truss,
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the right hand side of equaticn (6) could be evaluateﬁ.

Hence from equation {5),

Nd)=& Raly e e

‘and the value of 5#7'§ay‘be readily determined. This i“““*
procedure will be demonstrated by the numerical examples
1ncluded. | |
in the evaluatiﬁn af the right hand side af aqua-
tions (B) or (8) it 1s naeessary to compute the change
in length.ef each member af the truss due %o the cause -
of distortion being.iﬁvéstigated. |
If the distortion is due to joint loads P on the

truss, I Py : .
oras . N . £l FL
2Ly cexD-(Z)NL)=(£Xg)=2¢
If the éister%iaﬁ;is due to & change in tempera~
ture, %,

AZFS(eg,ﬂ) - (ef)(l_) - eél

If the distortion is due te both loads P snd a

change 1n tamperatuva,
, : /r
AZ/D"‘ ;“*‘“ +£ZZZ

In the abavevexpressigna.and in the computations

the following notation has been used,

- total éxiaimstress“in”any~nMﬁmérwduﬁ=%e
the P-loads ‘
- length of any nenber



A= grsss area of cross settion ef any
i mepber -
= modulus 9f elasticity : '
¢ = change In temperature of any menber
€ = coefficient of thermal expanaien for
the mat@rial e

13

 Exampls 1 shot ‘the application in the “mputa'

‘“hien ef the vertical daflectien of = joint; exampla 2,

thB computatian of the horizontal eempeneﬁh 9f a jaint;,

“exampl@ 3, the eemputatien of the horizenmkal mevemﬁnt of

a jaint due to a miﬂflﬁ ef the members; example 4, the
- computation of the relative movements of two joints of

= truss on account of 1eading o temperature ehanges.lx

&
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IV. APPLICATION 70 BEAMS

The loads applled to a beam may develop both
Sﬁﬁéfiﬁg and normal stresses on the baunﬁaﬁiasghfgaﬁlfrv
'¢elémentibéunéed.by twé?éﬁﬁaéént crass aeatiﬁnﬁf&ﬁdfﬁ&g,
‘planes parallez to the axis of the beam, as shown in
',;Fiéi54; Hanee the deflaetien of the beam due te the P~

loads is eausad hy the éisfortian of such eleman%s due to

[’

———

Fie 4 ;

theaa»ﬁwa types of sﬁréés; ‘Mgre’dstaiied'éﬁal§sié"
o . shﬁws thst, unless a bé&ﬁfié very'dﬁep'in eempériéan bo
e - its 1ength, the defleeticn caused by the shearing stresses
' aeting onr - thesa slements 1s a small percentage of the '

dailectien caused by the normal stresses. Therefore in

the num&rieal,appliaatiené given the effect of ﬁhe'shsa?~
ing stresses is-nagleatedfand only the effect ef'ﬂistér-
tien due to the normal stressaa wlll be considered.

In order o use the law of virtual work %o com~

pute the deflection of bsans, it 1s necessary to develap

 the ekﬁ?@ggiﬁﬁgfar the virtual werk of diatortien, W, »
in equation (2)s W=, + Since this discussion
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18 1imited to the distortion due to the normal stresses
only, the beam may be considered as a bundle‘éf fibers,

‘ lying parallel to thﬁ"axis of the beam, whieh'elohgétax,
“or contract depending upon whether the fiber 1s sub=
3ea$ed to a normal tenaile atress or a norm&l cempresaiva
' stress. By 1njectingﬁﬁhis e@nsidaratian, 1t fcllaws that

. the expression for ths virtual work of distortion for a

R P o
L -
r T
| b ~C,
- - - T I T
¥y ty J
[ |
Ly ld« .
Fie S

;beam may be develapaé utilising the expressien pre~

,_viouely developed fer & truss.:

Gmnsid@r any beam such as the aimple beam Ehown

1n Fig. 6. ?e dav@lﬂp an expressian for thﬁ virtual wcrk ‘

of distartion ﬁene by ths sﬁrasaes éue ta the Q»leaé
jsystem during the distartian of ths beam eaused by the
P~load system, equatien 3 will be useﬁ, : e

WD"ZF(} A.[_P
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Mo = bending moment on section mm' due to
the Q-load system

/ﬁ = bending moment on section mm* due to

the P-load system

j% = normal flber streoss due to mnment
at flver y

J£ ® normel fibver stress dua ta momant
at: fiver y

Z = moment of inertis of oross section nnt
b = width af eross sectlon at fiver y

Considering the olement of the beam located ab
polnt (s,y), and having e length dx, a width b and a
depth dy,
M@y B, M
kbt = Fbdy 5 alym Fk=TTy
Deslgnating the virtual work of distortion for this

element as dWQ

iy - (5 Yoly)« (S840 2% y )= M]zﬁé_‘%‘)f

and W/ for the whole baam wili be the sum af th@‘xw for

all elemsnts oY,

W, = / / (”’@’”f Yé“é“)da: _" "’Eza_;‘cg)

. Sinee Mo and /7 ,éﬁétﬁﬁnctiena of only X, noting that

-z

o —."C,'
:this expression reduea& ta,

T

o - £&Z




The expression for /Y will be the same as for trusses

and therefore from equation 4,

oo 2Q4
Substituting in eqaatiéﬁ.z‘fram equatlons lﬁ;and'4, 

ZQh= [ a Eqs (11)
. Bquation 11 ié?thé_expraasien-which aanibe_ﬁcst
reésiiy utiliged in:thﬁgépélisaﬁien pf the method of
virtuasl work to the ssiutien of a beam deflectlion grﬂé
hl&@,' Ag defined previously, Me and Mp  rvepresent
ﬁﬁéﬁéénﬁiﬁg mowent acting on any érsss section due to the
Q- @nd P-load systems respectively, and é;' 18 the dis-

_§1asanwnt, due %o the ??1§aé system, of the point of
| | . , .

a 4
m

“«t Fie 6

, sieulay foree § along tts iine—of -
actlone« 4 word of eaﬁtiqnz any suitable sign,eéﬁ?éntien-
Jffgay<be used for s end M, as long as the same on 1s used

for both, but usually ‘the ordinary beam canvehtiaﬁ is the

most satisfactory: and SP is plus when in the.direetian

When applying equation 11 to find the deflection

of & point on a beam, a sultable Q-load system should
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first be selected. Suppasa 1% 1s desired o £ind the
vertical deflaatien ef point m on ths beam in Fig‘,ﬁv '

 5due to the distartion caused bv some given ?nlaaé syatem.

Fnr this purpoae, a Q»laad syst@m,ia saleetaﬂ eansisting :

ei‘ 8 unit vertical loaﬁ at peint n tegather with the
reaetians 1t Gevelops .. Then applying equation 11, the
external virtual work dane ‘by the aeleetaé Gz-u-ieads, dure
ing the deflectlon of the ‘heam due to the P-loads, would
be equated Lo the virtuia.:;: work of dlstortion »&iﬁne-‘z;y the

internal Q-stresses. @ha external virtual worlk would be

N 0 C Y,

Whezie 1/% represents the viz*tmal work done by the reachions

caus@d by the unlt loaﬂ.

- ) v'I‘hen, from equation 11

(/XJnJ + /M‘P Mp &7 T : Eqe (12a)

or, 1f the supports are unylelding, then V\é-—-o s 8né

()= [P0 2 _ gl (1mv)

__ Te abtain [m_ , the izzt.agral on the righ‘t hand
;'sié&e ei‘ ecp;atiens 12& and 1213 rmsi: pe avaluateé fer ’cha

entire beam. Before perfarming t;he integratmn ,MQ

__and MP

Of course, it is usuall‘y nacessary tm aeparahe ths integ»'

ratian over the entire beam into the sum ai’ several
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1nhégrals over pmrtiéns-bf the beam; since, whgﬁever~--
there»is & change In ﬁhs‘funatioﬁs expressing ﬂ“@,’wp

,'ﬁr;gfin’tarms of %, 1t 1= necessary %o break up thajinteg?_

g

/”' e v ' o B
"f | < _ R

N
L

| =

' ]

N>~

Fie  ?f
. .ratlon at ﬁhé points where aueh_ﬁhangea poecur s Thsjiﬁﬁeg~
“ratlion process can often by slmplified by Saleating'aif~
ferent origins for the measurement of x for these dlffer-
ent portions of the beam. A convenient technique iiius~
trating this point is shown in the numeric‘;a;l e.x-amples_"ﬁ,
. 6, and 7. | ’ |
Of tentimes it'is’ﬁeeessary té find ﬁhe ahaugé in
slope of a cross sestion of a beam due to the distortion
caused by some gﬁven’PQEQQ& system. The essential
différence between this problem and the solution for the
vertical deflection of a point lies in the selesction of

ﬁhé'é~10ad'system¢ If 1% ean be advantageous to compute
the ¢hange in slope of the cross sectlon of the left end
of'%he beam, shown in Fig. 7 due to a given P=load syStem,
the Q~ieaé is selee%ed as & uniformly varying distributed

D?@SSH?Q over

ing zero Intensity at ths Bravity axis and being a come
'pvessive pressure on the top half and 8 tenail& praasura

on the bottom half of the cross section. BSuch a lead
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VWEQié have a rasulkant wﬁich is a couple. The magnitude
of thase pregsares sheuld be such that the resultant 1s

a cﬁuple of unity, thﬂn .

, )

R

AQsﬁﬁing that the ersssfgaetiens remain plane as the :
:béam'éistarﬁs (wﬁieh would be the case if shear éiét6r~

~ tilon 1s neglected), a pcint on the cross section a éis».‘
»1tance%x from the gravitv axis would move throngh a |
‘horizontal &efleahiﬂn agual to <4  where <

1s thﬁ change in alape af th& end cross section. »Tb&n,'

W - zQJ f %A@)(@)m/
’/(’A@)(,cypm/)- /y’éx),

=_(./)(.,<)+%. | :b_‘,Eq{j(lﬁ)

where We again represents the extornal virtual work
done by the veactions af the Qﬁlaad gystem. From thia

*”equatian, 1% can e seen bhat the virtual work done by

~ thls distributed @wlaad system is simply equal $o its
| resultans cauple of unity times tha change in alape of
the cross sectiohn. Than, aubstitaﬁing in equation 11,
the following aquatian ia obtained if the supyerba are un-
»'iyielding and therefore Mé ~ is equal to zere,

(/)(»C) "7"‘ M’ "(“ | |
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By evaluating the. right hand side af this equasian in the

same manner ss ﬁiseusseé ‘above when obtaining the vertiﬁal

aefleetien of 8 gcint 0n a beam, the change Iin alepe

e may %e readily éahermineé. To obtain the ghanga imAs1ape

af.gny other ereaa-see%ian of & bsam'thé'aama meﬁhb&‘ e
’mav‘be employed. The Q*leaé gsystem seleeﬁea is a unifarmy —
1y varying éxshributeﬁ preseure anting on thia eyaaa sec» ‘
tian, whiah is reduced tﬁ 1ts reaulﬁant Qauple of unity |

'_sa far a8 the ealeulatiena are concerned. o

“ Examples By 6, and ? illustrate the applicatiom ;_44_4_

ef virtual work. ta the aaluxien for the eempanents ef the

’”.- éeflect1aﬁ at a pnint en & beam and for the ratatisn of

any oross section. Exampla & is shown for a beam with
a canstant mamﬁnt of 1nertia; example 6 on a beam with
a differimg moment af inertia; The effeat of distortimn

"‘éue to direct stress ané benéing ia camputed in axample 7.
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Exameie O ¢ Jhe comﬁu/af/on of fhe vertrcal o
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[XAMPLf 6a: The com/ou/a//'an of Yhe vertical
a’e//ec//'on af b.
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Ve APPLICATION U0 INDETERMINATE STRUCTURES

In the last twenty vears, gtatieally inéétérminatﬁ
atrueturea have steadlly hecome more prgvalant in thia
cauntry* Thelr more extensive use 1s no doubt due 1arge~
iy ta thﬁir aoonomy and increased rigldlty under moving
1eaﬁsg’ Examples of indeterwminate structures are: oconw

. tinuous heams and hyuss@g; two=hinged and “*ngﬁlﬁss'
“‘grehes,‘rigié ffasw bridges, suspenslion bridges, bulld-
*_iﬁg»f?@m&&, etce |

Indeterminate ﬁtﬁue%uwea have @&rtain.@istin- ,

-guishing propertiss which ﬁeﬁerminata atrueturas 40 not
» have; bthelyr stress anaiyﬁis iz éap@ﬁdaﬁt nol. aﬁlv on

. thelyr geometry but also on their elastic properfies, such .

ga-&a&ulus of elastlelity, and eraaaﬁaaeﬁienal ares éné

| moment of inertla of thelr members. An 1néaterminate |
sﬁrneture mst be &as?gnaé hefore its strsss analyaia gan '_ ;fﬁ
ve wade. The final éeaign of an Indeterminate structure |
mat be appreaehﬁﬁ'%y 8 aériea of approximations, stavi-

ing with & vough preliminary design end approaching a

—satisfactory finsl design bY & 67188 of ved signs.
Purther stresses éra developed in Iindeterminate

structures net only by lomds but also by changes in

tempsrature, settloment of supperts and lack of £1t

ot mﬁﬁbers.

,,4#44,4¥4_A4,*4k4,iyp1naliﬁﬁiﬁﬂkur&lfaﬁtiangaf arn inée%erminat&—l—*—~'—~——'—~—«——'—/

structure may be studied by cenai&ering-a structural
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wember AB which 1 lomded by & foree Ps If this menber
ia ﬁupgnrﬁaﬁ only by #vhingsé gupport, as shaﬁn in Pig.
8&, thers are ehviaualy 1nsuff1aiant reactive fereaa | I

appliad to ﬁha nﬁnhar ta pravent 1ts rotation sbout A

A ‘ . l - 5 @
P ‘
| IélA l B T
7 B
p
ZA ‘ ' B«
% ‘
Fie 8

when the load P is applifed. Such & structure is unstable
, b&éﬁﬁaé?thara are inSfoiaien% resctions to praveﬁt its
movement as & rigld body. TIf, howsver, a momant rasﬁraint

.is insarteﬁ at A, ‘being sdded to the hinged suppert, con-

verts A into a Tixed snpport, 88 shown in Fig. 8b, Than,
when the lomd P 1s spplied, there are Just engngh-reae»
tlong to prsvaét movement of member AR asm a rigié“beéy,
and %hﬁ equations of static equlilibrium mey be used to

determine these reactions. Such a structure ig called &

—atatioslly determinate shructure. In this type of struew

ture, the elastic distortion and resulting defloction
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may take plece without restriction. Now, in addition to
the fixed sﬁpp@rﬁ gﬁ'éj & #ertieal rea&kien 1s amupplied

at B slao, as shown In Flg. 8c. This addition of a
reaction supplies mors than aﬁﬁugh reactive forces to main-
taln statiloe @quilibriﬁm and restraina the elastic deflect-
,ié@f@f the menber at-ﬁaint;gp The magnltude of thils
x%éé;gi{im_'aoum ve determined by first computing bthe
deflection at B caused by the application of the load P
to the cantilever of Flg. &b, and by finding the vertloal
ferce which would have to be applled at B on the cantie
laver ta»hriﬂg polnt B back up so it eould £1t on the
support at that point in the structure shown in Fig. 80.
The remaining reactions at point A may now be easily
found by the aquahisﬁs,af ataticsn. Sinea ﬁimply the

- aquéﬁian& of statics gr@ not suffleient to ﬁ@térmiha~ﬁhﬁ
reactions of the ﬁt?agénre‘af 8¢, the structure 1s called
a_gtéﬁicazly_inﬁ&ﬁerminat& structure. The ﬁagraévﬁﬂ: 

which & structure 1s statically indeterminate 1s equal to

o the nurber of rég%?aiﬁﬁé,ig excess of the @1n1$nm_ﬁé¢~

essary for the static squilibrium of the structures

Tupse additlonal restrainte are called redundants. This
ﬁiéeﬁ&sian suggeste that a atatleally inéaterminéte ',
structure may be considered as a Stat;cally,detérminake

'v.aﬁ?ﬁatura'whiah 1s acted upon by the kncwn,lpgds and

the unknown redundantag

value that they aauaeltéﬁa&@flﬁetian of théir'bainfs.mf

application to satlsfy the diﬁpiaaﬁﬁént conditiona af the



Lat& ﬁtrueﬁﬁre ean be faund by‘detﬁvmining tnﬁ numbar ef

_"aama geim:& :m tih@ as‘tnal inﬁatarmiaata atrmizurm . |

- fﬁat;mmafzifsally ima aagr% of the matiea:uy maetamim

'_fuaknawn streas components anﬁ tihe nmmhev af @Qnatiana af ~
",;akaﬁinag the ﬁagrse ﬁg whiah‘tha atrua%ura 13 iné@tarmimm

'aﬁ@ 1s then equal %o the nwmmar of unknawns in excess of —

khe numsar of aquaﬁiana.

Gﬁnaiéaring the iﬂ&atarminaﬁa b&am shown in ?ig*

‘JQa, whose aagparts are ungiéiﬁﬁng, there ara famr YERG
'  tion eampanants o ﬁnia beam: twa~varti&al, mna hori= ?——-f
“zental, and one moment. Thers mre three &quabians of |
statles amilabim SH- o ZV-o and z !"I-O .
' 4This b@am is inﬁ&karmin&t@ to the first ésgraa; or thers
- ia one more vemehion %han 1s necessary for &tatci eguille
B hriumt 3&1@&% the vargiaal raae%iex at h a8 tha redun=
ldaﬂt~an& call it X, *. tf the vertieal qappert
1at b ia ramaﬁad anﬁ,rgyiaaeﬁ by'hh& foree X Whieh '
f’it supylies, & snatiaaizy datawmina%e é&nﬁilﬁver r&suits,

aat@ﬂ upaa hy the agplisa load snd the unknawn radun&ant

fara& )C; s B8 ﬁhﬂﬂﬁ in ?ig¢ b This stetlically

determinats and atahla eaaﬁil&v&r whileh ?amaina aft@v

‘th@ r&mmval @f %ha r&dunﬁaﬁﬁ auppﬁrt is aalleﬁ the

primarg ﬁ%ruaﬁnye, zf @hﬁ-yaﬁuaéanﬁ X :‘ haa th@

f.‘.gama v&lu@ a8 %hﬁ vewtﬁgal r@&aﬁiﬁn at b on the astual-

katruatura &nﬁ the aetnai aﬁvn&tura will be exacﬁly the

s&mﬁ; and the ﬁanéitian af distortion of the twa aﬁruetuﬁaa
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mst also be allke. In order for the conditions of dis-

tortion to be the same, 1t is necesgsary thab the vartiea1' ‘

deflection at painkvg;pn the primary'atruetura, daa ya‘
both the appliaﬁ'lsaé'&nd WZJKL , be aqual‘ta'zﬁrg;:-
:Aainée all the &upparﬁéiof th$ aahua1 structure gsre un=
ylelding. The wethod of virtual work may now be used to
finé'tha vertical deflection of polnt b on the primary
structure o
| The vertieal éafi&etien of yuint:g, 55 » in the
samgbd;ractian as that assumed for the forge }CL'* or In
‘this case up%ard « will now be svaluated using eﬁuabian
11 and gelecting as & ngyatam 8 unit upward load at
) paint bs The fallcwing’ﬁatatina iz Introduced:
Mp = bending moment at any pint on primary
structure due to all the loamds causing
distortions

M, = baméing moment 2% any point on prirry
structure due to a unit toward load at
b, hereinafter called "Condiltion

Xp=+ ", a8 ghown in Flg. 9d3

M. ® bending mowent at eny point on primeyy
- structure due only %o applied loads
with redundants remeoved, hereinafter

ealled "Condition X -o ", as shown
in Fige 9c. ‘ .

%mfmmmmﬁmi&,.gqé=wahﬂ

EL
in which Mg =M,
and . - o _ ‘ MP =:m017+:><5 mb 7 7 :
ainee4‘4#?;“4‘fis‘the‘sum45f*tn$*b§ﬁding moments on the

primary structure due to both the applled load and the
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yedundant X » Or, 3iﬁcawﬁhe supports arée un«
yielding Zqé = (X, ) ané

(X&) = f<"75)(/‘7 +Xy "”b),sz

(0(4) Jﬁwéna,ﬁz )cA]Owb E ST
N . ?. B

Cmut & must equal 2erﬂrin opder for the deflection
of polnt b b to ba the seme on the primary and the actual’
g struaﬁure~ hanca, aubstitutian for JZ N aquatien

15_§ecamaa

JCE.ﬂML ET +_f My M, éﬁ - ~' | »f3 .

- and L
. - fMBMn E-I

)C

f t’z EIZ , o ‘_ EQt (16)

The inkegrals may caslly be evelunted and the magnitude
of the vertical veaction Xy on the actual atructure

may ba cowputed from: eQuatien 16. I X, is fauné to

be plus, it acts in the éir@ctian assumad or ugwarda; ir
it‘is negetive, 1% ﬁctr.*nwnwaré- Having the valve of

the redundant reactlon, the remaining reaatians, and the
 ghear and banéing mam@nt at eny point may bs cnmputad by

staties.

Thia same proeedure may be applisd*tv any e

determinate ﬁt?uetnre,, Fige 10 111ustrafa$ 23 aentinusua
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trugs whose supports are wnyielding. The unknowns in

this structure are 5 rea otlon components and 23 bar

strasaﬁa, a total of 28'— There ara 13 391nt$ 80 that 26

squations of staties are availahle; whsrafora thia ﬁruaa

is indeterminate to the 24 degree., The ra&undants Yo

perly selected are ﬁhéivartiaal*raaatiana:atug,and~§;ealkﬁ
 ){;‘ and X , respootivelys By remﬂving'ﬁha :

vartihal«aupm@?ts 14 a‘ané é and raplaeing'khém by the

'fcrmaa J( and G whiah thsy aupply, the primary strue«
tura whiah is ths statieally determinate and stabls trusa

Iaft, a8 ahewn in Fig. IOb ia than soted uyan by'tha

e applied loads and the unknawn redundants 3<; _;and T

. As before, 1f the r&éun&ants‘3<' and <, have'thﬁ'séme

"vvalz@ ag the verileal reaaﬁiana at 2 and d mn the aetual
".sﬁyme%ure- the éanéitian af stress in ‘the primary struc«

' tur@ will e @xaetly ﬁh& same &8s the antual atrueture;

_and th& aanéiﬁien of éistar%isn of ﬁhﬁ two atruetures

'must also he the same.- In ﬁrdar fur ths aonﬁition ef dig-

tarﬁigﬁ ﬁo ba the sama, it is naa@asary that the vartieal

 }def1ect§an of ba

; xﬂ_zha_;mﬂxmaquﬁnﬂxﬂnnxa

vdua ta th@ aypliaﬁ laada, fX; and JK; &‘be aqual to
'zere, since all af the suppnrts of the aetual structure

"are.unyielﬁingg @haﬁ-ia,VJCL and J(A migt have aueh |

:ﬁalués that o, and & wve simultaneaasly equal to zero.

_ vertleal upward deflections of g and d on the primavy
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structure (that 1a, in the assumed directions of X.
and X, ) due to the applied loads, X, and X, »
two equations involving the unknewn redundants, X, and
X4 , would be obtained and could be solved simultaneously
for thelr valuss.

Uging equation § which expresses the law of
virtual work as applied to trusses, S and &k BEY now
he pvalunted. invﬁaing this, the following notation is
adopted: "

F = total stress in sny bar of primary

F strugture due to all the loads caus=
ing distortions
= atress in any bar of primary atrue-
ture dve to & unit upwerd load st a,
hereinafter ealled "Condition ",
a8 shown in Flg. 10d. -

£ = stress in any bar of primary structure
due to a unik ugwaré load at é, h@rew
inafter ealled "Condition RPN
as shown In Figs 10e. : .

3 » stress in any bay of g&im&ry atruetura
dug to applied loads with radunﬁants

removed, heresindfter ”Canéitian oy
as shown in Fig. 10@. RN

s

;Ta evaluate O s 8 unit uywaré load at & would e aeiﬂctﬁd
laa the Q-fovee $vstam; thﬁn applying equation & ramambﬁr*
Ing that the supperts af the primary structure sre

uny iﬂl.lc} ing,

p

('Xga) = Z /:;

1>
1y}

f
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where - R=K . and o= E+X.E +x.F
| Thgﬁ,

To evaluate & , & unit upward iﬂaﬁ a!; d would e
aelecteﬁ as tha ﬁinfwee systems then, applying %quatism
5 ramambaring that the au;:pgrts of the primar;y stmetum

»mﬁa unyie mmg,

-z R B

whare now Fa=FfL and £ is the gawe as abpve «
. Then, - -
0/(3&) =Z Q(f:,fxaf * X3 £) 4z - Eg. 18)

i*éo‘w in &qaaizims 17 and 18, 5& ai;d S muat be

ezqual to Zero in nz'ésr f‘m* the deflsction of both pcsints

- a and 4 to be the same an ‘the primery snd the aetual

s%rueturm Then, ?shes following two equations are abtaimﬁ

which mast be aolved $imultﬁme}zs'}y for X and—XC—

. 0= Z/:ZE,;LZ.; X ZE ’LE * Xy /7:/:42%5 S eq »(12)
L ey Z 2 L i \
O= Z}:{E A% +XWZF;:/; v +X“Z:F;;5'é ﬁq.. {20}
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The sumrations may be easnily evalgaﬁadrand it should be
noted that eaph of these sﬁmmaﬁi@né includes every bar
of the primary structures  0f coursge, some bars may be
found %o have .zero values for some of the products shown
in"éhssa squations. If tha'Sigﬁ-afrgitheﬁ Xaior Xy ta
'-plus, the radunﬁant acts in the assumed ﬁiractian ox. up=

waré* b5 i negativa, 1t scts ﬂownward. Having th gvalua of

the redundants the remaining reackions and bay atrasses
may be found by ahatiea.
. The mwethod of virtual work ey be usaé as dege
’ 'cv15ﬁé above for the streas gnalyaia of indaterminabe}
liéééﬁéﬁurea regardless whéhhﬁr the strueture‘ia aam@e&a@
of menbers aubjacﬁaé to direet stress, or bending wmopent
.or both, and whether the distortion is caused by applied
ioads, temperature change, saﬁﬁl&a@hﬁ of the snppnrts§
.or any other sause. The applications to thess problems
are ghown 1n the numerieal exémylas 8 and 9 ’»
The genersl procedure may be briefly summarized
- a8 follows: If any structure is iﬂ&aterminafé to the

_nth éawraa,.f ‘of  the streaa components 3ﬁ¥ be salectaﬁ a8

the reﬁundan%s. These <¥ reatrainta are removed and are
raplaeaa by the n straﬂa ecmponants whieh,they supply
_en the atruaﬁura, all. ef thase actling tagethar with the

. appliaﬁ 1aads @ﬁ the primary &trusturs which remains

e M val of the n resﬁrainﬁ&; The anly raquiraw

men®. in aal&eting tha ﬁ.radundant3 is that %ha prim&ry

 strmeture, which remsins after the wemoval of thelr
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regtraints, be statleally determinate and stable. If
these n redundants have the same velue on the primavy
atructura a8 they do on the aatual.gtrueture, then the
canditian of stress of the two structures is the
same; and the aﬁnﬁitian‘of distortion wmaeb alsa be
sxactly the same. 1If the;mgﬁhad,éf virtual work ls then
used to oxpress ths_grdiatartiunAeen&itianavaf the pointe
of aoplisation of the n-rééunéants'mn the primary struc-
ture, a equations will be obtalned in terms of the apglkm
leada and the n rﬂéunﬁanﬁs whose value wil) be deter=
mined by solving thaae ﬁ aguetions aimul%aneausly.
Exampl%s 8 and 9 show the mebhods of aolutian ané
cawputatian for in&etarminata aﬁru&turea. Example 8
showg the camgut&tiana,¢f ﬁha componant of & reaetiaﬁ.ﬁn
an arch due to loading, tem@&%&ture'ahangaa, eyvors in
fa%riaatian, and support settlements. Ixample 9 is the

camputatiﬂn of an iﬂfluene@ 1ine of ‘the skructuve.’
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s %.’T ’ SHQMARY

z The d@tarwﬁnatien af ﬁhﬁ raaetianﬂ of an
1ndaharminat@ struature bv the mathod of virtual

e werk involves r@maving a3 many r@aeﬁians a8 are neg=-
gpaary to parmit 8 aalutian by the aquatisna nf
staticas. Stress analyses avre parferma& first essum«
ing all the replesced foroes te be zevo ﬁhan by uaing
each veplaced force separately as & unity force. The
~effect of the unity foﬁﬁevan the s%ruaﬁuré‘is‘camgagaé
with the é&fl@@tian ohtained with the axﬁraneams
forces equalled ta zara but with the struatuye 19&@@6,

and the adé&tiﬁn&l reactions are thereby aseartaineé.
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