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ABSTRACT OF DISSERTATION -

PROBLEM: Educators who plan the child's sequence of
‘Tearning experiences in mathematics must know how the
child's logical development aomparo to his ability to
do nmathematical operations. '

PURPOSFH: This investigation was conducted to explore the

combarlson between first secondﬁ and third grade chil-.-

dren's abilit ty to subtract and their ability to think
logically as measured by conservation of numerical quan-
tities, seriation, and quantitative class inclusion tasks.

PROCEDURES: A group of ninety public school children were
randomnly selected on the basis of a computation test of
subtraction, After the children were selected, they were
given a subtraction test based on the use of manlpuLative
materials, Depending on the difficulty levels of the
tests passed, children were given one or more of the
.followind Piagetian tasks: c¢onservation of numerical
quantities, seriation, quantitative class inclusion., A

chi-square test of gsignificance was used to test differences

between childrenfs operative and figurative knowledge of

subtraction and thulr ability to do the logical thinking
tasks.

FINDINGS: Children's gperative and figurative knowlcuqo of

the subtraction fdcbs one through nine was not significantly

affected by the presence or absence of the aLwLity to
conserve numerical guantities. The ability to do the
subtraction facts ten through eighteen either on an ops
tive or a figurative level of understanding was not
1gn1i10apt1v affected by the presence or abksence of con-
gervation of numerical quantities cr seriation abilities.
Conservation of numerical quantities was found to be a
highly significant factor for children who had an OPDfPLiES
understanding of subtraction of two- and three-digit
numbers above twenty that do not require regrouping. How-
ever, an ngratLve oy a figurative knowledge of subtrsction
at this level is not significantly affected by abilities to
do problems of belldtion or quantitative class inclusion,

CONCLUSTONS: The results of this inveqtigation'cqu01t
that children can acguire le earned patterns of thought

which allow them to channel their thinking in such a way
as to aveid the use of some of the logical abilities
tested, Children are able to substitute previocusly learned




methods of solution or use learned techniques of counting
to solve the subtraction facts one through eighteen. If
children have an operative knowledge of subtraction uqlng -
two- and three- ngLt numbers above twenty-that do not N
require regrouping, they must have established the ' , 2
ability to conserve numerical guantities. Based onh the o
results of this study it appears that the logical
abilities of seriation and guantitative class inclusion
are not necessary in solving subtraction problems bhoth on
the operative and figurative level with two- and three-
digit numbers above twenty that do not require regrouping.

RECOMMENDATIONS FOR FPURTHER RESEARCH: = Three further [ S
investigations are recommended: (1) Initiate a similar
investigation with addition. (2) Determine fhe cqmpaviﬁon

between subtraction problems not studied in this investi- .
gation and logical development. (3) Find the logical e
development necessary to understand place value.
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CHAPTER. T

INTRODUCTiON TO THE STUDY

The implications of Piaget's theories for
nathematics education have not vyet been realized.
Studies by competent researchers involving American

children are badly needed., New curricular materials -
based on sound psychological evidence should be . s
written., And, in teacher education, more work
involving Piaget's theories and their implications ' F
would serve as landmarks in improving instruction

in the elementary school,

Three difficulties occur when Piagetian theories are
applied to the educational curriculumc2 First, it is not
clear how much knowledge‘a child must acquire through
"rote" learning before he can think constructively about
‘number relations and classifications. Second, Piaget's
methods are best suited for a one-to-one teacher-student
relationship: in American schools this type of relationship
»is rare, Third, the connection between languége and the

acquisition of knowledge is poorly understood, - -

. , : ,
“Paul Rosenbloon, “"Implications of Piaget for e
Mathematics Curriculum,” ]mprov1no Mathematics Educai:ion
oy rl&mgntary School TOdLhOIuM«d Conference Report.
sdited by W, Robert Houston (Michigan State University,
1967), pOﬂ&OLed by the Science and Mathematics Teaching
Center and the National Science Foundation, p. 49.

ZHarx'y Beilin, "The Training and Acquisition of e
Logical Operations,” Pzaqer‘ an Cognitive-Development

Research and Mathematical Education (Washington, D.C.:

National Council of Teachers of Mathematics, 1nca, 1971),

Pr. 115-116




Receﬁt trends in American education towards
individualized instruction should provide an avenue through
which teachers can use small group technigques which make
userof some of Pilaget's methods‘ - The role of "rote" memory
and language in the acquisition of knowledge may be clouded
for some time to come until further research can be

completed,

LT

T

important question that has a direct bearing on the impli-
cations that can be drawn from Piaget's theory. Bruner,

in his book The Process of gducaﬁioq, indicated that he

could teach anything in an intellectually honest way to

el

any c¢hild at any age if he did so in the correct manner.°
Piaget does not agree with Bruner on this point, In a
recent speech at a New York university in March of 1967,.
vPiaget stated:

A few years ago Bruner made a claim which has
always astounded me: namely that you can teach anything
~in an intellectually honest way to any child at any
age if you go about it in the right way. Well, I
‘don't know if he still believes that . . . it's
probably possible to accelerate but maximum acceler-
ation is not desirable. There seems to be an optimum
time, What this optimum time is will surely gepend
on each individual and on the subject matter.

N :

“Jerome S. Bruner, The Process of Lducation,
Vintage Books (New York: Alfred A. Knopf, Inc. and Random
House, Inc., 1960), p. 33.

Yerank Jennings, "Jean Pilaget, Notes on Learninq;“
Saturday Review, May 20, 1967, p. 82, :




Engelmanns claimed that Piagetian logical develop-
mental tasks could be taught to young children without
taking inté account the natural developmental sequence
that Piaget described. Engelmann taught seven kindergarten
children; without manipulative méteriais, verbal rulés
that could be applied to pfoblems of logical structure of‘-

conservation and specific gravity. These children were

able to correctly answer guestions pertaining to the
conservation of volume and specific gravity that children
'brdinarily could not answer until their teens. However,
further investigation showed that children made responses
that characterized their stage of development when a

situation did not lend -itself to the application of a rule.

Almy summarized the effect of schooling on the development
; =] )

of thinking as follows: ", . , schooling may affect the

acquisition of information but it is not likely to be

crucial in changing basic ways of organizing and assimi-

S x 6
iating facts.™

Statement g£ the Problen

The development of logical thinking can be measured,

for Piaget has identified a series of stages through which

SSiegfried E. BEngelmann, "Does the Piagetian Approach
Imply Instyuction?" Measurement and Piaget, ed. by Donald
Ross Creen, Marguerite P. Ford, and George B. Flamer (New
York: = McGraw-Hill Book Co., 1971), pp. 119-147,
GMillie Almy and Associates, Logical Thinking in
Second Grade (Columbia University: Teachers Colledge Press,
16767, p. 10. ' -




a child must progress in the development of his powers Of
logicél thought. Adults who plan the c¢hild's sequence of
learning often disregard these unique patterns of thinking,
Experimental evidence is needed concerning the comparison
between thé development of logical thinking, as defined by
Piaget, and the primary child’s ability to understand the

concepts underlying arithmetical algorithns.

Arithmetical algorithms of supbtraction are
especially appropriate for an investigation into the
coﬁparison beiween the development of logical thinkihg and
the primary child's ability to understand the concepts'that
underlie an arithmetical algorithm. Subtraction algorithms
are appropriate because the algorithms may be arranged
from problems that are relatively easy to conpute to those
which can be solved only with some difficulty. Curriculum
planners have made use of this in planning the mathematics
curriculum for primary child:enc However, the grade
placement of a particular group of problems that represent
a certain level of difficulty for a child has never been

established by comparing the inferred difficulty with the

child's powers of logical thought.

In present primary arithmetic programs nearly
every child is forced to attempt the same problems in

subtraction; it is only when the child repeatedly fails

that the teacher is aware that the child is not capable of

understanding the problems. Some children manage to

‘mechanically perform a subtraction algorithm, thus the



teacher does not realize that the child lacks understanding.
Experimental evidence of a significant comparison be tween
logical thinking and subtraction would have importance to

the teacher as well as the curriculum planner.

Rationale

The rationale of this study is based on the following

sgsumptions from Piaget's theory of logilcal development

and from instructional ideas about subtraction:

1. Children pass through four stages of develop-
ment: sensori-motor stage, pre-operational
stage, concrete operations stage, and formal
operations stage,

2. FBach stage of a c¢hild's logical development is
marked by a characteristic manner of thought.

3., Children display two types of arithmetical
knowledge: figurative and operative,

4. Subtraction as normally presented in arithumetic
textbooks can be ordered in terms of the level
of learning difficulty as follows:

Level 1. The subtraction facts with numbers
one through nine. .

Level 2., The subtraction facts with nurbers
ten through eighteen,

Level 3. Subtraction of two-and three-digit

: numbers above twenty that do not

require regrouping.

Level 4, Subtraction of tworand three-digit
numbers above twenty that nsed to
be regrouped.

-~

/John L. Phillips, Jr., The Origins mi ‘niP:lOFf’

Piaget's Theory (San FrancloCO‘ W, H. Freeman and CGmpany,
1969), pp. 16-90, ' :

BKbDDGLh Lovell, The Growth of UndOIS1dﬁﬁjnq ig

Mathematics: ﬁjnﬂexoarLen through CGrade Three (New \mrk.
Holt, Rinehart and Winston, inc,, 19717, p. 1l.




Children in first, second, and third grade range
in age from six to nine years., According to Piaget,9

children who are below the age of seven are usually in an

intermediate stage of development between the sensori-motor

stage and the concrete operations stage. This stage is

called the pre-operational stage and is marked by the child's

inability to conserve numerical quantities., From about the

~National Council of Teachers of Mathematics

age of seven to eleven, children are in the concrete

operations stage. During this period children are able to

congerve numerical guantities and deal with certain problems

of classification and seriation.

Because Qf what is known about the logical develop-
ment of childreﬁ'from the ages of six to nine and the
implied connection between certain Pilagetian logical devel-
opmental tasks and subtraction; the following tasks havé
been selected for use in this study:

1. ConSérvation of numerical quantity.

2. Quantitative class inclusion.

3. Seriation,

Piaget found that children diéplay two types of

arithmetical knowledge which he terms figurative and

. 10 . . C
operative, The term figurative refers to the child's

9Hermine-Sinclair, “The Training and Acqguisition of
Logical Operations,” Piagetian Cognitive-Development. .
Research and Mathematical Education {(Washington, D.C.:
Inc.,, 1971),

4

pp. 1-9.

lOLovell, Growth of Understanding, p. 11,

1154
|



knowledge of the symbolic manipulation and its end result..
The thld is only aware of the perceptual images and not

the reality that brought about the situation.  When the

child has an understanding of the reality behind the symbols,

he has an operative knowledge of the arithmetical process,

A child who has an operative knowledge of subtraction

would be able to use concrete materials; such as, Diense

Biocks, Cuigenaire Rodg, Unifix Cubes; &CC, tO perform &
subtraction operation Lhdt is presented without its algdr~
ithmic representation. It can be assumed that a child_is
operative dn a particular level of subtraction difficulty
if his'performanCe on the concrete level matches his

performance on the symbolic level,

Definition of Terms

The following definition of terms will be used in
this study:

1. ‘Subtta tl?? the inverse operation of
addition. :

2. Qgggggizgvknowledge of subtraction: a child
will be said to have an operative knowledge
of subtraction if he passes both the compu-
tational and manipulative tests given at a

particular level of subtraction.

3. Fgguratlve knowledge of subtraction: a 00111

will be gaid to have a figurative knowledg

of subtraction if he passes the computdfwonul
1LQ1 for a particulaxr level of subtraction
Sdifficulty but fails the manipulative test of

subtraction for that level,

lldavk E, Forbes and Robert E., Eicholz, Mathematics
for Elementary Teachers (Reading, Mass.: Addison-Wesley
Publishing Co., 1971), p. 116.

e
|



A child must reach a certain level of logical

thought before he can have an operational knowledge of

subtraction.
subtraction,

1.

Statement of Hypotheses

To establish this assumption about

the following hypotheses will be tested:

A significantly greater number of children who
hdve an operative knowlcdge of the subtraction

cts one through nine will be able to give a
gxedtcr number of operational responses on

conservation of numerical quantities tasks than
¢hildren with a figurative knowledge of the
same subtraction facts.

A significantly greater number of children who
have an operative knowledge of the subtraction
facts ten through eighteen will give a greater : .
number of operational responses on conservation

of numerical guantities tasks than children with

40

a figurative knowledge of the same subtraction
facts.,

A signjficcnfly greater number of children who
have an operative knowledge of the subtraction
facts ten through eighteen will give a greater
nunber of operational responses.on. seriation

tasks than children with a figurative knowledge

of the same subtraction factes.

A sgignificantly greater number of children who

“have an operative knowledge of subtraction using

5.

two- and three-digit numbers above twenty that
do not reqguire regrouping will give a greater
number of operational responses on conservation
of numerical guantities tasks thean children with -
a figurative kmow]edqe of the same subtraction

facts,

A 51Onlricanbly greater number of children who
have an operative knowledge of subtraction using
two- and thTeGmdlglt numbers above twenty that
do not require regrouping will give a greaterxr

‘nuber of operational responses on seriation

tasks than children with a figurative knowledge
0of the same subtraction facts.




9 gy i—

6. A significantly greater number of children who-
have an operative knowledge of subtraction using
two~ and three-digit numbers above twenty that
do not require regrouping will give a greater T
number of operational responses on guantitative - '
class inclusion tasks than children with a
figurative knowledge of the same subtraction
facts. ~

Limitations of ihe utuéz

o

This study was limited to first, second, and third —

e

—wglé ade children attending-Garfield,-Erna-Reese;and Vinewood

Elementary Schools. These schools are located within the

City of Lodi and children attending these schools come from

a representative cross-section of the community.

Sumnary

The need for research on the implications of Piaget's
theory of intellectual development for the teaching of
subtraction is apparent., To establish a ﬁseful comparison
between the child's stage of intellectual development and
his subtraction ability would improve instr ruction in the
elementary school. The remaining four chapters will be
organized as follows:

1. ChaQLgf II: A review of the literature of
P déeu s theory of intellectual deve1opnan ;
and other relevant research on how childre : A
learn subtraction.

2. Chapter IIT: The procedures and methods of
collecting the research data will be described.

3, Chapter IV: The data that were collected will

be presented and the findings will be revealed. : 5?fff*

4. Chapter V: Counclusions of the study and recom-
ions for further research will be dis.

mende
cussed,



CHAPTER II
REVIEW OF THE LITERATURE 4

The studies reviewed in this chapter will be

organized into five sections, First, Piaget's theory. of

intellectual development will be briefly reviewed., Second,

i1
!

the c¢hild's conception of number will be discussed as it

) o

pertains to three operational structures: conservation of
numerical guantities, seriation, and gquantitative class
inclusion, Third, other research findings that pertain

to the c¢hildfs development of conservation of numerical
qﬁantities; seriation, and guantitative class inclusion will
be examined. Fourth, the child's conception of number as

it relates to his developing ability to use arithmetical
ideas in the classroom will be examined to determine the
positivé trends that might be revealed. Fifth, how the
learning of subtracfion is related to the child's

conception of number will be reviewed,

Piaget's Theory of Intellectual Development

The nature of intelligence

Piaget states that knowledge does not originate -

from within the child but is a result of an interaction

between Lhe c¢hild and his environment,



Knowledge is not a copy of reality. To know
an object, to know an event, is not simply to look
at it and make a mental copy, or image, of it. To
know an object is to act on it. To know is to
modify, to transform the object, and to understand
the process of this transformation, and as a conse-~
guence to understand the way the object is constructed.
An operation is thus the essence of knowledge: it is
an interiorized action which modifies the object of
knowledgeel :

The act of knowing has two different aspects

depending upon the physical circumstances.

The aspects of knowing which deal essentially with
fixed states we shall call figurative aspects of
the figurative function., Examples of this function -
which deals with static configurations independent ' -

of transformations are perception, imitation, and '
mental imagery . . . . The aspects which focus. on

transformations I shall refer to as the 939532323 —
function. In this we shall include physical

actions which transform objects in one way or

another, and we shall include operations, that is

interiorized actions which have become reversible

and are cogrdinated with other operationsg in a

structure.” '

1L

The process by which the c¢hild coordinates the

‘ . N . ‘ . 3
operations within a structure is called a construction.

A construction is both a coordination of the child's

actions and an interrelation between objects. An early

~example of these constructiong occurs in the first year of

1o . , s . s
Jean Piaget, "Cognitive Development in Children:
The Piaget Papers," in Piaget Rediscovered: A Report of

the Conference on Cognitive Studies and Curriculum Devel-

opment , ed. by Richard E, Ripple and Verne N, Rockcastie

(Cornell University: School of Education, 1964), p. 8.

‘Ivid., p. 21. :

3Jean Piaget, "Piaget's Theory," in Carmichael's
Manual of Child Psychclogy, ed, by Paul H. Mussen (New
York: Jobn Wiley and Sons Inc., 1970}, p. 704.




the child's life. Between.the age of nine to twelve:
months the child discoveré that an object which‘no longér
can be seen does not just dissolve but has a permanence;
When permanence is first established inkthe sensorimotor
stage, the child learns that ifvan obiject disappears at a
certain point in his visual field, the object will again
reappear at that sane poiﬁt, In this way the child learns

to—leook—Eor

ect—at the peoint where it first

disappears even though at a later time it disappears at

a completely different point.

Stages ig'the development of intelligence

Piaget4 identifies four stages of intellectual
development: - sensorimotor period, preoperational period,
concrete operations period, and the formal operations
periocd, Children pass through these stages of cognitive
development in a continuous growth patterno5 The
éhronolo§ical age which is associated with each stage of
@evelopment represents the ége at which at least
three-fourths of the pcpulatién has acquired a particular
concept.

The period beginning with birth and lasting to
about the middle of the second year is identified as the

sensorimotor stage of. development. Near the end of the

4Richard W. Copeland, How Children Learn Mathematics

(New York: The Macmillan Company, 1970), pp. 10~11.

5

“Ibid . 7.

Proastintididy
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sensorimoﬁor period children acquire the notion that
objects have permanehcy and can be retrieved .even if the
object is out of the perceptual field.,

The second stage, preoperational period, is an
intermediate stage of development between>the sensori.-
motor period and the concrete operations period., Children
below the age of seven are usually in the preoperational

stage. During this period, children are not able to

conserve numerical guantities. The child has a tendency to

center his attention on one detail of an arrangement and

exclude others. His thinking goes from point to point with’

little connection between ideas.

The third stage, concrete operations period; lasts
from akout the age of seven years to eleven years, This
stage 1s very significant because it marks the period when
children can engage in logical thought on a concréte.level¢
In Piaget's terminology "concrete" refers to real objects
and the term "operation" refers to the childls ability to
internalize actionsg which are reversible (the doing and
undoing of a process).

During the concrete operafions stage, the child is
able to accomplish a number of grouplike structures of

transformationﬁ6 The grouping structures that the child

GHermine Sinclair, "Piaget's Theory of Development:
The Main Stages," Piagetian Cognitive-Development Research

and Mathematical Education (Washington, D.C.: National
Council of Teachers of Mathematics, Inc., 1971), pp. 7-8.
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is able to think logically about include conservation, : -
classification, and seriation,

At about the age of eleven or twelve, the child

enters the fourth stage of development, the formal operations
period; The child is‘able>to reasoh logically using symbolé
that are not based on concrete objects, He is able té use

a hypotheticheductive procedure of thinking that is not

tied to existing reality,

The Child's Conception of Number.

S

According to Piaget the‘child‘s conception of
numnber is bound directiy to the child's developnent of ,%_4747
intelligence.

our hypothesis is that the construction of number

goes hand~-in-~hand with the development of logic, and
that a Lremnumericgl period corresponds to the
pre-~logical level,.

AEheré are.three main operatiocnal structurés which
Piaget identifies in the concrete operations period of
intellectual development which coincide‘with operational
'structﬁres in the c¢hild's conception of number. They are
conservétion of numerical quantities, seriation, and class
inclusion. Conservation is thought by Piaget to be very
fundamental., He states, " ., , . conservation is a necessary

s . . c L8 T
condition for all rational activity . . . " ‘ :

/Jean Piaget, The Child's Conception of Number
(New York: W. W. Norton and Company, Inc,, 1965), p. viii, B

8

L&j—mdﬂ '}:)(‘ 3‘*



Conservation may be defined as the ability to
understand that a particular dimension of an object will
remain unchanged even though other irrelevant aspects of
that object may undergo change. Pilaget indicates that
there are three stéges:in tﬁe development of the under-
standing of conservation, Fach of the stages may be
clearly identified by the characteristic responses made by

the child. At the first stage there is an absence of

conservation. The child thinks that quantity varies with

irrelevant aspects of the object, i.e

., a change in the

arrangement of a set of markers also changes the gquantity
of markers present., The secbnd stage is a transitional
stage. A child may at first assert conservation when
perceptual changes are not great but then revert to
non-congservation when perceptual relati@nships come into
conflict, Conservation occurs immediaﬁely in the.third
Stage, The child will maintain his conviction regardless
of perceptual conflict.

Piaget identifies three types of perceived cuantity

that relate to the three stages of conservation: gross

ot

quantities, intensive quantities, and extensive quantities,
At the. level of the first stage, quantity is
therefore no more than asymwpetrical relatilons between
gualities, i,e., comparisons . . . . As soon as this
intensive quantification exists, the child can grasp,
before any other measurement, the proportionality of
differences, and therefore the notion of extensive
quantity. This discovery, which alone makes possible
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the development of number, thus results from the
child's progress in logic during these stages.

An adeguate concept of number must also include an
understanding of seriation and classification. Seriation
first appears at the senéorimotor lévelo Children can
perceptually seriate a number of objects if differences in
elements of the series are gréat, Operational seriation

differs from perceptﬁal seriation: to be operational the

child must be able to perform four tasks:

A child understands ordinal number when he is able
to do four things. First, a child must be able to
arrange in a seguence a set of objects which differ in
some aspect., Plaget calls this action seriation.

Second, he must be able to construct a one—to—-one

corre:pona@nc between two seguences of objects in which

the elements of the sequences correspond because they
have the same relative positions in the sequences..
Such & one-to-one correspondence is called a serial
correspondence, Third, he must be able to conserve

a serial correspondence when it is no longer percep-
tible. TFourth, a child must be able to conserve an
ordinal corres pondenco between two seguences.of objects.
The conservation of arn ordinal correspondence is
accomplished when a child can find an object in an
unordered set (but a set which is¢ capable of being
ordered) which corresponds to a given chiject in an
ordered set. The act of conserving an ordinal corres-
pondence reguires a c¢hild to arrange a sequence of
objects and construct a serial correspondencejgetween~
two sequences, either mentally or physically.”

9']:":?.1.9‘ ¢ P 5.
10 I o LIPS o . i S nm E I ol e gl -
Arthur F. Coxford, Jr., "The Effects of Instruction
on the Stage Placement of Lbildren in Piaget’s Seriation
Experiments,"” Current Resgearch in Elementary School

Mathematics, ed. by Robe B. Ashiock and Wayne L. Herman,
Jr. (New York: The Macmillan Comgany, 1970), p. 113,
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Operational seriation appears around the age of
seven or eight. At about the same time, classification
- . x R B A . ’
based on inclusion appears. Seriation is somewhat more
closely allied with perception and classification with
- L2 _ _ L o
language, However, language alone is not sufficient to
explain the conceptual system of class inclusion.

The understanding of gquantitative class inclusion

depends upon the prior conception of such words as "all®

and "some." An understan&ing of guantitative class
inclusion 1is demonstrated by the ability to answer qguestions
in the following form: "Suppose one clasg A to be
included in another class B, without being equal to the
whole of B, are there more A's than B's or more B's‘than
A's?“13 Children tend to f£fall questions of incluéion
because they cénnot think of the whole in relation to its
parts. When a child tries to answer a guestion about the
relation of the A's to the B's he may compare the A's to
themselves, Inhelder gives an example of how this might
occur.,

"Ducks are birds: it's the same thing," says the
child, "so there arxe the same nunber of both," '

11 ) ) , . : ‘
M parbel Inhelder and Jean Piaget, The Early
Growth of Logic in the Child (Wew York: Harper and Row,

19647, p. 249,

lZRalph Scott and Ludwig Sattel, "Perception and
Language: A CGerman Replication of the Piaget-Inhelder
Pogition," Journal of Genetic Psychology, CXX (1972), 203,
l'"!

“Inhelder and Piaget,

Growth of Logic, p. 100.

1
|
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Everything seems to show that a young child can
compare A and A' only while neglecting B. Or else
‘he can only compare A and B while neglecting the .
complementarity of A and A' ., . . some years later-—- T —
the child finally understands that B> A. And he
expresses his logical reasoning in such statements as:
"There must be more birds than ducks., All those which -
aren't ducks are &rds, and they have to be counted
along with them." :

Research Related to Plaget's Findings on Number:

Conservation .of Numerical Quantities,

Seriation, and Quantitative

Class Inclusion

-~

Conservation of

D e

S . .

Elkind undexrtook a replication study of the
devalopment of children's guantitative thinking because
Piaget's studies “"have been devoid of statistical methods

L , . . L 16 s . , .
and systematic design.’ Elkind wished to substantiate
those observations which Piaget made about the ages of
children and the order c¢f stages in which they perceive
guantity. The following is what Piaget observed:

Children at the first stage (usually age 4)

succeeded only when a comparison of gross quantity
was the minimum reguirement for success, At the -

second stage (usually age 5) children succeeded i
when a comparison of gross or intensive quantity '

l4Bélrbel Inhelder  "Some Aspects of Piaget's
Genetic Approach to Cognition," Cognitive Development in
Children (Chicago: University of Chicago Press, 1970},

5. 31,

’

lSDavid Elkind, "The Development of Quantitative N
Thinking: A Systematic Replication of Pilaget's Studies," ' :
Journal of Genetic Psychology, 98 (1961), 37-46,




was the minimun requirement for success. Third
stage children (usually age 6-7) succeeded when a
comparison of gross, intensive, or extensive guan-

tity was the minimum requirement for a successful ' e

result,17
The manner in which these observations were tested
is summarized as follows:

Eighty school and pre-school children were divided
into three Age Groups (4, 5, 6-7) and tested on three
Types of Material for three Types of Quantity in a

systematic replication of Piaget's investigation of the

develepment—of-guantitative thinking. Analysis of
variance showed that success in comparing quantities .

varied significantly with Age, Type of Quantity, Type SR

of Material, and two of the interactions.  Correlations

for Types of Material were positive, high, and

significant. Correlations of comparison scores and

W.L.S.C. scores were pogitive, generally low, and

sometimes significant.

There was a very close agreement with Piaget's

findings that guantity is perceived in ordered stages that
relate to the age of the child, Each statistical test was

]

significant beyond the .01 level with the excéption of a
number of sub-~test correlations on the W.IIS?CJ intelligence
test which comparéd the childrén's quantity scores to
scores on the intelligence test.

ﬁlkind found that the judgments that children could

make about guantity varied with their logical development. -

Judgments that involved gross quantity could ke made -

easier than ones involving intensive quantity, and it was —

less aifficult to make judgments of intensive quantity

than extensive quantity. Success in making guantity

Y1pia., p. 38. 81114, , p. 45.

e e st e
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judgments also varied with age. Younger children could
make Jjudgments of gross quantity but could not make

judgments of extensive quantity until they were older,

Elkind found exceptions to the linear relation between age
and the type of quantity the child could judge. A chiid
who could make judgments of extensive gquantity with one
type of material might be able to only make judgmenﬁs of =

vantitsrs it h obther. m
} WG eNc R

ive—guantity materialg-—this phenomena—is

called horizontal decalage. A child may exhibit a | ' N
characteristic cognitive structure but not be able to

perform all of the tasks within that structure. Flavell

gstates: "In brief, the existence of horizontal decalages

seems to point up a certain heterogeneity where only
. e . 19
homogeneity might have been suspected."
The correlationg that Elkind found between
children's guantity scores and their I.Q. as measured
by the W.X,S8.C. intelligence test were low. Although the

correlations were positive, there is doubt as to the role

intelligence may play in consexrvation tasks. The role of

1.9, was explored further in a study by Feigenbaum. ' i}

o 20 . . . .
Felgenbaum'’s major interest was in the relation

between the child's I.Q. and his understanding of -

ngohn d. Flavell, The Develogmentai Ps&éhbkggz éﬁ

Jean Piaget (Newark: D, Van Nostrand, Inc., 1963), p. 23.

ZOKenneth D. Feigenbaum, "Task Complexity and I.Q.
as Variables in Pilaget's Problems of Conservation,”
Child Development, 34 (1963), 423-432,




21
conservation of discontinuous guantities. He tested three
hypotheses concerning Piaget's contention that each stage
of logical development determines the method and mode of

thinking that a child will employ.

To test his first hypothesis that age is not the o i
sole determiner of a child's development of consexrvation

of discontinuous quantities, fifty-four nursery school and .

divided into two age groups: forty-Ffive to sixty-four 3

i

dren were nsed.  The children were

N . .
eTementary—seheod—chi

months and sixty-five to eighty-seven months, Children
were given tests of correspondeﬁce and conservation of
discontinuous quantities. Children in the oldest age group
did significantly better than children in the younger age
group. The level of significance was at the L01 level,
Although there was statistical significance for the
difference in age groups, it was noted that some of the
children in the younger age group were able to sclve most
of the problems. |
The second hypothesis tested the children's level
of success in relation to intelligence as measured by the -
Stanford~-Binet Test of intelligence. Children in the
experimental group were divided into two groups according
to intelligence: children with I;Qu scores above 119
and children with I;Q; scores below 119, The results of the
chi-square test of significance for the conservation tasks , P

yielded a ,05 level of significance. Inspection. of the
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data revealed that children with higher I;Q.s performed at
a level superior to children who were older but had lLower
I:Q;s.

An analysis of the modes of responses made by

‘children tended to agree with Piaget's findings, however,

- there were some notable exceptions. One of the exceptions

was the use of counting. Pilaget did not report this

e

. . . , s o e .
mode—of—respense—in-his—investigations. Feigenbaun found

counting to be a mode of response that was significant

at the .01 level for children with a mean age of about
sixty-eight moﬁths‘o Since the investigator did not mention
how many children used counting or the procedure used to

determine the level of significance, it would be difficuli

‘to do more than note that children make operational

respbnses other than those mentioned by.Piaget°

The third hypothesis dealt with materials of
various sizes and shapes used in thé conservation and
correépondence tests. Two groups of childreﬁ were used

to test this last hypothesis: one group contained fifteen

‘c¢hildren and the other group contained twenty-one children,

Performance differences of the twq groups were equated as
to age, I.Q. and conceptual ability. Most of the differ-
ences noted in the two groups were not significant,

A major finding of this study would indicate that
age is not a dafinite barrier in the acquisition of the

concept of conservation. The data indicates that

intelligence has a significant effect upon the age at which

15
|

I
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a child acquiresAthe concept of conservation; Ability
to conserve appears to be both a function of age and
I:Q: Feigenbaum indicates that counting was used by
children as one of the modes of responses to the corres-
pondence and conservation problems: these responses could
"have been due to the testing procedures. Children were

prompted on tests of correspondence and asked to count the

number of bheads: this may have had a carry-over effect to
the conservation test. 1In the study done by Dodwell,
which is reviewed next, further evidence is given that the
stages of development as identified by Piaget are
subject to variation.
\ S . L . '
Dodwell initiated an investlgation of the c¢hild's

neralities of

Q
®

understanding of number to assess the

¥

of '

3,

behavior Piaget described for children between the agec
five and eight years. Two hundred fifty public school
children ranging in age from five years and six months to
eight years and ten months took part in the investigation.
Children were tested with similar test materials as were
used by Piaget. The tests which were given are as follows:
1. Relation of perceived size to nunber
{conservation of numerical guantities).
« Provoked correspondence.
. Unprovoked correspondence,

2

3

4, Seriation.

5. Cardination and ordination.

2L - - . . ,
2 P. C. Dodwell, "Children's Understanding of
Number. and Related Concepts,”. Canadian Journal of

Psychology, 16 (1960), 191-195.



The results of the inﬁestigation showed that
children could bé classified into three groups according
to their answers. These groups are the same as the ones
identified by Piagetﬁ global comparisons, intuitive
judgments, and concrete operations., Although children
could be grouped by their responses, there was considerable
variation in the number of children quinq operationai

responses for the various ages. There did not seem to be a

AT

"typical' age for the attainment of a concrete operational

activity. Children's performance on conservation of

numerical quantities was somewhat varied: 60 per cent of
the children at five years and ten months gave operational
responses, and 50 per cent of the children at six years,
five months gave operational responses. Eighty per cent
of tﬁe children from ages seven years and six months to
eight years and six months gave operational responses,

The children'!s responses bn the seriation test showed on

the average more operational responses than was shown

.on the cardination and ordimtion test.

Dodwell's results on conservation of numerical

variation in abilitiés to conserve for younger children;
Put there is greater stability for older children; those
in the higher grades. Variations found in the ability to
conserve-as related to age would suggest that I,Q; or
othef factors such as fawiliarity of the material used in

testing have an effect on the child's responses. Although
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Dodwell was not able to assess the effect of I1.0. on

the child's performance of conservation problems, it would .

MR

il

-seem that Feigenbaum's f£indings on the relation of I.Q.

to success have some bearing.

Sbrl tlon

chfordzz had two purposes for'his study:

e Piaget's experiments in seriation,

ndence—and-ordinal ”AVVﬁapﬁﬂﬂaﬂﬂm,

ertain. the effect of instruction on
advancing a child from one stage to the next.23 _ 2 e

Sixty children were chosen for the‘experiment, Their;ages
ranged from three years, six months to seven years, five
months, All sixty children were given a pretest to
determine their ability to seriate. Children were
clasgified according to their responses by staqesf

Stage 1: All parts of the test were done
incorrectly.

Stage 2: Some of the items on the test were
done correctly, but mistakes were:
made on various ubfgqtg. -
Stage 3: The entire test was done correctly,
After the pretest was given, twenty-four children wers
selected for instruction on seriation and another group , P—
of twenty-four was selected as a control group. S
The material which was used in both the pretest . ——

and. pos Lfe st was ten cardboard balloons (varying uniformly

22prthur P. Coxford, Jr., "The Effects of Instruction
on the Stage Placement . of  Children in. Piaget'!s Seriation e
Experimcntb,‘ in Current Research in Elementary School '
Mathematics, nd by Robert B. Ashlock and Wayrne L. Herman,
Jr. (hﬁw York Macmillan Company, 1870), pp. 113-120,

e nnt

31vid., p. 114.
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in size from small to large) and ten complementary
cardboard sticks. Results of the pretest were as
follows: the mean chronological age for children in
Stage 1 was 56.2 months, Stage 2 was 69.8 months, and
Stage 3 was 77.6 months, These findings tended to agree
with Piaget's predictions of age as related to stage ofA

development. Two exceptions were noted: one very

intelligent chiid of 46 months tested at Stage 3 and
another child of 83 months tested at Stage 1,

O0f the group of twenty-four children that were
selected for instruction, twelve children were in Stage 1
while the remainder were in Stage 2. Béth groﬁps‘received
objects made of cardboard that were similar to the balloong
and sticks used in the pretest. Children were Jgiven ganes
to play with the materials designed for each of four sessions
that would help them to overcome particular difficulties
noted on the pretest. At the eﬁdAof the teaching session,
the posttest was giveﬁ and scores of the experimental.
group were éompared o scorés made by chiidren in the

control group. The greatest gain was recorded for children

in Stage 2 of the experimental group. Six of the twelve

children were able to make Stage 3 responses after instrﬁcm
tion. This gain was significant at the .05 level of
significance.

Coxford's research indicates that a child's
experience with seriable objects can help the child to

become operational sooner than he might without these
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‘experiences. Experience, however, is not the only
factor-~the child must be at a transitional stage for

the experience to be effective. =

ChurchillZ4 conducted a small investigation ' L

involving a group of five year old children. Sixteen
~children were selected for the investigation. Churchill
was primarily interested in the effects of instruction on

the growth of numerical ideas in young children. Children

in the investigation were given three series of tests at

the beginning of the éxperimental period and again at the
end., Two tests were given tb assess the child's understand-
ing of a one~to-one correépondence {gualitative and nuner-
ical correspondence) and the third test was given to
assess the childis ability to'perfqrm tasgks that involved
numerical seriation as well as gualitative seriation.
Eight children in the experimental group met twice a week
for four weeks, Each session lasted one-half hour.
Instruction consistediof using familiar objects that were
placed in groups and series: children were helped to
golve the problems during the instructional periods by ‘ -
using some form of counting.

Differences in scores between the experimental
and control groups with respect to change in performance

on the Plagetian tests from the pretest to the posttest

2 . .

“4Elleen M, Churchill , "The Number Concepts of. ..
the Young Child: Part I " Regearches and Studies, Leeds
University, XVITT (1958), 34-49,
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were significant at the .01 level. Evidence of this
investigation suggests that experiences of the kind pro-

vided in the experimental group meetings contributed to

the earlier formation of basic concepts. The use of

counting by the experimental group on the posttest was

a characteristic feature in the child's thinking.

Actually a rigorous analysis of the.whole.series ‘
showed that the use of counting in a numerical s

correspondence was one of the characteristic features

whrrehmarked—out—the wore advarnced chiitdrernr from tie
others. The children who used counting tended to do
so throughout the series,. though not always as their
initial reaction. In contrast, none of the children -
who made no use of enumeration showed more than '
"stage-one” response5925

Evidence from Churchill's study would suggest that
instruction can contribute siqnificéntly to the early
formation of logical concepts. In this regard, both
Coxford and Chuxchill are in agreement. Children's ﬁse
of counting was also noted by Feigenbaum in his work with
children on correspondence and conservation problems}

Both Feigenbaum and Churchill found counting to be a mode
of thinking which was used by children to deal with prob-~
lems of logical thinking. Countiﬁg is used by children to
solve simple problens in addition and subtraction, Whether
Feigenbaum's and Churchill's findings about counting have
relevance for the learning of mathematics has yet to be

established.,

25gileen M. Churchill, "The. Number Concepts. of. the S
Young. Child: Part 2," Researches and Studies, Leeds '
University, XVIIT (1958), 34,



~inclusion is a necessary condition for dealing in a consis-.
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Quantitative Class Inclusion

Dodwellz6 inveétigated Piaget's contention that the

development of number occurs side by side with the develop- T

ment of class inclusion. Some understanding of class

tent fashion with number. Dodwell selected sixty public’
school children between the ages of five years; two

months and eight years, eight months,

‘were all familiar objects to the children (rakes, shovels’,

The material used in the tests for class inclusion

dolls, and cars),. Children's responses were easily
clagssified into three categories: responses that were
clearly operational, responses that were non-operational,
and responses that were indefinite.

‘Dodwell gave tests of provoked and unprovoked
correspondence; they were used to measure the child's
concept of "cardinal number." In the test for provoked
correspondence, eggs and eggcups were used to provcke an
obvious perceptual correspondence between the individual
members of the two sets. Two sets of poker chips were
used in the test for unprovoked correspondence to set . R
up a perceptual correspondence which was then disrupted oo

by the experimenter (one sel was pushed into a bunch). T

26Po C. Dodwell, "Relation between the Understanding

of the Logic of Classes and of Cardinal Number in Children,"
Canadian Journal of Psychology, XVI (1962), 152-159, ‘ T




‘The results of the study showed that the cor-
relations between composition of classes and numbervwere
all low., This would indicate a very small tendéncy for
children to answer correctly questions of correspondence
("cardinal number") and class  inclusion, There was a
significant tendency for children who answered one part
of the class inclusion test correctly to answer other

parts correctly. Dodwell concludes:

Although there is no clear relation between the
development of the two types of concept, either in

terms of priority of appearance or concomitance, they

both develop within the same age range. It can be
argued, as was done in the case of the number concept
test (Dodwell, 1960), that invariability is largely
due to learning specific responses for particular
types of situations and material, and generalization
of such responses to novel situations is inperfect .27
Logically there should be a relation between
feardinal number' and class inciusion., The fact that
Dodwell did not find one suggests that children nay be
able to consistently deal with number at an elementary

level with or without being fully operational on class

inclusion problens.

L s T MU R SRS S

The Child's Conception of Number as it Relates

to his Developing Ability Eg'USe Arithmétiq

Tdeas in the Classroom

28 ., .\ ' , .
Hood wished to trace the characteristic stages

211pid., p. 159,

28H. Blair'Hood; "An Experimental Study of Piaget

Theory. of the. Development of Number in Children,;" British

R

Journal of Psychology, LIIT (1962), 273-286,

's
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of development identified by Plaget. A secondary
consideration was to relate thege findings to children's

performance in arithmetic, The experiment was conducted

in Englénd with 126 children between the ages of four N

years, nine months and eight years, seven months. Each
child in the study was given the Terman-~Merrill scale
"L" to assess his mental age: comparisons could then be

nade between mental and chronological ages at which a

child attained a concept. Eight different number concept

I

tests were given to children: these tests éonsisted'of ?
various tests‘of correspondencé, seriation, and class
inclusion.
Teachers in the study wére asked to rank their
pupils according to arithmetic ability. TFive categories
>Wéré.establishéd and ranked as follows:
Rank 1, Children with no number ability and who
were unable to pick out five or more
objects from a group. ‘

Rank 2. <Children who could pick out five or more
objects from a group.

Rank 3. Children who could do simple addition and
subtraction with or without the use of

counters. _ S

Rank 4. Children who could do simple problems
stated in wrilting or verbal form with
apparent understanding.

Rank 5, Children who could do all of the problems

done by all of the children in the lower

"ranks and beyond,

Teachers found it difficult to rank children

according to the categories mentioned: however, after the

’

children were ranked, the data revealed the following trend.



Sixty-~two per’cent of the children ranked in the fifth
category gave operational responses to Piagetian number
concepts.b Twelve to 13 per cent of the children in
ranks 2 through 4 gave operational responses while none
of the‘children ranked in the first category gaﬁe
operational responses. v

Although Piaget never intended to have his

32
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experiments used o measure how-much-ar c—a—ohi

should be able to do, it has been demonstrated by Hood

“that there is a positive comparison between number

concepts and arithmetic ability. Children with greater
ability in arithmetic tend to have a higher per cent of

operational responses, While children with less ability

in arithmetic tend to have a lower per cent of operational

responses, Children may, as Hood observes, be taught
mnetheds of problem solving.
Hood observes:

A c¢hild may be trained, not ohly in mechanical

processes, but on problems work, to act as if he

understood number. Methods of sclving a
problem may be skillfully taught, . . . and the
presence or absence of the concepts themselves
does not constitute for him an element in the
problem029

zg:E.h.)];g."r Pe 279"
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How the Learning of Subtréction is Related to

e STV P

the Child's Cbnception of Number - >

LeBlancBQ studied the performances of first grade

children in problem solving and the relation of this i

performance to four level

6]

of conservation of numerousness.
The children in tlie sample were also divided into TI.Q.

groups so that it was possible to assess the relationship .

tevelsofcormservat o o NMuUnerousness

ofthree factorss ;
levels of intelligence, and ievels of problem solving R
difficulty.

The subjects were 400 first grade children, all
of whom were given four tests: ‘a Kuhlman Anderson Group
I:Q;4Test, a pretest'of conservation'of numerousness, a
problem solvinq'teSt in subtraction, and a subtraction
facts test. Children indluded in the study were divided
into three groups based on their i:Q: scores, The ranges ~:
o% I:Q: scores were 78-100, 101-113, and 114~140., Approxi-
mately one-third of the total cumulative frequency was
within each I:Q; range. The four categories in which
children were placed on the prétest of conservation of
numercusness were as follows: level 1, all four items on
the test were answered correctly: Jevel 2, all of the items

on. two.tests. were answered correctly; level 3, all of the

2

JOJohn Francis LeBlanc, "The Performance of First
‘Grade Children in Four Levels of Conservation of Numerous-
ness and Three 1.Q. Groups when Solving Arithmetic Subtrac-
~tion Problems," (unpublished Ph.D, dissertation, University
of Wisconsin, 1968), pp. 1-189, '



items on one test were answered correctly: level 4,

none of the items on the test were answered correctly.

The subtraction problem solving test contained eighteen

problems, These problems were divided into two groups of
nine problems each. The first group of problems involved
no transformationsg (real or implied physical action that

transforms the object); the other group of problems invol~

= PPN -V S . . : .
ved—transformations—hBach—group—of nine problems-was

subdivided so that there were three problems with mani-
pulative aids, three problems with pictorial aids, and

three problems with no aids. Each problem was read to the
child and the experimenter displayed the appropriate material
if the problem involved a manipulative oxr pictorial aid.,

The sub%réction facts test; Iike the probler solving

tesﬁ, contained subtraction combinations with numérals

less than nine.

An analysis of variance was used to test the
statistical significance of the data gathered. Statistical
aﬁalysié revealed that the relation between conservation of
numerousness and problemn solving was significant at the
;Ql level., LeBlanc statesﬁ

The most significant outcome of this study is the
relationship of conservation of nuwerousness as
measured by the pretest to children's performance in a
problemn solving test. Although all children received
training based on the same curriculum, the performances
of the children categorized into four levels of conser-
vation of numerousness were significantly different.
The children who did well on the congervation test digd
well on the problem solving test, Likewise, the children
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who did poorly on the conservatlon test did poorly
on the problem solving. test,31

Children in the various I.Q. groups did not do significantly : =

better than any other T.Q. group on the subtraction

problemns. A correlation between problem solving tests and
the number facts test was found statistically significant
“but the correlation was low (.39)., ILeBlanc concludes:

. « . the relationship between children's knowledge of
number facts and their performance of the problenm -

solving test is questionable. Surely, knowledge of . _

basic facts is not sufficient for success in problem Ca

solving.32 ‘ E
Children also performed sighificantly better on some types
of problems than others. Children performed better on
problems where there were aids and a transformation and
poorer on problems where there were no aids or trangsfor-
mations.

The results of LeBlanc's study have a number of
implications for the present study of subtraction, While
consexvation of nﬁmerousness is a significant factor in a
child's problem solving ability, it remains to be
established that conservation is a significant factor in
computation of the subtraction facts, Children's pefform T
mance with problems that involved aids was better than
their performance without.aidso This would seem to support P -
Piaget's contentiénvthat children in the concrete

operational.periods.of development can think logically

31pia., p. 154,
32.
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with real materials but have difficuity when they are
asked to think 1ogically‘in the absence of materials,
Since LeBlanc did not give_the‘ages of the chiidren who
were operational‘or-nonwoperational on the conservation

test, comparison to the ages pfedicted by Piaget cannot

be made;

Summary
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Research reviewed in this chapter was organized
into five sections., First, Piaget's theory of intellectual
development was reviewed. Next, the discussion of the
child's conception of number was limited to conservation of
nunerical guantities, seriation, and quantitative class
inclusion, Piaget leaves little doubt that there is a
direct connection between the child's'logical development
and his development of the conception of number. In the
third section, other research studies were reviewed. In
general these studies indicate that, while there is a close
connection between the child's age and his stage of
development, it is subject to individual variations.
Intelligence of the child seems to be one of the factors
that is responéible'for some of the variations mnoted. The
last two sections address the child's problem of logical
development as it relates to his ability in arithmetic
and to his ability to do subtraction. Although very
few studies have been done on subtraction, evidence available

indicates that a search for statistically significant

K
i
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relationships between subtraction and conservation of
numerical quantities, seriation, and quantitative class
inclusion may be fruitfﬁl, In the chapter that follows,
the methods and procedures used in this investigation will

be discussed.

1[5



CHAPTER TIIT
EXPERIMENTAL PROCEDURES

The procedures which were used in this investi-

gation will be discussed under the following six headings:

population and sample, procedures, hypotheses, measures
of ability to subtract, measures of logical thinking, and

statistical design,

Population and Sample

Population

Lodi is the second largést comnunity in San Joaquin
County and has a population of about 30,000 people,
Because of rapid growth of the city's populétion in recent
years, Lodl has one old residential

, area and one large new

area,  Families that live in the older areca tend to have.

legs weaslth than families that live in the newer residential

areas.,

The majority of the residents are middle-class Whites.

Since there are very few industries in Lodi, many of the

residents commute to nearby areas such as Stockton or

Sacramento., Agricultural interests in and near Lodi provide

employment for a number of agricultural workers,

Ll
|
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Sample

A total of ninety children were selected from
Garfield, Erma Reese, and Vinewood Elementary Schools.
Garfield School is located in the,older residential area
of town while Erma Reese and Vinewood Schools are located
in tﬁe newer residential areas., Garfield School has grades

kindergarten through the third grade. About 230 first,

=

LR

second; airdthivd ygrade clriddren—attend Garifield—Schools

According to the 1972 statistics compiled by the San

Joaguin County Schools Department, 59 per cent of the child-

ren attending Garfield School come from homes with low

incomes. Erma Reese School has grades kindergarten through

the sixth grade. There are about 240 children in the first,

second, and third grade; 8 per cent of the children in this

attendance area come from homeg with low incomes. Vinewood

Schoul also has grades kindergéruen through the sixth grade:

4 per cent of the children at Vinewood School come from
families with low Jncomeu,

Thirty children were randemly selected from each
school on the basis of a computation test in subtraction.
The method which was used in the selection process and the

testing procedures will be discussed in the next section.

Procedures

'bo]ecLlon oE SubJoct

Children in the first, second, and third grades at
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Garfield, Erma Reese, and Vinewood Schools were given a paper

and pencil test in subtraction computation. The computation

‘test consisted of four.tests with seven prdblems on each
test. Children able to pass'ﬁhe first two tests were given
the next two tests; The following is the order of diffi-
culty of each tests

Test 1. The subtraction facts with numbers one
through nine, '

Test_2, The subtraction facts with numbers ten

through eighteen.

Test 3. Subtraction of two~ and three-digit
numbers above twenty that do not require
regrouping.

Test 4., Subtraction of two-and three-digit.
numbers above twenty that need to be
regrouped,

Testing was done by the investigator with the
cooperation of the classroom teachers, The following tests

were given at each grade level:

%

irs
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. grade: tests 1 and 2.

Second grade: tests 1, 2, 3, and 4,

7 §

Third grade: tests 1, 2, 3, and 4.

7

Children in the first grade who passed both tests 1 and 2
were given tests 3 and 4., To pass a test the child was
'reqﬁired to correctly compute five out. of the seven ifems
on each test. Coples of the four computational tests may
be found in Appendix A,

Upon completion of the testing; children were
ranked according to the test of highest numerical value
they passed, Childreﬁ passing test 4 were eliminated from

the sample, because their computational ability was beyond-
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the limits of this investigation. A list of random numbers

was used to select ten children from each of the remaining. .

3

three groups. A total of thirty children were selected

from lists compiled at each school for a total of ninety

DA 8 g o A PR 8

children.

Testing of subjects on the debehdént variables

Three different subtraction tests that reguired the

use of manipulétive materials were constructed. FEach of
the tests were comparable to one of the computation'teSts
given in the preceding section. Samples of the script used.
for the manipulative.tests may be found in Appendix‘B,
Children were given the manipulative test which
corresponded to the computational test with the highest
rank which was passed. The minimum number of problems the
child was expected to perform correctly was two problens
out of three,. _Since'the last two probiems on each of the
tests involved a ths cal transtormdL“on‘Lsomexof.fhe‘bloéks
were hidden from the child's view), these problems were con-
sidered to have greater inportance when the test was scored.
Following'each of the subtraction tests each c¢hild S esma
was given a Pilagetian logical thinking task. Thesge tasks . -
were given as follows: | | ‘ | B
1. Congervation of numerical quantntle tasks were
given to children in the subtraction level 1
group.
2. Consexvation of numcricé] gquantities and

seriation tasks were given to chlldren in the
subtraction level 2 group.
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3. Conservation of numerical quantities, seriation,
and guantitative class inclusion tasks were
given to children in the subtraction level 3
group. ' :

Samples of the scripts used for each of the above Piagetian

tasks may be found in Appendix c.

The individual tests for subtraction and logical

thinking were given by the investigator and one volunteer

who had two years of teaching experience with elementary

and gecondary students, Prior to the administration of

the individual subtraction tests that required the use of
manipulative materials and again prior to the administration
of the Piagetian tasks, practice sessions were held. Each
script was carefully followed.

Approximately half of the children in the sample
were tested by the principal investigator. The other

half were tested by the volunteer tester. At the end of

each testing session, the responses made by each child

were reviewed and scored cooperatively.

Controls over testing and scoring

)

Each of the testing sessions was recorded. In cases
where there wag some doubt about the administration or
scoring of a particular test, the tapes were reviewed by

the principal investigator.
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Hypotheééé

The hypotheses stated in Chapter I are stated
here in the form of null hypotheses;

HO,: There is no significant difference between.
the number of children who have an operative
knowledge of the subtraction faclts one
through nine and. the number of children who
have a figurative knowledge of the same
subtraction facts in their ability to give
operational responses to conservation of
numerical quantities tasks. '

’

z
Q

There is no significant difference between the
number of children who have an operative
knowledge of the subtraction facts ten through
eighteen and the number of children who have

a figurative knowledge of the same gubtraction
facts in their ability to give operational
responses to conservation of numerical
quantities tagks.

HO.,: There is no significant difference between
3 . . X

the number of children who have an operative
knowledge of the subtraction facts ten
through eighteen. and. the number of children
who have a figurative knowledge of the game
subtraction facts in their ability to give
operational responses to seriation tasks.

HO

There is no significant difference between
- the number of children who have an operative
knowledge of subtraction using two~ and
three~digit numbers above twenty that do
not require regrouping and.the number of
children who have a figurative knowledge
of the same subtraction facts in their
ability to give operational responses to
conservation of numerical quantities tasks.

>

HOS: There is no significant difference between
the number of children who have an operative
knowledge of subtraction using two-~ and
three~-digit numbers above twenty that do not
require regrouping and the nunber of children
who have a figurative knowledge of the same
subtraction facts in their ability to give
operational responses to seriation tasks.

15
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HOG: There is no significant difference between
the number of children who have an operative
knowledge of subtraction using two- and
three~digit nunbers above twenty that do
not require regrouping and. the number of
children who have a figurative knowledge of
the same subtraction facts in their ability
to gilve operational responses to quantitative
class inclusion tasks.

Measgures gf.Ability Eg Subtract

Computational tests of subtraction

Problems for the computation tests of subtraction
were provided by CTB/McGraw-Hill located in Monterey,
California. The problemns were selected from eight different
standardized tests which were administered to more than
200,000 students. The items were chosen on the basisg of
item analysis for their ahility to discriminate grade
levels. Information by the publisher concerning each
test item may be found in Appendix D. The per cent of
children in the national sample who passéd each item and
the grade level of the children tested are given. A |
letter from the Director of Test Development gives further
infoxmation about tﬁe computational items supplied for
this investigation. |

Forty test items were provided by CI'B/McGraw-Hill;

ten items for each of the four tests. Although each of
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the ten items had four answer choices as provided by the
publisher, these item responses were not used in the experi-
mental testing. Children weré required to respond by
recalling the cofrect response in each testing; Three of
the Een items for each of the four tésts were randomly
selected for use with the subtraction test that requires
the use of ménipulative materials. Since a manipulative

test was not constructed using the subtraction problens

S

LTI
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from the fourth test, these three items were discarded. The

twenty-eight subtraction problems that remained were given

to sixty-one first, second, and third grade children not
included in the study. Two wéeks later the test was given
again andva_testwfetest relilability coefficient for each
of the grades was calculated. The coefficients fouﬁd for
each grade were as follows:

Grade 1. 'The Pearson r correlation coefficient
for twenty children in the sample was
.12,

Grade 2. The Pearson x correlation coefficient
for seventeen children in the sample
was .56,

Grade 3. The Pearson r correlation coefficient
for twenty-four children in the sanple
was .75.

Since test scores were used to establish the level

-~

of subtraction difficulty the child could compute, the

[T
|
|
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reliability coéfficients were generally acceptable, ‘The
fact that the correlation coeffiéient for the second grade
class was much lower than the first and third grade
coefficients could not be explained. Data used to calculaté

each correlation is displayed in Appendix E.

Manipulative tests gﬁ‘subtracfion.

The subtraction problems selected for use with

L
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manipulative materials were presented in the following
order.

1. The child was given a set of blocks to count, A
problem was then stated in which the child was
required to show the number of blocks in the set
that belonged to a remainder set.

2. The ¢hild was given a set of blocks to count. A
screen was then placed in front of the blocks.

After some of the blocke were placed in front of

the screen, the child was instructed to £ind
the number of blocks that remained behind the
scereen,.. BExtra blocks were made available to the
child for the solution of the problem.

3. Two equal sets of blocks were presented to the
~child. After each set of blocks was counted,
some of the blocks from one of the sete were
placed behind a screen. The child was then
instructed to find the number of blocks that
were placed behind the screen,

Between eight to ten children were randomly selected
from each of three groups: children who could only compute
problems on test 1, 2, or 3, (All of the children selected
were also part of the reliability study described in the
previous section.) Bach child was then given the appropriate

manipulative test of subtraction that corresponded to his

placement as determined by the computation test. Children
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Who.were unsuccessful on ﬁhe compﬁtation test were unsuccess-
fﬁlvon the manipulative test. Children who were relatively
succeéSful on the computationvteSt were not always successful
on the manipulative test: however, children who were highly
successful on the computation test were highly successful

on the manipulative test.

Measures gz‘Loqical.Thinkinq
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Conservation of numerical quantities

To test conservation of numerical quantities; two
‘conservation tasks were used. These tasks are similar to
the conservation tasks used by Millie Almyl in her work
with second grade children. Out of a group of 629 sécond
grade children participating in the study, Almy Ffound 366
second grade children who were operational on the two
conservation tasks of numerical quantities,

In the first conservation task eleven yellow
vblocks and fourteen blue blocks were placed in front of
the child. After the yellow and blue blocks were arranged
in two parallel rows, the child was asked if there were
as many vellow blocks as blue blocks. He was then given
some vyellow blocks and asked to'make the yellow row the same
as the blue row. After the child achieved this task; the

arrangement of the blocks in the blue row was changed, The

1Almy and Associates; Logical Thinking; p. 117,
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blue blocks were pushed together., Again, the child was
asked 1f the two sets of blocks were eguivalent. Next the
row of yellow blocks Was spread out and the child was asked
the same question.

In the second task sixteen_yellow blbcks were
placed in é row in front of the child. He was then

instructed to count the blocks. After the blocks were
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that the row was longer. The child was then asked to tell
how many.blocks there were in the row (he was not allowed
to recount the blocks). Next; the blocks were pushed into
a pile, The child was asked to tell without counting how
pmany biocks were in the bileg A copy of the script used

for the consefvation of numerical quantities tasks and the

other Piagetian tasks that follow are found in Appendix C.

Sexiation

Instead of using three dimensional objects as were
used by Plaget, a set df cards with pictures of farmers and
shoveis were used, Almy2 also used picﬁures in her research

with second grade children, Her results indicate that this

task was extremeiy difficult for second graders. Only 5

per cent of the children were operational on the ordination,

seriation, and reordering task and 15 per cent of the child~

ren were operational on both the ordination and seriation
3

tasks. .

Tbid., p. 37. 31pid., p. 154,

[, o e sy
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Almy's results on the seriation task with second
graders agrees favorably with the results obtained in a
similar experiment done by E, H, Hood:

Using drawings of ten boys differing in size and
and a complementary set of ten hoops, (the test)
required the child to put each set into serial order -
and then to make the two gets correspond. She found
this to be one of the most difficult of the tasks
related to the concept of number., At age seven only
6 per cent of her normal subiects had reached the level
of operational thought that enabled them to solve this
problem of seriation. Of the eight-~year-olds, 34 per

AR I IR
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cent, and 02 the nine-year-olds, 75 pexr cent, were at
this level, '

In this investigation, two sets of ten cards were

[¥]

used, One set of cards had ten men differing in size by
three—~eights of an inch in height. The second set of

cards contained a complementary set of shovels. Three

types of problems were posed with the cards: serial order,

ordination, and reordering.

Serial order.--The two sets of cards were shown to

the child. From the set of cards with men on them, the
two smallest and the two largest men were placed two feet

apart. The child was asked to arrange the remaining cards

in their proper order. If the child ordered the set properly,

he proceeded to the second task; however, if the child made
an errox, the error was corrected before the child was
allowed to proceed tothe second part. In the second part;

the child was asked to find the shovel that went with each

4£E}d p. 37.

P |
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man after the largest and smallest shovel had been placed

at the foot of each corresponding man.

Ordination.--In this task, each man was matched

with a complementary shovel: then the row containing the
shovels was displaced three cards to the left. The child
was then asked to find the shovels that belonged to three

specified men,

Reordering.~-The men were placed in a row and the

'shovels were scrambled. The evaluator then asked the child

to f£ind a shovel that belonged to a designated'man}

Quantitative Class Inclusion

When Piagets first conducted his experiments with
class inclusion he found that children were not able to
understand the logical relahionship of the parts to the
whole until about thé age of seven, In subsequent studies
done by Inhelder and Piaqet6 it was found that the majority
of children are not truly operatidnal until after the age
.of seven. This finding is substantiated by Almy7 who
found that children>do not begin to gain a good grasp of

class inclusion until they are beyond the age of seven.

“Jean Piaget, The Child's Conception of Number,
The Norton Library (New York: W. W. Norton and Company,
Inc., 1952}, pp. 161-184.

6B§rbel Inhelder and Jean Piaget, The Eafly Growth

of Logic in the Child (New York: Harper and Row, Publishers,

1964), pp. 100-149,

Almy and Associates, Logical Thinking, p. 163.
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In this study two class inclusion tasks were
required of the student. The tasks selected werevsimilar
to those used by Almy.B Copies of the scripts used fof
the clags inclusion tasks may.be fbund in Appendix C.

Plastic spacemen were used in the first task. A box

~containing five blue and three white spacemen was placed

in front of the child: the following questions were asked:

1 What matevial are the spacemen made of?

2. Are there more blue spacemen, more white
spacemen or are they the same?

3. Are there more blue spacemen, more plastic
spacemen or are they the same?

4, How can you tell?

In the second task seventeen plastic Unifix Blocks
were used, twelve of the blocks were blue and five of the
blocks were yellow. ‘The‘biocks Qere'plaéed in fron% of the
child and the following questions were asked:

1. Are the blue blocks made of plastic? Are the
yvellow blocks made of plastic?

2. Are there more blue blocks, more plastic blocks
or are they the same?

3. How can you tell?

Scoring of Test Data

Subtraction tests

The computation tests of subtraction were scored on
the basis of right minus wrong. A child was required to

correctly compute at least five of the seven computation

,822-!'-,53. pp. 30-34.

1
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problems on a test to have a passing score for that test.
Each of the manipulative tests of subtraction

+

contained three items. A correct numerical solution for

each of the items was given one point: a second point was

G M I R 0 10 00 DU BN AT

“given to the child for each item on which he gave verbal

§hs

responses that indicated his method of solution was

rational and not just a guess. Total point scores of five

or six were passing scores. TIf a child received a score of

four points, his score was passing if he received two e

‘points on each of the last two prdblems. o -

Logical thinking tasks

A major consideration in scoring the Piagetian
tasks was to identify those children who clearly gave
characteristic operational responses to each of the tasks.

Children who gave operational responses for some but not

all of the tasks were not considered to be fully operational.

Conservation of numerical quantities.--Each of the

- two conservation tasks contained three parts. In the first

two parts of each test one'point was given for a Cofrect

Answer. FA characteristic operational response on the last

part of each test was given one point. To bhe congidered

operational on the conservation tasks, the cﬁild'had to ' e

receive a total of six points.

Seriation.~-The seriation task consisted of three

parts: serial order, ordination, and reordering. The first



two parts contained three items that were scored Zzero if

there were errors and one 1if done correctly. The reordering

’

task was scored zero if the c¢hild made an error and two
points for a correct answer and a characteristic operation-
al response. A child was considered to be operational on
the ordination task if hg received a score of three points

and operational on both ordination and reoxdering if his

BN I8}
|

operaticnal on the class inclusion tasks

total scoxre was five,

Quantitative class inclusion.--Each of the class

inclusion tasks contained two parts. A child was given

one point for a correct response and no points for an

incorrect or non-operational response. To be considered

the child had to

4

receive a total of four points.

~Statistical Design

Data collected will be entered on the contingency
tables shown below. Tables 1 through 6 will be used to
test the hypotheses stated earlier. A chi-sguare test of
statistical significance will be used to test each
hypéthésis. Significance at the .05 level will be

accepted,
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TABLE 1.--Contingency table showing the number of children

who are judged to be operational or non-opera-
tional on conservation of numerical. quantities
tasks and who have either an operative or a

flqurailve understandlng of level 1 subtraction.

SO 8 5 O 0 P 1 (8 03 DA

Ability to Ability to  Total
Subtract o Conserve )
) . Oper.. Non-oper...

Operative
Flng ative

Total

TABIm 2.---Contingency table showing the number of children
who are judged to be operational oy non-opera-
tiona] on conservation of numerical. guantities

asks and who have either an operative or a

flquratlve understanding of level 7 subtraction.

Ability to . Ability to Total
Subtract Conserve ‘
. Opex.. Non~oper.,

Operative
Figurative

Total




TABLE 3.--Contingency table showing the number of children E o
who are judged to be operational or non—opera-
tional on seriation tasks and who have either

il
|
§

an gperative or a figurative understanding of o
level 2 subtraction. g

Ability to.. Ability to . Total

Subtract : Seriate
... Oper.. Non-oper...

Operative

Figurative

Total

TABLE 4,-~Contingency table showing the number of children
who are judged to be operational or non~opera-
tional on conservation of numerical guantities
tasks and who have either an operative or a

figurative understanding of level 3 subtraction.

Ability to Ability to Total

Subtract Conserve
’ Oper, Non-~oper.

Operative
Figurative

Total , R
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~~Contingency table showing the number of children
who are judged to be operational or non-opera-
tional on seriation tasks and who have either
an operative or a figurative understanding of

level 3 subtraction,

Ability to = Ability to Total
Subtract Seriate

Opero,_Noneoperyh,_4,

TR L R g L
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STABLE 6, o

Operative
Figurative

Total

Contingency table showing the nunber of children
who are judged to be operational oxr non-opera-
ticnal on guantitative class inclusion tasks

and who have either an operative or a figurative

understanding of level 3 subtraction.

Subtraction Class Inclusion Teotal

Ability Ability
y Oper. Non-oper.

Operative
Figurative

Total
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In this chapter the experimental procedures and

methods for gathering the data have been discussed, The

sample consisted of ninety first, second, and third grade

LOLLETR o 0 4 D Y e T B

children in three different Lodi elementary schools.

‘Cﬁild:en in the sample were given subtraction tests and

logical thinking.tasks for the purpose of comparing their L
' ey -to—subtract with their “%i]it

to—perform certain

alvility—to—=sub ability P
logical thinking tasks. . : e

- The research data collected will be presented in -
Chapter w. A statistical analysis of this data will be ;',W

performed by using a chi-square test of significance.



CHAPTER IV
RESULTS OF THE STUDY

Intréduction

Data gathered to test the comparison between

(10 00 13 o D 1 S
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7children’s 1ogical development and their ability to

uubtvact will be presented in the order that the
hypotheses were stated in Chapter I, For the purpose
of clarity the hypotheses will be considered in groups
according to the level of subtraction difficulty tested.
Hypothesis number one will be presented then hypotheseé
numbers'two and three; EQJJOWOd by hypotheses number

four, five, and six.

ResuTts

HOl: There is no significant difference. between the
number of children who have an operative know-
ledge of the subtraction facts one through.nine.
and the numbex of children who have a L%ﬁﬂiﬁi}!ﬁ
knowliedge of the same subtraction facts in theix
ability to give operational responses to conser-
vation of numerical guantities tasks.

The first hypothesis was tested with'thirty
children who passed the level 1 computation test of

subtraction. Fach child was given two additional tests:

~a subtraction test using manipulative materials and a

conservation of numerical quantities task. Data gathered

from these sources are tabulated in Table 7.

58
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TABLE 7.-~Results of the manipulative test in subtraction

' and conservation of numerical qgquantities tasks
for children passing the level 1 computation test
of subtraction.

“Subject

Level 1 Manipulative

i

S T I ¢ O O

LI

Age in Conservation
Months Test of Subtraction Scores
Operative . Figurative :
Scores Sceres
01 87 4 4
02 79 2 6
03 79 5 6
04 82 6 6
05 85 . 2 1
06 79 6 3
07 79 6 6
08 83 6 3
09 76 6 6
10 78 6 0
11 77 ) 6
12 80 6 6
13 87 6 6
14 90 - 6 3
15 79 5 3
16 111 6 1
- 17 79 6 - 1
18 78 2 6
19 87 5 3
20 79 3 1
21 79 6 6
22 85 6 6
23 82 6 6
24 78 6 4
25 86 5 o1
26 .18 5 6
27 - 80 5 3
28 82 3 3
29 86 2 3
30 77 2 3
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Table 7 reveals that the meah age of the children
in the sample is eighty-two months. Twenty-two children
out of thirty were judged to have an ggggigiyg‘knowledge

of the subtraction facts one through nine., Only eight

children out of thirty have a figurative knowledge of these

same subtraction facts. A score of six on the conservation
test indicated the child was operational: all other scoves

are congsidered to be non-operational scores. Thirteen

D O D 11:3: 50 Y Y I

NN

" children out of thirty received operational scores:

seventeen children received non-operational scores. Data

used to calculate the chi-square statistical test of

significance is displayed in Table 8,

TABLE 8,.,--Contingency table of the number of children who
are Jjudged to be operational or non-operational
on conservation of numerical quantities.tasks.

and who have either an operative or figurative
understanding .of level 1 subtraction.

CAbility to Total

Ability to
~Subtract Conserve
' Oper. Non-oper.

Operative 11 11 : 22
(9.5) (12.5) ;

Figurative 2 6 8
(3.5) (4.5)

Total 13 17 30

2

X7 = 0.69



The critical value for rejection of the null

2

hypothesis at the .05 level of significance is a value
greater than or equal to 3;84 for one degree of freedom.
Since the value calculated is 0.69, differences between
the number of children who have an éﬁéﬁéﬁiﬁé knowledge of

subtraction facts one through nine and the number of

children who have a figurative knowledge of the same sub-

traction facts in their ability to give operational responses

to conservation of numerical guantities tasks are

‘non- q"q ificant.

¥

HOZ: There i _no s1gn1¢10"nt difforen@e betwcen the

R SO T

know]edqe ot the hubtfautlon facts ten Lhrough
eighteen and the number of children who have
ve knowledge of the same subtraction
in their ability to give operational

figurati
facts

responses to conservation of numerical guantities

asks.

H03: There is no gignificant difference. between the

number of children who have an ¢perative knowledge

of the subtraction facts ten Lhrough “eighteen and

the number of children who have a figurative know- e

ledge of the same subtraction facts in their
ity to give operational responses to seriation

tasks.

abile-

To test hypotheses two and three, a sample of thirty

children were selected who passed the level 2 computational

test (the subtraction facts ten through eighteen).

children were given an eguivalent subtraction test using
manipulative materials. TFollowing this test, children

were given two Pilagetian tasks: conservation of numerical

guantities and seriation. The data for each child tested

is recorded in Table 9,



. TABLE 9.-~Results of the level 2 manipulative test in
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subtraction and two Pilagetian logical development
tasks for children who passed the level 2
computation test of subtraction. '

Subject Age in

Level 2 Mahipulative

(100N 3 A 0 Y P T I

Conservation Seriation
Months Test of Subtraction Scores Scores
Operative Figurative
Scores Scores = N
01 -87 4 6 3 L
02 94 6 6 2 :
03 100 6 3 3 ER—
04 105 6 3 2 K
05 94 2 6 3 -
06 96 2 6 2
07 926 0 6 2
08 21 0 0 2
09 S0 2 2 1 S —
1.0 91 4 3 1
11 8¢ 6 6 3
12 89 6 6 3
13 103 ) , 3 1
14 76 4 6 2
15 88 3 6 0
16 89 2 6 1 )
17 71 2 3 3 S ——
18 94 2 3 1
19 85 0 3 2 T
20 83 4 3 2 i
21 3 4 6 3
22 88 4 6 3
23 83 3 6 3
24 77 4 6 2
25 34 3 6 1
26 83 2 3 3 _
271 74 4 3 3
28 76 2 3 2
29 89 3 3 1
30 80 2 3 0 -




The cumulative data from Table 9 reveals that the
mean age of the children in the sample is eightymeight

months. Eight children out of thirty were judged to have

st o s e

through eighteen: twenty~two.out of thirty have a figurative
knowledge of these same facts., Children receiving a score

of six on the conservation tasks had operational scores.

I

1o o 107 D e 4t ]
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score of five on the seriation tasks was an operational
score for the entire series of tasks:; a score of three on
the seriation tasks was an operational score for all of
the seriation tasks up to and including ordination
(congservation of a serial correspondence). Scores less
than three were considered to be non-operational scores.
The table above reveals that fifteen children have
operational scores on the conservation of numerical
quantities tasks, and fifteen children have non-operational
scores., Eleven children had operational scores on con~
serving a serial correspondence; and nineteen children
were considered to be non-operational. - None of the
children in the sample had operational scores for the
ordinal correspondence task which would have given them a
total score of five. Data used to calculate the chi-square

statistical test of significance is displayed in Table 1.0,

1L
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TABLE 10,.-~Contingency table of the number of children
who are judged to be operational or non-opera-
tional on conservation of numerical. quantities
tasks and.who have either an operative or a
figurative understanding of level 2 subtraction,

S0 |4 vt A R |

I

¥

Lo RLETIT

Ability to Ability to : Total
Subtract ‘ ~ Conserxrve
- Oper.  Non-oper.
Operative . 5 .3 8
(4) (47 T
Figurative 10 12 22 T
(11) (11) :
Total 15 15 30 .
2

o= 0,17

The critical value for rejection of the null
hyvpothesis at the .05 level of significance is a value
greater than or équal to 3.84 for one degree of freedom.
Since the value calculated is 0.17, differences between
the number of c¢hildren who have an QPP:QLLXQ knowledge of
the subtraction facts ten through eighteen and the number
of children who have a ﬁiggggﬁixg knowledge bf the same
subtraction facts in their ability(to-give operational
responses to conservation of numerical quantities tasks
are non-significant.

Data used to calculate the chi-square test of

significance for hypothesis three is displayed in Table 11,



TABLE 1l.--Contingency table of the number of children
who are judgcd to be operational ox ’
non-operational .on.seriation tasks and. who
have either an operative or a figurative
understanding of level 2 subtraction,
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Ability to Ability to . Total
Subtract - Seriate -
: Oper., Non opor".

[

o

Operative 5 3 8
‘ (2.9) - (5.1)
Figurative 6 16 , 22
(8.1) (13.9)
Total 11 19 ) 30
X2 = le89

The value calculated for thé chi~gquare test of
statistical significance for hypothesis three is less
than 3.84: therefore, differences between the number of
children who have an operative Vnow]odge of the sub-
traction facts ten through eighteen and the nunber of

children who have a figurative knowledge of the same

subtraction facts in their ablility to give operatidnal

esponses to seriation tasks are non-significant.



HO4: There is no significant difference between .
the number of children who have an operative
knowledge of subtraction using two- and
“three-digit numbers above twenty that do not
require regrouping.and the number of children
who have a figurative knowledge of the same
subtraction facts in thedir ability to give
operational responses to conservation of
numerical quantities tasks.

HOS: There is no significant difference between
the number of children who have an operative
knowledge of subtraction using two-- and
three-digit numbers above twenty that do not
require regrouping. and the number of children

who have a figurative knowledge of the same
subtraction facts in their ability to give
operational responses to seriation tasks.

HOG: There is no significant difference between
the number of children who have an operative
knowledge of subtraction using two~ and
three-digit numbers above twenty that do not
reguire regrouping and the number of children
who have a figurative knowledge of the same
subtraction facts in their ability tc give
operational responses to gquantitative class
inclusion tasks,

To test hypotheses four, five, and six, one group

of thirty children were selected who passed the level 3
computation test (subtraction using two- and threémdigit
nﬁﬁbers above twenty that do not regquire regrouping).
These children weré given four additibnél tests: a
manipulative test of subtraction; conservation of
numerical quantities tasks, seriation tasks, and quan-
titative class inclusion tasks. The data gathered on

each child ig recorded in Table 12.



- TABLE 1Z ~--Results of the level 3 manipulative test in

subtraction and three Piagetian logical
development tasks for children who passed

the level 3 computation test of subtraction.
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Subiject Age in ILevel 3 Manipulative Conser-- Seri- Class
Months Test of Subtraction vation ation Inclu~
Operative Figurative ‘ silon ,
Scores sScores.

01 105 6 6 3 4

02 S0 "6 6 3 4 T
03 102 6 6 3 2 S
04 28 4 6 5 4

05 89 6 6 2 4

06 111 6 6 3 4

07 99 6 6 3 2 o
08 a8 0 1 3 0

0% 10¢@ 6 . 6 3 0

10 93 1 3 1 0

11 108 6 6 3 4

12 9% 6 .6 3 4

13 100 6 6 3 0

14 104 6 6 3 0

15 100 6 - 6 2 0

16 101 6 6 1 0 o
17 107 5 6 1 0

18 103 4 6 2 0

19 94 4 4 2 4 -
20 114 2 6 2 0

21 100 6 6 3 0

22 110 6 6 5 4

23 103 6 6 5 0

24 109 5 6 3 4

25 90 6 6 3 0 -

26 112 4 3 2 0

27 102 4 3 2 4

28 104 2 3 3 4 e
29 80 2 4 2 0

30 80 2 6 2 0 —
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Data from Tablel2 reveals that the mean agé of
the children in the sample is 100 months. Twenty-two
children out of thirty were judged to have an operative

knowledge of subtraction of two- and three-digit numbers

greater than twenty: eight children out of thirty have

a figurative knowledge of these game subtraction problens.

Children receiving a score of gix on the congervation ' S —

tasks had operational scores;‘less than six was considered
:nonmoperational@ A score of five on the seriation tasks
was an operatiohal score for the entire series of tasks:

a score of three on the seriation tasks was an operational
‘score for all of the seriation tasks up to and including
ordination (conservation of a serial correspondence).

Scores less than three wefe considered to be non-operational
scores, Three children received a score of five on the
seriation tasks, Eighteen children out of thirty wére
operational on the ordination task: twelve children out

of thirty were non-operational. Avscore of four on the | T
quantitative class inclusion tésks was considered to be

an operational score; scores less than four are non-operation-

'
al, Twelve children out of thirty received'operational
scores, and eighteen children out of thirty received
nonmoperationél scores, Data used to calculate the

chi~square test of significance for hypothesis four is

displayed in Table 13,
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TABLE 13.--Contingency table showing the number of
children who are judged to be operational ox
non~operational on conservation of numerical
quantities tasks and who have either an
operative or a figurative understanding of

s ALt e - aree acnis

level 3 subtraction.,

0 I T 4 0 8 A A

Ability to Ability to Total
Subtract Conserve
Oper. Non-~oper .
Operative 21 1 22 i

(16.9)  (5.1)

Figurative 2 6 8
(6.1) (1.9)

Total 23 7 30

The c¢ritical value for the rejection of the null hypo-

thesis at the .05 level of significance is a value ¢greater
than or equal to 3.84 for one degree of freedom. A
chinéquare value as high as 12.25 is significant beyond
the .001 level, vDifferences found between the number of
children who have an Qéﬁﬁiﬂiﬁﬁ knowledge of subtraction
using two; and three~-digit numbers above twenty that do n&t
require regrouping and.the number of c¢hildren who have a

figurative knowledge of the same subtraction facts in their

ability to give operational responses to conservation of
numerical dguantities tasks are significant beyond the .001

level of significance.
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Table 14 displays the data used to statistically

test hypothesis five,

TABLE 14.--Contingency table showing the number of children i
who are judged to be operational or non-opera- x
tional on seriation. tasks. and who have either e
an operative or a figurative understanding of 1
level 3 subtraction,
Ability to Ability to Total S
Subtract Seriate , :
- Oper. Non-oper. - e
Operative - 16 4 6 22
S (13.2) (8.8)
Figurative 2 _ 6 ) 8
(4.8) (3.2)
Total 18 ' 12 30
2 =
X' = 3.76

The chi-square value calculated for hypothesis five
is 3.76, This value indicates that differences between
the number of children who have an operative knowledge of
Subtraction using two~ and three-digit numbers above v -
twenty that do ﬁot require regrouping and the number of

children who have a figurative knowledge of the sawme

subtraction facts in their ability to give operational

responses to seriation tasks are non-significant.
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In Table 15 the data used to statistically test

hypothesis six is displayed.

TABLE 15.~~Contingency table showing the number of children
who are judged to be operational or non-opera-
tional on guantitative class. inclusion tasks ,
and who have either an operative or a figurative
understanding of level 3 subtraction.

A 10 00 0 P 5 o D O
|

Subtraction .Class Inclusion - Total
Ability ' CAbility
: Opero Non opere
Operative 9 13 22
(8.8) (13.2)
Figurative 3 5 , 8
(3.2) (4.8)
Total 12 - 18 30
x* = 0.64

Results of the statistical test for hypothesis
six reveéal a 0,64 chi-square va]ue. This indicates that
the differences found between the number of children who
have an operative knowledge of subtraction using two-
and three-digilt numbers above twenty that do not require

regrouping and the number of children who have a figurative

knowledge of the same subtraction facts in their ability

[y

to give operational responses to quantitative class inclusion

tasks are non-gignificant.
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Summary

Six hypotheses were tested., The results of

these hypotheses are as follows:

HO

'k

There is no significant difference between. .
the number of children who have an operative
knowledge of the subtraction facts one
through nine. and the number of children who
have a figurative knowledge-of the same sub-
traction facts in their ability to give
operational responses to conservation of
numerical quantities tasks. (Non-signficant

im
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|
|
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at the .05 level.)

There is no sgignificant difference between the
knowledge of the subtraction facts ten through
eighteen and the number of children who have

a figurative knowledge of the same subtraction
facts in their ability to give operational
responses to conservation of numerical quantities
tasks. (Non-significant at the ,05 level.)

There is no significant difference between.
the number of children who have an operative
knowledge of subtraction fadéts ten throug
gighteen and the number of children who have

a figurative knowledge of the same subtraction
facts in théir ability to give operational-~
responges to seriation tasks. (Non-significant
at the .05 level.)

There is no significant difference between
the number of children who have an operative
knowledge of subtraction using two-~ and
three-digit numbers above twenty that do not
reguire regrouping and the nunber of children
who have a figurative knowledge of the same
subtraction facts 1n their ability to give
operational responses to conservation of
numerical guantities tasks. (Significant at
the .001 level.)

There is no significant difference between the
number of children who have an operative
knowledge of subtraction using two- and
three-digit numbers above twenty that do not
reqgquire regrouping. and the nunber of children
who have a figurative knowledge of the same



subtraction facts in their ability to give
operational responses to seriation tasks.
(Non~significant at the .05 level.)

HO_: There is no significant difference. between the
number of children who have an operative '
knowledge of subtraction using two- and
three-digit numbers above twenty that do not
require regrouping and the number of children
who have a figurative knowledge of the sane
subtraction facts in their ability to give
operational responses to quantitative class
inclusion tasks. (Non-significant at the .05
level.)

L L I R
i

The conclusions that can be drawn from these
‘hypotheses will be discussed in the next chapter. Following
the conclusions, the implications of this'study4for
teaching of subtraction will be discussed, and specific

recommendations will be given for further research.



CHAPTER V

CONCLUSIONS, IMPLICATIONS AND RECOMMENDATIONS

FPOR FURTHER RESEARCH

The conciusions that can be drawn from the data

T RSN

Ty
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presented in Chapter IV will be discussed in the order
that the hypotheses were presented. Following the
cohclusions; the implications and_recommendafions for
further research will be given.

R ALY

Conclusions

Hypothesis One

The statistical test for hypothesis one was
non-significant. This result indicates that there are
no differences in conservation abilities between children
who have a computational knowledge of subtraction of

numbers one through nine and children who have an operative

knowledge of these facts. Non-significance should not be

interpreted to mean that conservation of numerical
quantities is irrelevant to the child's ability to
subtract. Instead, the data suggest that children do not

necessarily need to rely on the logical ability tested to

“solve subtraction problems. It was noted during both the

. group computation test and the individual test of

74
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subtraction based on manipulative'materials that children
relied on counting teéhniques t§ find answers to-problems.

In LeBlanc'sl study of the performance of first
grade children in the solution of subtraction word problems,
he found a significant relation between the ability to
solve subtraction word problems and the ability to éonserve
numerical quantities. A correlation was done between

problem solving and the number facts found in each woxd

(S IR M O 1 B I

préblema Since the correlation was very low (r ='.39),
.one would expect the statistical»relation between sub-~
traction and conservation of numerical quantities to be
non-significant. This investigation provides the empirical
evidence that a non-significant relation does exist between

‘the subtraction facts one through nine and conservation of

numerical quantities.

Hypothesis Two

A chi-sguare test of statistical éignificance
proved to be non--significant for hypothesis two. The
evidence indicates that there are no differences in ability
to conserve numerical gquantities between children with

operative and figurative knowledge of the subtraction

facts ten through eighteen. This was an unexpected

lJohn Francis LeBlanc, "The Performance of First
Grade Children in Four Levels of Conservation of Numer-
ousness and Three I.Q. Groups when Solving Arithmetic -
Subtraction Problems," (unpublished Ph.D. dissertation,
University of Wisconsin, 1968), pp. 159-160.
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outcome., However, an interpretation based on the facts

indicates that children can learn to solve the more

difficult subtraction facts without using the ability to

i ek 41 BV TR T

conserve,

g

An ability that children used most often was
counting. On both the computation test and the subtraction

test based on manipulative materials, in this study . L e

children frequently used thelr fingers or made tally marks
on their papers., Piaget obéerved that the abiiity to
count need not be based on logical processes, and the
ability to count rationally only requires that the child

be able to make a one-to-one correspondence.,

Succéssful subtraction strategies were also dis-
plaged by children who héd learned techniques for solving
the nﬁmber facts ten through eighteen. On one of fhe
problems presented in the manipulative test four blocks
were ﬁakenAfrom a group of thirteén blocks. Several
children found the amount that was left by saying, "Ybﬁ
take the three from the four. This makes ten. Thén y5u
take the one from the teﬁ and this makes nine. That's
the way ¥ know 13 - 4 = 9,"

Hood2 made comparisons between children's logical

development and their arithmetic ability., The children in

2H. Blair Hood, "An Experimental Study of Piaget's .
Theory of the Development of Number in Children," British
dJournal of Psychology, LYIT, 1962, p. 279,
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Hood's study also demonstrated the ability to solve
computational as well as word problems by using learned
techniques without the need to think in channels that

‘relied on the concepts of conservation.

Hypothesis Three

Hypdthesis three was found to be statistically

non-significant, = There was no significant difference

FI 3 o P i 4

between children's operative and figurative kﬁowledge

of the subtraction facts ten through eighteen and their
ability to seriate (conserve a’seriél correspondence),
Again, children appeared to be able to channel their
methods of solution so that seriation was not a.necessary
ability. Some of the counting techniques used by
children to solve subtraction problems seemed to make use
of seriation abilities; however, close inspection of
these coﬁnting techniques proved this assumption to be
false,

In one of the manipulative tests of subtraction
thirteen blocks were placed behind a screen. - Four
blocks were takén from behind the screen and placed in
 front of the child., The child was then asked to deter-
mine the- number of blocks thaf remained behind the
screen. Several children after seeing the four blocks
couﬁted on their fingers, touching each finqér saying-,
"Ihirteen, twelve, eleven, . ., . , five," After the

child counted the fifth finger, he then determined the
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number of fingers touched,

Hypotheéié Four

Perhaps the most significant result of this study
‘is the outcome of hypothesis four. A chi-square test of
significance showed that differences tested are signifi-

cant beyond the .00l level, This result would strongly

suggest that children's ability to understand the opérative

TN
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aspect of subtraction (subtraction of two- and three-digit

numbers greater than twenty that do not require regrouping)

i$ related to their ability to conserve numerical quan-
tities. Childrenbwho lack the‘ability to conserve numer-
ical quantities are able to compute subtraction problems
at this level; however, their ability is not kased on .
logic. Piaget3 idéntifies_conéérvation as the most funda-
mental of all logical processes and as a necessary condi-
tion for all rational activity. _Piaget's prediction was
found to be guite accurate in the case of subtraction of
two- and three-digit numbers greater than twenty that do
not require regrouping. At this level of subtraction
difficulty, children need to use their conservation
abilities to solve subtraction problems based on real
material of the type used in this investigation.

From the comparison of the results of hypotheses

one . through four. it can be conjectured that in subtracting

3rean Piaget, The Child's Conception of Numben

(New York: W, W. Norton and Company, Inc., 1965), p. 3.
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the fécts one through eighteen the child cén treatirealv
guantities as though they were composed of finite units
which do not necessariiy have ordinal properties° These
units may .be distributed along a linear continuum so that
‘they may be treated.in easily perceived groups, Thus,
the child may carry out‘the subtracfion operation by

taking one unit at a time or a small group of units away

[
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from a collection of réal objects. This approach té
subtraction is not successful when applied to concrete
situations where the quantities involved are greater than
twenty and the materials are not easily broken into
individual units which can’ be distributed in a linear
fashion. Lack of success at this point is due to at least
two factors: the magnitude of the quantities involved
and the ability to think of the quantities involved as

being transformed into another arrangement.

Hybétheéié Five

The statistical test for hypothesis five was
non-significant. The fesults indicate that there are no
differences in the seriafion ability of children who
have a compﬁtational knowledge of subtractioh uSing two-
and three-digit numbers above twenty that do not require
regrouping and children who have an-ggggﬁgizg knovledge
of subtraction on the same level of difficulty. ~ As
in the earlier findings the non-significant results indi-

cate that the c¢hild can use abilities other than seriation
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(conservation of ; serial correspondence) to find answers
to the subtraction problems. Evidence gathered from the
individual tests of subtraction based on manipulative
materials substantiates this conclusion, The preferred
ﬁethod of solution used by the children in this experimen£

was to treat the subtraction of two large numbers as a

series of smaller subtraction problems. The hundreds were

=

Subtra@ﬁ@d‘fifEtﬁ'ﬁﬁKﬂTﬁﬂR?ﬂﬂﬂnﬁf‘fﬁiiﬁwe”‘EY*tﬂ‘*ﬁucS.

Each of the differences weré then combined or stated as
separate differences. Since regrouping was not involved in
any of the problems, children were able to find the answer
by simply stating the separate differences beginning with

the hundreds.

Hypothesis Six

In hypothesis six the differences found between

children with an operative and figurative knowledge of

rcn s s =

subtraction ﬁsing two~ and three-digit numbers above
twenty that do not reguire regrouping and quantitative
class inclusion are non-significant. This outcome is

in agreement with the results of hypothesis five on
Seriation; however, the ability of the child to
conceptually combine the Diense blocks (hundreds; tens;v
and units blocks) should logically entail the inclusion of.
the separate groubs of blocks into an integrated whole.

In the discussion of the childreﬁs’ methods of solution

in the preceding section, it was found that children can



81
avoid the problem of inclusion.by not combining the
- subordinate parts to create an integrated whole.
out of the thirty subjects tested only two
children were noticeably troubled by the part to whole
relation., During one of the manipulative tests of sub-
traction, the'investigator took a hundreds block and

seven units blocks from a group of Diense blocks. The

(PO 00 16 A N0 b LW L B O |
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child was asked to aetérmine the nunber of blocks that

| weré missing. One cﬁild looked at the hundreds stack
that remained on the table and said, "You took one
hundred because there is one missing." Then he looked at
the units blocks and said, "No, you took seven. (Pause)

No, you took 701 blocks . . . . No, you took 107 blocks."

H
A second child who did not get the correct answer gave a
series of identical responses; except; the child ended by
saying, "No, you took 107 blocks . . . . No, you toock

1007 blocks."

summary

b s e

Children's operative and figurative knowledge of

the sﬁbtraction facts one through nine was not signifi-
cantly affected by the presencevor absence of the ability
to conserve numerical quantities. The ability to do the
subtraction facts ten through eighteen either on an

operative or a figurative level of understanding was not

significantly affected by the presence or absence of

congervation of numerical quantities or seriation abilities.



82
Conservation‘Of numefical gquantities was‘found fo be a
highly significant factof for children who had an
QEQEEEEXE ﬁnderstandinq of two- and three~digit numbers

above twenty that do not regquire regrouping. However,

an operative or a fiqurative knowledge of subtraction at
this level is not significantly affected by the ability to

do problems of seriation or gquantitative class inclusion.
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An anaiysis of‘data accumulated from the sub-
traction tests indicates that children can leérn patterns
of thought which allow them to avoid using the concrete
operational.structﬁres tested. Childréﬁ are able to
substitute previously learned methods of solution or use
learned tenhﬁiques éf counting to solve the subtréction
facts one through-eighteen, If children>have an 22§£§Eiﬁ§
knowledge of subtracﬁion using two- and three-digit numbers
above twenty that do not require régrouping; they must
have established the ability to conserve numerical quan-
tities., It is not necessary to have the ability to con-
serve at this level of subtraction difficulty to solve
purely computational proklems. Based on thelfesults of
this study, it appears that logical abilities of seriation
and quantitative class inclusion canbbe avoided in solving

subtraction problems both on the operative and figurative

level with two- and three-digit numbers above twenty that

do not requiré regrouping.
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Inplications and Recommendations

for Further Research

Inplications

It has been commonly recognized by teachers that

children can be taught quickly by rote techniques to
perform simple arithmetical operations. Findings in this

study indicate that young children can perform simple

subtraction operations that involve~£he subtraction facts %mefﬁ,
one through nine with a high degree of "understanding," : E”WWﬁ””
but their degree of "understanding" diminishes greétly with
the subtraction facts ﬁen through eighteen. (The term
"understanding”" is being used in the place of ggg£géigg
knowledge.) The initial success that teachers have with
rote techniques of instruction should not be used as
evidence to diminish the importance éfvthe use of concrete
materials., A one-sided textbook approach does not provide
the child with the opportunity to discover important
mathematical relations or an opportunity to use logical
structures such as consgervation of numerical quantities.
‘When instruction is based on symbolic material
from textbocks andthe primary nesns for evaluéting chil-
dren's progress is through computation tests, the major
factor which seems to determine "learning“‘is the ability
to apply patterns of behavior that give correct answers.
In contrast ins*ructioﬁ which makes use of symbolic

material as well as manipulative material allows for =a
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fuiler use of the spectrum of logical abilitieé thét a
child may possess.
A major implication of this study is that
conservation of numerical quantities tasks can be used
aé a readiness test for subtraction that involves two-
and three«digit numbers above twenty that do not require

regrouping. The child's failure to pass conservation of

il fill]){ilﬂ“T‘ 1o an o i L DAY '.'.Ii O

numerical quartities tasks similar to those uUsed in this
investigation would signal caution to the teacher.
Teachers'shéuld allow these children to have moré time
working.with simple subtraction situations. However, an‘
operational performance on conservation of numerical quan-
tities tasks would imply that the child has the poténtial
to pefform at an operative level of understanding with
two; and three-digit numbers above twenty that do ﬁot
require regrouping. Both a combutational test and a
manipulative test of subtraction should be used to verify
this readiness,

Children'who show by their performances on the
conservation and subtraction tests that_they are ready for
more advanced work should not be pushed into working with
two- and three~digit numbers above twenty that involve
regrouping. Each child should be allowed time to develop
stbolic models which can be tried in real situations and

revised to accommodate the new facts.
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In order to develop a bread conceptual under- : S

standing of subtraction children need to be given

experiences with a large variety of manipulative materials.

Reliance on one type of material, such as markers, would

tend to reinforce only one model of subtraction. Other
‘ types of materials should be used to help children under- =~ A

stand the relational aspectsAof subtraction.

Recommendations for further research

During the course of this investigation three S —
research questions surfaced which are related to the T
learning of arithmetic. They are as follows:

1. A logical precursor to this study might have R
been an investigation of addition for children in -
grades one, two, and three. An assumption made
about subtraction is that it is the inverse
operation of addition. Theoretically, if a child
has gained reversibility of thought, he should be
able to subtract as well as he adds.  Would a
similar study of addition with first, second, and -
third grade children produce statistically similar
results?

2. What logical thinking abilities are significant
for the learning of subtraction of two- and
three-digit numbers that require regrouping? An
answer to this question would help to complete
a better understanding of how logical thinking is
related to subtraction. One of the problems
inherent in such an investigation is the ability
of the researcher to find ways of determining the
child's operative knowledge of subtraction.

3. Children have difficulty dealing with place value.
Most of the mathematical operations that a child
performs beyond the elementary ones require some
knowledge of place value. How is the child's
logical development related to his understanding
of place value?
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APPENDIX A

COMPUTATION TESTS OF SUBTRACTION®*

I3 e e 3 R 4 1

Test 1
(1) 3 (2) 6 E
1 =3
(3) 8 (4) 7 -
=0 =7 :
(5) 9 (6) 3 I
-5 . =2
(7) 7
=3
Test 2
(1) 11 (2) 12
=8 =3
(3 13 (4) 10
=2 -2

: *CI'B/McGraw-Hill, Del Monte Research Park, Monterey,
California 9340, Limited distribution of these materials has
been made for research purposes only. Such limited distrib-
ution shall not be deemed publication of-the work. No part
thereof may be used or reproduced without the prior written
permisgion of the publisher. '
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(5) 15 - (6) 14 1
=T _ =8 -
(7) 13
=6 e
Test 3 ;
(1) 33 _ : (2) 38 | -
=31 : 25 L
(3) 66 B (4) 457 T
~40 . ~106 .
(5) 939 ‘ (6) 76 S
~18 ' =32
(7) .490.
' =130
Test 4

(1) 843 , (2) 58

-184 -29
(3) 67 (4) 673

=38 _ - o337
(5) 75 , (6) 756 ' S r——

=49 -148 ' -
(7) 616

=307 —
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MANIPULATIVE TESTS OF SUBTRACTION

Test l - Part 1

The materials used in parts 1, 2, and 3 of Test 1

4
H

are as follows:

1. Square inch blocks all of the same color. .' - B

2. A poster board screen. N

Orientation

Nine blocks are placed on the table.

_______ A. “How many blocks are on the table?" ' e
Testing
1. "Pretend you are going to paint all of these blocks

white., If you painted eight blocks and then ran

out of paint, how many blocks would there be left
to paint?”

Answer. .

A et it

2. "How do you know?2"

a.. Global response,

b. Counts using fingers or objects to find answer.
¢. Child cites a number fact that relates to .

the situation, B
d. Other, ’

94




Test 1 - Part 3

Orientation

Six blocks are placed on the table in front of a
screen. Extra blocks are placed near the child.
He is told, "You may wish to use these later.”

A, "How many blocks are in front of the screen?®

Lesting

m
|

ul!

LS T L

i

1ig

1., (Place the screen in front of the blocks and then
- reach behind the screen and bring four blocks
around to the front of the screen.) "How many
‘blocks are behind the screen?"

Answer._ .

2. "How do you know?2"
a. Global response.
wwwwww b. Counts using fingers or objects to €£ind
answer. _
c., Child cites a number fact that relates to
the situation. o P
_d, Other. \ .

{(Remove the screen.) "What do you think?2"

____@a, Child rationalizes his response.
_b. Child verifies his conclusion.
C.

Other. .

P

Test 1 - Part 3

Orientation

Two sets of seven blocks are placed on the table,

A. "How many blocks are there in each of these piles?®

et

B. "Is there the same number of blocks in each pile?"

3. "Would you like to see how many are behind the screen?”
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il

Testing

1. "I am going to take some of the blocks from one
of these piles and I don't want you to see how
many I take. Close your eyes," (Take five blocks
from one of the piles and place them behind the
screen, ) "Open your eyes, How many blocks did I
take from this pile?"

PRSI 8 b o et T R

Answer. .

2. "How do you know?"

a. Global response

Y

o Countsusing fingers or objects to—£find
answer., _

¢. Child cites a number fact that relates to
the situation. L

d. Other. .

3. "Would you like to see how many blocks I took?"
(Remove the screen.) "What do you think?®

.a. Child rationalizes his response. i

[RFSPSP

b. Child verifies his conclusion.. = ... .
c. Other. . .

R bea it v

Test 2 -~ Pért 1

The same materials used in Test 1 will again be

used in Test 2.

v Oriéntéﬁibn
Eleven blocks are placed on the table.

A, "How many blocks are on the table?"

[oTE——

A o et T

1. "Pretend you are going to paint all of these P—
blocks white. If you painted three blocks and then ‘
ran out of paint, how many blocks would there be "
left to paint?” S Y-

terms Bt et

Answer. .

2. "How do you know?"



a. Global response. ' ‘ ‘ e
b, Counts using fingers or objects to find :

answer.,
_____¢. Child cites a number fact that relates to
the situation. i
d. Other. .

Orientation

Thirteen blocks are placed on the table in front of

a screen., -Extra blocks are placed near the child,
He is told; "You may wish to use these later."

st

A. "How many blocks are in front of the screen?" i Eep—

‘Testing

1. {(Place the screen in front of the blocks and then :
reach behind the screen and bring four blocks around T
to the front of the screen.) "How many blocks are
behind the screen?"-

——ermnsien

Answer. .

2. . "How do you know?"

a. Global response. _ e
b. Counts using fingers or objects to find :
. answer.
¢, Child cites a number fact that relates to

the situation..

____d. oOther, | .
3. "Would you like to see how many are behind the
screen?” (Remove the screen.) "What do you think?"

a. Child rationalizes his response.
b, Child verifies his conclusion.
c. Other. .
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Test g - Part 3

[OERR )

Orientation

Two sets of sixteen blocks are placed on the table,

A. "How many blocks are there in each of these piles?"

B, "I's there the same number of blocks in each of
these piles?"

1. "I am going to take some of the blocks from one of
these piles and I don't want you to see how many I T
take, Close your eyes. (Take nine blocks from one q
of the piles and place them behind the screen,) 2
"Open your eyes, How many blocks did I take from !
this pile?" : 5
Answer. .
2. "How do you know?"

s o m

a. Global response.
. Counts using fingers or objects to find
. answer,
¢, Child cites a number fact that relates to
the gituation. .
d. Other. .

‘3, "Would you like to see how many blocks I took?"
(Remove the screen.) "What do you think?"

.a., Child rationalizes hig response.
.. .b. Child verifies his.conclusion.
_c. Other. : ' .

[reTe—

Test 3 ~ Part 1

-y

The following materials will be used for parts 1,

2, and 3 of Test 3.

1. A small plastic bucket which contains the
following amounts of Diense base ten blocks:
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. Twenty units blocks.

Twenty "longs" (blocks containing an
equivalent of ten units blocks).

c. Twenty “"flats" (blocks containing an
equivalent of one hundred units blocks).

o
a

2. A poster board screen,

3. Two spinners with digits marked in the following
order: 1, 3, 6, 2,5,8, 1, 7, 4, and 9. One

of the spinners is used to indicate the number

of tens and the other spinner is used to indicate

the nunmber of units,

BRI D0kt L [ o N 11 A I DRt DO

e
B

N

General introduction to materials

A, (The bucket of blocks are poured onto the table.)

"Will you help sort these blocks." (Sorting is
completed.) "We are going to play a game with these
blocks: can you tell me how many unit blocks it
takes to make a 'long'?" ‘

B. "How many 'longs’ does it take to make a 'flat'?"

C. "If the units blocks are called one, whal is the
value of a ‘'long'? 'flat'?"

D, (Next, a game is played with the blocks.) *These
gpinners are used to play a game called '500,' We
take turns spinning this pair of spinners. On

your turn you will receive the amount of blocks
indicated on the spinner dials. You must change

the wood you collect into hundreds ('flats’). If

a mistake is made in changing smaller pieces for
larger pieces or if an exchange is not made when one
could ke made, you will only be allowed to spin the
'units' spinner on your next turn, The game ends
when someone reaches the value of 500. The winner
of the game receives a score equal to the number of
pieces of wood (after exchanges are made) which are
~in the excess of five 'flats.'"™ (This game is
played a number of times until the child is familiar
with the blocks.)

Orientation

A. (The buckel of Diense blocks are poured onto the
T table.) "Help me sort these blocks into piles that
go together." (After the task is completed.)
"Phese blocks will be left here in case you want to
use them latexr." '
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__ _B. (Three "flats," 9 "longs," and 2 units are placed
in front of the child.) "If each unit block has
the value of one, what is the value of this pile
of wood?" (If the child makes an error, the
error is corrected.) :

EIN QIR I IO 1 R 0 ¢t

1

[ i v
\
|
|

Testing —
1. rmpretend that these blocks are made of ice and they
have been left in a hot place so that 201 of the
units cubes melt. How many cubes would be left?"
Answer., . B
2. "How do you know?z"

a. Global response.
b. Counts using fingers or objects to find

answer.,
. C. Child cites a relevant Chdln of number
facts. .
d, Other. ’ .

Test 3 -~ Part 2

Mt r— ——

Orientation

A. (Four "flats," 9 "longs," and 8 units are placed
in front of the child. A screen is placed immed-
iately behind the blocks,.) "How many blocks are
in front of the screen?"

@§u1lﬂg

). (Place the screen in front of the blocks and then
reach behind the screen and bring 2 "flats," and
3 units around to the front of the screen.) "How
many b“,cks are behind the screen?”

Answer. .

2., ‘'"How do you know?"

‘a. Global response.

b. Counts using flngerq or objoots to find
answer.

¢, Child cites a chain of number :actg that
relates to the situation.

d, Other. .




3. "Would you like to see how many blocks I took?" L
(Remove the screen,) "What do you think?2" _ e

a. -Child rationalizes his response.
b. Child verifies his conclusion,... . .....
¢, Other. .

Test 3 - Part 3

[ onrir——p— p— i

prientation

A, (Two sets of blocks each contaiping 8 "fl atu: 2

*lomgs, M and -8 units—are placedin—front of +ho
child,) "How many blocks are there in each of the

two piles?" F;WWWm

B, "Is there the same number of blocks in each pile?" EE
Testing ;
- 1., "I am going to take some of the blocks from one of N -
these piles and I don't want you to see how many
I take, Close your eyes." (Take 1 “long" and
7 units from one of the piles and place them
behind the screen.) "Open your eyes. How many

blocks did I take from this pile?"

Answer. .

2. "How do wyou know?"

a. Global response.

bh. Counts using fingers or objects to £ind
answer,

¢. Child cites a relevant chain of number
facts, »

d, Other. .

"Would you like to see how many blocks T took?
(Remove the screen.) "What do you think?"

w
.

o tmraned

‘a. Child rationalizes his response. _ —
b, Child verifies his conclusion.
¢, Other. R




APPENDIX C
PIAGETTAN LOGICAL THINKING TASKS

Conservation of Numerical Quantities

Without Counting
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1 |
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(Bleven yellow blocks and fourteen blue blocks are
placed in two horizontal rows.) "Are there as

many yellow ones as blue ones?"

Testing

bt e e e

1.

“Why do you think so?"

"Make it so there are as many yellow ones as blue
ones,"

(Take a yellow one,) "Are there as many yellow ones
as blue ones?" (Return the yellow one,) "What
about mnow?" (Continue taking different amounts of
blue and yellow blocks and returning themn. If the
child does not understand that the two rows are
equivalent, do not continue testing.)

(Push the blue blocks into a pile.) "Are. there as
many yellow ones as blue ones now?" "Are there
more yellow ones, more blue ones, or are they the
same?"

More yellow ______More blue . Same
(spread out the row of yellow blocks.) "Now, are
there more yellow ones, more blue onesg, or are
they the same?"

____More yellow ___ More blue _____Same
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Conservation of Numerical Quantities

With Counting

Orientation

__-A. (Place thirteen yellow blocks in front of the child.)

"Would you count the number of blocks I have?" (1f
the child is unable to correctly count the blocks
after a few tries, do not continue testing.) o

Number

T D60 o 1 o i 4105t D T 4 B I 1 Y

Testing

lo

(spread the blocks out into a long row.) "Without
counting can you tell me how many blocks there are
now?"

2. Does not know, must count to find out.
b, Knows how many without counting...........

s o s s

_C. Othexr, o

(Collect the blocks into a bunch.) "Without
counting can you tell me how many blocks there
are now?® ‘

_a. Does not know, must count to f£ind out.
__b. Knows how many without counting. e
¢. Other., .

 "How do you know?" .

Orientation

A.

"Here are some pictures of men." (Each card is
coded with a letter of the alphabet. When the
cards are placed in proper order from the biggest
to the smallest they spell UZDPFAGETS.) “This is
the biggest man (U)." (Place the card next to the
child.) "This is the smallest man (T)." (Place
the card about two feet to the right of the first
card.) ‘“Here is the next biggest man (%) and it
goes here, and this is the next smallest man (T)
and it goes here,"
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i
i

Testing

1. "Arrange the rest of the cards from the smaller
one to the bigger one, Tell me when you have
finished." (When the child is finished, record
the series below.)

T L

U Z : T S

AT

Orientation

B, (If the men have not been ordered correctly, make B =
correction by saying, "That's almost right, but

this one is a little bigger than this one,/ etc.)

"Here are some shovels for the men." (The proper G
order for these cards spell ERYTHMOFAC when matched .
’ with the proper man.) “The biggest shovel (E) : e

belongs with the biggest man."” (The card is placed
under the man.) "The smallest shovel (C) belongs here
with the smallest man.," g

Testing
2. "Arrange the rest of the shovels so they go with
the man that is the right size. Tell me when you
have finished," (When the child is finished,
record the series below.)

. . o - C"

Orientation

C. (If the order is not correct, say: "That is :
almost right: a few of them are mixed up.") "Watch
what I do next." (Push the row of men closer
together, Move the shovels to the left so that
card (C) is to the left of man (T).)

3. (Point to each man.,) "Which shovel belongs to this
man?" :

_a. Man (E) b, Man (pP) c. Man (Q)
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4., (Leave the men in the correct order., Mix up the B oo e
shovels.) "Can you find the shovel that goes with
this man?" (Point to man (I).)

Child's method of solution:

Reorders through card T
Reorders entire series
Visual estimate T
Random choice

Other

Ouantitative Class Inclusion

Task 1

A box containing five blue plastic spacemen and

three white plastic spacemen is placed in front of the child.

Orientation R

_A. "What material are these spacemen made of?" - (Make
sure that the child understands the question.)

B, "Sort the plactLC spacemen into two groups which -
belong together.

C. “pPut all of the plastic spacemen into one group." e

i*"‘

‘esting
1, "Axe there more blue spacemen, more white spacenern,
or are they the same?" : .

____More blue spacemen. ___More white spacemen,
] b anme.

2. U“Are there more blue spacemen, more plastic spacemen,
or are'they the same?"

____More plastic spacenen, _More blue spacemen.
Same. '

3. "How can you tell?"




Task: 2

s
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In this task seventeen plastic Unifix blocks are

used: twelve blue blocks and five yellow blocks.

Orientation

G B Wb

1

A, "Can you sort these blocks into two piles that
belong together?"” -
B, “What are the Unifix blocks made of?" (Make sure .
' the child understands the blocks are made of
plastic,)
e C.  "Put all of the plastic blocks into one group;" 17777
Testing ,
1. "Are there more blue blocks, more plastic blocks,

or are they the same?"

_More plastic blocks. More blue blocks.
Same,

[ERERTe

"How can you tell?Y
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Publisher's Data for Test 2

Item Problem Per cent Grade Item Problem Per| cent  Grade

Giving Level Giving Level
Correct Cerrect
Responses ..... Response. . ... ... ...

1 11 74 2.6 3} 15 63 2.6
- 383 3.6 -7 » @6 3.6
2 12 70 2.6 7 14 59 2.6
-5 86 3.6 -8 85 3.6
3 13 79 2.6 8 13 63 . 2.6
-9 21 3.6 -4 387 3.6
4 11 6% 2.6 2 13 74 2.6
-3 86 3.6 -6 S0 3.6
5 1cC _ 88 2.¢ 1C 16 _ 49 2.6
-2 93 3.6 : -9 - 81 3.6
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Publisher's Data for Test 3

Item Problem Pexr Cent Grade tem Problem Per [Cent Grade
Giving Level Giving Level
Correct . Correct '
Responses ) ' Resaonses
1 33 42 2.6 6 939 %6 2.6
=31 78 3.6 -18 7 3.6
2 38 54 2.6 7 756 64 2.6
-25 84 3.6 -32 6 3.6
3 €6 - 61 2.6 . 8 756 54 2.6
~40 87 3.5 ~-148 éz _3.6
4 3¢z 45 2.6 9 647 48 2.6
-201 7S 3.6 -1%5 24 3.6
5 457 56 2.6 1C 616 qo 2. -
~-106 21 3.6 ~-507 g7 3.6
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Item Probklem Per Cent Ttem Problem Per Cent Grade
Giving Giving Level
Correct Correct
Responses Responses
I 843 23 5 21 2.6
~184 44 52 3.6
2 58 45 7 75 4.6
-29 74 83 5.6
3 67 18 8 75 4.6
-38 48 87 5.6
4 645 27 S 71 4.6
=536 43 80 5.6
5 45 13 16 18 2.6
-37 25 43 3.6
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era/ McGraw-Hill

Del Monte Resoarch Park, Monterey, California 93940 - Telephone 408/373-2932

January 31, 1973

Marvin L. Sohns
2125 W, Walnut St.
Lodi, CA 95240

Dear Mr. Sohns:
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|
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Enclosed is a carbon copy of the arithmetic subtraction test items
that I sent to you earlier with permission to use in a research project.
Beside each item is recorded in red ink the grade levels at which the
item was presented to a national standardization sample. Beside that
figure is the percentage of students at that grdde that correctly answered
that item,

For example, for item #1 in Test 1: in the national sample, 59
percent of those children in the sixth month of grade 1 correctly answered
the item, and 87 percent of those in the sixth month of grade 2 also
answered it correctly.

These test items were selected from eight different tests:- from two
levels and two forms each of the California Achievement Tests - 1970
edition and the Comprehensive Tests of Basic Skills. The first form of
.each of these series was administered to more than 200,000 students -
between 12,000 and 20,000 at each grade. The second form was administered
to smaller numbers - about 1,000-3,000 for each grade to provide data
for equating the two forms. The percentages then for these items taken
from CAT, form B, and CTBn, form R, are "estimated" national difficulties
and are not the actual percentage of students in the "equating study."
For the smaller group in the equating study we did not have a "perfect"
representative sample of the nation; but by using the statistical tech-
nique of equating, we feel we succeeded very well.in presenting data for
those forms that would characterize a representative national sample.

Sincerely yours, L
[ %, = CQ?- EL
(J{//\’.i?,@fu A é// / (2

William E. Kline
Director, Test Development

WEK: tk

Encl,




APPENDIX E

HW POt TN

TEST RETEST DATA USED TO CALCULATE

' PEARSON y CORRELATTION COEFFICIENTS

LSO SIS N D e e 0

Subject Grade Test Retest Subject Grade Test  Retest

Score Score Score Score R
01 1 12 13 32 2 13 13 R
02 1 11 9 - 33 2 14 20 ' R
03 1 10 13 34 2 14 15 ca
04 1 10 12 35 2 19 22
05 1 9 S 36 2 13 13
06 1 8 13 : 37 2 i5 18
07 1 8 8 38 3 21 277
08 1 8 7 39 3 21 21
0¢9 1 8 8 40 3 21 21 RN
10 1 8 7 41 3 25 27
11 1 7 1z 42 3 23 23
12 1 7 7 43 3 23 20
i3 1 7 5 44 3 24 25
14 1 6 6 45 3 22 23
15 1 6 8 46 3 27 28
16 1 4 7 477 3 21 21
17 1 2 -2 48 3 19 27
18 1 9 9 49 3 21 24
19 1 7 ) 50 3 20 20
20 1 8 11 51 3 20 20 .
21 2 15 12 52 3 20 21
22 2 14 17 - 53 3 14 15
23 2 12 19 54 3 20 25
24 2 11 14 55 3 18 21
25 2 15 21 56 3 24 28
26 2 10 14 57 3 26 26
27 2 10 10 58 3 28 27 o
28 2 19 15 59 3 27 . 28
- 29 2 18 19 60 3 26 27 :
30 2 16 17 61 3 26 25 _ T
31 2 12 i5 :
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