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ALGEBRA AND NUMBER THEORY 6:2(2012)

Fusion rules for abelian extensions
of Hopf algebras

Christopher Goff

We investigate the representation theory and fusion rules of a class of cocentral
abelian (quasi-)Hopf extensions of Hopf algebras which includes twisted (gen-
eralized) quantum doubles of finite groups, and a certain quasi-Hopf algebra of
Schauenburg associated to group-theoretical fusion categories. We then present
a nontrivial example with noncommutative fusion rules.

1. Introduction

We present here a “ground-up” approach to attaining the fusion rules for a class
of cocentral abelian extensions of Hopf algebras. Moreover, by not requiring strict
coassociativity of the coproduct in the extension, our results are applicable not only
to cocentral abelian (Hopf) extensions of Hopf algebras, but also to certain quasi-
Hopf extensions as well. One such example, from [Schauenburg 2002], arises in
the study of group-theoretical fusion categories (see also [Natale 2005]). (For a
definition of group-theoretical fusion categories and basic properties, see [Etingof
et al. 2005].) Another family of examples includes the twisted quantum double of
a finite group, introduced in [Dijkgraaf et al. 1991], and the generalization which
is defined in [Goff and Mason 2010].

In Section 2, we review definitions and notation, largely following [Kashina
et al. 2002; Witherspoon 2004]. (For more information on extensions of Hopf
algebras, consult [Andruskiewitsch 1996; Montgomery 1993], or, for quasi-Hopf
extensions, [Masuoka 2002].) Then, Section 3 contains explicit formulas for irre-
ducible characters and central idempotents for such extensions, as well as the inner
product for which the irreducible characters form an orthonormal set. In Section 4,
we write down the character of the tensor product representation and combine it
with the inner product to deduce the fusion coefficients. The main result containing
the fusion coefficients for irreducible representations, Theorem 4.5, is anticipated
in [Witherspoon 2004] but is presented in this note without reference to Hochschild

MSC2000: primary 16540, 18D10; secondary 16W30.
Keywords: fusion rules, Hopf algebras, quasi-Hopf, abelian extensions, group-theoretical fusion
categories.
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328 Christopher Goff

cohomology per se. Corollary 4.6 points out the connection to the Ky-ring of a
group-theoretical fusion category. Then, in Section 5, we apply these formulas to
a generalized twisted quantum double of a finite group [Goff and Mason 2010].
Indeed, our Section 5 supersedes [Goff and Mason 2010, Section 3]. Finally,
Section 6 contains a nontrivial example of a cocentral abelian extension having
noncommutative fusion rules.

2. Cocentral abelian extensions

We follow closely the notation of [Kashina et al. 2002] with a few exceptions.
First, our action is a right action, consistent with [Andruskiewitsch and Natale
2003]. Second, our modules will be right modules rather than left.

Let L and G be finite groups and let [ be an algebraically closed field of char-
acteristic not dividing |G||L|. An abelian extension H is of the form

0— (FG)* - H—>TFL — 0,

where H = (FG)*#.FL, 0 : FL ® FL — (FG)* is a group 2-cocycle, and 7 :
(FG)* - FL®FL is the dual of a group 2-cocycle. The condition on F assures that
H is semisimple and cosemisimple. We specialize to a cocentral abelian extension,
meaning that (FL)* € Z(H™), and thus that the coaction F L — FL® (FG)* inherent
in the extension is trivial. The cocentrality also has consequences for the tensor
product structure on irreducible modules, as we will see in Section 4.

There is a right action of FL on (FG)* which induces an action on FG via
(f —0)(g):= f(g — £~ for g € G, £ € L, and extended linearly. Since L acts
as automorphisms of (FG)*, L permutes the idempotents of the dual basis. Thus,
the action can be viewed as an action of L on G, also by automorphisms. For the
basis {p, | g € G}, we have p, < € = p,. . Moreover, let L, be the stabilizer of
g in L and O(g) the orbit of g under the action of L. That is,

Ly={teL|g~—{t=g} and O(g)={g—L|LeL}.

Let T, be a complete set of right coset representatives for L, in L. That is, L =

UyeTg L,y. Note that O(g) ={g — y | y € T,}.
We can write o and t in terms of the dual basis via

o(x,y)= Zag(xv)’)pg and t(x)= ) Te.n(X)(Pg ® pn),
8eG g.heG

where o0, (x, y), 7, 1(x) € F. There are many identities satisfied by o and 7, such
as

Gggz(x,y)ag(z,xy)=Gg(z,x)og(zx,y) (D
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and
Ton(X)Tgex nex (¥)0g(x, Y)op(x, y) = T n(xy)ogn(x, y), (2)

forallg,heG,x,y,z€ L.
Writing p,#x as p,x, we can write multiplication in H as

PikZPhY = Ok+z.n0k(2, ¥) P2y,

forallh, k € G, y, z € L. We also occasionally write p, for pgi and x for Zg DeX,
whence x p; = p,. ,-1x. The unit element is 1.
For a cocentral abelian extension, the comultiplication is

A(pg®) = Ty 1 () pik ® pp-1, X,
heG

for all g € G, x € L. The counit € satisfies €(pyX) = 8, 1. Finally, the antipode S
is given by

S(pegX) = og_|;x(x_1, x)_lrg_l,g(x)_lpg_lgxxfl.

Remark 2.1. For H to be a Hopf algebra, A must be coassociative, which implies
a certain condition on t. We require only quasicoassociativity, which implies the
existence of other structures, and a related condition on t. We omit these details
here, as all of our examples are proved elsewhere [Dijkgraaf et al. 1991; Natale
2005; Andruskiewitsch 1996] to be either coassociative or quasicoassociative.

3. Modules and characters

Irreducible modules for H are induced from irreducible modules for the group
algebra of L, but twisted by the 2-cocycle o,. Select one g from each orbit under
the action of L, then select Ty, a set of right coset representatives. Let

H, = (FG)*#,FL,.

If V is a right projective o,-representation space for L, then V ® p, is a right
H,-module via

(W ® pg) - (pr) = 8gn(v-x ® py)
forallveV,he G,x € L.

The irreducible modules for H are induced from these. Let V = (V®pg)®u,H,
which is then a right H-module under right multiplication by H. In other words,

V=3 (®py)®7,

yeT,
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with action given by

[(V® pg) @ Y] ppX = (VQ pg)oy,y-1 (Y, X) Ppoy-1YX
= (V® Pe)Bg oy 10 (v, X) pgwy’
= W ® Pe)dy oy 105 (¥, X)og (w. 3) ™ (peD) (¥)
0 (¥, X)
og(w, y')
where w € Lg, y' € T, are chosen so that wy’ = yx.
We introduce the notation V(g ) to represent the H-module induced from the

projective og-representation of L, that has character ¢, and we let p(g ) be the
representation of V(g ), and x(, o) its character. Then one calculates

=8yt [(v-w® pg) @],

og(y, X)
fog(yxy~l y)
where y is the unique element of 7, that maps g to h. We reiterate that V(g o) is
irreducible if and only if ¢ is.

X(e.9) (PhE) = 8gmy n8yay1cr p(yxy™), 3)

Remark 3.1. This can be seen as

X(g.0) (P1E) = 8gy nbxer, @ (x), (4)

where ¢ is a projective representation of Lj, = Lg (conjugate to ¢) with cocycle
04-y = 0y. See [Costache 2009, Lemma 59] for a similar calculation.

Before writing down the central idempotents, we first note that the character
Xreg Of the regular representation pre on H satisfies xreg(ppX) = 8x,110(h)||Ly| =
8x.11L[, and that, from the semisimplicity of H,

Preg = @ X)) Py,
(h,¥)
where h ranges over the orbits and ¢ ranges over the irreducible projective oj,-
representations of Lj. Let z(, o) denote the central idempotent corresponding to
the representation p(g,o). Then p(, v (2(g,0)) = 84,180,y (dim@)|L : L] id.
Set z(g,0) = ZCGG’deL Oc.d pccz. We find the o, 4 by determining the value of
the regular character on S( paflg)z(g,(p) two ways. First,

Xiee(S(Pa1D)2g)) = D Oacp (b7 57 1, 1 (D) e Xreg(Pabb ™ ped)
ceG,deL

=Ty q1(B) g p|LI.

On the other hand, we have

Prea(S(Pa-10)2(g.0)) = (dim @) |L : L¢|pg.4)(S(pa-1b)),
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which means

Xreg(S(Pa-10)2(g.p9) = (dim )| L : Lglogp (b, b) " 7, 01 (0) " X(0.0) (Paisb™ )
Solving for ¢, we obtain

(dim p) 1

- 1 1< L F B .
2(g.0) = |L | Gal_b(b_l’b)X(g,w)(Pa »b™")(pab)

aeG, belL
Simplifying somewhat using the delta functions within yx, ), we have:
Lemma 3.2. The central idempotent of H corresponding to V(g ) is
(dim (p) — -
X(g.9)(Pab™ ) (Pab). O
(glﬂ) | g| EZGhZLO_a(b 1 b) (g.9) a a
Note that the first sum could be over a € 0(g), as x = 0 otherwise.
Proposition 3.3. Letting
b1 b 5
@ B) =1 2(3”72; o b)a(pa )B(pab), )

where «, B are characters of H, defines an inner product on the space of characters
of H. The irreducible characters form an orthonormal basis with respect to this
inner product.

We give three proofs to demonstrate the consistency with the character theory
of projective representations of finite groups, and to demonstrate the relationship
between certain conjugates of projective representations.

First proof. Clearly, (5) is linear in each component. The symmetry of (5) follows
from (1) because b € L,. Using Lemma 3.2, we have

ab ab
(X(g.00 X)) =10 ;beZL aa(b : b)X(gw(p D Xty (Pab)

1 L | Ll .
=17  Gim g 1

1 |L,| .
- (ITI dinfgﬂ) (dim@)|L 2 Lg| -8g.n8p.y =8g.ndpy. U

Second proof. From (3), we obtain that a € O(g) N O(h) and thus g = & or else the
inner product is zero. Thus
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(X(g ©)s X(h, w))
g.h og(y, b og (v, b) o »
=0 (b~ y )Y (yby )
' ae;(g) ;,GZL 0a (b1, b)ag (yb~ly =, y)ag (yby™!,y)
[a=g~y]

— J&.h 11 —1
= E E (b~ y )Y (yby )
1 1
| acO(g) beL, o (y0~y “Lyby™)
[a gyl

by repeated application of (1). Hence

Sg.n ! -1

9 - . :8 ) :8 (S .

(K ) = 1) CEELi TP IO =benlo V), = endyy
8

Here, (-, - )., denotes the usual inner product for projective og-representations of
Lg. See [Nauwelaerts and Van Oystaeyen 1991, Proposition 2.8], for instance. [

Third proof. Using Remark 3.1,

<X(g @)> X(h, 10) | | Z Z W (Y)(b 1)¢(>)(b)
ac0(g) beL, Oa
la=g <]
8 ]
= % Z |La|<¢(y)’ W())>La = 5g,h5<p,w.
ae0(g)
It is clear that ) = ) if and only if ¢ = V. -

4. Fusion rules

The character of the tensor product representation (via A) is

X(g.0)@h.y) (Pab)

- ) Sper i, 1,9 (vby” Y (wbw™") s, r-1a(P)og (y, b)og (w, b)
’eq o og(yby™!, y)og(wbw™1, b)
[fe0(g), f~ acO(h)]
[f=g=y, fla=h—w]

= > Sber 0L, Tr p-1a )™ (D) Y™ (b)
feG

[f€0(g), f~lacO(h)]

[f=g<y. [~la=h~uw]

= Z SpeLnL, i, [0Y @ v 1) p-1,] ),
feG
[f€0(g), f~ acO()]
[f=g<y. fla=h—uw]
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where [0 @ ™1, ;-1,] is a projective representation (of Ly N L -1, < Lg)
with cocycle o,. As explained in [Witherspoon 2004, (4.7)], the cocentrality of the
extension, and the fact that the coproduct A is an algebra map, together imply that
0, is cohomologous to oy -0 -1, 0n Ly N L 41, via 75 ¢-1,. This is the content of
Equation (2), which depends on the assumption of cocentrality.

Remark 4.1. If 1 =1, then x(¢,p)0(1,y) = X(g.90v 11,)- If g =1 the result is similar.
Hence, the irreducible representations induced from 1 € G are in the center of the
fusion algebra and their tensor products with other modules can be reduced to a
calculation in the appropriate stabilizer. This generalizes a similar result in [Goff
and Mason 2010].

We need two lemmas before calculating the fusion coefficients.
Lemma4.2. Leta, f € G,y € L.

(1) Let a and B be projective o y-representations of L y. Then

(o By, = (@Y. B .

Note that «) and B are 0 fy-representations of L., = L}

(2) Let o be a o r-representation of L ¢ and let be a o s-1 ,-representation o
f-rep f flarep
L1, Then

» )
[oz ®,3Tf,f—la] » _ [a(}) ®ﬂ(y).cfl—y,f‘lal—y]
as 04 y-representations ofL? N L;‘*la <L,
Proof. The proof is straightforward, using (4), (1), and (2). O

We need a way to calculate products of L-orbits in CG. The following formula
appears in [Witherspoon 2004, Proof of Theorem 4.8], where the author relies
on standard trace map properties of the L-algebra ZG, citing general results of
[Thévenaz 1995]. Our proof is specific to group actions on sets. Recall that if L
acts on G, then L also acts on G x G diagonally: (g1, g2) — L= (g1 — €, g0 — {)
fortel,g,g €G.

Lemma 4.3. Let g, h € G. Then
0(8)0(h) = Y |L(gwyn : Lg-x N L4|0O((g < x)h),
xeD

where D is a complete set of Ly \L /Ly, double coset representatives.

Proof. Consider the orbits of the diagonal action of L on G x G. Evidently,
y € LgxLy if and only if Oy ((g < x,h)) = 0,((g <~ y,h)). Now pick x € D
and consider the image of Oy ((g < x, #)) in G under the product map. Clearly,
the product (g < x)h is fixed by L. ), but also each component is fixed by
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Liﬁ N Ly < Lg—y)r. So, the number of distinct ordered pairs (g <~ xw, h <~ w)
such that (g <= xw)(h <= w) = (g <= x)h i8S |L(g-—xyn : Ly N Ly]|. Since L acts by
automorphisms, this is also the number of times O((g < x)h) appears in this term
of the sum. O

Remark 4.4. The right hand side in Lemma 4.3 cannot generally be interpreted
as a summation over distinct orbits. There may be y ¢ Lox L), for which O((g —

x)h) =0((g < y)h).

Anticipated in [Witherspoon 2004, Theorem 4.8], the following theorem gives
the fusion coefficients for irreducible representations of H.

Theorem 4.5. Let g, h, k € G and let ¢ be a o,-representation of Lg, ¥ a oj-
representation of Ly, and y a oy-representation of Ly and consider the corre-
sponding induced modules of H. Then

(X(k,V)’ X(&‘/’)@(h,lﬁ)) = Z ()/, [(P(xw/) X w(w/)Tgf—xw’,hf—w’])ng’mL};/

xeD
(g=x)hel(k)
[(g—xw)(h—w")=k]

where D is a set of those Lg\L /Ly, double coset representatives x satisfying
(8 <= x)h € O(k),
and the inner product on ng, N LZ’/ < Ly is of projective oy-representations.

Proof. Using the inner product (5), we have

(X X(g )M, ¥))

Z S Y v by Yy wbw ™)

ac0(k) fe@(g) beL,NLy
[a k—z]  f=1lqe0(h)
[f=g<yI
[/~ a=h+w] :
T4 r-1a(b)ok(z, b~ )og(y, b)on(w, b)

0,071, b)or (zb~ 1271, 2)ag (yby =1, y)on (wbw1, w)

T 1a® o
X X X e e e
oq(b b)
ael(k) fe@(g) beL,NLy

[a k—z]  f=1lqe0(h)
[f=g<y]
Lfta=h+w]

Z Y LNl @ e @ v o)), oy

ae0(k) fe@(g)

[a k—z]  =1lqe0(h)
[f=g<y]
[fla=h—w]

fla
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By Lemma 4.2 this is equal to

=ﬁ > > LN Ly,

acl(k)  feO(g) - o
la=k=z]  ~14e0(h) . <)/, [(p(yz ) ® w(WZ )‘[fl_z—l’f—lal_z—l])Lz—l minll
[f=g=] A

[f ta=h—w]

1 J w/
=1L D L nLyd{r [0 @ v s ),
f€0(g)
flkeO(h)
[f=g<)']
[f~tk=h+uw']

9
Y

and by Lemma 4.3 this can further be written as

1 / /
L > L L[| Lo s Ly Lal
eD , /
[(gii;%)(zeﬁ(vk’)hk] (v, [" @y ey, ) gy

- Z <V7 [Qﬂ(xw ) ® w(w)tg‘—xw/,h‘—w/])wa’mL;f/9
xeD ¢
(§—x)he0(k)
[(g+xw")(h—w")=k]
where D is a set of L,\L/Lj, double coset representatives with (g < x)h € O(k).
Thus, the fusion rules for H modules can be determined from the fusion rules for
projective oy -representations restricted to certain subgroups of L. U

As stated before, the theorem holds for certain quasi-Hopf extensions, including
the examples in the following corollary and the next section.

Corollary 4.6. The fusion rules in Theorem 4.5 describe the K-ring for the group-
theoretical module category €¢(G X L, w, L, 1), where w € H3(G x L, F*) is the 3-
cocycle associated to [0, t] in the relevant Kac exact sequence. See [Schauenburg
2002; Natale 2003; Masuoka 2002] for further cohomological details.

Proof. Indeed, the theorem holds whenever the structure maps and (1) and (2) hold,
even if H is a quasi-Hopf algebra (with coassociator @), because the fusion rules
for H do not depend on the associativity constraint (determined by &) in the cate-
gory of right H-modules, Mod-H. Thus these fusion rules hold for a certain quasi-
Hopf algebra of Schauenburg, denoted (A°P, ®) by Natale [2005], in the case when
A = (FG)*#.FL, and the left action [> of G on L is trivial; i.e., when GL =G x L.
(In this case, the structure maps and cocycles are exactly as in Section 2.) Natale,
in the proof of her Theorem 4.4, cites [Schauenburg 2002] to demonstrate that
(A ®)-Mod is tensor-equivalent to 6 (G X L, w, L, 1), where w € H*(G x L, F*)
is the 3-cocycle associated to [o, 7] in the Kac exact sequence. O
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5. Example: generalized twisted quantum doubles of finite groups

Other examples of abelian extensions satisfying the structure maps of Section 2
(and hence having fusion rules determined by Theorem 4.5) include twisted quan-
tum doubles of finite groups [Dijkgraaf et al. 1991] and generalized twisted doubles
of finite groups [Goff and Mason 2010]. We expand on the latter, but using right
modules here. As mentioned earlier, this section supersedes [Goff and Mason 2010,
Section 3].

Let G be a finite group, N a normal subgroup, and G := G /N. We use the
bar notation for elements in G, i.e., if g € G then g =gN € G. Then G acts
naturally on G via conjugation, namely g < x :=x"!gx = g* = g* = x!gx, for
allx € G,geG.

In addition, let w € H3((_}, [*), and let ' := Inﬂg . In analogy with o and 7,

define 0 : FG®FG — FG* and y : FG* — FG ® FG via

922% and y = Z vo(x,y),

z<G x,yeG
where
w(g, x,y)w(x,y,g") w(x,y, gw(g, x8,y%)
Oz (x, y) = — = vl y) = ———,
w(x, g*,y) w(x, g, y$)

Notice that 6; and y; could be thought of as functions from FG Q FG to F* since
they pass to the quotient G. The generalized twisted double is then D®(G, G) =
(I]:G)*#g (FG). The maps 6 and y satisfy (1) and (2), mutatis mutandis [Dijkgraaf
et al. 1991].

The irreducible (right) modules of D®(G, G) are induced from irreducible pro-
jective representations of centralizers. In particular, the character of the irreducible
projective 6;-representation ¢ of Cg(g) is given by

1 0z (y, x)
Ce@ p_ fvoisl N
o e (yxy1, )

= 5g>',ﬁ5xecg(ﬁ)‘ﬂ(y) (x).

X(z.o) () b X) =87, 18,0y p(yxy™)

Consistent with (5), the inner product on characters is given by

1 _
(. B |G|Z > ma(e(k)lxlx HB(e(k) > x),

keG xeCg (k)
and thus the fusion coefficients are given by

(R Xapsin)= 2 P[0 @0 y0@™ B, @ yncedin

xeD
[gxw/];m/ :]E]
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where D is aset of Cg(g)\G/Cg¢ (h) double coset representatives with gxf_z e0(k),
and the inner product on Cg (gvxw’) NCg (hw/) < Cg (k) is of O¢-representations.

6. Example: noncommutative fusion rules

Noncommutative fusion rules for cocentral abelian extensions are not rare: choose
L =1, o and 7 trivial, and any nonabelian G, for instance. Also, see [Kosaki et al.
1997; Nikshych 1998; Zhu 2001]. We give here an example with o, 7 trivial, but
nontrivial action of L. Let G be the dihedral group of order 18, and let

L < Aut Dy =7y X Z5.
Namely, L = (3) x (4) = Z3 x Z3. [The first factor of L is with respect to addition,
the second, multiplication.] If we let G = (x, y | x> = y° =e, yx = xy~!), then
(x¢y?) — (a, b) 1= xCyctbd,

We choose L-orbit representatives S = {e, y>, y°, y, y2, x, xy, xy?} with their re-
spective stabilizers. Since L is abelian, X(E:)rp) = X(g,9) for all £ € L. Note that in
the decomposition of the product of orbits, we have

0(x)0(y) =30(xy) and 0(y)0(x) =30(xy?),
which suffices to guarantee noncommutative fusion rules.

Theorem 6.1. Let M (g, o) denote the irreducible representation of (FG)*#(FL)
induced from a, an irreducible representation of Ly for g € S. The first five rules
are commutative.

i M(s,a) @ M(t, B) = M(st,a @ B) fors, t € (y3).
ii. M(s,ot)®M(g, ﬁ) = M(g,Ol \LL,; ®13)f0rs € <y3>’ g € {y’ yzvx’xy’xyz}'
iii. M(g,a)®M (g, ) =3M(h,a®p)ifl{g, h}=1{y, y*}

v. M. @M. =P P MGs.y.

se(y?) viL,=a®p

v.M@Ea)@Mg. f =P @ Me.y)forgelx xy, xy?).
se(y3) viL,=a®p

The rest of the list holds for all a, B, §, €, ¢, n, 1, v.

vii M(y,0) @ M(x, B) =D M(xy*, y) = M(x,8) @ M(y*, €)
all y

=MO* O)@M(xy, n) =Mxy, ©) @ M(y,v).
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vii. M(y, @) ® M(xy, ) =@ M(x,y) = M(xy,5) @ M(*, €)
ally

=M©G% )@ M(xy*, n) = M(xy?, 1) @ M(y, v).

viiil. M(y,a) ® M(xy?, B) =@ M(xy, y) = M(xy*,8) @ M(y*, €)
all y

=M©G* ) @M(x,n) =M(x, w) ® M(y, v).

ix. M(x, ) ® M(xy, p) =My, y) =Mxy, 5 @ M(xy*, €)
ally

= M(xy*, 0) ® M(x, n).

x. M(x,@)®M(xy*, ) =P MG, y) = M(xy*,8) © M(xy, )
ally

=M(xy, $) @ M(x,n).
Proof. Straightforward. ([
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