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Abstract. Our interest in this work is the stationary one-phase Newtoffliaw in a class of
homogeneous porous media at large enough flow rates reguini@ introduction of the iner-
tial forces at the pore-scale. At the macroscale, this iegh nonlinear correction to Darcy’s
law i.e. a nonlinear relationship between the filtration \@tg and the pressure gradient. The
objective here is to analyze the nonlinear correction on esqariodic models of porous me-
dia with respect to the Reynolds number and the pressure gmadrientation relative to the
principal axes of the periodic unit cell. Our results showatthn the general case, for ordered
structures, the inertial correction to the Darcy’s law, volves a non-symmetric tensor even if
the structure is isotropic in the Darcy regime (i.e. is chetexized by a spherical permeability
tensor); ii) is neither aligned with the applied pressure djent nor with the mean flow indicat-
ing that the macroscopic force exerted on the structure tsanpure drag; iii) the onset of the
deviation from Darcy’s law is characterized by a correctighich varies with the mean velocity
magnitude to the cube (weak inertia regime); iv) the quadratirrection, classically referred
to as the Forchheimer correction, is an approximation. Tapproximation does not hold at all
for certain particular orientations of the pressure gradien this type of structure.

1 Introduction

Our interest in this work is focused on one-phase flow in haenegus porous media when
the flow rate is high enough for inertia to be taken into actotypically, this implies a correc-
tion to Darcy’s law that has been the subject of a great deabok over the past decades [, 2].
Most of the time, this correction is analyzed, both numéigicand experimentally, through a
scalar term corresponding to the modulus of the filtratidoaigy. In this work, we investigate
the correction in its complete -vectorial- form with thefeF numerical simulations performed
on model 2D periodic porous structures.

Our results are interpreted on the basis of a macroscopiehabthertial one-phase flow in
homogeneous porous media (solid phas#uid phase’) proposed in[[3] and given by
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V- (vg) =0 (1)

(vo) = 5 (V(ps)? — psg) —F - (vs) @)
2%}

(Yg) and(@b@ﬁ being the superficial and phase intrinsic averages of angtifya associated
to the fluid phase3. In equatio 2K (symmetric definite positive) anB are the intrinsic
permeability and inertial correction tensors respecyivigle latter having no special symmetry
feature as will be shown later. These two tensors can be cigtom the solution of an
auxiliary -closure- problem defined on the unit cell of theipeic structure. When lengths are
made dimensionless by the cell sizeelocity byl |V (ps)”| /15 (and pressure by|V (pg)”|)
the closure is given by

Revy-VM" +Vm* =1 3)

V-M"=0 ; M*=0 atthe solid-fluid interface ;m*andM"* are periodic (4)

WhenRe = 0, the solution of the above problem provid€saccording tdK =I>K* = [* (M*),
while, for any other value ofe, F is given byF = K*. (M*)"' —I. Note that the closure
problem involves the velocity field at the microscale, whigkans that the stationary Navier-
Stokes problem must be solved over the unit cell prior to #temnination off'. Note also that
the closure problem has a Navier-Stokes structure so teaaime solver can be used for both
the flow and closure. In the sequel of the paper, gravity idenégd. The flow and closure
problem solutions are sought numerically using an artificcanpressibility based algorithm
developed with a finite volume scheme on a staggered unifoith §he convective term is
treated with the help of a modified QUICK schemeé [4] and thedirgystem is solved using a
stabilized bi-conjugate gradient method.

In order to investigate the deviation to Darcy’s law, we f@an the contribution of inertia
f; = —psK ™' - F - (vg) to the total force exerted on the structure. For conveniefiaan be
renormalized by a factor inspired from the contributionla# Darcy part so that the restiltis
given byf, = —& = ZE) I the following, the correctiofi. to Darcy’s law and some

ps|(ve)| i |(va)|
features of the tensdf are analyzed in the case of the 2D unit cell represented ingfifju

y
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Figure 1: 2D Unit cell used for the inertial correction arsiy

This model structure exhibits an isotropic permeabill§ £ £I) and we took the porosity
¢ = 0.75. Results are presented in terms of a Reynolds number giv@apy- ps |(vs)| vVk/ 15
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and a pressure gradient orientattbdefined by the inclination oV(pﬂ)ﬁ oney for 0 < Rep, <
10, 0° < 0 < 90°.

2 Results

Results on the four components of the tensor F obtained irbiineamentioned configuration
are reported in figurlel 2. As expected, the unit cell symmetnmly f,.(90° — ) = f,,(6) and
f2y(90° — 0) = f,.(0). Clearly,F is symmetric only wher¥ = 0°, § = 90° andf = 45°
corresponding to three symmetry axes of the unit cell, whil¢he latter casef,, = f,,. More
generally, when, for an isotropic structuké(p;)” is along a symmetry axis of the unit cell and
leads to a flow for which the principal axesBfare not the periodicity axas, andey, thenF
is symmetric andf,., = f,,- The non-symmetric character Bf as indicated by the difference
fzy — [y, INCreases withRe,. Values ofé leading tof,, — f,. extrema vary fromg ~ 22.5°
andé ~ 67.5° at very low Reynolds numbers (these two value®g abrrespond to the angle
bissectors of the three symmetry axesy to 31° andf ~ 59° at Re;, ~ 6.7 for instance.

90

B 0.00 60

45
- 75 o)
a(°) 15 90

Figure 3: Angle betweerjvs) and
Figure 2: Components of the tenddwversusRe; andd. V(pﬂ)ﬁ versusRe; andé.

The absence of symmetry &f suggests that the average velocity is not aligned with the
imposedV (pz)? and that the net macroscopic force exerted on the structuretia pure drag.
This is clearly highlighted by the dependence of the arglebetween(vs) and V(ps)° as
represented in figufd 3.

For the same evident symmetry reasons of the unit cell as thestioned above, the inertial
correction is such thatf,, (0) = f..(90° — 0) and|f.(6)| = |£.(90° — 6)|, so that it is sufficient
to inspectf., for 0 < 6 < 90° and|f.| for 0 < 6 < 45° only. These dependences are reported
in figured4 andl5. For a fixed value Bk;, f.. and|f.| are always minimum whefi = 0. Due
to the unit cell symmetryif.| is maximum forf = 45° whateverRe,. However, the value of
6 for which f,, is maximum depends oRe;. This behavior indicates that conclusions on the
correction due to inertia might be incomplete when exti@détem a result on its modulus only.

A detailed analysis of., and |f.| versusRe, clearly shows that these two quantities are
indeed linearly related tde? when Re,, is small enough (typically?e, < 0.15 here). This
confirms theoretical and numerical results [5, 6] where akweertia regime in which the ve-
locity magnitude correction depends fn;)|*. However, a linear dependence f and |f. |
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Figure 4. f... versusRe; andf. Figure 5:|f;| versusRe;, andé.

on |(vz)|* corresponding to a strong inertia regime at higher Reynalaistrers is an approx-
imation for any value of). A singular behavior even exists whén= 45°. For this value of
0, a quadratic dependence of bgth and|f.| on Rey is revealed over the whole range B¢
investigated hereRe, < 7).

3 Conclusion

For well ordered structures, the analysis of the inertiatestiion to Darcy’s law shows that,
in the general case: i) this correction involves a tensdrsiraot symmetric even for an isotropic
structure from the point of view of its permeability. Thisig®r is symmetric only when the
pressure gradient at the macroscopic scale is along a syynmes$ of the periodic unit cell;
i) the vector of correction is not aligned with the applieggsure gradient implying that the
net macroscopic force exerted on the structure is not a paig di) onset of the deviation to
Darcy’s law always occurs in a weak inertia regime correspanto a correction varying with
the cube of the velocity; iv) the quadratic correction, athmclassical Forchheimer’s law, is an
approximation that does not exist for certain particuléemtations of the pressure gradient.
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