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Abstract. The relic density of symmetric and asymmetric dark matter in a Gauss-Bonnet
(GB) modi�ed Randall-Sundrum (RS) type II braneworld cosmology is investigated. The
existing study of symmetric dark matter in a GB braneworld (Okada and Okada, 2009) found
that the expansion rate was reduced compared to that in standard General Relativity (GR),
thereby delaying particle freeze-out and resulting in relic abundances which are suppressed
by up to O(10−2). This is in direct contrast to the behaviour observed in RS braneworlds
where the expansion rate is enhanced and the �nal relic abundance boosted. However, this
�nding that relic abundances are suppressed in a GB braneworld is based upon a highly
contrived situation in which the GB era evolves directly into a standard GR era, rather than
passing through a RS era as is the general situation. This collapse of the RS era requires
equating the mass scale mα of the GB modi�cation and the mass scale mσ of the brane
tension. However, if the GB contribution is to be considered as the lowest order correction
from string theory to the RS action, we would expect mα > mσ. We investigate the e�ect
upon the relic abundance of choosing more realistic values for the ratio Rm ≡ mα/mσ and
�nd that the relic abundance can be either enhanced or suppressed by more than two orders
of magnitude. However, suppression only occurs for a small range of parameter choices and,
overwhelmingly, the predominant situation is that of enhancement as we recover the usual
Randall-Sundrum type behaviour in the limitRm � 1. We use the latest observational bound
ΩDMh

2 = 0.1187± 0.0017 to constrain the various model parameters and brie�y discuss the
implications for direct/indirect dark matter detection experiments as well as dark matter
particle models.
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1 Introduction

Precision astrophysical and cosmological measurements have now established that a signi�cant
fraction of the matter content in the universe is composed of non-baryonic Dark Matter
(DM) [1]. The data favour cold (non-relativistic) dark matter (CDM) and give the present
density as (68% C.L.) [2]

ΩDM = 0.1187± 0.0017h−2, (1.1)

where ΩDM is the dark matter density as a fraction of the total mass-energy budget and
h = 0.678 ± 0.008 is de�ned by the present value of the Hubble constant H0 = 100h
km/s/Mpc. The most popular theoretical CDM candidates are WIMPs (Weakly Interact-
ing Massive Particles) with mass mχ ∼ O(10 − 1000) GeV. One viable WIMP candidate
is the neutralino, the lightest supersymmetric particle in supersymmetric extensions of the
Standard Model (SM) in which R-parity is conserved.

The origin of the DM can be explained by the thermal relic scenario [3]: at early times,
frequent interactions keep the DM particles in equilibrium with the background cosmic bath.
As the universe expands and cools, the Boltzmann suppressed interaction rate drops below
the expansion rate and the DM particles fall out of equilibrium. At this point - known as
particle freeze-out - both annihilation and creation processes cease and the number density
redshifts with expansion; the surviving 'relic' particles constitute the dark matter density we
observe today.

Due to the Boltzmann suppression factor in the equilibrium number density, the present
dark matter abundance depends sensitively on the timing of freeze-out: the longer a species
remains in thermal contact with the background bath, the lower its density at freeze-out. In
the standard cosmological model of cold DM with a non-zero cosmological constant (denoted
the ΛCDM model), particle freeze-out occurs during the radiation dominated era when the
expansion rate H ∼ T 2/MPl (where MPl = 1.22 × 1019 GeV is the Planck mass). In this
scenario, a DM candidate with a weak scale interaction cross section, σ ∼ G2

Fm
2
χ, freezes out

with an abundance that matches the presently observed value (1.1) - this is known as the
'WIMP miracle' and strongly motivates thermal WIMP dark matter models.

Despite the observational success of ΛCDM, current datasets leave the physics of the
universe prior to Big Bang Nucleosynthesis (BBN) (t ∼ 200 s) relatively unconstrained. If the
universe experiences a non-standard expansion law at early times, and in particular during
the era of DM decoupling, particle freeze-out may be accelerated (or delayed) and the relic
abundance enhanced (or suppressed) [4�11] (see also [12]).
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An interesting class of alternative cosmological models that address this pre-BBN era is
provided by the braneworld scenario in which the observable universe is a 3(+1) dimensional
surface (the 'brane') embedded in a �ve dimensional bulk spacetime. Standard Model particles
are con�ned to the surface of the brane whilst gravity propagates in the higher dimensional
bulk [13, 14]. This class of models is motivated by (super)string theory and M-theory which
require additional spacetime dimensions for internal consistency.

In the widely studied Randall-Sundrum type II (RSII) model [15], General Relativity
(GR) is recovered on the surface of a 3(+1) Minkowski brane located at the ultraviolet bound-
ary of a �ve dimensional anti-de Sitter bulk. The warped geometry of the bulk spacetime
ensures the �fth dimension is only accessible in the ultraviolet regime and that ΛCDM is
reproduced in the low energy limit. Relic DM abundances in a RSII braneworld model have
been investigated for both the case of symmetric DM [11, 16�20], in which the DM particles
are Majorana fermions, that is the particles χ and antiparticles χ̄ are identical, χ = χ̄, and
the case of asymmetric DM [11] in which the particles and antiparticles are distinct, χ 6= χ̄.
In both cases the enhanced early time expansion rate boosts the �nal relic abundance.

In this article we consider an extension of the RSII model which incorporates a Gauss-
Bonnet (GB) higher order curvature term in the bulk action integral, thus modifying the
braneworld dynamics at high energies.1 The relic density of DM in the Gauss-Bonnet
braneworld scenario has been studied by [29] for the case of symmetric DM. The GB braneworld
e�ect is treated approximately through the use of a simple multiplicatively modi�ed Hubble
expansion which can be interpreted as a multiplicatively modi�ed annihilation cross section in
the Boltzmann rate equation and allows the development of an approximate analytic expres-
sion for the asymptotic relic abundance. They found that the expansion rate was reduced in
the GB model, delaying particle freeze-out and leading to a suppressed relic abundance. This
is in direct contrast to the behaviour observed in the RSII braneworld model. This �nding,
however, is based upon a highly contrived situation in which the Gauss-Bonnet expansion
era evolves directly into a standard General Relativity expansion era, rather than passing
through a Randall-Sundrum expansion era as is the general case. This collapse of the RS
era requires equating the mass scale mα of the GB modi�cation and the mass scale mσ of
the brane tension. However, if the GB contribution is to be considered as the lowest order
correction from string theory to the RS action, we would expect mα > mσ. It is therefore
important to investigate the e�ect upon the relic abundance of choosing more realistic values
for the ratio Rm ≡ mα/mσ of these two mass scales.

In the present paper we revisit the calculation of the relic abundance of DM in the GB
scenario and study the e�ects of breaking the assumption Rm = 1 made by [29], replacing
it by more realistic values. We also extend the investigation to consider both symmetric and
asymmetric DM species and discuss the implications for DM detection experiments and DM
particle models.

In the next section we introduce the action integral for the braneworld bulk which in-
cludes the Gauss-Bonnet higher curvature term and discuss the modi�ed Friedmann equation
in this model. Then, in section 3, we calculate the DM relic abundance in the Gauss-Bonnet
braneworld scenario before deriving constraints on the GB model parameters using the ob-

1The inclusion of a GB term a�ects early universe in�ation and modi�es both scalar and tensor primordial
perturbations and the consistency relation between them [21�24]. Although it produces an enhanced ratio r
of the tensor to scalar perturbations [25], it is still compatible with the recent Planck [26] and BICEP2 [27]
measurements for the case of single scalar �eld m2φ2 in�ation. For a similar study in the regular Randall-
Sundrum model see [28].
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served relic density. This is repeated for the case of asymmetric DM in section 4 and, �nally,
in section 5 we summarize our results.

2 Gauss-Bonnet Braneworlds

The Randall-Sundrum braneworld model derived from the �ve dimensional Einstein-Hilbert
action can be considered as a low energy e�ective model of some higher order �eld theory such
as string theory or M-theory. Since our interest in the model lies in the high energy regime
where additional quantum corrections in the bulk action may contribute to the braneworld
dynamics, we include the leading order correction from heterotic string theory, known as the
Gauss-Bonnet term LGB [30], which is given by

LGB = R2 − 4RabR
ab +RabcdRabcd. (2.1)

Inclusion of higher order curvature terms generally leads to fourth order equations of motion.
However, in �ve dimensions, the GB combination of invariants constructed from the Riemann
tensor Rabcd is of particular signi�cance since it is the unique combination that leads to second
order gravitational �eld equations in the bulk metric which are symmetric, divergenceless and
ghost free [31].

Inclusion of the Gauss-Bonnet term modi�es the Randall-Sundrum action so that the
action integral for the GB braneworld model, taken over the �ve dimensional bulk spacetime
M, is

SM =
1

2κ2
5

∫
M
d5x
√
−g [R− 2Λ5 + αLGB], (2.2)

where g is the determinant of the bulk metric gab, R is the �ve dimensional Ricci scalar
and Λ5(< 0) is the bulk cosmological constant. We have parameterized the GB contribution
through the coupling α which, if this contribution is to be considered as the lowest order
correction from string theory to the Randall-Sundrum action, must satisfy [21, 22] α|R2| �
|R|. Consequently, α � `2 where ` is the bulk curvature scale |R| ∝ `−2. Introducing the
associated energy scale µ ≡ `−1 then we require

β ≡ 4αµ2 � 1. (2.3)

The matter �elds, which are localized on the brane surface ∂M, are included via

Sm = −
∫
∂M

d4x
√
−h [Lm + σ], (2.4)

where h is the determinant of the induced metric hµν on the brane surface, Lm is the matter
�eld Lagrangian and σ(> 0) is the brane tension. Varying the total action Stot = SM + Sm
(+ boundary terms) with respect to the metric �eld and solving the resulting �eld equations
yields the modi�ed Friedmann equation for the GB braneworld scenario [32, 33]

κ2
5 (ρ+ σ) = 2µ

√
1 +

H2

µ2

(
3− β + 2β

H2

µ2

)
, (2.5)

where ρ is the energy density of matter �elds on the brane and β = 1−
√

1 + 4αΛ5/3.
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The modi�ed Friedmann equation (2.5) clearly predicts non-standard behaviour for the
expansion of the universe. However, in the low energy limit, equation (2.5) reduces to the
standard expansion law for a �at universe

H2 =
8π

3M2
Pl

ρ+
Λ4

3
, (2.6)

provided we identify [34]2

κ2
4 ≡

8π

M2
Pl

=
µ

1 + β
κ2

5. (2.7)

Additionally, requiring that the four dimensional cosmological constant Λ4 vanishes gives

κ2
5σ = 2µ (3− β) , (2.8)

which is equivalent to the familiar Randall-Sundrum tuning in the limit α→ 0.
As shown in [35], it is possible to solve equation (2.5) to get an explicit expression for

the Hubble factor H;

H2 =
µ2

β

[
(1− β) cosh

(
2χ

3

)
− 1

]
, (2.9)

where χ is related to the energy density ρ via

ρ+m4
σ = m4

α sinhχ, (2.10)

and the two mass scales mα and mσ, which correspond to the GB correction and the brane
tension respectively, are given by

m4
α =

√
8µ2(1− β)3

βκ4
5

, m4
σ = σ. (2.11)

Substituting in the constraints (2.7) and (2.8), mα and mσ can be written in terms of the
two remaining free parameters µ and β as

m4
α = 2

µ2

κ2
4

√
2(1− β)3

β(1 + β)2
, m4

σ = 2
µ2

κ2
4

(
3− β
1 + β

)
. (2.12)

Since the Gauss-Bonnet term is a high energy correction to the regular Randall-Sundrum
action, we expect β � 1. This motivates us to introduce the quantity

Rm ≡
mα

mσ
=

[
2(1− β)3

β(3− β)2

]1/8

, (2.13)

which measures the ratio of the two mass scales and depends only on β. The two mass scales
are equal for β = 0.1509 but, as we expect β � 1, the general situation will be Rm > 1.

Before choosing speci�c values of β, we �rst discuss the evolution of the modi�ed ex-
pansion rate in the generalized Gauss-Bonnet scenario. By expanding (2.5) in the high,
intermediate, and low energy limits, we see that the Hubble factor evolves through three
distinct expansion regimes, characterized by the mass scales mα and mσ [21, 29]:

2For comparison with [11, 16], we note that µ and β are related to the �ve dimensional Planck mass M5

via

M3
5 =

µ

1 + β

M2
Pl

8π
.
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Figure 1. Modi�ed expansion rate in the Gauss-Bonnet scenario (solid blue curve) for µ2 = 10−44

GeV2 and β = 10−15. We have assumed that the energy density is radiation dominated for the period
shown, taking ρ = ρr = π2 g∗(T )T 4/30. The various expansion regimes through which the Hubble
parameter evolves are indicated, together with the standard expansion rate (dashed black curve) for
reference.

1. the GB regime: ρ� m4
α

H2 '
(

1 + β

4β
µκ2

4ρ

)2/3

, (2.14)

2. the RS regime: m4
α � ρ� m4

σ

H2 ' κ2
4

6m4
σ

ρ2, (2.15)

3. the standard regime: m4
σ � ρ

H2 ' κ2
4

3
ρ. (2.16)

At early times, during the Gauss-Bonnet regime, the expansion rate of the universe H ∼ ρ1/3

falls more slowly than the standard expansion law H ∼ ρ1/2. Later, the universe evolves
into a Randall-Sundrum type era with an enhanced expansion H ∼ ρ, before �nally reducing
to the standard expansion law in the low energy limit (see �gure 1). The duration of the
Randall-Sundrum regime is determined by the magnitude of Rm ≡ mα/mσ: when Rm is
small, the RS era is short and the expansion rate passes quickly from the Gauss-Bonnet era
to the standard era; when Rm is large, the duration of the Randall-Sundrum era is extended.
Using the expression for Rm (equation (2.13)) we see that these two cases correspond to
β . 0.1509 and β → 0, respectively.

The investigation by [29] chose to collapse the Randall-Sundrum era by equating mα =
mσ, setting β = 0.1509. In this case, the early time expansion rate is always slower than
(or equal to) the standard expansion rate. The slower expansion rate delays dark matter
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particle freeze-out and suppresses the relic abundance. This is obviously a contrived scenario
considering the Gauss-Bonnet term is a high energy correction to the Randall-Sundrum action
and we expect mα > mσ, corresponding to β � 1. In the next section we will show that the
unnatural choice of β = 0.1509 and the conclusions drawn in [29] misrepresent the typical
behaviour of the relic density in the Gauss-Bonnet braneworld model and that, in fact, the
dark matter abundance tends to be enhanced rather than suppressed when realistic values of
β are used.

It is convenient for the derivation of approximate solutions for the dark matter relic
density (see next section) to express the modi�ed expansion rates in the early universe (equa-
tions (2.14) and (2.15)) in terms of the standard expansion rate HGR. Since the energy
density of the universe during the era of dark matter decoupling is dominated by radiation
with ρr = π2g∗(T )T 4/30, where g∗(T ) is the e�ective number of relativistic degrees of free-
dom, equations (2.14) and (2.15) can be written as

HGB = HGR

(
x

xGBt

)2/3

, (2.17)

HRS = HGR

(
xRSt
x

)2

, (2.18)

where x = mχ/T is a dimensionless variable and xGBt and xRSt are given by

(
xGBt

)4 ' 0.195 g∗(Tt)m
4
χ

(
β

1 + β

)2 κ2
4

µ2
, (2.19)

(
xRSt

)4 ' 0.082 g∗(Tt)m
4
χ

(
1 + β

3− β

)
κ2

4

µ2
. (2.20)

The quantity xRSt e�ectively denotes the transition point between the Randall-Sundrum
expansion era and the standard expansion era. In order to preserve the successful predictions
of BBN, the standard expansion law HGR must be restored prior to T = 1 MeV. Thus we
require xRSt . 103mχ, which, using (2.20), gives the conservative bound

µ & 1× 10−25 GeV. (2.21)

Furthermore, if we assume that particle freeze-out occurs at xf & 10, we can derive an upper
limit on the relevant range of µ. Again, using equation (2.20), we �nd µ . 5×10−17 GeV and
µ . 5× 10−19 GeV for mχ = 100 GeV and mχ = 10 GeV respectively. For larger values of µ
the standard expansion rate is restored prior to particle freeze-out and particle decoupling is
una�ected.

3 Symmetric Dark Matter

We begin this section by reviewing the relic abundance calculation for a symmetric dark
matter species χ(= χ̄) initially in equilibrium with the background cosmic bath. The dark
matter number density nχ evolves according to the relativistic Boltzmann equation

dnχ
dt

= −3Hnχ − 〈σv〉
(
n2
χ − neq 2

χ

)
, (3.1)
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where 〈σv〉 is the thermally averaged annihilation cross section and neq
χ is the equilibrium

number density. Here, we assume that annihilations are dominated by s-wave processes for
which the annihilation cross section is a constant, i.e. 〈σv〉 = σ0.

3

It is convenient to rewrite the Boltzmann equation (3.1) in terms of x = mχ/T and
the comoving number density Y = nχ/s, where s is the entropy density given by s =
2π2g∗(T )T 4/45.4 We then have

dY

dx
= −s〈σv〉

xH
ζ(x)

(
Y 2 − Y 2

eq

)
, (3.2)

where Yeq ' 0.145(gχ/g∗)x
3/2e−x, gχ = 2 is the number of internal degrees of freedom of the

dark matter species χ and

ζ(x) = 1− 1

3

d log g∗
d log x

(3.3)

is a temperature dependent factor related to the change in the number of degrees of freedom.
The present dark matter density, ΩDMh

2, is obtained from the asymptotic solution (x→∞)
of equation (3.2)

ΩDMh
2 = 2.75× 108mχY∞, (3.4)

where Y∞ = Y (x→∞) is the present comoving density.
In general, the Boltzmann equation cannot be solved analytically and equation (3.2) must

be integrated numerically. However, an approximate solution can be found by exploiting the
exponential decay of Yeq: as outlined in [3, 39], the creation term (∝ Y 2

eq) in equation (3.2)
can be neglected following particle decoupling (i.e. for x > xf ) and the resulting expression
can be integrated directly once the expansion rate and annihilation cross section have been
speci�ed. TakingH = HGR and 〈σv〉 = constant, we get the well-known approximate solution
for the asymptotic comoving density in the standard cosmological scenario5

Y GR
∞ '

xGRf
λGR〈σv〉

, (3.5)

where λGR ' 0.264
√
g∗MPlmχ and xGRf is the freeze-out point in the standard scenario that

can be estimated using [3, 39]

xGRf ' log [(2 + c)λGR〈σv〉ac]−
1

2
log {log [(2 + c)λGR〈σv〉ac]}, (3.6)

with a ' 0.145 gχ/g∗ and c ≈ 0.6 a numerical constant (see [3] for more details).6

In the Gauss-Bonnet braneworld scenario, the universe �rst passes through a Gauss-
Bonnet and then a Randall-Sundrum type expansion era before relaxing to the standard
expansion law (see previous section). We therefore need to �nd equivalent expressions to (3.5)
for when dark matter decoupling occurs during each of these non-standard regimes.

3It is straightforward to extend our analysis to higher partial wave expansions of the annihilation cross
section, i.e. 〈σv〉 = σnx

−n.
4Here g∗(T ) actually refers to the number of entropic degrees of freedom g∗s. Since the number of relativistic

and entropic degrees of freedom only di�er when a particle crosses a mass threshold, we take g∗ρ = g∗s ≡
g∗ [38].

5The annihilation cross sections 〈σv〉 in equations (3.5), (3.7) and (3.10) have units of GeV−2 to match the
units of λ.

6In deriving equation (3.5) the number of relativistic degrees of freedom has been �xed at g∗(T ) = g∗(Tf ),
but, note that the full temperature dependence is restored in the numerical integration.
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Taking H = HGB (equation (2.5)), we �nd that if decoupling occurs during a Gauss-
Bonnet type expansion regime [29],

Y GB
∞ ' 5

3

(xGBf )5/3

λGB〈σv〉
, (3.7)

where

λGB = λGR
(
xGBt

)2/3
'

[(
β

1 + β

)
g2
∗
m5
χ

µκ2
4

]1/3

, (3.8)

and the freeze-out point is

xGBf ' log [(2 + c)λGB〈σv〉ac]−
7

6
log {log [(2 + c)λGB〈σv〉ac]}. (3.9)

Similarly, if decoupling occurs during the Randall-Sundrum era [16]

Y RS
∞ ' 0.54xRSt

λGR〈σv〉
, (3.10)

which we note is independent of the freeze-out point xf (provided xRSt � xf ).
Comparing equations (3.7) and (3.10) with (3.5), we see that the asymptotic comoving

density can be either suppressed or enhanced depending on the relative magnitude of µ and
β and the timing of particle decoupling. More speci�cally, if decoupling occurs during the
Gauss-Bonnet era, the comoving density may be either enhanced or suppressed, otherwise, if
decoupling occurs during the Randall-Sundrum era, the comoving density is always enhanced.

To determine which parameter combinations lead to suppression, and which lead to
enhancement (with respect to the standard cosmology result) we can equate equations (3.7)
and (3.10) with (3.5). Rearranging for µ2, we �nd that the relic abundance is enhanced for
the interval7

5× 10−43m4
χ

(
β

1 + β

)2

. µ2 . 1× 10−41m4
χ, (3.11)

and suppressed for

µ2 . 5× 10−43m4
χ

(
β

1 + β

)2

. (3.12)

For µ2 & 10−41m4
χ, the standard expansion rate is restored prior to particle decoupling and

the predicted value of ΩDMh
2 reduces to the canonical result.

In �gure 2 we plot the predicted relic abundance ΩDMh
2 in the general Gauss-Bonnet

scenario as a function of µ2 for varying β. Immediately we see that ΩDMh
2 (much like the

expansion rate H) can be split up into three distinct regions: for small µ2 (and large β), the
relic density increases with increasing µ2 (and decreasing β), reaching a maximum that is
approximately given by8

Ωmax
DMh

2 ∼ 9× 10−11

β1/5〈σv〉
; µ2

max ∼ 3× 10−43 (mχβ
1/5)4 GeV2. (3.13)

7To derive (3.11) and (3.12) we have assumed that the freeze-out point is roughly constant. In doing so
we have neglected a logarithmic dependence on the annihilation cross section 〈σv〉.

8The parameter dependence of the maximum can be derived by equating (3.7) with (3.10). Note, however,
that the numerical constants are only approximate because we have not taken into account the variation in
xf .
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Figure 2. Relic abundance ΩDMh
2 for a symmetric WIMP with 〈σv〉 = 2 × 10−26 cm3s−1 as a

function of µ2 for β = 0.1509 (blue curve), β = 10−5 (red curve), β = 10−10 (yellow curve) and
β = 10−15 (purple curve). The left and right panels correspond to WIMP masses mχ = 100 GeV and
10 GeV respectively.

In this region, decoupling occurs during the Gauss-Bonnet expansion era and the relic density
can be estimated using (3.7). Next, for µ2 & µ2

max, the relic density decreases with increasing
µ2 and is relatively independent of β. Here, decoupling occurs during the Randall-Sundrum
era and each curve approaches the Randall-Sundrum result [16]. Finally, when µ2 & 10−41m4

χ,
each curve reduces to the standard cosmology result. Hence, for the purpose of estimating
the relic density, three approximate regimes can be identi�ed:

µ2 . 3× 10−43m4
χβ

4/5 : GB regime (3.14)

3× 10−43m4
χβ

4/5 . µ2 . 10−41m4
χ : RS regime (3.15)

µ2 & 10−41m4
χ : GR regime (3.16)

within which equations (3.7), (3.10) and (3.5) for Y∞ would be appropriately used.
As expected, �gure 2 shows that the dark matter relic abundance may be either enhanced

or suppressed by up to two or more orders of magnitude, depending on the values of µ2 and β.
We must stress, however, that as the value of β is reduced, the predicted relic density tends
towards the Randall-Sundrum result, and is therefore enhanced. Also, since µ2 & 10−50 GeV2

is bounded from below by BBN constraints, suppression is only possible if β & 1.4×10−4/m2
χ,

corresponding to the condition Rm . 3.3m
1/4
χ . Furthermore, it is only for the particular case

considered in [29], that is β = 0.1509 (Rm = 1) (blue curve), that ΩDMh
2 is exclusively

suppressed. For more reasonable values of β (and Rm) the relic density is typically enhanced.
We can invert these results to �nd the annihilation cross section required to produce the

observed relic density ΩDMh
2 = 0.1187. In �gure 3 we plot this cross section as a function

of µ2 for varying β. The cross section, which is inversely proportional to ΩDMh
2, exhibits

similar behaviour to the relic density curves presented in �gure 2 in that the three regimes -
Gauss-Bonnet, Randall-Sundrum and standard - are immediately apparent.

The required cross section in each regime can be estimated by rearranging the approxi-
mate expressions (3.7), (3.10) and (3.5) and substituting in the observed relic density ΩDMh

2.
Thus, if decoupling occurs deep in the Gauss-Bonnet era, the required annihilation cross sec-

� 9 �



µ2 [GeV2]
10

-50
10

-45
10

-40
10

-35
10

-30

〈σ
v
〉
[c
m

3
s−

1
]

10
-29

10
-28

10
-27

10
-26

10
-25

10
-24

10
-23

10
-22

β = 0.1509
β = 10−5

β = 10−10

β = 10−15

RS

µ2 [GeV2]
10

-50
10

-45
10

-40
10

-35
10

-30

〈σ
v
〉
[c
m

3
s−

1
]

10
-29

10
-28

10
-27

10
-26

10
-25

10
-24

10
-23

10
-22

β = 0.1509
β = 10−5

β = 10−10

β = 10−15

RS

Figure 3. Required annihilation cross section 〈σv〉 for a symmetric WIMP as a function of µ2 for
β = 0.1509 (blue curve), β = 10−5 (red curve), β = 10−10 (yellow curve) and β = 10−15 (purple
curve). Also shown is the corresponding result for a pure Randall-Sundrum scenario (dot-dashed
black curve). The left and right panels correspond to WIMP masses mχ = 100 GeV and 10 GeV
respectively.

tion is given by

〈σv〉 ' 2.0× 10−22

(
1 + β

β

µ

m2
χ

)1/3

(
xGBf

)5/3

ΩDMh2
cm3s−1. (3.17)

Similarly, if decoupling occurs during the Randall-Sundrum era,

〈σv〉 ' 9.4× 10−38

[(
1 + β

3− β

)
1

µ2

]1/4 mχ

ΩDMh2
cm3s−1, (3.18)

which is relatively independent of β. For µ2 & 10−41m4
χ, the transition point xRSt precedes

the freeze-out point and we recover the canonical result 〈σv〉 ' 〈σv〉GR ' 2.03×10−26 cm3s−1

and 〈σv〉 ' 〈σv〉GR ' 2.21×10−26 cm3s−1 formχ = 100 GeV andmχ = 10 GeV respectively.9

The results in �gure 3 should be compared with the latest constraints derived from the
Fermi-LAT gamma ray data [40]. For example, the bounds for the χχ̄→ bb̄ and χχ̄→ µ+µ−

annihilation channels for a dark matter particle with mass mχ = 100 GeV are 〈σv〉Fermi =
1.31×10−25 cm3s−1 and 〈σv〉Fermi = 1.38×10−24 cm3s−1 respectively. For the mχ = 10 GeV
case the bounds are more stringent with 〈σv〉Fermi = 2.90 × 10−26 cm3s−1 and 〈σv〉Fermi =
2.01×10−25 cm3s−1 for the respective channels. The Fermi-LAT constraints therefore exclude
a portion of the Gauss-Bonnet parameter space. For the small values of β that correspond
to realistic values Rm > 1, larger values of µ2 are favoured. We must keep in mind however,
that these constraints only apply if the dark matter particle annihilates primarily through
one of the channels mentioned.

9Note that the approximate expressions (3.17) and (3.18) are more accurate than the corresponding ex-
pressions involving the relic density since there is much less variation in the freeze-out point xf once ΩDMh

2

has been speci�ed.
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4 Asymmetric Dark Matter

Asymmetric dark matter models treat the dark matter particle χ and antiparticle χ̄ as distinct
and with unequal number densities, similar to the asymmetry that exists in the baryonic
sector. In fact, these models typically assume [41, 42] either a primordial asymmetry in one
sector that is transferred to the other sector, or that both asymmetries are generated by the
same physical process such as the decay of a heavy particle. Connecting the two asymmetries
also explains the proximity of the dark and baryonic densities, ΩDM/Ωb ∼ 5, suggesting the
dark matter mass is in the range mχ ∼ 5− 15 GeV [43].

When the particle χ and antiparticle χ̄ are distinct, the Boltzmann equation (3.1) is
generalized to the coupled system

dnχ
dt

= −3Hnχ − 〈σv〉
(
nχnχ̄ − neq

χ n
eq
χ̄

)
, (4.1a)

dnχ̄
dt

= −3Hnχ̄ − 〈σv〉
(
nχnχ̄ − neq

χ n
eq
χ̄

)
, (4.1b)

where neq
χ and neq

χ̄ are the equilibrium number densities of the χ and χ̄ components respec-
tively. We assume that self annihilations are forbidden, and that only interactions of the type
χχ̄→ XX̄ (where the X's are Standard Model particles) can change the dark matter particle
number. We can then write

Yχ − Yχ̄ = C, (4.2)

where C is a strictly positive constant that characterizes the asymmetry between the parti-
cles and antiparticles. Here, we are not concerned with the mechanism that generates the
asymmetry, only that one has been created well before particle freeze-out.

Rewriting the Boltzmann equations in terms of the comoving density Y , and using
equation (4.2), the system (4.1) becomes

dYχ
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ − CYχ − P

)
,

dYχ̄
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ̄ + CYχ̄ − P

)
, (4.3)

where, since the dark matter particles and antiparticles are non-relativistic at decoupling,

P ≡ Y eq
χ Y eq

χ̄ =

(
0.145 gχ
g∗

)2

x3e−2x. (4.4)

Solving the system (4.3) in the asymptotic limit, the total dark matter density, ΩDMh
2, is

the sum of the χ and χ̄ components,

ΩDMh
2 = 2.75× 108mχ

(
Y∞χ + Y∞χ̄

)
. (4.5)

Following similar arguments to those for the symmetric case, we can �nd an approximate
solution to the system (4.3) for the asymptotic density of the χ̄ component (see [44] for
details)

Y∞χ̄ '
C

exp
(
C/Y∞(sym)

)
− 1

, (4.6)

where we use Y∞(sym) to denote the corresponding asymptotic solution for symmetric dark
matter. As we saw in the previous section, Y∞(sym) depends on the timing of freeze-out and
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is given by, respectively, equations (3.5), (3.7) and (3.10) for the three regimes (3.14)-(3.16).
From equations (4.6) and (4.2), we readily obtain

Y∞χ '
C

1− exp
(
−C/Y∞(sym)

) . (4.7)

As discussed in [11, 44], the contribution from the minority and majority components to
the total dark matter density depends sensitively on the ratio C/Y∞(sym). When C/Y∞(sym) � 1,

the density of the χ̄ component is exponentially suppressed, Y∞χ̄ ' C exp
(
−C/Y∞(sym)

)
, and

the density of the χ component approaches the asymmetry C, Yχ ' C+C exp
(
−C/Y∞(sym)

)
.

Conversely, when C/Y∞(sym) � 1, the factor C drops out of the expressions (4.6) and (4.7) and
each component behaves like symmetric dark matter, i.e. Y∞χ ' Y∞χ̄ ' Y∞(sym). We designate
each of these regimes as being strongly and weakly asymmetric respectively, with the relic
density in each case behaving like

ΩDMh
2 '

{
2× 2.75× 108mχ Y

∞
(sym), C/Y∞(sym) � 1,

2.75× 108mχC, C/Y∞(sym) � 1.
(4.8)

To determine which parameter values correspond to each regime, we use the results
derived in the previous section for symmetric dark matter. There we saw that the relic
density was enhanced for the interval (3.11),

5× 10−43m4
χ

(
β

1 + β

)2

. µ2 . 1× 10−41m4
χ, (4.9)

and suppressed for the interval (3.12)

µ2 . 5× 10−43m4
χ

(
β

1 + β

)2

. (4.10)

Therefore, for a �xed value of the asymmetry C, these two cases would drive the dark matter
species towards the weakly or strongly asymmetric regimes respectively.

Again, we can invert the expressions for the asymptotic comoving densities (4.6) and (4.7)
and, using (4.5), �nd the annihilation cross section required to produce the observed relic
density. Then, depending on the timing of freeze-out (see equations (3.14)-(3.16)), the cross
section and asymmetry are related via

〈σv〉 ' a

C
coth−1

(ω
C

)
×


10
(
xGBf

)5/3
/(3λGB) ; (GBregime)

1.1xRSt /λGR ; (RS regime)

2
(
xGBf

)
/λGR ; (GRregime)

(4.11)

where ω = ΩDMh
2/(2.75× 108mχ) and a = 1.167× 10−17cm3s−1.

The numerical results for the required annihilation cross section are plotted in �gures 4
and 5 (solid curves) for mχ = 100 GeV and mχ = 10 GeV respectively. The di�erent curves
within each panel correspond to di�erent values of µ2 and we have reduced the magnitude of
β in the successive panels. In each �gure we plot the standard cosmology result (black) for
reference.
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Figure 4. Iso-abundance contours in the (〈σv〉, C) plane corresponding to the observed dark matter
abundance ΩDMh

2 = 0.1187 for a 100 GeV WIMP. The contours shown are for µ2 = 10−38 GeV2

(solid blue curve), µ2 = 10−44 GeV2 (solid red curve) and µ2 = 10−50 GeV2 (solid yellow curve). Also
shown is the standard cosmology result (solid black curve). The panels correspond to β = 0.1509
(top left), β = 10−5 (top right), β = 10−10 (bottom left) and β = 10−15 (bottom right). Note
that, for β = 10−15, the contours for µ2 = 10−44 GeV2 and µ2 = 10−50 GeV2 (almost) coincide. In
each panel we have superimposed the constraints derived from the Fermi-LAT gamma ray data [40]
with the regions below the dark purple and magenta (dot-dashed) curves excluded for the µ+µ− and
bb̄ annihilation channels respectively. We have also indicated the region (below the dot-dashed blue
curve) for which the asymmetric detection signal in the Gauss-Bonnet scenario exceeds the symmetric
signal in the standard scenario.

Initially the curves are vertical and the relic density is determined solely by the annihila-
tion cross section. In this region the ratio C/Y∞(sym) is small and each component behaves like
symmetric dark matter. As both the annihilation cross section and the asymmetry increase
we transition into a regime which is strongly asymmetric where the curves are horizontal.
Here the density of the minority component is exponentially suppressed and the relic abun-
dance is �xed by the asymmetry C. This general behaviour is exhibited regardless of the
values of µ2 or β, however, the magnitude of the annihilation cross section which separates
the weakly and strongly asymmetric regions depends signi�cantly on the combination of µ2

and β (see (4.11)).
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Figure 5. Same as �gure 4 but for mχ = 10 GeV. In each panel the contour for µ2 = 10−38 GeV2

(almost) overlaps the standard cosmology result.

Since the vertical section of each curve corresponds to the weakly asymmetric regime,
the position of the vertical asymptotes can be deduced simply from �gure 3 (with allowance
for the additional factor of ∼ 2 due to the χ and χ̄ contributions). When the annihilation
cross section is enhanced in �gure 3, the curves in �gures 4 and 5 will be shifted to the right
of the standard cosmology result. Similarly, when the symmetric cross section is suppressed,
the asymmetric curves will be shifted towards the left. Thus the symmetric cross section
determines the vertical asymptote of the required asymmetric cross section.

Consequently, just like the symmetric case, the required annihilation cross section is
reduced for all values of µ2 when β = 0.1509 (panel 1), getting smaller with decreasing µ2.
Then, as the magnitude of β is decreased (in successive panels), the curves are shifted towards
larger cross sections. There is a limit however, to how much each curve is shifted for a �xed
value of µ2. For example, in �gure 4, the µ2 = 10−38 GeV2 case (solid blue) is shifted to
higher cross sections when β is reduced from β = 0.1509 to β = 10−5 (i.e. going from panel 1
to panel 2). But, as the value of β is reduced further in the successive panels, the curve does
not move. A similar thing happens for the µ2 = 10−44 GeV2 case (solid red) once β . 10−10

(panels 3 and 4). We understand this by noting that once the value of β has dropped below
the threshold given in (3.15), the behaviour of each curve is given by the Randall-Sundrum
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result (see (4.11)), and is therefore independent of β.

The increased annihilation cross section of the asymmetric dark matter species in the
Gauss-Bonnet braneworld scenario gives rise to an interesting prospect, �rst pointed out
in [9]: if the cross section is large enough, it is possible that the annihilation rate and in
turn the indirect detection signal of asymmetric dark matter could be enhanced with respect
to the symmetric signal in the standard scenario, despite the suppressed abundance of the
minority dark matter component. This behaviour, which is contrary to the usual expectation,
is possible in both the quintessence and scalar-tensor scenarios [9], as well as the Randall-
Sundrum braneworld model [11]. Since we have shown that the required annihilation cross
section in the GB braneworld model is increased by up to several orders of magnitude, we
would expect similar behaviour here also.

Using the formalism developed in [11], we indicate in �gures 4 and 5 the regions in
the (〈σv〉, C) plane that produce an ampli�ed asymmetric dark matter detection signal (dot-
dashed blue curve). To compare our results with experiment, we also show the region excluded
by the latest Fermi-LAT data [40] (dot-dashed purple and magenta curves). Combining the
two, the allowed region of parameter space that produces an ampli�ed detection signal is
given by

〈σv〉GR < 〈σv〉γ < 〈σv〉Fermi, (4.12)

where 〈σv〉GR is the required annihilation cross section for symmetric dark matter in the
standard cosmological scenario (see section 3) and γ is a damping factor that arises from the
asymmetry between the particles χ and antiparticles χ̄, given by (see [11])

γ ≡ 2YχYχ̄

(Yχ + Yχ̄)2 =
ω2 − C2

2ω2
. (4.13)

Figures 4 and 5 show that it is possible to produce an ampli�ed asymmetric detection signal
in the Gauss-Bonnet braneworld model, however, the allowed region decreases as the dark
matter particle mass drops from mχ = 100 GeV to mχ = 10 GeV due to the more stringent
Fermi-LAT constraints.

5 Conclusions

Relic abundance calculations provide an important test of non-standard cosmological scenar-
ios in the early pre-BBN universe (see [12] for further discussion). In this article we have
revisited the relic abundance investigation in the Gauss-Bonnet braneworld scenario in which
a Gauss-Bonnet curvature invariant is added to the Randall-Sundrum braneworld action. A
previous investigation by [29] found that the dark matter density is suppressed in the GB
braneworld model, however, this conclusion is based on a highly contrived assumption that
collapses the Randall-Sundrum expansion era, leading to a slower early time expansion law.
We �nd that when this assumption is relaxed, the early time expansion rate can be either
faster or slower than the standard expansion law, depending on the model parameters. In
turn, the dark matter relic abundance is either enhanced or suppressed by up to several orders
of magnitude with respect to the standard cosmology result, respectively. Importantly, when
realistic parameter values are chosen, the early time expansion rate is typically faster than
the standard expansion law during the era of dark matter decoupling and the resulting relic
abundance is enhanced. Moreover, in the limit β ≪ 1 (corresponding to Rm � 1) the usual
Randall-Sundrum type behaviour is recovered [16, 20].
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We have also investigated the GB braneworld e�ect on asymmetric dark matter species
and found that the enhanced annihilation cross section required to provide the observed
relic density is capable of producing an ampli�ed annihilation signal with respect to the
symmetric signal in the standard cosmological scenario. This e�ect, which is contrary to the
usual expectation, has also been demonstrated in quintessence, scalar-tensor [9] and Randall-
Sundrum braneworld models [11].

The implications of the latest Fermi-LAT constraints on the dark matter annihilation
cross section have been considered for both the symmetric and asymmetric models. For small
β, corresponding to realistic values for the mass ratio Rm, larger values of µ2 are favoured,
suggesting that the Gauss-Bonnet braneworld expansion rate has reduced to the standard
expansion law before dark matter decoupling.

The present investigation is timely because the weak scale cross section relevant to
generic relic abundance calculations should be accessible to the next generation of direct and
indirect detection experiments [45]. Therefore, additional constraints and/or an unexpected
signal from these experiments could point to new physics in the era prior to BBN.

Our investigation also has implications for dark matter particle models and scans of
supersymmetric parameter space. If the early time expansion rate is in fact slower than the
standard scenario, particles which are typically overproduced in the standard cosmology and
thus ruled out by relic density constraints, may be rescued in the GB scenario.
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