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Heat of solution and site energies of hydrogen in disordered transition-metal alloys

R. C. Brouwer and R. Griessen
Natuurkundig Laboratorium, Vrije Universiteit, NL-1081 HV Amsterdam, The Netherlands
(Received 30 December 1988)

Site energies, long-range effective hydrogen-hydrogen interactions, and the enthalpy of solution in
transition-metal alloys are calculated by means of an embedded-cluster model. The energy of a hy-
drogen atom is assumed to be predominantly determined by the first shell of neighboring metal
atoms. The semiempirical local band-structure model is used to calculate the energy of the hydro-
gen atoms in the cluster, taking into account local deviations from the average lattice constant. The
increase in the solubility limit and the weak dependence of the enthalpy of solution on hydrogen
concentration in disordered alloys are discussed. Calculated site energies and enthalpies of solution
in the alloys are compared with experimental data, and good agreement is found. Due to the strong
interactions with the nearest-neighbor metal atoms, hydrogen atoms can be used to determine local
lattice separations and the extent of short-range order in “disordered” alloys.

I. INTRODUCTION

Hydrogen in metals has been a subject of experimental
and theoretical research for many years.!™* Although
there is a rather good understanding of the properties of
hydrogen in pure (transition) metals, it is presently not
possible to calculate accurately the heat of solutions or
diffusion coefficients from first principles.’”’ The
difficulties encountered for pure metals in first-principles
calculations are, of course, even larger for intermetallic
compounds and disordered systems, such as alloys.

One is therefore still bound to use semiempirical mod-
els. Several models have been proposed in the past and,
as discussed by Griessen and Riesterer,® the most accu-
rate model, with the smallest number of fit parameters, is
the semiempirical local band-structure model. With this
model it is possible to calculate the heat of formation,
volume expansion, and site occupation of hydrogen in a
large number of pure metals.® In this work we apply the
local band-structure model to disordered alloys.

Results on diffusion’ ! and solution!? of hydrogen in
disordered (transition-) metal alloys indicate that the
metal-hydrogen interactions are short ranged and, in a
first-order approximation, that only the metal atoms in
the first shell determine the energy of the hydrogen atom
in a given cluster (or interstitial site). Therefore, in spite
of the complexity of disordered alloys, hydrides are well
described by means of local-site energies, a Fermi-Dirac
distribution, and long-range effective hydrogen-hydrogen
interactions.!®!? Recently, site energies have been deter-
mined for the first time by Feenstra et al.'* in the
Nb; _,V,H, system, with 0<y =<1, from pressure-
composition isotherms. Using these site energies,
Brouwer et al.'> showed that diffusion coefficients for hy-
drogen in the Nb,_,V, alloys could be accurately calcu-
lated as a function of temperature and hydrogen concen-
tration over the complete composition (y) range.

Measuring site energies is, considering the large num-
ber of compounds and the infinite number of alloys, not a
practical method. The calculation of trap (i.e., site) ener-
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gies from first principles, however, by several authors led
to conflicting predictions and disagreement with experi-
mental data.!®!7

The purpose of this paper is to show that the enthalpy
of solution in disordered transition-metal alloys can be
predicted by a semiempirical embedded-cluster model,
based on the local band-structure model, and incorporat-
ing a coupling between local-site volumes and the average
site volume in the alloy. In Sec. II we describe the
method of calculation of the enthalpy of solution of hy-
drogen in an alloy, and which parameters (site energies,
H-H interactions) are needed in the calculations. The
embedded-cluster model is presented in Sec. III, and in
Sec. IV the effective H-H interaction is calculated, using
the semiempirical local band-structure model. To
demonstrate the validity of our approach, calculated
enthalpies of solution are compared with experimental
data, as a function of alloy composition and hydrogen
concentration for Nb, ,V, Ti,_,V,, Cr,_,V,
Mo, _,Ti,, Ta; ,V,, and Ta,_,Nb, in Sec. V. The re-
sults are discussed in Sec. VI.

II. ENTHALPY OF SOLUTION
IN DISORDERED ALLOYS

The enthalpy of solution of hydrogen in transition met-
als at infinite dilution AH_, defined as AH =H_
—1Hy, with H, the partial molar enthalpy for hydro-
gen in metals and Hy the partial molar enthalpy for hy-
drogen gas, was shown to obey the following semiempiri-
cal relation:®

AH,=aAEW;?*S R *+pB, 1
J

with @=18.6 kJI/molH (A*eV™32) and B=-—90
kJ/molH, and AE,W, in eV and R, in A. AE is a
characteristic band-structure energy AE =E—Eg, with
E the Fermi energy and Eg essentially the center of the
lowest conduction band of the host metal. W is the d-
band width of the host metal and R; the distance between
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a given hydrogen atom and its neighboring metal atoms.
A remarkably good agreement is obtained with the local
band-structure model, Eq. (1), between calculated enthal-
pies of solution and experimental data, for all metals for
which experimental band-structure parameters AE and
W, are available. Moreover, the site occupancy for hy-
drogen in fcc (octahedral) and bece (tetrahedral, see Fig. 1)
metals could be predicted by the model.

In a disordered binary alloy 4,_,B,, hydrogen atoms
occupy sites A4, B, (Fig. 1) with different energies, i.e.,
different enthalpies of solution AH,,(y). A hydrogen
atom occupying an interstitial site A4,,B, has m +n
nearest-neighbor metal atoms, » B atoms, and m A4
atoms. As discussed by several authors, Kirchheim,'°
and Griessen,!® the distribution of the hydrogen atoms
over the interstitial sites is given by a Fermi-Dirac distri-
bution function, as each site can be occupied by, at most,
one hydrogen atom, i.e.,

B Pn
n s, +exp{[AH,,,(y)+f(c)—ul/RT}

, (2)

with ¢, the hydrogen concentration on sites of type n (c,
is the number of hydrogen atoms on sites of type n, N,,,
divided by the total number of interstitial sites, M) and
with p, the fraction of sites of type n in the alloy (p, is
the number of sites of type n, M,, divided by the total
number of sites M; so ¢,=N,/M and p, =M, /M with
¢,/p,=N, /M, the partial concentration of hydrogen at
sites of type n). The total hydrogen concentration c is
given by ¢c=3, N, /3, M,=N/M, with N the total
number of hydrogen atoms. The blocking factor s,, is the
number of sites of type n blocked by a hydrogen atom on
a site of type n. In the pure metal, s, depends only on the
hydrogen concentration and varies (in a bcc metal) be-
tween 7 and 4. However, a good fit to experimental en-
tropies is obtained by taking the limiting value of 4, indi-
cating that at low concentrations the exact value of s in a
pure metal is not important.!® In alloys, s, depends also
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FIG. 1. bcce crystal structure of an alloy A4,_ yB,. The 4 and
B atoms are randomly distributed among the lattice sites. Hy-
drogen atoms are occupying the tetrahedral interstitial sites
A,,B, and have four nearest-neighbor metal atoms, m +n=4.
(®, metal atoms; O, tetrahedral sites.)

on the type of site n, and on the alloy concentration. If,
for example, in an A4, 4By ;o alloy a hydrogen atom
blocks, on the average, four interstitial sites, the blocking
factor for an interstitial on an A, site is ~4, but the
blocking factor for a hydrogen atom on a B, site ~1 (the
probability of finding another B, site next to the intersti-
tial is small). For ¢ <0.04 (24 at. % H), the blocking fac-
tor s, for a hydrogen atom on a tetrahedral interstitial
site 4,,B, in a bec alloy 4,_, B, is approximated by!®

s,=1+3[m +(n —my], (3)

assuming that each hydrogen atom blocks, on the aver-
age, four interstitial sites.

The long-range effective hydrogen-hydrogen interac-
tion f(c) is assumed to depend only on the total hydro-
gen concentration ¢, with ¢ = 3, ¢,.!® The interaction
term f(c) takes into account mean-field electronic and
elastic effects due to filling of electronic states at the Fer-
mi energy by the electrons of the hydrogen atoms, and
due to long-range H-H interactions via deformation of
the lattice.

u is the chemical potential of the hydrogen atoms in
the metal, and R and T have their usual meaning.
AH, ,(y) is the site energy or the local enthalpy of solu-
tion depending on the cluster composition (m,n) and on
the alloy concentration y.

From expression (2) the total enthalpy of solution
AH(y) in an alloy 4,_ yB, is calculated by using the fol-
lowing relation for the partial molar enthalpy H(y),

ou/T)

Ho)=\ 307

4)

’
op

which results in!3

S AH,,,(y)c,[1—(s,/p,)c,]

— — + n .
AH(y)=f(c) S e, [1—(s,/py)c,] ®

In order to be able to calculate the enthalpy of solution in
the alloy AH(y), the effective H-H interaction f(c) and
the site energies AH,,, (y) have to be determined first.

II1. SITE ENERGY

In an alloy 4,_,B, with clusters 4,,B,, the site ener-
gy of a hydrogen atom depends strongly on the chemical
type of the surrounding atoms, and on the local lattice
constants. In Fig. 2 a two-dimensional average lattice,
with average lattice constant @, is schematically drawn.
Metal B has a larger lattice constant than metal 4, and
the average lattice constant @ is assumed to interpolate
(Vegard’s law) between the lattice constants of the two
metals. The local B-B (A-A) separation agy (a,,) in the
alloy is, however, somewhat larger (smaller) than the
average lattice constant @. Therefore, the volume of a B,
site in the alloy 4,_,B, is in between the average site
volume and the volume of a B, site in pure metal B. In
subsection A the enthalpy of solution AH,,, of hydrogen
in a free cluster 4, B, is calculated by treating the clus-
ter to be a local alloy A4,_,B, with composition
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FIG. 2. Schematic representation of an alloy 4,_,B, with an
average lattice constant @ and local lattice constants a,, and
agp. In this two-dimensional lattice, metal B is assumed to have
a larger lattice constant than metal A, and the average lattice
constant of the alloy is assumed to interpolate linearly between
A and B (Vegard’s law). The B, site has a local lattice constant
agp, larger than @ but smaller than in pure metal B. The 4, site
is smaller than an average site. A site with three B atoms and
one A atom is also schematically drawn in the figure.

y'=n/(m +n). The advantage of this procedure is that
the average volume of the alloy 4,_,.B,. is exactly equal
to the local volume of the cluster 4,,B,. In subsection B
the cluster 4,, B, is embedded in the real alloy with com-
position y, and the enthalpy of solution AH,,,(y) is calcu-
lated, taking into account the local deviations from the
average lattice constant.

A. The free cluster

The enthalpy of solution or the site energy of hydrogen
in a free cluster AH,,, with composition y’'=n/(n +m)
is calculated by means of Eq. (1), if data for the charac-
teristic band-structure parameters AE and the d-band
width W, exist. For many compounds and disordered al-
loys, no data for AE and W, are available. In these cases
the procedure proposed by Cyrot and Cyrot-Lackmann?®
shall be used for transition-metal alloys, to calculate AE
and W, from the data of the pure metals. The various
steps in this procedure are schematically indicated in Fig.
3, for an alloy 4,_,B, with composition y’'=0.75
(A4,,B,, with n=3) and d-band widths W, and W, for
the pure metals ¢ and b.

In the first step the bandwidth W, of the compound
A, B, is set equal to the weighted average of the band-
‘widths W, and W,

——_ mW,+nW, :

mn m+tn . (6)

Since the number of available Bloch states must be con-

stant, the changed bandwidths and band-structure pa-
rameters AE, and AE, are given by

7N

and result in a change in the density of states,
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Wb
wr,

’ p—
Ra(b) =Na(p ) (®)

with AE, ;) and n,,, the rescaled band-structure parame-
ter and the rescaled density of states for metal 4 (B). As
the centers g, (g, ) of the d band are assumed to be fixed,
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FIG. 3. The construction of the d-band width W,), and
characteristic band-structure parameter AE,%, for an alloy (or
cluster) 4,B;. In the first step the bandwidths of the pure met-
als 4 and B are rescaled to the weighted average W,),, and in
the second step electrons are allowed to flow from one band to
the other, in order to obtain equal Fermi levels. Along the ver-
tical axis the weighted densities of states are plotted, i.e., nn ,
and mny (respectively, nn’, and mng).
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the rescaled work functions @, become

*

' — Wmn ’
‘I’a(b)—ﬁa(b)“*‘—z_“AEa(b) . &)

In the second step, electrons are allowed to flow from one
band to the other, to obtain equal Fermi levels, and the
work function ®},, for the alloy is determined by the
condition

(D, — D, )mn, = (P, — D}, Inn, . (10)

The rescaled band-structure parameter AE[,, for the
metals becomes

AE[ ) =AE; (5 + P40~ Prn » 1y

and the band-structure parameter AE,;, for the alloy is
then obtained by means of

AE* — m AE}+n AEy 12)
mn m+n ’
The enthalpy of solution (or site energy) AH,,, of hydro-
gen in the free cluster with composition 4,,B, or in an
alloy with composition y’=n/(n +m) can be expressed
in analogy to Eq. (1) as

AH,,=aAE}, (WX )'?3 R7*+B. (13)
J

The same procedure has been used in Ref. 21 to calculate
the average enthalpy of solution of hydrogen in alloys
A4,_,B, assuming the existence of only one type of site
A,,B, with composition y =n/(m +n). With this ap-
proximation, of course, only a qualitative agreement with
experimental data was obtained.

B. The embedded cluster

The site energy AH,,, for the free cluster considered in
the preceding subsection has been calculated for a cluster
A,, B, with local volume

_ mQ,+nQ,

m-—+n (14)

mn
with Q, and Q, the cluster volume of an 4,, ,, or B,, .,
cluster in the pure metals 4 and B. The average cluster
volume ((y) in the real alloy 4,_,B,, however, is given
by

QY)=1—y)Q,+yQ, . (15)

The volume (2,,,(y) of the embedded cluster 4,,B, in the
real alloy 4,_,B,, assuming a value between that of the
volume of the free cluster, £,,,, and of the average clus-

ter volume, (y), can be expressed as
Q,.,(»)=(1—D)Q(y)+DQ,,, . (16)

For D=0 the cluster 4,,B, has the average volume and,
for D=1 the cluster is not influenced by the surrounding
lattice (elastically decoupled, free cluster). Froyen and
Herring?? calculated the average deviations from the
average lattice spacings for random fcc and bcc alloys
from the elastic constants c;;, ¢1,, and c4. Once the
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elastic constants are known, the parameter I, of Froyen
and Herring can be determined from Fig. 1 in Ref. 22.
The parameter D of Eq. (16) is related to I,, for bcc al-
loys and tetrahedral interstitial sites, by the relation (see
Appendix)

D=1.581, . (17

The parameter D is thus determined from the elastic con-
stants ¢y, €15, and c4. The volume dependence of the
enthalpy of solution, AH(y), for hydrogen in an alloy is
given by (Sec. IV)

dAH(y) -

—————=—BVy, 18

dlnV H 18)

with B the bulk modulus of the alloy and Vy the molar
volume of hydrogen in the alloy. The enthalpy of solu-
tion of a hydrogen atom in a cluster 4,, B, in the alloy
A,_,B, is finally given by

AHmn(y)zAHmn__V_[an(y)_nmn] ’ (19)

with V,, the molar volume of the alloy. If no (reliable)
experimental data on B, ¥ and/or V,,, exist, the volume
dependence of the band-structure parameter AE);, and
the bandwidth W}, can be used to estimate the last term
in Eq. (19) as AE,;, and W,,, vary approximately with
volume?? as ¥ 7373,

5/3

) (20)

mn
Q0 ()
5/3

AE}, () =AE},

mn

W)= Wi | G005
mn

21

IV. EFFECTIVE HYDROGEN-HYDROGEN
INTERACTION

The effective hydrogen-hydrogen interaction f (c¢) con-
sists of an electronic and elastic part.>* The electronic in-
teraction is mainly due to a filling of the electronic states
at the Fermi level of the metal. The elastic effects are due
to long-range deformations of the lattice by the hydrogen
atoms. The elastic deformations result in an attractive
interaction because hydrogen atoms are dilatation centers
which feel the distortion field produced by all other hy-
drogen atoms, thereby lowering the elastic energy of the
system.

Because of the long-range nature of the interactions,
f(c) depends primarily on the total hydrogen concentra-
tion c. It is assumed that in alloys with various sites
A,, B, the effective H-H interactions do not depend on
the chemical composition of a certain site. The validity
of this mean-field approach can, of course, only be
justified by comparing the predictions of the model with
existing data. For some metals (Nb, V, Ta, and Pd) the
interaction term f (c) is known in detail and has been de-
rived from pressure-composition isotherms,>?* but for
most metals, compounds, and alloys f (¢)’s have not been
determined.
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If no experimental data exist for f(c), Eq. (1) should be
used to calculate the effective hydrogen-hydrogen in-
teraction. Differentiating thh respect to the total con-
centration ¢, we find

dAH dAH, dlnV dAH 22)
dc olnV .| dc dc v (
The first term on the right-hand side can be written as?*
dAH, _ dAH, 23)
dlV |. ap ¢

Using 0Hy /3p=0 and uy=
tial molar entropy, we obtam

— TSy, with S the par-

dAH,
dlnV |,

(24)

with B the bulk modulus of the hydride and 7y the mo-
lar volume of hydrogen in the metal. The second term on
the right-hand side in Eq. (24) is negligible. The second
term on the right-hand side of Eq. (22) combined with
Eq. (1) yields

wi? 2 R*, 25

dAH,, av
dc VvV n(E )

with n (Ey) the density of states at E, and v the number
of electrons added per hydrogen atom at the Fermi level.
Except for the early transition metals, v=1. The total
effective hydrogen-hydrogen interaction f(c) obtained
from Eqgs. (22), (24), and (25) is

£ N
V. n(Eg)

fo=[°

WIS R *|de.  (26)
J

The first term in Eq. (26) corresponds to the lowering of
the enthalpy due to elastic interactions via deformation
of the lattice; the second term is the increase of the
enthalpy due to filling of the electronic states at the Fer-
mi level.

In principle, Eq. (26) can be used to calculate f(c) in
pure metals and in alloys, if the parameters on the right-
hand side are known. However, for alloys not all of the
parameters have been determined experimentally. A
reasonable estimate can be made by interpolating the un-
known parameters between the values for the pure met-
als, as was clearly demonstrated in the Nb,_,V H, sys-
tem. A linear interpolation of the effective H-H interac-
tion f (c¢) for various alloys, between the f(c) of the pure
metals, Nb and V, yielded an excellent agreement with
experimental enthalpies of solution up to high hydrogen
concentrations.?’> Even diffusion data, which are very
sensitive to the exact value of f (c) could be fitted with
an interpolated interaction f (c).!

The detailed expertmental determination of the H-H
interaction in alloys is difficult. In disordered alloys (as
well as in a pure metal) the hydrogen atoms are spread
out through the lattice at low hydrogen concentrations.

If the hydrogen concentration is increased in a pure met-
al, the interaction between the hydrogen atoms increases,
thereby decreasing the enthalpy of solution AH ., until
hydride formation (clustering) occurs. Several au-
thors?6~% reported an apparent weakening of the H-H
interaction on alloying based on the observation of an al-
most constant AH(y) with increasing hydrogen concen-
tration, and/or an increase in the solubility limit. This
conclusion is premature, because in an alloy the distribu-
tion of site energies leads to an increase in AH  with in-
creasing hydrogen concentration, thereby compensating
the decrease in AH ., due to the increased H-H interac-
tion. The hydride formation, i.e., clustering of the hydro-
gen atoms, is prevented by the natural disorder, the dis-
tribution of sites with different energies over the sample.
In clustering, the hydrogen atoms would have to occupy
sites with high energies.’%3!

The existence of sites with different energies makes it
difficult to separate the interaction effects f(c) in alloys
from the site-filling effects. The long-range nature of the
effective hydrogen-hydrogen interaction, and the excel-
lent agreement with experimental data upon assuming an
interpolated f(c) in the Nb,_,V H, system, indicate,
however, the existence of strong hydrogen-hydrogen in-
teractions in disordered alloys.

V. COMPARISON WITH EXPERIMENTAL DATA

The semiempirical relations derived above can only be
justified by a comparison with experimental data. In this
section site energies, effective hydrogen-hydrogen interac-
tions, and the enthalpy of solution are calculated as a
function of alloy composition and as a function of hydro-
gen concentration for several ternary transition-metal al-
loy systems. The calculated enthalpies of solutions are
compared with existing experimental data.

The site energies in the alloys are calculated by means
of Egs. (13) and (19), using“the parameters for the pure
metals listed in Table I. The AH_ for the pure metals
have been established quite accurately; the band-
structure data AE and W, are generally less precise. In
order to reproduce exactly the experimental values AH
for the pure metals by Eq. (1), AE and W, have to be op-
timized. As can be seen in Table I, the optimized values
AE® and W) are not much different from the original
values. The parameter D is calculated for the pure metals
by Eq. (17) from the parameters I, in Fig. 1 of Ref. 22.
I, again is determined from the elastic constants in Refs.
32 and 38. The bulk modulus B, molar volume of hydro-
gen ¥y, and molar volume of the alloy V,, in Eq. (19) are
interpolated, for the alloys, between the values of these
parameters in the pure metals, independent of the type of
site 4,,B,,.

The effectlve hydrogen-hydrogen interaction f (c) has
been determined from experimental data only for a small
number of pure metals (Table II). To check the reliability
of Eq. (26), f(c) was calculated for these metals. As can
be seen in Table II, Eq. (26) provides a reasonable esti-
mate for f(c), at low hydrogen concentrations. In alloys
the interaction f(c) is interpolated between the f(c) for
the pure metals for reasons discussed in Sec. IV [as far as
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TABLE 1. Data used in the calculations of the enthalpy of solution in the alloys. From left to right in the columns we have the
symbol of the elements, the molar volume V,,, the enthalpy of solution for hydrogen at infinite dilution, AH ,, the band-structure pa-
rameter AE = Ep— Ej, the d-band width W, the density of states at the Fermi level, n (Ey), the work function ®, the bulk modulus
B, the molar volume of hydrogen in the metal ¥y, the parameter D derived from elastic constants, and the optimized values
AE°=)\AE and W3=AW,; and A is determined from AH, =a AE W}*A*?> 3 R *+B.

V,® AH," AE° w,¢ n(Eg) f B¢ Vyl 4 AE° W
Element (cm’/mol)  (kJ/molH) (eV)  (eV) (states/atom) (eV) (kJ/cm®’) cm’/molH D! (eV) (eV)
A\ 8.35 —29.5 2.90 6.6 1.64 43 157 1.59 0.59 2.69 6.13
Nb 10.8 —35.5 2.90 9.0 1.4 43 171 1.88 0.75 2.85 8.84
Ta 10.9 —34 3.40 9.7 1.54 4.25 200 1.69 0.54. 3.03 8.42
B-Ti 10.6 —55 2.45 6.6 1.59 4.33 95 1.6 0.76¢ 2.18 5.89
Cr 7.2 40 4.05 6.8 0.7 4.5 190 1.4 0.48 4.35 7.3
Mo 9.3 40 4.50 9.8 0.65 4.6 273 1.8 0.44 5.01 10.91
2From Ref. 8. fFrom Ref. 35.
YFrom Refs. 1, 5, and 33. tFrom Ref. 36.
°From Refs. 8 and 21. "From Refs. 1 and 37.
9From Refs. 8 and 21. 'From Refs. 22, 32, and 38.
°From Ref. 34. JExtrapolated from data for Ti,—,V, alloys in Ref. 32.
they exist, experimental f(c)’s for the pure metals were P4p=Pp —PBO >
used in the calculation of the enthalpy of solution in the
alloys]. PeB~=DPpB +(1_pg o, (29)

All transition-metal alloys discussed in this paper crys-
tallize in the bcc crystal structure. The hydrogen atoms
are assumed to occupy the tetrahedral interstitial sites
(Fig. 1). The blocking factors s, are calculated by means
of Eq. (3).

Most of the alloys 4,_,B, are treated as ideal solu-
tions and, consequently, the atoms are randomly distri-
buted among the lattice sites. The site fractions p, are
then given by a binomial distribution function

m-+n
n

Pn= (1—=y)mp™ . 27)

In two of the alloy systems (Ti,_,V,, Mo,_,Ti,) short-
range-order effects have been observed.** 2 "In an alloy
with short-range order o, the probability of finding an 4
atom next to another 4 atom is defined as'>*3

Paa=p4t(1—p o . (28)
The related pair probabilities p 4, pg, and pg 4 are given
by

TABLE II. Parameters

Ppa=Pa4 P40 »

with p 5 meaning the probability of finding a B atom
next to the 4 atom in the lattice.

For positive o the 4 and B atoms form clusters of like
atoms. An ideal solution of 4 and B atoms results for
o =0. For o0 <0 the 4 and B atoms form pairs of unlike
atoms, which can result in the formation of ordered com-
pounds for large negative values of o. The cluster frac-
tions p, are strongly influenced by the amount of short-
range order o in the alloys. As an exact relation between
o and the cluster fractions cannot be found, two models,
a ‘“chain” model and a “cluster” model, which both de-
scribe the statistical relation between the number of pairs
(i.e., o) and the number of sites (i.e., p, ), were derived, as
a function of the alloy concentration. The derivation of
these relations is, however, beyond the scope of this pa-
per and therefore the results will be published else-
where,* together with the Monte Carlo calculations. For

{and A4; (i=1,2,3,4) in kJ/mol H entering the expressions for the calculat-

ed effective H-H interaction f“(c)= Afc and the experimentally determined H-H interaction
fle)=A,c+ A,c*+ Ayc3+ A,c*. The concentration c is given by the number of hydrogen atoms per

tetrahedral site.

A,° 4, A, A, A,
Element (kJ/mol H) (kJ/mol H) (kJ/mol H) (kJ/mol H) (kJ/mol H)
ya —202 —222 4.35%10° —7.78%X 10* 5.55X 10°
Nb? —253 —193 2.10X 10° —2.36Xx10* 1.09 X 10°
Tab —242 — 166 2.50%10° —3.06X 10* 1.83X10°
B-Ti¢ —77 —60
Cr —54
Mo —330
2From Ref. 25.
YFrom Ref. 3.

°From Ref. 33.
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Ti;_,V, and Mo, _,Ti,, in which systems’ short-range-
order effects were observed,’® % we shall use the chain
model for 0 <0 and the cluster model for o >0 to deter-
mine the short-range order in the alloys from the enthal-
py of solution, AH (y).

The enthalpy of solution is calculated using Egs. (2)
and (5). Experimental enthalpies of solution, AH(y), for
the alloys discussed in this section are listed in Tables III
and IV. The AH(y) in the alloys depend on hydrogen
concentration and, unlike in the pure metals, also strong-
ly on temperature. At higher temperatures the hydrogen
atoms tend to occupy sites with higher energy, thereby
increasing the enthalpy of solution. For this reason we
listed also the hydrogen concentration and temperature
interval for which the data were obtained. In some cases
(Table III) various authors reported slightly different
values for AH(y) in the pure metals. To compare the re-
sults, the best literature value of AH(y) in the pure metal
was taken and all the experimental data were shifted to
this common reference point. These corrections are only
minor, and the resulting AH (y) values for an average hy-
drogen concentration are given by AH(y) in Table IIL.

A. The Nb,_,V, H, alloy system

The Nb,_,V H, system is the only alloy system for
which site energies were determined experimentally.
Feenstra et al.!* determined the site energies from
pressure-composition isotherms independently for several
alloys. In Fig. 4 the calculated site energies are plotted
together with the experimental data for D=0.55. We ob-
serve that in alloying vanadium with niobium the energy
of a V, site decreases almost linearly due to the expan-

(o)

Nby.y Vy
D= 055

DRy (y) (kJ/mol H)

]
o 0.2 04 06 o8 1

Nb COMPOSITION y \

-60

FIG. 4. Site energies AH,,,(y) for Nb,_ ,V, alloys as a func-
tion of alloy composition. Curves are calculated with the
embedded-cluster model. The experimental data for Nb, sites
(squares), Nb;V sites (inverted triangles), Nb,V, sites (crosses),
NbV, sites (triangles), and V, sites (solid dots) are obtained from
pressure-composition isotherms in Ref. 14. The parameter D
was used as a fit parameter. The best fitted, D=0.55, is slightly
lower than that calculated from elastic constants (D=0.67).

sion of the V lattice by the larger Nb atoms. The Nb,
sites have a smaller volume in the Nb,_,V, alloys then in
pure Nb, and therefore the site energy of a Nb, site is al-
ways higher than in pure Nb. Not all site energies could
be determined experimentally from the pressure-
composition isotherms. For example, the number of V,

TABLE III. Experimental enthalpies of solution AH(y) measured for a hydrogen concentration ¢
(with c the total number of hydrogen atoms, N, divided by the total number of interstitial sites, M) and
temperature 7. AHg(y) is the recalculated (experimental) enthalpy of solution for an average hydrogen
concentration €. To compare results from different authors, the AH(y) values for the pure metals were

also shifted to the best literature values.

AH(y) T AHg(y)

Alloy (kJ/mol H) 107 2%¢ (K) (kJ/mol H) 10"%
\'A —33.6 0.03-0.17 297-473 —314 1
Tio.01Vo.0s —342 01 -1.7 297-473 -32.1 1
Tio,05Vo.05 —402 0.1 -1.7 297-473 —36.6 1
TiO.lovO.go —“44.1 0.2 —-3.3 297—473 _40.5 1
Tio.20V0.80 —474 0.2 -5.0 297-473 —438 1
Tio.30Vo.70 —489 02 -7.0 297-473 —453 1
v —33.6 0.03-0.17 297-473 —29.9 0.1
Cro Voo —31.4 0.1 297-473 —27.7 0.1
Cro,Vos —29.4 0.1 297-473 —25.7 0.1
Cro3Vo, —26.6 0.1 297-473 —229 0.1
A& —31.8 0.4 473-723 —30.6 0.4
Cro.02Vo.08 —30.9 0.4 473-723 —29.7 0.4
Cro.06V0.04 —30.3 0.4 473-723 —29.1 0.4
Cro.10Vo.90 —28.5 0.4 473-723 —27.3 0.4
Cro.15Vo.ss —27.3 0.4 473-723 —26.1 0.4
Cro.20Vo.50 —24.6 0.4 473-723 —234 0.4

2From Ref. 27.
YFrom Ref. 28.
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1&

TABLE 1V. Experimental enthalpies of solution AH(y) measured for an average hydrogen concen-

tration ¢ and temperature interval T.

AH(y) T
Alloy (kJ/mol H) 107 % (K)
Nb? —35.3 0.1 548-748
Nbo.50V0.10 —38.0 0.1 548-748
Nby,.75Vo.25 —40.0 0.1 548-748
Nby,.25V0.75 —344 0.1 548-748
Nbo.10Vo.90 —314 0.1 548-748
v —29.6 0.1 548-748
Tao.05Vo.05° —329 0.83 600-800
Tag 15Vo.25° —38.1 0.83 600-800
Tag.34V0.66° —374 0.83 350-700
Nb0‘97M00.03 b - 36.4 0.83 500—7m
Ta, ;Nby 3 ¢ —35.0 0.6 600
B-Ti¢ —54.5 0.3 1100-1200
M00,21Ti0, 79 —56.1 0.3 1000-1100
Moy 45Tio. 55 —44.4 0.3 700-1000
Moy, 50 Tig. 50 —38.8 0.3 700-1000
Moy ssTig.a5 —40.2 0.3 700-1000
Moy ¢5Tig 35 —32.1 0.03 700-1000
Mof 39.7 ~0.1 900- 1400
Moy, 95Tip.05 27.2 ~0.1 900-1400
MOO. QZTiO. 08 23.0 ~0.1 900-1400
Moy 53Tip.17 6.3 ~0.1 900-1400
Moy, 50Tio. 20 —2.0 ~0.1 900- 1400
MOQ_ 70Ti0‘ 30 —14.6 ~0.1 900-1400
Moy 3 Tig. 37 —23.0 ~0.1 900-1400
Moy, 9sNby, o5 27.2 ~0.1 900-1400
MOO. goNbo‘ 10 314 ~0.1 900-1400
Moy 3sNbyg, 15 18.8 ~0.1 900~ 1400
Mo, 75Nbyg 25 10.5 ~0.1 900-1400
2From Ref. 25.
*From Ref. 44.

°From Ref. 29.
SFrom Ref. 45.
°From Ref. 46.
‘From Ref. 47.

sites in a Nby ooV 1o alloy is so small that their effect on
pressure-composition isotherms is negligible.

The parameter D, which determines the local volume
of the various sites [Eq. (16)], was used as a fit parameter
in calculating the site energies and the enthalpy of solu-
tion as a function of the alloy composition and hydrogen
concentration (Figs. 5 and 6). A good fit is obtained for
D=0.55, which is a slightly lower value than the calcu-
lated D=0.67 from elastic constants, averaged between
Nb and V. For small V concentrations the measured site
energies (Fig. 4) tend to be somewhat lower for the V,
and NbV; sites than the calculated site energies. In the
enthalpy of solution this deviation is almost not observed
because the weight of these sites (p,,) is small.

In Fig. 6 the enthalpies of solution for pure V and for a
Nbg 99Vo.10 alloy are plotted as a function of the hydro-
gen concentration. The curves are obtained from the cal-
culated site energies of Fig. 4 and by interpolating the
hydrogen-hydrogen interaction between the experimental
data for f(c) in pure V and Nb. An excellent agreement

with the experimental enthalpies of solution is obtained.
In_the calculation of the concentration dependence of
AH(y), constant blocking factors s, =4 for all » were
used, because at high hydrogen concentrations (¢ = 0.04,
24 at. % H) the selective blocking factors s, [Eq. (3)] are
no longer valid. The almost constant AH(y) at low hy-
drogen concentrations in the alloy is due to the cancella-
tion of two effects. With increasing hydrogen concentra-
tion, AH(y) tends to decrease due to the increasing H-H
interactions’ f(c). This decrease in AH(y), however, is
compensated due to a filling of sites with higher energy
by the hydrogen atoms with increasing concentration. At
higher hydrogen concentrations, AH(y) decreases again
because H-H interactions becomes dominant (Fig. 6).

B. The Ti;_,V ,H, system

—yy

Nb and V have approximately the same enthalpy of
solution for hydrogen and similar electronic structures,
but a large difference in lattice parameters. On the other
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FIG. 5. Enthalpy of solution AH(y) in Nb,_ ,V, alloys calcu-
lated as a function of alloy composition at T=648 K and for a
hydrogen concentration ¢=0.001 (with ¢ =N /M, the total num-
ber of hydrogen atoms divided by the total number of sites M).
The squares are experimental data from Ref. 25.

hand, Ti has a slightly smaller lattice constant than Nb,
but is much more favorable for hydrogen absorption, due
to a different electronic structure (i.e., a smaller
AE =Ep—Eg, see Table I). The site energies calculated
for the Ti;_,V,H, alloy system are displayed in Fig. 7.
Now the Ti, sites have the lowest energy, and in going
from Ti to V the site energy increases due to the decreas-
ing site volumes. Although the volume difference be-
tween Ti and V is comparable to that because Nb and V,
the slope of the curves for the different sites in the
Ti;_,V, system is smaller than in the Nb,_,V, system

-25

-301

)

AH(y)(kJImol H

0 004 0.08 012
CONCENTRATION ¢ =N/M

FIG. 6. Enthalpy of solution AH(y) as a function of the hy-
drogen concentration ¢ (with ¢ the number of hydrogen atoms N
divided by the total number of sites M) for pure V (circles) and
for Nbj 99V, 10 (squares) at 648 K. The curves are calculated us-
ing the calculated site energies of Fig. 4 (D=0.55) and a H-H
interaction f(c) linearly interpolated between the values for
f(c)in pure Nband V.
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FIG. 7. Site energies AH,,,(y) for Ti;-,V, alloys as a func-
tion of alloy composition, calculated with D=0.68 and short-
range-order parameter & =0.39.

(compare Figs. 4 and 7). One reason is that, due to the
small bulk modulus in these Ti alloys, a change in site
volume results in a relatively small change in AH,,,(y).
The second, and more interesting, reason is that in the
Ti,_,V, alloys short-range-order effects are observed.***?
Ti and V atoms tend to form clusters of /ike atoms. The
result is a deviation from the binomial site distribution
(i.e., more V, and Ti, sites and less Ti,V, sites) and an in-
creased tendency for Ti, sites to maintain the same
volume as in pure Ti, because the local Ti concentration
around a Ti, cluster is higher than the average Ti concen-
tration in the alloy. The influence of the short-range or-
der o on the local volumes is approximated by
D'=D +(1—D)o, with D calculated from the average
elastic constants for the Ti,_,V, alloy system (D=0.68).

The only unknown parameter in the calculation of the
enthalpy of solution AH(y) in Fig. 8 is 0. The short-
range-order parameter can now be determined for each
alloy independently. As the variation in o as a function
of alloy composition is found to be small, the average
value, &, is given. The solid curve is calculated for
7=0.39 (at 385 K and ¢=0.01, i.e., 6 at. % H) using the
site energies in Fig. 7. The dashed curve in Fig. 8 is cal-
culated for an ideal solution of Ti and V in the alloy
(=0).

C. The Cr,_,V,H, alloy system

Unlike Nb and Ti, Cr atoms have a smaller lattice pa-
rameter than V, and the Cr metal has a large positive
enthalpy of solution (40 kJ/mol H) for hydrogen. In Figs.
9-11 the results are shown for the site energy, the enthal-
py of solution as a function of alloy composition, and the
enthalpy of solution as a function of hydrogen concentra-
tion. The value D=0.53 determined from elastic con-
stants was used in the calculations. The V, sites are the
most favorable sites for hydrogen, and in alloying V with
Cr the site energies increase due to the decreasing volume
of the lattice. The enthalpy of solution (Fig. 10) increases
with Cr content, with an increasing slope, due to the de-
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FIG. 8. Enthalpy of solution AH(y) for Ti;_ ,V, alloys as a
function of alloy composition at 385 K. The dashed curve is
calculated for D=0.68 and @=0, the solid curve for D=0.68
and & =0.39. The squares are experimental data from Ref. 27.

creasing site volumes combined with site-filling effects.

The hydrogen-concentration dependence for pure V,
Cry V.9 and Cry 5V g5, Fig. 11, is calculated by using
the calculated first-order approximation f(c) for Cr in
Table II and the experimental values for f(c) of V. The
weakly attractive interaction f(c)=—54 kJ/molH for
Cr is due to the small density of states at the Fermi level
n(Eg), resulting in strong band-filling effects in the
Cr,_,V, system [see Eq. (26)]. A good fit is obtained in
Fig. 11 to experimental data for the Cry V4 alloy, while
for Cry 15V gs a deviation is observed at high hydrogen
concentrations, probably due to an underestimation of
the band-filling effects in f (c).

D. The Mo, _,Ti, H, alloy system

The site energies AH,,,(y), Fig. 12, for the Mo, _,Ti,
system have been calculated for D=0.60, determined

60

Cr‘,_yvy
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FIG. 9. Site energies AH,,,(y) for Cr,_ ,V, alloys as a func-
tion of alloy composition, calculated for D=0.53.
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FIG. 10. Enthalpy of solution AH(y) for Cr,_ yV, alloys as a
function of the alloy composition, at T=473 K, ¢=0.0025, and
D=0.53. The curve is calculated using the site energies of Fig.
9, the squares are data from Ref. 27, and the circles are data
from Ref..28.

from elastic constants. Volume effects are relatively
unimportant because Mo and Ti have comparable molar
volumes, but widely different affinities for hydrogen
[AH ,(Ti)=—55 kJ/molH, AH_(Mo)=40 kJ/mol H],
due to a large difference in the band-structure parameters
AE =Ep—Eg and the d-band width W,. Solubility data
for Mo, _,Ti, are plotted in Fig. 13. Experimental data
for AH(y) exist over the complete composition range.
Eguchi et al.*’ (squares) determined AH(y) for
0<y <0.37 at 1200 K and ¢ ~0.001, and Lynch et al.*
determined AH (y) for 0.35<y <1 (solid circles) at 850 K
and ¢=0.003. In the Mo,_,Ti, alloys for 0.25<y <0.8,
strong short-range-order effects have been observed by

diffusive x-ray scattering.”’ In contrast to the Ti,_,V,

AR (y)(kJ/mol H)

0 0.05 01
CONCENTRATION ¢ =N/M

FIG. 11. Enthalpy of solution AH(y) for pure V, Cry Vo
(circles), and Crg 15V 5 (squares) as a function of the hydrogen
concentration at 7=498 K. The curves are calculated using the
site energies in Fig. 9 and a H-H interaction interpolated be-
tween the values for f(c) in pure Cr and V (D=0.53).
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FIG. 12. Site energies AH,,,(y) for Mo,_,Ti, alloys as a
function of alloy composition, for D=0.60.

alloys, in Mo, _,Ti, alloys unlike atoms tend to form
pairs. Depending on the temperature treatment of the
samples & values between —0.2 and —0.3 are reported.
A negative short-range-order parameter & has a strong
influence on AH(y) at the Mo site of the composition
range, because the small number of sites with low energy,
the Ti, sites, decreases even more. Using the embedded-
cluster model with only the short-range-order parameter
o (determining the site distribution p, ) as a fit parameter,
the best fit to the data in Fig. 13 is obtained for
=—0.21, in good agreement with the diffusive x-ray-
scattering data. For =0 the AH(y) (for y $0.5) are
15-20 kJ/mol H lower, due to the larger number of Ti,
sites.

E. The Ta,_,V H, alloy system

This system is much like the Nb,_,V, H, alloy system.
Ta has a slightly larger molar volume than Nb and al-
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FIG. 13. Enthalpy of solution AH(y) for Mo,_,Ti, alloys as
a function of alloy composition for D=0.60 and a short-range-
order parameter of &= —0.21. The circles are experimental
data from Ref. 46 at 850 K, and the squares are data from Ref.
47 at 1200 K.
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FIG. 14. Enthalpy of solution AH(y) for Ta,_,V, alloys at
two temperatures, 525 and 700 K, for ¢=0.0083 and D=0.65.
The curves are calculated from the calculated site energies.
Squares are data from Ref. 44 and circle is from Ref. 29.

most the same AH . The site energies of the Ta,_,V,
system are not displayed here because they resemble
those of the Nb; _,V,, system in Fig. 4. The best fit to the
enthalpies of solution in Fig. 14, at two different tempera-
tures 7=700 and 525 K for ¢=0.0083 (5 at. % H), is ob-
tained for D=0.65, which is slightly higher than the

value calculated from elastic constants (D=0.57).

F. The Ta,_,Nb, alloy system

Almost no volume effects are expected in this system
and Ta and Nb have the same affinities to hydrogen. The
interaction parameters f(c) are well established in the
pure metals. In Fig. 15 an excellent agreement is ob-
tained between calculated and experimental enthalpies of
solution as a function of the hydrogen concentration up
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FIG. 15. Enthalpy of solution AH(y) for Tay ;Nb, 3 at 600 K,
as a function of the hydrogen concentration. The curve is cal-

" culated from the site energies for D=0.64, and using a H-H in-

teraction interpolated between the f(c) of hydrogen in pure Ta
and Nb. The squares are data from Ref. 45.
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to ¢=0.04 for D=0.64 calculated from elastic constants,
and a linearly interpolated H-H interaction.

VI. CONCLUSIONS

The embedded-cluster model [Egs. (13) and (19)] pro-
posed in this paper is of a semiempirical nature. Its use
can only be justified by a good agreement between calcu-
lated enthalpies of solutions and experimental data. In
Fig. 16 we made a comparison between all the calculated
and experimental data for the enthalpy of solution in the
alloys discussed in this paper. A remarkably good agree-
ment is found.

The embedded-cluster model is based on the assump-
tion that the energy of a hydrogen atom is, in a first ap-
proximation, determined by the nearest-neighbor metal
atoms. The observation of trapping phenomena®~ !> and
the experimental determination'
Nb,_,V, system support this assumption. Sites are as-
sumed to have a volume intermediate between the volume
for a free cluster and the average cluster volume in the al-
loy [Eq. (16)]. The parameter D is a measure of the cou-
pling of a site to the average surrounding lattice. It is re-
lated by Eq. (17) to elastic constants. For most alloy sys-
tems an averaged value for D, calculated from the elastic
constants, results in a good agreement between calculated
and experimental enthalpies of solution. In these cases
no fit parameter was used at all. Only in the Nb,_,V,
and the Ta,_,V, alloy system values for D are used,
which are slightly lower and slightly higher, respectively,
than the D values calculated from elastic constants. This
agreement between experimental and calculated values is
quite remarkable, considering the strong volume depen-
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FIG. 16. Comparison of the experimental enthalpies of solu-
tion AH (y) with the enthalpies of solution calculated by means
of the embedded-cluster model for various transition-metal al-
loys. The temperature interval and hydrogen concentration ()
for which AH(y) are plotted are found in Tables III and IV.

of site energies in the.

dence of the enthalpy of solution AH(y) [see Eq. (24)].
The importance of having a (simple) semiempirical model
is that it provides us with a systematic method to com-
pare quantitatively experimental data of different authors
at different alloy concentrations, different hydrogen con-
centrations, and different temperatures. It provides us
also with new insight in the phenomena which can be en-
countered in these transition-metal—-hydrogen alloy sys-
tems.

Alloying V with Nb and alloying Nb with V both lead
to a decrease in the enthalpy of solution. From Fig. 4 we
know that the undersized V forms trap sites in Nb. The
decrease in AH(y) in alloying V with Nb is not because
trap sites are formed, but because the Nb atoms expand
the V lattice, thereby decreasing the site energy of the V,
sites. In the Mo,_,Ti, and Cr,_,V, systems the under-
sized atoms Mo and Cr are very unfavorable for hydro-
gen and do not form trapping sites. The enthalpy of solu-
tion increases in alloying with Mo or Cr due to the con-
traction of the lattice.

Although the enthalpy of solution decreases in the
Nb,_,V, system and increases in the Cr,_,V, system,
upon alloying with V and with Cr, respectively, the solu-
bility limit (i.e., the hydrogen concentration where hy-
dride formation starts) increases. The observed increase
in the solubility limit is thus not simply related to the
enthalpy of solution, but is due to the distribution of sites
with different energy over the lattice.

The effective hydrogen-hydrogen interaction f(c) is
shown to be independent of the local disorder, due to its
long-range nature. In Figs. 6, 11, and 15 a good agree-
ment with experimental enthalpies of solution is obtained
by simply interpolating f(c) for the alloys linearly be-
tween the value for f(c) in the pure metals. The ap-
parent weakening of the effective hydrogen-hydrogen in-
teractions observed by several authors is due to the distri-
bution in site energies in the alloys. Upon increasing the
hydrogen concentration, AH(y) decreases due to the in-
creasing H-H interactions, but this decrease in AH(y) is
compensated by an increase in AH(y) due to the filling of
sites with higher energy.

The site energy AH,,,(y) of a hydrogen atom depends
predominantly on the type of the surrounding atoms, and
on the local volume of the cluster. The enthalpy of solu-
tion AH(y) depends strongly on the site energies
AH,,, (y) and on the number of sites with a certain ener-
gy, the site fractions p,. Therefore, hydrogen atoms can
be used as a probe of the local structure of an alloy.
From the site energies AH,,,(y) the local-site volumes,
i.e., the local lattice constants (via D), can be calculat-
ed.'* The site fractions are related to the short-range-
order parameter o. Once the relations between o and the
site fractions p, have been established,’® the amount of
short-range order in an alloy can be determined quantita-
tively. The large short-range order in Ti;_,V, alloys
determined from the enthalpy of solution, &=0.39, is in
agreement with the observation of Ti clusters in diluted
Ti;_,V, alloys by electron-microprobe analysis.*? In the
related Ti; _,Nb, system, a short-range order & between
0.1 and 0.15 was observed by diffusive x-ray scattering.*®
The existence of short-range order in the Ti,_,V, alloys
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also explains the widely different activation energies for
hydrogen diffusion in these alloys, measured on samples
with the same alloy compositions but obtained by
different heat treatments. The short-range order & in
Ti;_,V, alloys determined from diffusion experiments
varies between 0.36 and 0.51, in agreement with & ob-
tained from the enthalpy of solution.3® For Mo, _,Ti,,
o =—0.21 is found from a fit to the enthalpy of solution
AH(y), in remarkably good agreement with
—0.3<5 <—0.2 reported from diffuse x-ray experi-
ments.** A detailed discussion about short-range-order
effects in Ti;_,V, alloys, observed both in solution and
diffusion of hydrogen in these alloys, and about the rela-
tion between o and the number of sites (p, ) at a certain
energy, will be published elsewhere.
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APPENDIX

Froyen and Herring?? calculated the average change
(u) from the average near-neighbor separation in ran-
dom binary alloys. The average change in the 4-A4, B-B,
and A-B near-neighbor separation, for a bcc alloy
A,_,B,, is obtained by combining Egs. (12) and (25) of
Ref. 22,

<u,,,,>—% al“a(;(y)( 22)1, , (Ala)
Cugp) “ﬂ‘%’ﬂ—(z 21, , (A1b)
(u,,,,)=%i‘—“5‘;‘i)(1—2y>11 : (Alc)

with @ the average lattice constant, Q(y) the average lat-
tice volume at composition y, and I, a parameter which
can be determined from the elastic constants c,;, c¢,, and
cy44 in Fig. 1 of Ref. 22. The parameter I, determines the
local change in the lattice parameter, while the parameter
D in Eq. (16) expresses the local volume (,,,(y) of a clus-
ter 4,,B, in the average cluster volume Q(y) and the
volume of a free cluster 2,,,. A relation between D and
I, is simply derived. The (local) relative volume change
due to an average change {da ) in the average lattice con-
stant @ is given by

(@a+{da))—a’ - 3(da)
al a

, (A2)

and by
Q,,,»)—0y) | Q,,—0O)
Q) Q(y)

In Eq. (A3) we can substitute Q,,, by Q(n /(m +n)), and
assuming Vegard’s law to hold, we obtain

(A3)

Q(n/(m_:i—n))—'ﬂ(y) =D(n/d{_y)aln().(y) ’
Q(y) dy
(A4)
and combining Egs. (A2) and (A4),
D(n/4_y)alnﬂ(y) _ 3(61a) . (AS)

dy a

For a bee alloy the average change (da ) in the average
lattice parameter, @, for a tetrahedral interstitial site is
approximately (3a =13, (3a,; ), with the summation
over all six bonds of the tetrahedron. In the bce crystal
structure, four bonds are between nearest-neighbor metal
atoms with average separation (V'3/2)@. Two bonds are
between next-nearest neighbors with bond length @. The
(8a;) are equal to (u;) in Egs. (Al) for nearest-
neighbor metal atoms. Estimating the change in next-
nearest-neighbor bonds to be 2{u;; )/V3, the average
change in the average lattice parameter for tetrahedral
interstitial sites becomes

2,1

(9a)= 373

(A6)

1 2
If there are k; A— A bonds, kK, B—B bonds, and k;
A—B bonds in the cluster, then

2, 1] 2
_+_.
3]

=1 2

X(k{uy ) +kyugg)+ksuyp)), (A7)

and, in combination with Egs. (A1) and (AS), we find

2

I 1] 2

X[—2k,y +k,(2—2p)+k;(1—2p)] .
(A8)

The number of B atoms in 4,,B,, is related to the number
of B—B bonds, k,, and the number of 4—B bonds, k3,
by 3n =2k,+k;. Using this relation and k,+k,+k;
=6, Eq. (A8) is simplified to

312,112
==|=+—=|—||I;=158], A9)
b=3 la 3 tVS ! ! (
independent of site type 4,, B, (n=0,1,...,4) and of

alloy composition y. If all bonds in the tetrahedron are
equal, then the relation D =2I, is obtained. Now that
the relation between I; and D is established, D can be cal-
culated from the elastic constants c;;, ¢,, and ¢,4, which
determine the value of I, (see Fig. 1, Ref. 22).
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