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PHYSICAL REVIEW B

VOLUME 52, NUMBER 12

Electromigration of substitutional impurities in metals:
Theory and application in Al and Cu

J. van Ek*
Department of Chemistry and Materials Science, L-268, Lawrence Livermore National Laboratory,
P.O. Boz 808, Livermore, California 94551

J.P. Dekker and A. Lodder
Faculteit der Natuurkunde en Sterrenkunde, Vrije Universiteit, de Boelelaan 1081,
1081 HV Amsterdam, The Netherlands
(Received 30 March 1995)

A theory describing scattering of Bloch electrons by an atom halfway along its path towards a
neighboring vacancy is cast in a computationally convenient form. This allows for the computation
of the electromigration wind force at the saddle-point position in an elementary diffusion step, where
the cross section for Bloch electron-impurity scattering of the migrating ion is at a maximum. Results
for atoms migrating into a neighboring vacancy in Al and Cu are presented. The outcome is found
to be consistent with experimental information, even though only a two-atom cluster was embedded
in the host metal. It is concluded that even more realistic calculations of the electromigration wind
force on substitutional impurities in metals are possible upon incorporation of the effects of local
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lattice deformation and charge transfer.

I. INTRODUCTION

The phenomenon whereby an electric field induces
macroscopic atomic currents in condensed matter is
known as electromigration. Random diffusive motion
of interstitial or substitutional impurities is directed
through a driving force F. Tt has become common to
distinguish two contributions to F, namely, (1) the di-
rect force, Fdi,ect, resulting from the direct electrostatic
interaction of the electric field with a possible net charge
on the impurity; and (2) the so-called wind force, Faind,
resulting from electron-impurity scattering of the current
carrying electrons. In isotropic systems, each of these
forces is characterized by a proportionality factor describ-
ing the susceptibility to the applied electric field: the
effective valence, Z*, for the driving force, the direct va-
lence, Zgjrect, for the direct force, and the wind valence,
Zwina, for the wind force. Thus,

ﬁ =Z"e E - ﬁdirect + ﬁwind = (Zdirect + Zwind)e E“ 3
(1.1)

where E is the electric field and e is the elementary
charge.

Combined experimental and theoretical effort has re-
sulted in substantial progress in understanding electromi-
gration of hydrogen in metals over the past decade (see
Ref. 1 and references therein). Superficially one may ar-
gue that the case where atoms move from lattice site to
lattice site by a vacancy mechanism should be no more
difficult. However, from a theoretical point of view, the
description of the electronic structure for a migrating
substitutional atom imposes additional difficulties. In-
terstitially dissolved hydrogen diffuses through a crystal
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with metal atoms associated with each lattice site. For
substitutional electromigration, the situation is funda-
mentally different. At the saddle-point position half-way
along the path towards a neighboring vacancy, reference
to the perfect lattice is no longer meaningful, and the
concept of embedding an impurity cluster of quite gen-
eral shape must be invoked. Experiments on migration
of substitutional defects have to be carried out at high
temperatures and/or high current densities so that the
mobility of the migrating species is sufficiently large to
allow for the detection of concentration variations, due
to electromigration within a reasonable time frame. In
dilute binary alloys, the reduction of experimentally de-
termined so-called apparent effective valences to regular
effective valences Z* is complicated by correlation effects
between the vacancy and solute fluxes in the sample (see,
for instance, Refs. 2 and 3). For self-electromigration, the
interpretation of the experimentally determined atomic
flux is more straightforward. Huntington? compiled data
on Z* for some twenty metals.

Theoretical results for electromigration in pure met-
als can be directly verified by empirical results. Once
agreement between experiments in pure metals and re-
sults from the approach outlined in this paper is shown,
an attractive approach to the resolution of correlation
effects between atomic currents in dilute alloys emerges.
Calculated valences for solvent and solute should be com-
pared with experimental apparent effective valences, and
the coefficients relating the apparent and regular effective
valence can be deduced. Interesting cross checks with
earlier results from the kinetic analysis of solute effects®
become feasible.

In the semiconductor industry, where electromigration
induced failure of metallic (Al) interconnects still forms
a major problem, the low diffusivity of substitutional de-
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fects under operating conditions has led to so-called ac-
celerated testing (i.e., at elevated temperature and in-
creased current density). As it turns out, results of these
tests are not always transferable to operating conditions.
It is, for instance, unclear how the ratio of electromigra-
tion induced mass transport at grain boundaries and in
the bulk is affected upon raising temperature. This is an
important example of a situation where the fundamental
understanding of the physics underlying electromigration
will prove to be useful.

So far, few efforts to calculate the wind force in dilute
alloys have been reported on. Finite cluster calculations
for model potentials* and for Nb based alloys® revealed
that it is unnecessary to invoke “hole-impurity scatter-
ing,” as opposed to electron-impurity scattering, in order
to account for positive wind valences. Quantitatively the
results of such calculations rather strongly depend on the
size of the cluster. Gupta et al.® performed calculations
in noble metals and Nb, neglecting multiple scattering
in the alloy. Later it was shown that this is an unjusti-
fied approximation.” Results of pseudo (model) potential
calculations for a wide variety of systems have been re-
ported by Sorbello.® Although the first in their kind, the
above-mentioned studies have in common that they lack
proper account of typical solid state features or that the
method used cannot be applied to transition metals.

A complete theory for the electromigration wind force
in dilute alloys was formulated some ten years ago® (to
be referred to as I) within the Korringa-Kohn-Rostoker
(KKR) Green function approach. For atoms moving from
one lattice site into a vacant neighboring site during
an elementary jump in the migration process, one eas-
ily envisages the position at which the migrating ion is
halfway along the migration path (the saddle-point posi-
tion). The cross section for scattering of Bloch electrons
by the migrating species will be large at the saddle point,
and consequently the wind force will be large in magni-
tude. In addition, lattice deformation of the surrounding
atoms can be quite large. This requires a treatment of
the electronic structure of an impurity cluster of rather
general shape, embedded in an otherwise perfect crys-
tal. The philosophy behind the treatment given in I is
to replace a suitable cluster of host atoms with the im-
purity cluster. Instead of the perfect crystal, the metal
containing the void will serve as a reference system in the
Green function approach. Within the framework of mul-
tiple scattering by a collection of muffin-tin potentials, an
exact expression for the alloy (scattering) wave function
was derived in I, in part based on earlier experience.?
Matrix elements of a force operator with respect to the
alloy wave function can be evaluated, yielding the wind
force in terms of impurity phase shifts, cluster ¢ matri-
ces and alloy wave function coefficients. The alloy wave
function coefficients, in turn, involve the evaluation of
Brillouin-zone integrals with highly singular integrands.

At the time, when I was published, it was unclear from
a practical point of view how to go about actually calcu-
lating the wind force on atoms in such a complicated im-
purity cluster. It was decided that the special case of an
interstitial impurity with the accompanying perturbation
of its local environment was more attractive as a starting
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point for further research. The approach described in I,
but applied to interstitial impurities has proven success-
ful in the theoretical investigation of de Haas—van Alphen
quantities (Dingle temperatures and cross-sectional area
changes),!! electromigration of hydrogen in metals'?!3
and hydrogen induced resistivity.3:14 This reinforced the
belief that it is worthwhile to develop computer codes
that evaluate the relevant quantities for the more general
case of oblong impurity clusters typically met in substitu-
tional electromigration. In this paper, a convenient com-
putational scheme for the evaluation of Bloch electron
scattering by such impurity clusters, hitherto considered
unsuitable for any theoretical calculation, is developed
on the basis of expressions given in I.

The paper is organized as follows. In Sec. II, a re-
formulation of the formalism first described in I is pre-
sented. Alternative expressions for the relevant multiple
scattering quantities in the original work I by Lodder al-
low for efficient implementation of the formalism on a
digital computer. Proof of principle is established in Sec.
I1I, where first results of electromigration wind force cal-
culations in Al and Cu are presented. In these examples,
typical for electromigration, all multiple scattering effects
for a migrating atom at the saddle-point position are ex-
actly accounted for. A less complicated case, where the
migrating ion is at its initial position next to a vacancy,
is of special interest in that present results should match
those earlier obtained from a more conventional but lim-
ited approach.” The wind force acting on a migrating ion
is found to be at maximum halfway along the migration
path, where the perturbation with respect to the fcc host
lattice is largest. This stipulates the fact that, in order to
perform realistic calculations on substitutional electromi-
gration, one really has to evaluate the multiple scattering
of Bloch electrons at the saddle-point position. Section
IV summarizes the present work.

II. COMPUTATIONALLY CONVENIENT
FORMULATION

The starting point will be expression (21) of I for the
wind force on an impurity atom in a dilute alloy, repre-
sented by a collection of muffin-tin potentials,

I+1
Fyina = 2eET E E (cot p1141 — cot mur) D11,
L r=—I—1
x E : Re{TY 11 1,m,pr 0 T1Lp L

p'L'p"L"

XV;;’L’p”L“ . E} . (21)

Although expression (2.1) was derived with an impu-
rity cluster embedded in an fcc or bcc metal in mind, it
can easily be extended to include more complex host lat-
tices. Since the aim is to calculate the wind force ﬁwind on
specific defect atoms, Eq. (2.1) will be analyzed step by
step, and a convenient formulation for various elements
in Eq. (2.1) will be given. In Eq. (2.1) and in the fol-
lowing, labels p and j (or j.) refer to atomic positions in
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the impurity or host cluster, respectively, while n can be
either of the two. Lattice positions in the perfect crystal
are labeled with jj, while the migrating ion carries the
label “1.”

The transport relaxation time in the isotropic approxi-
mation, 7, enters as a semi-empirical parameter, to be de-
termined from tabulated experimental bulk resistivities
for the host metal at the appropriate temperature.®7 An
externally applied electric field E (magnitude E, direc-

tion £ = %) generates a current density in the sample,
which in turn induces the wind force on the migrating
species. The magnitude and direction of ﬁwind strongly
depend on the details of the alloy wave function in the
vicinity of the migrating atom. Scattering properties of
the muffin potentials are described by the phase shifts n;;,
where the subscript “1” labels the moving atom. Real
spherical harmonics are used throughout, and angular
momentum ! and the label m, indicating spatial orien-
tation, are combined in L = (I,m) as much as possible.
Cluster t matrices, T, describe multiple scattering within
the impurity cluster and can be readily evaluated (see
Appendix). The vectorial matrix D LL' is closely related
to Gaunt coefficients.'®
The central quantity in Eq. (2.1) is the matrix,

9fo

ni oL nk nk p:L:a P (22)
n

TVpr/Ll = T, ka

nk

In this definition of 7V, the relaxation time approxima-
tion has been adopted, implying that the electron mean
free path is written as 7, ¥, 7 (¥, ; the group velocity),
so that full anisotropy for the transport relaxation time
is retained. In practice, only part of the anisotropy is
retained through ¥, while 7 _; is replaced by an aver-
age value 7. This has proven to be a successful approach
in the study of metal-hydrogen systems.!? At sufficiently
low temperature the energy derivative of the Fermi-Dirac
equilibrium distribution function for the electrons, %&E’

is strongly peaked and only scattering states at energies
close to the Fermi energy (€ ; ~ er) contribute to the
matrix element in Eq. (2.2).

For impurity clusters with atoms at positions that
greatly differ from lattice sites, the usual KKR-ansatz
for the alloy wave function
)= Rpr(@)e i,

L

U (Z+ R, (2.3)

is inappropriate. Instead, a form that expresses the em-
bedment of the impurity cluster in the host crystal must
be used

nk(l’ + Rp) = ZRPL .’I:) tpl Z TPLPILI an,‘c' 'L
p' L’

(2.4)

where t; are single-site ¢ matrices for atoms in the im-
purity cluster. Alloy wave function coefficients a,i can
be shown to relate to host coefficients a: % as
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(Jpp” 6LLII + T Lp'L'T 'L IILII) an,;,p,,L”
p'L'p"L"

E : back h h
= ((S H(SLLII +T L;ILIT]‘ILI]'HLH) a'n.l; L
LG L" ’

(2.5)

The coefficients a:,; are trivially related to the usual
KKR wave function coefficients c: % through

= T tre

j'L!

(2.6)

nk,]L k]’L’ ’

in which T" is a cluster ¢ matrix for the collection of
host atoms to be replaced with the alloy cluster, and ¢}

are the single-site ¢t matrices for the metallic host. 7Pack
describes the backscattering from the crystalline envi-
ronment of the embedded cluster, and, according to Eq.
(2.5), has to be known with respect to both host and
alloy positions in the cluster. Computation of 7?2k jn-
volves Brillouin-zone integrals 7, pn/r, with integrands
that are highly singular at both the Fermi surface and
the free electron sphere. These integrals will be discussed
later. Once the 7,1,/ are available, the T "“k oirs can be
obtained from the following sequence of matrlx manipu-
lations (angular momentum indices often suppressed)

back _ hay—1
T = 3 Tign (L=T"T) ;s

T;;Ck = 7;] + Ejujur nj”TJhljlllTJb:ﬁ?/( 3

(2.7)
back _ back
TJLPL’ - TpL';L ’
back __ h b k
T = Top + E” WT Y

After substitution of Egs. (2.6) and (2.5) in Eq. (2.2)
and the introduction of

Zprpr = S + | TopohpnTprrrpr (2.8)
L
and
Xpwyw = (Thiss — BEL) th, (2.9)
with E"Lﬁ', the well-known free space structural Green

function matrix given by Eq. (A3) in the Appendix, the
wave function coefficients are written as

anE,pL

z : pr’L’( nkp’L’

p'L’

E h
+ XP’L’j“L”Cnfc"jnLu) .

jUL"

(2.10)

Upon substitution of Eq. (2.10) in Eq. (2.2), one arrives

at an expression for V that only involves KKR host wave

function coefficients ¢®.
nk,nL
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- *
— E : - . r . -1
I/;’LP'L' - (ZprlLlXplesLs) IJaLsJ4L4 (Zp'L'szzXP2L2j4L4)

P1L1,p2L2,jsL3,jaL4

Iy

pP1L1,p2L2,jsLs

*
—1 T -1
+ E : (ZprlLl) IP1L1P2L2 (Zp'L'szz) ’

p1L1,p2L>

with

T 8f(]
Lnpmp = chk L InE g 1 Be, - (2.12)

At temperatures where the energy derivative of the
Fermi-Dirac distribution function still is strongly peaked

at the Fermi energy (a%% ~ —d(e,z — €r)), the sum-
mation can be replaced by an integral over the Fermi
surface of the metal under consideration. As was shown

previously,'%17 the coefficients c*.  in Eq. (2.12) can
nk,nL :

readily be determined from KKR eigenvectors and eigen-
values, and structural matrices with respect to site ﬁn.
Still to be discussed are the Brillouin-zone integrals

that enter the construction of the backscattering ¢ ma-
trix, T2k, through Eq. (2.7),

1 BZ S ot L

Totwp = —— / &k (b (F) M—*(%) 5 (—k))

Vaz LL

x i (Bn—Rur) (2.13)

M(E) = —th™" 4 b(K) is the KKR matrix at a particular

energy and k point, and is given in terms of the single-site

host ¢t matrix. A superscript “t” denotes transposition

of a matrix, The Fourier transformed structural Green
function b(k) = b’* (k) is defined as

— B e FRRD L (219)

b7 1 (F)

and overlined structure matrices are defined as

brp (k) = bF (k) — Z Bl o~k (Bn=Rso)
Je

(2.15)

Index j. runs over the sites in the cluster that had to be
“removed” from the metallic host in order to make room
for the 1mpur1ty cluster. Since M (k) and b" (k) have poles

at € = (k + g)? (§ a reciprocal lattice vector), the inte-
grand as a whole diverges at the free electron sphere.
In addition, the inverse KKR matrix is singular at con-
stant energy surfaces defined by the KKR determinantal
condition det(M (E)) = 0. Recently, a very elegant and
efficient method that entirely eliminates the free electron
poles has become available.’® Numerical convergence of
the (principal value) integral with respect to the diver-

gence of M _1(E) has already been shown by Coleridge

et al.®

It is interesting to note that the embedded cluster

*
- A . -1 —-1
(ZPLPILI) IP1L133L3 (ZP’L'Psz szszsLa) + H.c.

(2.11)

-

formalism, when applied to a single-site impurity, in-
volves Brillouin-zone integrals that are singular only at
constant energy surfaces of the dispersion relation. Re-
alizing that for the single-site case b"(k) — b(k) and
fBZ d3k b(k) = 0, it is seen that

BZ
Tt = it [Vt [ eru@m® bt(—f?)] £
BZ
1 BZ

— Bk M~1(k) .
Vo (k)

=th + (2.16)
Addition of a phase factor that causes the integrand to
oscillate results in an equality that will prove very useful

for testing purposes,

¢ [é /Bzd3kb( ) ML(R) b (=R) eF ]th

BZ
:t"ajj,+t”ij't"+L/ d3k M~ (k) et* R
Vaz

(2.17)

The single-site case is represented by j = j’, while the
j # j' integral probes the sensitivity to the oscillatory
exponential factor. This relation offers an interesting
check on the treatment of the free electron poles pro-
posed in Ref. 18, since the integrand on the left hand
side of Eq. (2.17) still is singular at € = = (k + §)?, while
M _1(5) is not. Numerical results on the extent to which
Eq. (2.17) is satisfied will be given in the next section,
along with first results for an elementary cluster relevant
to electromigration.

III. RESULTS ON ELECTROMIGRATION
IN Al AND Cu

Simplest, yet relevant to electromigration, is the clus-
ter consisting of two lattice sites: the migrating atom
and a neighboring vacancy (see Fig. 1). The impurity
cluster to be embedded in the metalic host consists of
(1) an atom and a vacancy at lattice sites or (2) just the
migrating ion at the saddle-point position halfway along
the migration path. In reality, local lattice deformation
as well as charge transfer may be considerable and the
effect on the wind force will be evaluated in forthcoming,
more elaborate calculations. The objective of the present
calculations is to establish proof of principle.
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FIG. 1. The simplest cluster that can be used in the calcu-
lation of the electromigration wind force at the saddle-point
position halfway along the migration path. A host cluster of
two atoms had to be removed in order to allow for embed-
ding of (lower left) the migrating atom and a vacancy, both
at lattice sites or (upper right) the single migrating ion at the
saddle-point position. Also shown (upper left) is a single site
impurity.

.~

Since there is considerable interest in electromigration
of Al and Cu in Al metal and because the Fermi surface
of Al is not entirely trivial, these systems, along with Al
and Cu in Cu metal are investigated here. First of all, the
accuracy with which the Brillouin zone and Fermi surface
integrals are computed will be discussed. For host lattice
sites j and j' equality (2.17) can be used as a criterion.
As mentioned in Sec. II, the integrand on the left hand
side contains two kinds of singularities. The divergent
character of both b and M at the free electron sphere,
as well as the singularity of M ~! at the Fermi surface
prompt for special care in the principal value integration
of b M~1b.

The integral over b M ~!b is evaluated by subtracting
and adding a term fFES(E) that precisely cancels the
singular behavior of the integrand at the free electron
sphere (FES),

b(k) M~1(k) bt (—Fk)
= {b(F) M~ (B) b(=F) - FTES(R) | + £RES(R).
(3.1)

This term is chosen such that it can be analytically in-
tegrated over the Brillouin zone, and the result is then
simply added. Numerical integration of the expression
between curly brackets no longer suffers from poles at the
free electron surface. A convenient choice for fFES(I;) is
proposed in Ref. 18. Equation (2.17) provides a measure
of the degree of convergence reached through comparison
of the b M ~'b integral, treated as outlined above, with
well-established integrals of M —1.19

For host lattice positions only, the fx;eg electron singu-
larity can be entirely isolated in b(k) e** £is' . Integration
yields the term proportional to B’ in Eq. (2.17). This
provides an additional test of the gumerical accuracy
through integration of (b M ~1b—b) e**®ii'  which should
equal the right hand side of Eq. (2.17) minus ¢t B77'th,
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For Cu and Al metal, elimination of the free electron
poles from bM b through either fFES(E) or b(k) resulted
in errors of less than 1%, with respect to the right hand
side of Eq. (2.17). Integrated matrix elements for angular
momenta up to lyax = I, = 3 were evaluated, and the
conclusion is that the free electron poles are integrated
to a sufficient degree of accuracy.

Besides the integral in Eq. (2.13), the formalism also
contains Fermi surface integrals (2.12), arising from the
matrix elements of the force operator. These integrals
can be tested independently upon realizing that an un-
perturbed host atom in the crystal does not scatter Bloch
electrons. This implies a vanishing wind force on such an
atom. From Eq. (2.5), it is seen that for this situation
the alloy wave function coefficients reduce to host wave
function coefficients. Any inaccuracies in TP are can-
celed through the appearance of T°2>(T* on both sides
of Eq. (2.5). If the wind force, Eq. (2.1), does not van-
ish, this must be due to imprecise evaluation of the Fermi
surface integrals Eq. (2.12). Performing this test for pure
Cu and Al and comparing the resulting wind forces with
the force on Al in Cu and Cu in Al metal, respectively,
the wind force on the host atom is found to be more than
three orders of magnitude smaller. The Fermi surface in-
tegrals are evaluated to a sufficient degree of accuracy.

Application of the computational scheme described in
the previous section leads to position dependent 3x3
wind valence tensors Zwind(él) related to the wind force
as

ﬁwind = —Z—wind(ﬁl) € E )

(3.2)

where R; is the position of the migrating atom. Since
only the component of the wind force along the migration
path (in Al and Cu an fcc [110] direction) is of immedi-
ate interest, the tensor reduces to a scalar. Spherically
symmetric muffin-tin potentials and corresponding phase
shifts for the host metal and the impurity cluster were
derived from overlapping charge densities as described
in Ref. 7. The angular momentum cutoff was taken at
lmax = 3. Accounting for charge neutrality through a
generalized Friedel-sum rule is known to modify Zying,
but was neglected here. Results for the scalar wind va-
lence on migrating atoms in Al and Cu are given in Table
I. Only the initial configuration (atom and vacancy at
neighboring lattice sites) and the saddle-point configura-
tion are considered, but, in principle, more points along
the path can be sampled. Values for the transport relax-
ation time are the same as those used in Ref. 7 (7 = 42
Ry atomic units for Al and 7 = 130 for Cu).

A look at the total wind valence (bold type in Table I)
shows that, without exception, the wind force is at max-
imum magnitude at the saddle-point position (s). Com-
paring with the initial position (), |Zwina| is increased
by a factor of 1.3 (Al in Cu metal) to more than an order
of magnitude (Cu in Cu metal). Such a tendency was
to be expected on intuitive grounds. Here, for the first
time, this is explicitly demonstrated in a realistic model
of the metal-impurity-vacancy system that accounts for
all multiple scattering effects at both the initial and the
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TABLE I. Wind valence in Al and Cu. Partial I, [ + 1
contributions to Zwing as well as total Zying at the initial (z)
and saddle-point (s) position. Estimates for the transport
relaxation time in Al (7 = 42, in Rydberg atomic units) and
Cu (7 = 130) were taken from Ref. 7.

Host Partial wave Al atom Cu atom
1l+1 ) s ) s
Al $-p 0.02 0.62 -0.74 0.80
p-d -2.13 -18.5 -2.20 -11.8
d-f -0.11 -0.82 -7.16 -6.39
total -2.22 -18.7 -10.1 -17.4
Ref. 7 -2.38 -10.7
Cu s-p 0.24 -0.16 1.13 -0.16
p-d -5.47 -7.54 -0.47 -1.43
d-f -0.46 0.41 0.42 -11.6
total -5.69 -7.29 1.09 -13.9
Ref. 7 1.05

saddle-point position. Interestingly, a change in sign of
the wind force on Cu in Cu metal is observed as the
Cu atom moves towards the saddle point. From the in-
terpretation of calculated wind valences for hydrogen in
Nb and Ta,'? it is known that such a change of sign is
the result of a reversal of the field induced dipolar charge
distribution around the migrating ion. For substitutional
electromigration the presence of a vacant site next to the
migrating species may give rise to additional effects on
the field induced charge distribution.

From Table I, it is seen that the dominant contribution
to the wind force on an Al atom in Al or Cu metal is
due to coupling between the p and the d channel [(I and
l+1in Eq. (2.1)], both at the initial and saddle-point
position. For Cu in Al metal both p-d and d-f contribute
significantly, suggesting a relation with the introduction
of d-scattering strength on the Cu atom. Realizing that
in the free electron model the wind force reduces to

— — 4 €F
Fyina = —eET

Tnm El:(l + 1) sin®(mpa —m) ,  (3.3)
with m the electron rest mass and 7; the phase shifts of
the migrating atom (see for instance I), the partial contri-
butions to the wind valence in Al metal can be rational-
ized. Since Al is a nearly free electron metal with similar
and dominant { = 0 and [ = 1 phase shifts, Eq. (3.3)
should be of some relevance. Based on the free electron
result for the wind force the s-p contribution to Zyinq on
an Al atom is expected to be small, but p-d coupling will
be significantly larger (small n; for Al). Similarly, a d-
scatterer such as Cu, will experience a wind force through
coupling of the d with p and f channels. This free elec-
tron picture qualitatively explains the results quoted for
Al metal in Table I.

For Cu, at the initial position in the transition metal
Cu, the positive s-p contribution survives due to the can-
cellation of p-d and d-f. Here, as for Al in Al metal, any
wind force on the Cu atom is induced by multiple scatter-
ing effects, due to the presence of the vacancy. Multiple
scattering manifests itself in the s-p channel for Cu in
Cu, while for Al in Al, the p-d channel is seen to be most

TABLE II. Experimental effective valence,
path-averaged wind valence in Al and Cu.

Z*, and

System Experimental Z* Calculated Zyind
Al in Al -16.4 -10.5
Cu in Al -6.8 -13.8
Cu in Cu -4.1 -6.4
Al in Cu -6.5

important. At the saddle-point d-f coupling is strongly
dominant, indicating that the Cu impurity behaves as an
“interstitial” with a large d-scattering cross section.

The lines in Table I labeled with “Ref. 7” give val-
ues of Zyina at the initial position as calculated with
the conventional method that cannot treat the saddle-
point position. These values are within a few percent of
the wind valences calculated according to the different
method presented in this paper.

In Table II, the experimental value for the effective va-
lence, Z*, of Cu in Al was taken from,® while Z* for self-
electromigration of Al and Cu are taken to be the average
of data from Huntington’s review paper.? Experimental
values for Z* quoted in the present study are the same
ones as were used in Ref. 7. These numbers are to be com-
pared with the average of calculated wind valences along
the path. Since two different points along the path are
considered, the average of the initial and the saddle-point
value was taken. It is not the intent to make a detailed
comparison, since the calculations do not account for the
effects of charge transfer and local lattice deformation.
Especially at the saddle-point lattice deformation will be
substantial. In addition, there may very well be a con-
tribution from the direct force to the Z* values quoted.
According to the Bosvieux-Friedel model for the direct
force,2C it is estimated that Zgject = %Zhost = 1.5 for
impurities in Al and Zgjrect = 0.5 for impurities in Cu.
Nevertheless, it is seen from Table II that quantitative
consistency with experiment is obtained already, albeit
the magnitude of the wind valence of Al in Al metal seems
to be too small, while Cu in Al metal is a factor of two too
large. The calculated wind valences are seen to clearly
dominate a possible direct valence contribution. Cu in
Cu metal presents a remarkable case in that the exper-
imentally observed negative effective valence cannot be
explained on the basis of the initial position (Zyina > 0)
alone. Only after a proper calculation at the saddle point
was performed, consistency with experiment is achieved.

IV. SUMMARY

It was shown how the electromigration wind force on
a migrating atom anywhere along the path in an elemen-
tary step in lattice diffusion can be computed. The fi-
nal expressions involve Brillouin-zone integrals that have
to be evaluated for every different impurity cluster ge-
ometry. Corresponding expressions with respect to host
lattice positions need to be evaluated only once. From
these Brillouin-zone integrals, the matrix describing the
backscattering of conduction electrons from the crys-
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talline environment of the impurity cluster is obtained.
A combination of multiple scattering in the crystal with
electron scattering in the impurity cluster yields the alloy
wave function, and matrix elements of the force operator
can be evaluated at positions along the migration path.

The wind valence Zy;,q was calculated for electromi-
grating Al and Cu atoms in Al and Cu metal, both at
the initial position and at the point halfway along the
migration path. Invariably the wind force was found to
be largest at the saddle-point position. This reflects the
maximum of the cross section for Bloch electron scatter-
ing of the migrating atom, since the deviation from the
perfect lattice is largest at the saddle point. At the ini-
tial position (the migrating atom and the vacancy both
at lattice sites) close agreement with a conventional, but
limited approach was established. In spite of the fact that
any perturbation of the surrounding lattice was neglected
for the time being, qualitative agreement with experi-
ment was readily demonstrated by averaging calculated
wind valences over the migration path. Cu in Cu metal
forms a remarkable example of a system where it is not
sufficient to calculate Zy;inq at the initial position in order
to estimate the path-averaged wind valence: the sign of
the wind valence calculated at the initial position is posi-
tive, whereas experiment dictates self-electromigration of
Cu in a direction opposed to the electric field (Zwina < 0).
Only after accounting for the saddle-point position, was
agreement with experiment achieved in this matter. In-
corporation of the effects of local lattice deformation and
charge transfer to neighboring atoms is expected to fur-
ther improve the results of the wind force calculations.
Once the implementation of a larger impurity cluster, in-
cluding displaced atoms neighboring the migrating ion,
is in place, a recently derived generalized Friedel sum
rule?! will be used to assure charge neutrality in the sys-
tem. Electromigration of Al in Al metal in the presence
of other atoms, effects of alloying through a rigid Fermi-
level shift, and variations in the residual resistivity as a
function of position, are topics that will be addressed.
Furthermore, it should be possible to shed light on the
direct force in these systems through comparison of ex-
perimental data on self-electromigration in metals with
calculated wind valences.
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APPENDIX
For a spherically symmetric muffin-tin potential lo-
cated at R,,, the single-site ¢t matrix is given by
tnr = —sinm, e . (A1)

Quantities like the phase shifts 7,; do depend on energy,
but this energy dependence has been suppressed.

For a collection of muffin-tin potentials, propagation
from site n to site n’ over all possible scattering paths in
the cluster is described by the cluster ¢t matrix,

Tatn = [t (1- Bt)_l]nLn'L'
= tni0nn' L + ta BL T tni
+ Z t"lBgzlltnlllBZ:Z't"’l' +

n1Ly

(A2)

where 87,1 stands for 8;;:6,m'. The free space structural
Green function matrix at energy e,

2 = —4m i Crpipn b (Ve Bunt ) Yir (Rant)

Ll'
(A3)
is defined to vanish for n = n’,
BT, =0. (A4)

In Eq. (A3) CLL’L” = fdfl YL(f:)YL:(:i)YL,,(i) are
Gaunt coefficients expressed in terms of real spherical
harmonics Yz, (£). Apparently, the vectorial matrix Dp .

differs a factor 4—31; from the Gaunt coefficients for

I = 1. The spherical Hankel function h; is a linear
combination of spherical Bessel (j;) and Neumann func-
tions [ng, A (z) = ji(z) + ini(z)).
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