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" Abstract:

This paper shows that: (1) the distinction between the Walrasian and the
Classical (Neoricardian} price theory is alse a distinction between two
types of general equilibrium models, and (2) these two types of models are
conceptually incommensurable, This means it is only possible to derive the
Classical model mathematically from the Walrasian by ignoring the conceptual
differences between the two types of general equilibrium models.

In section 2 the analysis is started with the Sraffa-Leontief interpretation
of the Ricardian production model, which is an efficient way to introduce
the Classical general equilibrium model. The paper clarifies some concepts
and extends the model by including domestic labour. In section 3 some
nineteenth century stains are removed from it. After that, a Sraffian
general equilibrium model is proposed in which both profit and preference
maximization takes place. This more modern model still possesses the
essential Classical characteristics like the separation of demand and supply
and the surplus nature of profit.



1. INTRODUCTION

As Joan Robinson frequently saidl, two types of price theory can be
distinguished: the Walrasian approach in which relative prices are
determined by scarcity, i.e. by demand and supply conditions, and the
Classical (or Neoricardian) approach in which relative prices are determined
by technology. Behind both price theories a full general equilibrium model
can be found. The important characteristics of the Classical general
equilibrium (CGE) model compared to the Walrasian general equilibrium (WGE)
model are:

1. Supply and demand are completely separated from each other: supply
conditions (technology and distribution) determine prices, while demand
conditions determine the scale of operation of the economy. This means
prices are not determined by scarcity.

2. The wage and profit rate represent divisions of a surplus in terms of
exchange values. They are not analogous to prices, i.e. they are not
payments for the productive contributions of factors.

3. Capital is not only conceived as a physical means of production or,
alternatively, as an investment fund. Capital is at one moment in time both.
As a result competition leads to an equilibrium characterized by equal rate
of returns on invested capital in all sectors.

4. General equilibrium is not only defined as a competitive equilibrium
where total demand and supply are equal for all commodities (market
clearing), while demand and supply of individual agents are their "best
choices” when they take the prices prevailing in the markets as given. A
Classical general equilibrium is the state in which the system can reproduce
itself unhindered. This condition is stronger than market clearing.

The Classical theory does not claim like the Walrasian that it is a "pure”
theory, on the contrary it claims that it is a theory of the capitalist mode
of production. This means that to compare the two approaches we have tg
examine the way in which both approaches view production. The WGE model
seas production as a one-way avenue from primary factors of production, the
services. of which are used in production, to commodities used for final
consumption. The markets for factors and for final products are analyzed in
a similar way. Furthermore, capital and labour are presented on the same
footing. They are resources which give their owners a rent by hiring their
services to firms. In the CGE model this mathematical elegance does not

1 See for instance: Robinson 196l1.

Formally this comes to the surface in the fact that prices are an
eigenvector of the technology matrix while the rate of profit is associated
with an eigenvalue of this matrix (see below).

3 It could be defended that Walras was a Ricardian (see: Morishima 1989, p.
1-8). In this paper we do not have Walras’ original work in mind, but the
Arrow-Debreu interpretation of Walras’ model. See: Arrow & Debreu 1954 and
Debreu 1959. In fact, Walras’ theory of capital accumulation in which the
theory of exchange and production is extended to a temporary equilibrium
model of economic growth is neglected in the modern interpretation of
Walras. The mathematical tour de force of Arrow and Debreu washed away the
last Ricardian remnants in Walras’ orginal work. It would be more correct to
use the term Postwalrasian.



exist. But it is replaced by another elegance: production is viewed as a
circular process by which commodities are transformed into each other
through the application of labour. Capital goods are presented not
essentially different from consumption goods: they are both produced through
the application of labour. In this approach labour is essential: it is the
only human contribution in production.

The Classical approach is gormalized in Sraffa’s Production of Commodities
by Means of Commodities.  The theoretical importance of this work is often
neglected or misunderstood.” It is not only an important step towards the
translation of Ricardo’s model into mathematical economics, but also a
modern reinterpretation of the CGE model hidden in the work of Ricarde. In
this paper the mathematics of Leontief’s input-output model will be used in
describing the CGE model. This multisectoral model is often described as a
special case of the WGE model, but Leontief’s input-output model makes more
sense as a mathematical reinterpretation of _puesnay’s Tableau Economique;
its logical structure is that of the CGE model.

2. THE RICARDIAN MODEL

2.1 Introduction

In this section the analysis is started with the Sraffa-Leontief
interpretation of the Ricardian production model, which is an efficient way
to introduce the CGE model. This mode! is a linear economic mode! in which
linearity is as important as differentiability in Neoclassical models. Each
includes production technologies that the other excludes. Although the
analysis could be generalized to convex technologies, this is not necessary

* sraffa 1960. The Classical approach, “rehabilitated” by Sraffa (see: Dobb

1973, p. 257), is an essential part of the theoretical structure of the
Postkeynesian {or Cambridge) school, founded by Joan Robinson (see, for
instance, Robinson 1956), together with for instance Eatwell, Kaldor, Nuti,
and Pasinetti. Joan Robinson was not inspired by Ricardo, like Sraffa, but
by Keynes. But she was also inspired by Sraffa: "I had picked up the clue
from Piero Sraffa’s Preface to Ricardo's Principles and my analysis (errors
and omissions excepted) was a preview of his" (Robinson 1970, p. 234). More
recent contributions in the Classical or Postkeynesian tradition are for
instance Pasinetti 1977, 1980, 1981, 1989, Roncaglia 1978, Abraham-Frois &
Berrebi 1979, Steenge . 1980, Salvadori 1988, Bidard 1988, 1990, Schefold
1989, Bharadwaj & Schefold 1989, and Van den Noord 1990.

® See: Levine 1974, 1985.

® See also: Morishima 1989, p. 3.

7 Walras identifies capital goods and the services they provide, in which

case a circular process is avoided. Leontief on the other hand has a
circular process in mind in which produced products itself are used as
inputs in production. This is a Classical approach. See: Phillips 1955 and
Barna 1975.

8 See, for instance, in a slightly different context: Roemer 1980.



for our purposes. This paper shows that equilibrium prices can be determin
in a quite different conceptual framework of general equilibrium analysis.
Although this paper is not about the theoretical structure of WGE models, a
few points may be useful for comparative purpecses.

The WGE model of exchange and production is an extension of Walras’ pure
exchange model. Production in a WGE model is not ag important and essential
as exchange in these models. This is because production is conceived as
another form of exchange, which is certainly in the spirit of Walras’ own
thinking. In the words of Arrow and Starrett, the founders of the
Neoclassical school "recognized the importance of production, but Menger and
Jevons especially put stress on the notion of exchange as expressing the
essence of the economic system; production to some extent appeared merely as
an indirect way of exchanging initial holdings.”  Production is conceived in
terms of the allocation of given resources, endowments, of commodities and
factors of production. In a generalized WGE model the price formation is the
outcome of the maximization of subjective preferences under the constraints
of initial endowments and technical conditions. This is an essentially
static process. Time in a WGE model is simply another physical
characteristic by which commodities are distinguished from each other.” In
an intertemporal WGE model agents trade in all these commodities, also
distinguished by time and location, at one moment in time. In other words,
in an intertemporal equilibrium there is a sequence of trading through time.
Production in a CGE model on the other hand is viewed as a circular, dynamic
process. We do not have a "one-way avenue™’ from given resources (factors of
production) to end products {consumption gocods), but production of
comimodities by means of commedities which takes time.

An important Ricardian theme, pushed aside in economic thinking af'ter the
Neoclassical revelution of the 1870's, is the distinction between produced
commodities and scarce commodities. Ricardo says: “"Possessing utility,
commodities derive their exchangeable value from two sources: from their
scarcity, and from the quantity of labour required to obtain them. There are
some commodities, the value of which is determined by their scarcity alone.
(...) These commodities, however, form a very small part of the mass of
commodities daily exchanged in the market. By far the greatest part of those
goods (...) are procured by labour; and they may be multiplied, (...) almost
without any assignable l!l it, if we are disposed to bestow the labour
necessary to obtain them."” Important here is the distinction between scarce

?® There is no need to deny that the CGE meodel is mathematical equivalent
with a special case of the intertemporal WGE model. In such a model there
are several rates of interest relating to different goods and different
periods., But under the assumptions of constant returns to scale and balanced
growth all rates of interest are equal (this is demonstrated by Malinvaud
1972, ch. 10), in which case the model is mathematical equivalent with the
CGE model.

10 Arrow & Starrett 1973, p. 133.
1 gee: Debreu 1959, ch. 2 and 7.
12 graffa 1960, p. 93.

3 Ricardo 1978, p. 5-6. The labour theory of value lurks behind these words,
but that is not important here. For Ricardo capital is nothing else then a



and reproducible commodities. The former are commodities of the natural
endowment type: "They are given (by nature or by (...) skills) in a fixed
quantity and they have to be accepted as they are. They become only
economically relevant when they are scarce, i.e. when their given quantity
is insufficient to meet all needs.” In Walrasian economics all economic
goods with positive prices are defined as "“scarce goods". This makes sense
in an exchange model. In such a model all things in nature are goods and
only goods with positive prices are traded: they are not free, so they must
be scarce. Of course this is merely a definition. In Classical analysis the
problem of scarce commodities is not considered. All commodities in this
analysis are commodities of the production type: they are not given but
produced - and reproducible - by industries: "All commodities considered are
produced, and can be made in practically whatever quantity may be wanted,
provided that they are devoted that amount of effort they technically
rt\.eql.u'r‘e.-,"1 (labour, natural recources). These commodities are commodities
with positive prices but they are not scarce. Of course this is merely a
definition toco, but a quite different one. These differences show that the
WGE model is about exchange in markets, while the CGE model is about
production for markets (but neither ignores the other). Mathematical
economists always seek elegant symmetries, but they cannot {in fact, should
not) obscure this theoretically important fact.'®

Of course such a choice of objects of study is noc coincidence. The
Walrasians study a society, consisting of atomistic individuals (households)
with particular preferences and endowments. They engage in trading to
satisfy their needs and they are selfish. Schumpeter regarded this as
"methodological individualism". Classical analysis on the other hand is not
about a general trading society but about a modern, capitalist industrial
society. It views society as a "class society” (in Marxian terminology) in
which, in Ricardo’s famous words, "the produce of the earth (...) is divided
among three classes of the community, namely, the proprietor of the land,
the owner of the stock or capital necessary for its cultivation, and the
labourers by whose industry it is cultivated (...). To determine the laws
which regulate this distribution is the principal problem in Political

wagefund. Moreover, the labour theofy' of value is removed from modern CGE
models (see: Steedman 1977).

% pasinetti 1981, p. 7.

¥ Ppasinetti 1981, p. 24. The approach does not deny the role of particular

resources in limiting the production. In Ricardian economics this was
"land"; in some Classical models it is generalized to primary,
non-reproducible resources, for instance natural resources. This means there
coald be scarce resources in the model, but it is not on them that the
analysis is focused. In fact, in this paper there are no scarce resources at
all. The analysis is about the internal operation of the productive system
as a circular process.

& The distinction between scarce or reproducible commodities leads to a more
fundamental point. The importance of scarce goods in Walrasian analysis
highlights the main objective of mainstream economics: to study, in the
famous definition of Lord Robbins, "the relationship between ends and scarce
means that have alternative uses”. Neoricardians object to this definition
of the economic science.



E:cﬂorlou'ny".rJr In modern language, the Classical theory distinguishes several

categories of income (wage income, profit income, etc.) and defines economic
agents around these categories.” The theory makes a distinction between
income from work and income from property. There are no apologetic theories
about "walting”, “abstinence", etc. Moreover, the main drama in the
capitalist society, as conceived in Classical analysis, is capital
accumulation, as a consequence of profit maximization by capitalists. Not
consumption but accumulation is seen as the driving force in capitalist
society.

2.2 Production without a surplus

The Classical model is macro-economic in nature, but has a micro-economic
base which is explored in this paper. This base consists of a mode! of
industries in which each industry produces commodities by means of produced
and non-produced (primary) commodities. The economy is a circular process:
the output good of an industry is an input good of another industry (or
possibly the industry itself). The Industries are independent subsystems,
only connected to each other by flows of commodities. There are various
technical conditions of production that need to be taken into account, like
the number of commodities, the number of methods of production available,
the time pattern of production, the durability of capital goods, etc. We
simplificate the analysis by assuming that each industry produces a single,
homogeneous output good. The analysis is also restricted to a single
unchanging technique of production, so there is by definition no problem of
choice of technique. We start with a pure circulating capital model, i.e.
all inputs are entirely used up in one production period. This assumption
excludes fixed capital. To summarize:

A.l: The economic system is a disaggregated system: commodities are produced
by industries.

A.2: The economic system is a circular system: commodities are produced by
means of commodities, including homogeneous labour.”” No natural resources
are used.

A.3: There is no joint pr‘odur::til:un.20

A.4: There is a finite number of produced commodities, say n, with 1 = n < =
A.5: Every industry is represented by a given unchanging method of

” Ricardo 1978, original preface. As this definition of the Classical

economic science shows, early Classical economics is only appropriate to a
simple agrarian system. Modern Classical economics, with its more up-to-date
terminology and its more advanced mathematics, analyses a complicated
industrial system in which land is not important. For this reason this paper
ignores Ricardo's Theory of Differential Rent. Furthermore, in this paper is
abstracted from "land".

18 Classical analysis does not consider social, but economic "classes”, which

distinguishegs it from Marxian analysis.

® This assumption of homogeneous labour is essential in 2 CGE model with a
uniform wage rate: it is assumed workers are mobile between industries and
competition between workers equalizes the wage rate.

20 This assumption is not necessary for the Classical analysis. See Pasinetti

1980 for some interesting essays on Classical joint production models.



procll.lcl:icon.21

A.6: Production takes one period, the same for all commodities, but when an
input is required it is immediately available.

A.7: All capital is pure circulating capital.

Because of A.3, A.4 means there are exactly n industries. There is a 1i-1
correspondence between industries and commodities.

Because of A.2, CGE models regard capital quite different from WGE models.
Capital in WGE models is regarded as a stock of resources, a factor of
production endowed by individuals on the same footing as labour. These
capital stocks can generate a flow of services. In CGE models capital itself
is regarded as a flow of produced commodities from industries to industries.
This means there is no strict distinction between capital goods and
consumption goods in a CGE model. A good is a capital good if and only if
the available technique makes it necessary as an input in production. But
capital goods are produced goods and they are quite different from labour.
This distinction is implicit in CGE models but is missing in WGE models. In
Nuti’s words: "Labour is different from all other inputs and this
difference, that should be the starting point of a satisfactory theory of
production and distréizbut'ion, is completely ignored in this version of
neo-classical theory”. This is the price to be paid for mathematical
elegance.

We now formulate a price model of a non-productive system. Ricardo ciosed
this price model by assuming the Malthusian principle of population. This
principle would in the long run keep the real wage close to the subsistence
level. Such a theory is maybe in our_part of the world no longer valid but
it is one method of closing the model.” We assume:

A.8: The economic system is not productive: no industry produces a positive
surplus.

A.9: Workers are paid a subsistence basket of wage goods, i.e. exactly the
wage goods necessary to reproduce their labour time for the next period.

Assumption A.9 means we deal here with some kind of Malthusian economy. The
reproduction of labour time is a technological condition like all other
technological conditions. Wages are "the necessary subsistence of the
workers and thus entering the systen%‘on the same footing as the fuel for the
engines or the feed for the cattle".” The worker is a machine: you feed it
with wheat and it provides you with labour services. Assumptions A.1 - A.9
give Sraffa’s "extremely simple society" producing just enough to maintain
itself, a pure subsistence, pure circulating capital model:

280 qr. wheat + 12 t. lron -> 400 gr. wheat
120 qr. wheat + 8 t. Iron => 20 t. 1ren

A This assumption means fixed coefficients of production only if we specify
a quantity system (see below). .

22 See: Nuti 1970, p. 231
2 Below a more modern method of closing the mode! will be considered.
2 sraffa 1960, p. 9.



It is now supposed that these produced commodities are exchanged at an
annual market "heid after the harvest". Sraffa asserts: "There is a unique
set of exchange-values which if adopted by the market restores the original
distribution of the products and makes it possible for the process to be
repeated; such wvalues spring directly from the methods of pr‘oduction“.zs
Production is not a black box, but a well-described process. In fact, the
description of this process is all the analysis is about. Exchange takes
place, but as a necessary consequence of multisectoral production. Moreover,
the analysis searches a “repeatabie”, that is repreducible, solution.
Equilibrium is not only defined as the state in which all markets clear, but
also as the state in which the system can reproduce itself: whether it can
produce enough output to replace the inputs used, and to reproduce the
workers for another period of production. Market clearing is a necessary
condition for reproducibility, but reproducibility is not a necessary
condition for market clearing, i.e. the Classical definition of equilibrium
is stronger than the Walrasian one.

If we denote the matrix of flows as Q, we have, by definition:
(2.2.1) x=0i, xz0,Qz0

where x is the output vector (a column vector) and i is a vector with unit
elements, i = {1,1,..,11’. This system is only reproducible if the exchange
at the "annual market" obeys the following equations:

(2.2.2) 2 =0qp

where & = diag(x), and p is the price vector {(a column vector). We define:

A=qQXY Aazo

where A Is the input-output matrix (assumed nonnegative and indecemposable).
The coefficient a, s represents the poriion of the output of the i-th good

that is being used in the production of the j-th good. If each sector has a
unique input structure, i.e, the portions of output being used in production
are not a scalar multiple of the portions used in another sector, matrix A
has full rank. This highlights the difference between the way in which
commodities in WGE and CGE models are viewed. In Classical analysis
commodities are defined by the technology to produce them; they are unique
if and only if they are technically unique. There is a complete
correspondence between a commodity and the technology to produce it. In
Walrasian analysis goods are defined by their zgahysical characteristics,
including time and lcocation of their availability. In this approach all
things in nature are goods, even the air we breath. Furthermore, a change in
technical coefficients (because of for instance factor substitution} would
mean that another product is produced if we would include these coefficients
into the physical characteristics of the good. A Walrasian model with
production defines a commodity only by its physical characteristics; the
technical characteristics of its production are excluded. This stresses the

% graffa 1960, p. 3.

26 Debreuw: "Summing up, a commodity is a good or service completely specified
physically, temporally, and spatially" (Debreu 1959, p. 32).



importance of exchange instead of production in a Walrasian model.

If we substitute the definition of the A matrix into expression (2.2.2) the
following homogeneous system of equations follows:

(2.2.3) pesA'p, P20

It is well known that given A is a nonnegative, indecomposable matrix, there
exists a positive price vector p which is unique up to scale. This follows
from the Perron-Frobenius theorems. The theoretical significance is that
these prices follow directly from the methods of production represented in
the matrix A. Moreover, as long as we are Iinterested in the existence,
positiveness and uniqueness of the equilibrium prices, no assumption of
constant returns to scale (CRS) is needed. The analysis involves only given
states of the system: the output is constant (the matrix A consists of
portions, not coeff icients].z" Problems of scale do not exist, so an
assumption like CRS is irrelevant.

We can make subsistence labour explicit by specifying the subsistence wage
goods vector. To do this we have to redefine the above vectors and matrices.
We obtain:

(2.2.4) p=A'‘p with: A =A+ba
+ + o

where b is the subsistence wage goods vector (a column vector) and a is the
labour coefficient vector (a row vector). A is called the labour augmented
. .. 29 *

input-output matrix.

In this simple model it is possible to derive equilibrium prices entirely
from technology (including subsistence which is a technological condition).
There is no room for demand conditions. Of course, this is not surprising:

the consumer is cut down te size from the very start. But it is quite
surprising a CRS assumption is not needed.

Things change if we specify a quantity system. Equation (2.2.1) combined
with the definition of the matrix A gives:

(2.2.5) x=AX

If we make subsistence labour explicit, we have to redefine A and x again to
get:

(2.2.6) X =AX with: A+ =A4+b a

+

Now CRS is required. So if we want to combine the price and quantity system

% g0, A = A(x) and a = ao(x} is no problem at all.

*® In Sraffa’s words: "No question arises as to the variation or constancy of
returns” (Sraffa 1960, preface). Several articles are written about this.
See, for instance: Levine 1985.

29 See: Morishima 1989, p. 27.



to get a full general equilibrium model, we have to assume CRS. In that case
equations (2.2.4) and (2.2.6) are a dual problem:

A‘p=p, pz0

A‘x=x, xz0

Nothing has been said about the price and quantity equations of the labour
market. In concordance with Ricardo’s theories the labour market is always
in equilibrium. If we use the subsistence money wage (an equilibrium rate}
as the numéraire and also normalize the total available labour resources
(i.e. the fully employed "output” of the labour sector) we obtain:

1

2.2.7 b'p
x=1

2.2.8) a

The general equilibrium system consisting of the equations (2.2.4), (2.2.6),
(2.2.7) and (2.2.8) is completely determined. Given A is a nonnegative,
indecomposable matrix, A+ is so too, and then the first two equations yield

a positive price vector p and a positive output vector x which are unique up
to scale. The last two equations fix the absolute price and output levels.
There is no room for demand equations, except that the demand for
subsistence goods fixes the scale of the economy. We now state:

Proposition I: In a Classical non-productive economy, with subsistence
labour, prices are determined by the conditions of preduction. No CRS
assumption is necessary.

2.3 Production with a surpius

Now we consider a productive system, which is considered more relevant in
the analysis of a capitalist society. Instead of A.8 we now assume:

A.8°: The economic system is productive: at least one industry produces a
positive surplus.

Sraffa gives the following example, in which again the input requirements of
labour are included:

280 qr. wheat + 12 t. Iron -> 575 qr. wheat
120 qr. wheat + B ¢, 1ron -> 20 t. iron

It is important to remark that the price system under assumption A.8' cannot
be equation (2.2.4). To see this we first specify a quantity system. If
there is a surplus, we have instead of (2.2.6):

(2.3.1) X = A‘x

This equation could be regared as a feasibility condition for the
teproduction of the system. Let z be the surplus vector, or in other words
the final output vector {a column vector). By definition z = 0. Then:

%0 graffa 1960, p. 7.

10



L+

{2.3.2) X = A+x +zZ

Premultiply (2.3.2) by p’ and premultiply (2.2.4) by x’ to get p’z = O which
contradicts the assumption that z 2 0. The only possible case is a trivial
one: p = 0. So, equation (2.2.4) cannot be combined with equation (2.3.1).
Again, there is duality:

A'p=p p2z0

A+xsx, xz0

What we now need is a so-called "distribution rule”.' At this point the

Classical model defines an institutional framework™ , which is called
"capitalism":

A10: All means of production (capital goods) are privately owned by
“"capitalists”. It is this property which gives the capitalist the exclusive
right to organize and control the production process, i.e. he acts as the
"entrepreneur”,

A.ll: The surggus is entirely distributed to the capitalists in the form of
profit income.

A.12: Each capitalist maximizes his rate of profi%‘ i.e. his rate of return
on invested capital (including the wage fund™ ), under a technology

* This question does not arise in a WGE-mode] because there jis no concept of
surplus. Of course it could be defined in a Walrasian model as pure profit,
i.e. as the difference between revenues and costs, But there is no
"distribution problem" in a Classical sense: profit is by definition
distributed to the producer.

2 ois frequently said that a WGE-model is ’'pure’ theory without

institutional specification. This is not true. The Walrasian theory focuses
on individual, decision-making agents. Their optimizing choices are brought
into balance in markets. “Agents” and "markets" are institutions. Moreover:
the rules of the game, like the initial distribution of endowments owned by
individual, decision-making agents, are institutional arrangements because
they are arbitrary.

33 Keynes would call assumptions A.10 and A.ll the main “"Classical”

assumptions. As is well-known, he defined "Classical" as the theoretical
system in which Say’s Law holds (in which case both the CGE and WGE model
are "Classical”). In Keynes’ view it is the independent decision to invest
of the entrepreneurs (no longer equivalent with the decision to save of the
capitalists) which destroys Say’s Law.

34 The Ricardian theory of the wage fund states that a capitalist has to pay
workers a wage before production can take place, because firstly workers
have no other means of existence than their labour time and secondly
production takes time. This wage fund has to be included in the invested
capital. Morishima calls the theory of the wage fund the most important
distinction between Ricardo’s and Walras’ own models, but he overlooks the
importance of the theory of the uniform rate of profit (see below). See:
Morishima 1989,

1l



constraint onlyas (profit maximization).
A.13: The investment fund (or money capital, the value of capital goods} is
mobile between industries.

There are no financial markets in the model. It is simply assumed that the
owner of the means of production, the stock of capital goods, is also the
coordinator of the production process. This institional framework obviously
neglects the Walrasian distinction between the producer (the "entrepreneur”)
and the capital owner who hires his capital goods to the firm (the
“capitalist”)., In Classical analysis an economic agent is identified only by
its source of income. In fact, a theory of t%g firm is missing altogether,
an omission concealed by most Classical authors.

Assumption A.12 is essential to present the Classical model of capitalist
production as a general equilibrium model (but not sufficient). Profit
maximization is considered an important characteristic of capitalism, but
capitalists maximize their rate of return. The Classical approach is
especially to be found in the technology constraint (instead of the
resources constraint in Walrasian analysis). As we have seen, the price
system of production with a surplus is: A+"p = p. So, instead of (2.2.4):

(2.3.3) p=1II+ ?} A:p, pzo with: £ = diag(rl,..,rn)

where r, is the rate of profit in industry i (a scalar), while: rz 0. If

we define r as the largest r the following inequality follows:
P=A’p (l+)
If strict inequality holds for industry i, then r < r, so capitalists will

not enter industry i. The capitalist can invest in the industry she wants
{(because of A.13). Competition ensures that only those industries are put in

3% Profit in Ricardian analysis is equivalent to inierest in Walrasian

analysis; in both cases the return on invested capital is meant. Profit as
defined in a WGE model is a “super profit”™ (a quasi-rent) which does not
exist in the CGE model presented in this paper (because we abstract from
non-produced resources). In this model prices cover exactly the production
costs and nothing else; they are production prices.

% But a theory of the firm is also missing in Walrasian models. The goal of
production in the WGE model is the same as the goal of exchange itself,
namely the fulfillment of the desires of the consumer. The producer is
therefore not as fundamental as the consumer in the WGE model. The producer
acts as a mediator: he or she coordinates the transformation of inputs
supplied by the consumers into outputs demanded by the consumers, and he or
she is not even paid for this mediation: in a competitive equilibrium all
profit (a quasi-rent) disappears. Walras himself makes this clear in his
famous statement: "Les entrepreneurs ne font' ni bénéfices ni pertes". As
Ellerman shows "the Arrow-Debreu type models fail as models of an idealized
perfectly competitive capitalist economy" where positive profits exist
structurally (Ellerman 1980).
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operation, which give the maximum rate of profit r.¥? So in equilibrium we
have:

pF A;‘p (1+r)

The thecrems of Perron-Frobenius guarantee that this equilibrium is unique.
The Classical data {(the subsistence wage, the technology) are sufficient to
determine all prices and a_ uniform rate of profit. A CRS assumption is
therefore stili not nu'.et::e:ssa;ry.:38 We now state:

Proposition 2: In a Classical general equilibriumm the rate of return on
invested capital, i.e. the ratio between profit and invested capital, is
equal in all sectors of production.

An important Ricardian theory is the theory of the uniform rate of profit.
Ricardo states that "whilst every man is free to employ his capital where he
pleases, he will naturally seek for it that employment which is most
advantageous (...). This restless desire on the part of all the employers of
stock to quit a léss profitable for a more advantage%%s business has a
strong tendency to equalise the rate of profits of all."" In the long run
competition ensures equal profit rates, i.e. "the remaining value or
overplus vg(i)ll in each trade be in proportion to the value of the capital
employed". We have seen that in equilibrium this equal profit rate is
ensured, but nothing has been said about the adjustment process to this
equilibrium. A lot of research is still needed here.

Because of proposition 2 equation (2.3.3) can be simplified to:

(2.3.4) pP= A:p {(14r), pz O

where r is the uniform rate of profit. To illustrate the meaning of the
uniform rate of profit in Classical analysis equation (2.3.2) is written in
a different form:

(2.3.2%) x = [1+R) Ax with: R = disg(R ,..,R ), R =z /(x-2)

where Ri is the rate of physical surplus in sector i. In general these rates

are not equal, but if we notionally make them all equal to, say, R‘, we get:

¥ In a more complex CGE model with a spectrum of techniques this argument is
reformulated as a choice of technique problem.

% The procedure adopted by Roemer 1980 to obtain the uniform rate of profit
in a Marxian CGE model, profit maximization under capital constraints, is
Walrasian in nature, because it wuses resources of capital goods as
constraints. It is no surprise that a CRS assumption is necessary in this
procedure (because capitalists have to change their scale of production to
operate all processes to the limit of their capital constraints}. In our
view, such a procedure is alien to the nature of the Classical approach.

*% Ricardo 1978, p. 48.
% Ricardo 1978, p. 50.
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X = A+x (l-l-R‘], xz0

This is the dual problem of (2.3.4), so: r = R". We can now state:

Proposition 3: In a Classical model with subsistence wages the uniform rate
of profit is equal to a hypothetical uniform rate of surplus. The mechanism
of maximization of the rate of profit, under a technology constraint, leads
to a redistribution of surplus between industries.

Price system (2.3.4) is consistent with (2.3.2). Premultiply (2.3.2) by p’
and premultiply (2.3.4) by x’ to get p’z = p’Kr, where K = A x is capital

invested. Of course this is assumptions A.10-A.12 in a nut shell. The price
system shows that the surplus cannot be alloted before the prices are
determined. In Sraffa’s words: "This is because the surplus (...) must be
distributed in proportion to the means of production (or capital) advanced
in each industry; and such a proportion between two aggregates of
heterogeneous goods {in other words, the rate of profits) cannot be
determined befcore we know the prices of the goods. (...} The result is that
the distribution of the surplus must be determined through the same
mechanism and at the same time as are the prices of commodities.” Prices
are still determined by technology, but competition adjusts prices to obtain
a uniform rate of profit. As proposition 3 states, the result of the uniform
rate of profit is a redistribution of surplus between industries,

The system consisting of equations (2.3.2), (2.3.4), (2.2.7) and (2.2.8) is
not a full general equilibrium model of production with a surplus because it
is not closed. To do this we have to include a demand system. Only out of
profit income demand can arise, not out of wage intome, because workers have
nothing to choose in this model. If we want to describe the Ricardian CGE
model we should assume:

A.14: All profit income is reinvested (Classical saving hypothesis).
A.15: The rate of growth in all sectors is equal (Balanced growth).

Assumption A.14 means that preference maximization is missing in the present
model: there are no free consumers (the workers are paid a subsistence wage,
while the capitalists do not consume at all). Assumption A.15S is necessary
in a Classical general equilibrium system, which is made dynamic by
reinvestment of profit income. A system in which industries are growing at
different rates cannot be in equilibrium. The assumption of balanced growth
is a strong assumption, but it is necessary if we want to place general
equilibrium in a dynamical setting. The assumptions modify (2.3.2) to:

(2.3.5) x = A x(i+g), x =0

where g is the accumulation rate, i.e. the uniform growth rate of the
economy {a scalar). Now we have a full general equilibrium model. Equations
(2.3.4) and (2.3.5) are a dual problem:

M sraffa 1960, p. 6.
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p = .A*‘ pll+r), p2 O
X = J\+ x(l+g), x =z 0

or:

p’IAl - A+] =0, pz20 where: A = 1/(1+r)
[ul - A+} x=0, xz0 where: p = 1/(1+g)

This leads to a familigr Classical result, the so-called golden rule of
accumulation: r = g (= R ). We see that while prices form an eigenvector of
the augmented input-output matrix, the rate of profit and the rate of growth
are associated with an eigenvalue of this matrix. The Perron-Frobenius
theorems ensure that a unique, positive price vector p exists which supports
a uniform rate of profit r, and a unique, positive output vector x exists
which supports a uniform rate of growth g. Furthermore, il}zthat case A and p
are the Frobenius roots (the dominant eigenvalues) of A+. Equations (2.3.4)

and (2.3.5) form a simple but full general equilibrium model. All variables
are determined, due to (2.2.7) and {2.2.8) also in scale. We have a system
in which technology determines prices, while demand determines scale and
relative quantities. This is what could be called the Classical dichotomy.
Furthermore, this dichotomy means we can determine prices without assuming
CRS, but this assumption is certainly necessary in a full general
equilibrium specification. =~ So:

Proposition 4: In a Classical productive economy with subsistence wages
prices are determined by the conditions of production. No CRS assumption is
necessary.

2.4 Domestic labour

If we define in a Classical model the proportions of commodities necessary
to produce a unit of labour (the subsistence vector b} and the proportions
of labour units necessary to produce a unit of a commodity (the labour
coefficient vector ao). why not define the proportion of labour units

necessary to produce a unit of iabour? In our model with homogeneous labour
there is exactly one such coefficient, say h, the domestic labour
coefficient (a scalar). A hidden assumption in the above Ricardian system is
that there is no household production, i.e. h = 0. In fact, the whole
technology of the system could be represented in the following partitioned

matrix:
h| a
A = 2
++ . sl A

42 These highest eigenvalues A and u are associated with the lowest values of
r and g, respectively. Higher values of r and g give negative prices. See:
Woods 1978, ch. 2.

*3 Eatwell writes: "A great strength of the Classical framework derives from
this separation between the determination of output and the theory of value.
Not only does this separation free us from the need to assume constant
returns, but also it embodies great potential for theoretical development”
(Eatwell 1977, p. 66).
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where b the subsistence vector (a column vector), h the domestic labour
coefficient (a scalar), a the labour coefficient vector (a row vector), and

A the input-output matrix proper. If we assume A.8 we obtain the closed,
homogeneous system of production:

(2.4.1) X = A X
- -+

or, equivalently:

(2.4.1) X=hx +ax
[1] [ +] Q

x=bx +AxXx
-]

where X is the fully employed labour supply {a scalar), and X, is the
output vector including X - In the above Ricardian system we assumed: x = 1

and h = 0. We now state:

Proposition 5: Implicit in Ricardian analysis is a zero domestic Iabour
coefficient.

The introduction of a positive domestic labour coefficient does not change
the Ricardian analysis fundamentally, except that the analysis is extended
to the production of labour by labour, i.e. domestic labour (like housewives
and butlers). Of course we assume, in correspondence with early Ricardian
thinking, that the "wage" of the domestic worker is a subsistence wage., But
if we should regard this as realistic is another matter,

3. A MODERN CGE MODEL

3.1 Introduction

The above Ricardian analysis is old~fashioned in several ways, especially
with respect te the assumption of subsistence labour and as a consequence
the distribution of the whole surpilus as profit. In a more modern CGE model
the wage is no longer a subsistence payment but a surplus payment. This
means there is a distribution conflict: both wages and profit are paid from
the surplus, and there are no "objective" means to settle this conflict (as
in the Neoclassical marginal productivity theory of distribution, where the
factor payments are equal to their marginal productivity ).

In early Ricardian thinking the real wage as a subsistence "bundle of
commodities” was an exogenous variabie. Sraffa on the other hand assumed a
surplus wage. He showed that in a Classical system a price model can be
specified with a profit and a wage rate, in which prices and one of these

% As J.B. Clark put it: "What a social class gets, is what it contributes to
the general output” (Clark 1891).
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two rates are simuitaneously determined when the other one is given
exogenously. Instead of a bundle of commodities a money wage is given, or
alternatively, a rate of profit equal to a rate of interest determined in
the monetary sector of the economy. The guestion arises: do we still have a
general equilibrium model if an exogenous varjable like the surplus wage
rate is introduced? In our opinion, yes. A general equilibrium model is not
a general equilibrium model because everything is explained. After all, in a
WGE model there are some distributional data too, like the distribution of
initial endowments between individuals. An important distinction between the
WGE and the CGE model is that not the distribution of endowments between
individuals is a data_ in the analysis, but a socially or historically
determined wage rate. This makes sense in an analysis focused on the
reproducibility of the economic system. As will be shown below, profit
maximization and even preference maximization can be assumed in a Classical
context; this increases the complexity without destroying the main
characteristics of the model.

3.2 A Sraffian GE model

Although Sraffa oniy épecif ied a price system, we can speak of a Sraffian GE
model when we close his system. In this section we also generalize the
analysis and account for both fixed capital and preference maximization. We
assume:

A.7’: The stock of each type of capital good depreciates over time at a
given uniform rate 5, iL.e. this rate is independent both of the industry in
which the capital good is used and of the age of the capital good , With:
0<3&dsl

A.9’: Labour is paid at least a subsistence basket of wage goods. The wage
is paid at the end of the production period (post factum wages).

A.1)’: The surplus is entirely distributed between profit and wage income,

For convenience we do not split up the wage in a subsistence and a & urplus
part but treat the whole wage as variable, exactly as Sraffa did. " This
means we neglect the subsistence wage and assume there is a minimum level
below which the wage cannot fall (or equivalently assume that subsistence is
already discounted for in the input-output matrix). Now we have to following

% This is of course in concordance with Marx’ analysis who is after all

Ricardo’s follower. The main difference between Marxian analysis as a
particular form of Classical analysis and Classical analysis proper is the
exploitation theory for which it is necessary to formulate a labour theory
of wvalue. All of this is missing in Classical analysis proper. See:
Morishima 1973.

® This is a convenient way to formalize fixed capital. By abstracting from
joint production we are giving up the possibility to regard a capital good,
becoming one period older, as a joint product of the industry in which it is
used. This is a more satisfactory method of dealing with fixed capital
because depreciation is seen as an economic phenomencn (and not as a
technical phenomenon). The joint production approach of fixed capital is
introduced by both Von Neumann and Sraffa. See: Von Neumann 1945 and Sraffa
1960, ch. 10.

7 See: Sraffa 1960, p. 10.
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system:

(3.2.1) p = A’p (8+r) + ao‘w, pzoO
{3.2.2) x = A x (3+g) + ¢, xz0

where ¢ is the consumption vector (a column vector). There is again duality
in this system, that is: r=p(w), while g=¢(c), when the Classical saving
hypothesis is assumed. In that case: w = p’c, since we assume (2.2.8).
Premultiply (3.2.1) by x’ and premultiply (3.2.2) by p’ to find:

(3.2.3) p’Kr + w = p’Kg + p’c with: K = Ax

In plain English, profits plus wages equals investment plus cn:onsmn]:n:lon.48 To
close the model we have to include a demand theory. If we would use the
Classical saving hypothesis as a crude and simple demand theory (in fact,
more a method to avoid specifying a demand theory), we see immediately that:
r = g. A trivial case is the case where w = 0 and ¢ = 0, i.e. the case where
both the profit rate and the growth rate are at their technically determined
maximum values (equivalent to the model of section 2.3).

To obtain a full general equilibrium model we include a more advanced demand
system which determines ¢. We assume:

A.14’: Profit income is partly consumed, partly saved (and reinvested),
while the wage income above the subsistence level is only consumed
(Kalecki’'s saving hypothesis).

A.16: Capitalists and workers in choosing consumption goods maximize their
preferences, under an income constraint (preference maximization).

Assumption A.14’ means that only capitalists saves and invests; they are the
only ones who receive the fruits of investment: profit income. The
propensity to save forms part of the preferences of the capitalists. What
they not save, is used to pay for consumption. We have:

F

w=p’c, s p’Kr = p'Kg, (1-s) p’Kr = p’c

where 1::‘“Ir is the consumption vector chosen from wage income, cp is the

** From this equation it can be seen that in a CGE model factor rewards are
in general not equal to their marginal productivity. Rewrite the left-hand
side of (3.2.3} as: y = kr + w, with k = p’K. Scalars y and k are the net
output per worker and the capital value per worker, i.e. the "capital
intensity" in value terms, respectively. Consider the total differential: dy
= rdk + kdr + dw. Now, only if k = -dwsdr it follows that: r = dy/dk (see:
Woods 1978, p. 108). The condition is a fluke case, which will only hold in
a multisectoral model with equal “capital intensities" in all sectors.
Ironically, the Neoclassical theory of distribution is valid if the Marxian
case of "equal organic composition of capital” holds, in which case the
prices of commodities are equal to the labour value embodied in these
commodities! The marginal productivity theory of distribution was the
subject of a hot debate in the Tfifties and sixties. For a survey, see:
Harcourt 1969,
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consumption vector chosen from profit income (c = c, * cp), and s is the

uniform savings propensity out of profit income (0 = s = 1),
From this the well-known Cambridge equation is derived:
(3.2.4) r =g/s

In general we have: r = g.

Nothing essential hinges on the assumption that workers do not save. As the
Pasinetti Theorem shows, even if workers would save part of their income,
the profit rate (and thus the prices of production) in a Classical model is
not influenced by savings from wage income: "When any individual saves a
part of his income, he must be aliowed to own it, otherwise he would not
save at all. This means that the stock of capital which exists in the system
is owned by those peox)'}e (capitalists or workers) who in the past made the
corresponding savings.”  In other words, in a Classical model where savings
and investments are equivalent, savings out of wage income means ownership
of capital stock by the workers, in which case they are partly capitalists:
they receive both wage and profit income (see also p. 1i-12). The
profit-capital ratio of both classes is equal (because of the uniform rate
of profit), while the savings-capital ratioc of both classes is also equal
(because of balanced growth). But then the profit-savings ratio of both
classes is also equal; “it simply and logically follows from the
institutional principkgo that profits are distributed in proportion to
ownership of capital".” The result is that:

sP =5 (W+P )}
¢ w w w

where s, and s are the propensity to save of the capitalists and the
workers, Pc and Pwr are the received profits of capitalists and workers, and

W is the total of wages of the workers. Savings out of worker income are
equal to the savings the capitalists would have done if they received the
profit income of the workers. It follows that the Cambridge equation holds,
even if workers do save.” Without loss of generality in the derivation of
production prices we can assume A.14°.

Assumption A.16 boils down to two maximization probiems. If we assume (for
simplicity) that all workers have the same preferences and all capitalists
too, we can introduce One Big Worker and One Big Capitalist. Let u, and l.lp

be the utility functions for consumption goods of the Worker and the
Capitalist, respectively. The preference maximization problem of the Worker

* pasinetti 1962, p. 106.
8 pasinetti 1962, p. 110.

' For a full proof: see Pasinetti 1962. Meade 1966 shows that the Pasinetti
Theorem depends on the crucial assumption that capitalists receive profit
income and thus own capital goods. He regards this not as a general case and
considers the case in which the workers dominate the accumulation process.
Of course, a situation in which capitalists do not own capital goods is not
in concordance with the Classical conception of capitalism.
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is:

(3.2.5) max. u (c ) subject to: w = p’c
w W w

c
w

while the preference maximization problem of the Capitalist is:

(3.2.6) max. up(cp] subject to: (1-s) p’Kr = p’ c,

c
P

We assume that the utility functions are continuous and that the chosen
consumption bundles are unique. For instance, we can assume CES functions.

We now have a full general equilibrium model. Equation {3.2.1) can be solved
if we set the value of w. We have n equations in n+l unknowns (n-1 relative
prices and the two distributional variables r and w), so the system operates
with one degree of freedom. In Classical analysis the wage rate is part of
the data, j.e. is determined outside the system, which means p and r are
simultaneously determined by (3.2.1), by a given w. It can be proved that in
the case where w > 0, a positive and unique sglution exists if and only if
all eigenvalues of matrix A are less than 1.°° This is a quite familiar
condition in input-output analysis, equivalent with several other
conditions, like the Hawkins-Simon condition (all principie minors of A
positive) and the Nikaido "productivity” condition (there is a nonnegative
output vector such that the surplus vector is semi--pw::siti\-'e).53

We have seen that equation (3.2.1) determines a unique p (up to scale) and
r, by a given w. Now relative prices are known, the quantity system can be
introduced to determine the output. The Cambridge equation (3.2.4)
determines a unique g, now we have a unique r, The demand system in which
preference maximization is introduced is only relevant for the quantity
system. It is assumed that the preference maximization problems (3.2.5) and

sz Proof:

Let E' be the Frobenius root of A and R the technically determined maximum
rate of profit. Then: R = 1/§ =~ 8. Consider w > O. Then:
p=I[Al - A’ ! Aao'w where: A = 1/(&+r)

The inverse matrix exists if A is not equal to any_lof the eigenvalues of A.
p 0 for Aa‘w = O if and only if: [Al - A’] " = 0O, which is true if and

$
only if: A > £, or: 1/(3+r) > 1/(3+R), but then: r < R
We see that in the case where w > 0 a positive and unique solution for p and
r exists if and only if the rate of profit is less than the technically
determined maximum ratg. But is this maximym rate nonnegatiye itself?
For r > 0, wg require § < 3, because: A > §, so: 1/(§+r) > £,
But then: 1/€ - & > r. Because 0 < & = 1, we have: € <}
QED
3 See: Woods 1978, p. 7.
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(3.2.6) uniquely determine a set of <, and cp consumption bundles:

(3.2.5") ¢ = ¢ (p,w)
w w

(3.2.6") ¢ = c {p,r,x)
P P

This, combined with (3.2.2), gives a unique solution for x and c. The proof
for existence, positiveness, and uniqueness is similar to the above proof.

A Walrasian mode]l would of course determine the wage rate in the labour
market in which case an additional equation is introduced: the equilibrium
condition of the labour market derived from a work-leisure choice problem of
the workers. Such a model would look something like this:

x = Ax(1+g) + clp,w,r,x)
p=A‘qg+ ao’w with: q = p(l+r)

ax = L(p,w)

from which we can derive Walras’ Law:
p’ Axg + p’cip,w,r,x) = p’ Axr + wL(p,w)

The wage rate is not given: it is determined in the labour market. In a
Classical model the wage rate is part of the data of the system, determined
socially or historically: the price system moves with one degree of freedom.
It is possible to let another variable, like the rate of profit, be
determined outside the system. For instance, it is not in contradiction with
the Classical approach to let the rate of profit be determined by a rate of
interest derived from household's time preferences. In the Postkeynesian
version of the Classical model the rate of profit is determined by the rate
of growth (via the Cambridge equation), while the rate of growth is
exogenously determined by the so-called “animal spirits" of independent
capital investors. Essential therefore is not the choice of the exogenous
variable, but the residual nature of one of the distributional variables.

Proposition 6: In a modernized Classical productive economy, with profit and
preference maximization, prices are determined by the conditions of
production and one of the distributional variables. No CRS assumption is
necessary.

The main conclusions of the CGE model do not necessarily change when the
subsistence concept is replaced by preference maximization. The separation
of the determination of prices and output still exists if we do this,
because it is the consequence of other things (like the uniform rate of
profit as a result of the maximization of the profit rate).

Proposition 7: In a modernized Classical productive economy, with profit and
preference maximization, the Classical dichotomy still holds.
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CONCLUSIONS

This paper shows that equilibrium prices can be determined in a quite
different framework of general equilibrium analysis. In a Classical general
equilibrium model prices can be determined without a quantity system, even
if a demand system is included in the model. The assumption of constant
returns to scale is not necessary to determine prices. Profit maximization
and even preference maximization in a Classical context can be assumed., So
the Walrasian methods can be used to study non-Walrasian problems, such as
the maximization of profit under a technology constraint in a production
system where scarce resources are not important. This increases the
complexity of the Classical general equilibrium model without destroying the
main characteristics. Nevertheless, a full general equilibrium model which
also determines the output is mathematjcally equivaient with a special
Walrasian general equilibrium model, under restrictive assumptions like
constant returns to scale, but only if* the conceptual differences between
the two types of models are ignored.

Clagsical GE ztructure

Common model

Walrasian GE structure

Mathematically a common meodel can be identified, which looks something like
this:

p=A‘q+ ao’ w, where q = p(l+r)

but the meaning of this equation in both theoretical systems is different.
For a Walrasian it is an equation of exchange which is satisfied when all
markets clear. For a Neoricardian it is an equation of production which must
be satisfied for the system to reproduce itself. In Classical analysis
everything focuses on reproducibility, which leads to a stronger equilibrium
concept than the more usual Walrasian concept. Market ciearing is necessary
but not sufficient for reproducibility.

Although a common model can be identified, the Classical general equilibrium
model is theoretically quite distinct from the Walrasian general equilibrium
model. Behind the mathematical facade we find very different concepts of
commodities, profit, equilibrium, etc. This is not surprising; after all the
agenda of research of both systems is dissimilar.

An examination of these concepts shows that in Classical analysis a surplus
approach is imminent: one of the categories of income is a residual, i.e.
part of the surplus is distributed while no corresponding exchange takes
place. In the Walrasian model the surplus has vanished. The flow of
commodities in one direction is matched by a corresponding flow in the
other: all income results from a payment for productive services. Such a
theoretical difference cannot be settled on mathematical grounds. The bottom
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line is: not all general equilibrium modeils are Walrasian.
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