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In this paper we consider stochastic systems with finite state space and count-
ing process output. In particular we adress the question whether a given sys-
tem has a minimal representation, where roughly speaking minimality means
minimality of the size of the state space. We show that minimality is connected
to a suitably defined notion of observability. Finally we present an algorithm
that enables us, starting from a given representation, to construct 2 minimal

representation for the same system.

Key Words: stochastic system, counting process system, reducibility, minimal-
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INTRODUCTION

In this paper we treat some problems for counting process systems with a
finite state space. The main problem we adress is the characterization of
minimality of a system, which means minimality of the state space. The rea-
son why this topic is important lies partly in identification problems for such
systems in the sitvation where the state process cannot directly be cbserved. It
is known for instance in deterministic linear system theory that a state space,
which is too large for explaining the behaviour of the output process, contains
unobservable components. This implies among other things that if one wants
to perform output-based parameter estimation one will not be able to identify
the true parameter values that govern the behaviour of the state process in an
unobservable part of the state space. For counting process systems to be
treated in the next section a similar reasoning holds. If for instance one wants
to identify transition rates of the state process (which turns out to be a Mar-
kov process) and if two different states yield the same behaviour of the
observed counting process, then one is clearly not able to distinguish whether
the state process assumes one of these two values, let alone that one is able to
draw reliable conclusions about rates that govern a transition from one of
these states to the other one. The lesson of these considerations, as is well
known, is that one should always work with minimal representation of a sto-
chastic system.

1 Counting process systems

Counting process systems form a subclass of whal is known as stochastic sys-
tems. Roughly speaking a stochastic system without input consists of two sto-
chastic processes X and Z where X is called the state process and Z the output
process. As in deterministic system theory the state process at time ¢ should
summarize all the relevant information about the past of the system in order to
describe the future output. Contrary to what can be done in deterministic sys-
tem theory the state process at time ¢ cannot exactly predict the values of Z;



for s=¢. It can only describe the probabilistic behaviour of the output pro-
cess. These notions are made precise in definition 1.1 that in abstract terms
describes what a stochastic system without inputs is. This definition is fol-
lowed by a more detailed treatment of stochastic systems where the output
process is a counting process. First we have to introduce some notation. Let
a complete probability space (2,9, P) be given together with a filtration F. Let
X and Z be F-adapted stochastic processes. Then F¥=o{X,,s=t) and
§Z=0{Z,s=t) are the o-algebras generated by the past of the procesesses X
and 2. Similarly 5¥* =o¢{X,,s31} contains the information of the future of X
after 2. We also use the o-algebra that describes the future increments of the
output process Z, F2+ =¢{Z,— Z, s =t).

If %,,%, and § are sigma algebras contained in %, then we say that &, and %
are conditionally independent given §, if for all integrable %, -measurable func-
tions X the following relation holds

E[X,|5, V6] = E[X)[¢}

We will usc the notation (%, %|6)eCl.

DerFINrTION 110 {511 A continuous time stochastic system is a multiple

(&,%.P,T,F,X,Z,%,%) such that

() (8,9,P)is a complete probability space

(i) TCR,T an interval.

(i} F={%}r a filtration on (2,5 P)

(iv) X and Z are F-adapted processes with values in the measurable spaces X
and % respectively. -

(V) (@ VEE Fie(X,)eCT for all =0,

Formally speaking each of the components of the multiple in definition 1.1 is
part of the definition. However if no confusion can arise we will often write
(X,Z) for a stochastic system. The crucial property in the definition of a sto-
chastic system is (v), which says that given a whole past % it is sufficient to use



only X, for the prediction of the future values of X and the future increments
of Z. Observe that 1.1 (v) implies that X is a Markov process with respect to
the filiration ¥. Finally it is noticed that usually F=FFVF7 and
T'=(—0,00) or T=[0,0).

Clearly the above definition is too abstract for practical purposes. In particu-
lar cases one has to specify the distribution of the state and output process.
One way to do this is to pose stochastic differential equations that X and Z
satisfy. In this paper we treat stochastic systems where the output process is a

counting process and X a finite state process.

DEFINITION 1.2: A counting process sysiem is a stochastic system where the out-
put Z is a counting process. We write in this case N for the output process
instead of Z, The shorthand notation is then (X,N) for a counting process

system with state process X.
We will treat in more detail the class of conditionally Poisson systems.

DEFINITION 1.3 [1]: Let N:8X[0,50)—>N be a counting process, F-adapted
with  Doob-Meyer decomposition wat.  F: dN,=Adt+dm,.  Let
F =0o{\,1=0}. N is called a conditionally Poisson process, or a doubly sto-
chastic Poisson process, iff for all t,h=0, ucR

r+h

Elexpliu(N, 1, — N)IS, V8] = exp(e®—1) | Ads) '¢))

So conditioned upon ‘I’}}V@’}n N, 4—N, has a Poisson distribution with mean
” +4 A_, ds

PROPOSITION 1.4: N is a conditionally Poisson process iff m as given in 1.3 is a

martingale wrt. F={%} o, where 5=,V T

ProoF: If N is conditionally Poisson, then



t+h

Elm,+y—mi5) = E[N, ., —N|F)-El [ \ds|5)]
i

t+A t+h

= fAds— [Ads =0
Iy !

Conversely assume that m is a martingale w.r.t. F. Apply the stochastic cal-
culus rule to exp(iuN,) to obtain

+k

exp(iuN, .5} = exp(iuN,) + (" —1) [ exp(iuN,_)aN,

t+h

= exp(iuN,) + (e"—1) [ exp(iuN,_)\ds +dm,)

Take conditional expectation w.r.t. &, and get

t+h

Efexp(auN, . )|F)] = exp(uN) + (e —1) [ Efexp(iuN,)|F A .ds

Define g(z +k,1)= E[exp(iu(N, +s— N))|F). Then we get

1+h

guthD =1+ (e"~1) [ gls, s,
!

from which we find g(¢ +h,0)=exp((e™ — 1) r}h?\_qu). ]
f

Next we present a method for the construction of a counting process system.
Let a probability space (82,%,P¢) be given together with a standard Poisson
process N and a Markov process X (with state space %) defined on it such that
N and X are independent processes. Notice that such a probability space
always exists. We assume that X has cadiag paths. Consider the following
filtrations: F¥, F{Fz{‘ﬁ’\/“'j}"},;g,l‘g={@’,‘V\/@ﬁ},;o. The following obser-
vation is important. Let m,=N,—z By definition m is an F"-martingale.
However because of the independence assumption m is also an F- and F-
martingale. Similarly X is also Markov with respect to the filtration F. Let



A:[0,00) X HK—(0,0) be a  measurable function such  that
EofoM(s, X, )ds <<e0, W& Write A, =A(#,X,-). Then {A,} is clearly both F and

- f -
F-predictable. Then M defined by M,= {(\,—1)dm, is an F-martingale and
o

let A, =&(M,). Then
A =exp( j logh,dN, — j (A, — Dds)
0 0

and A is an F- and F-local martingale. We make the following assumption:
E A, =1, Vi==0. We can now define & new measure P on '(9,%',:,):(9,‘5“'@) as
follows. If A eé’, then by definition P(4)=E[14A,]. The extension to :?m
follows by Caratheodory’s theorem. Observe that the restriction of P to ‘3‘; is
absolutely continuons with respect to the restriction of P to %‘} with A, as
Radon-Nikodym derivative and that A,>>0 Py as. Observe also that the res-

trictions of P and P, to F% coincide.

ProrosITION 1.5: Under the new measure P
7
Q) m=N,— f A.ds defines a martingale with respect to F and F.
0
(i) X is @ Markov process with respect fo F.

Proor: The first assertion follows from Girsanov’s theorem [6]. So here we

prove only (i). Let f be a bounded measurable function on % and A>0.

Then because A, is the Radon-Nikodym derivative dpig.'
dPy |5,
EolfAX,+ A1
BUX, i8] = 2 EZebBL a8 = EolfX, oK)
EolA[5]

In the second equality we have used the fact A, is 9,-measurable and in the
third one that X is F-Markov under P;. .
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_ THEOREM 1.6: Under the new measure P the pair (X,N) forms a stochastic sys-

fem.

ProoF: From part (i) of Proposiiion 1.5 and Proposition 1.4 we obtain that ¥
is conditionally Poisson. Notice that we even have
I+h

E[expliu(N, +s —N)F] = exp((e™—1) [ Ads).

Hence

Elexp(u(N, s —NDEV T T} = ElexplalN, 5~ NIF ']
which shows that

(T 5|55 T )eCl, V=0,
The fact that X is F-Markov yields

(& Flo(X)eC], V=0,

Now we can use the following result which is obvious. Let F|,F,;, G be o-
algebras. Then (F,F;|G)eCT and (F, F;3|GVF;)eCl is equivalent with
(F,,F,VF;|G)eCl.

In our case we take G=o(X)), F,=%*, F|,=%, and F;=%"" and we
obtain (5,8 T VIV T le(X)eCl. O

Thus we have constructed a stochastic system where (as always) X is a Markov
process and the output process is a conditional Poisson process, Notice that
so far we have used an evolution equation for N whereas for X we only have
the Markov property. The next objective is to describe the evolution of X in
terms of a stochastic differential equation. Throughout the rest of this chapter

the following assumption will be in force.

AssUMPTION 1.7: The state process X takes its values in the finite set



¥={x,;X,}, where the x; are different. Moreover for all / and
1>0: P(X,=x)>>0.

Define ¥:£X[0,00)}—{0,1}" by its components Y;,: =1y =, Denote by ®(t,s)
the matrix of transition probabilities of X, That is for f==s, with the notation

z¥ =271, and the understanding %-——0

Dy(t,5) = P(X, = x;|X, = x) = (EY,)" E(Ys Ya).

Then we have the following well known facts, Semigroup property:
B(1,5y=B(t,u)D(u,s) for t=>u==s. Assume that for all /=0 the following Limit

exists
B 3 1 \ —
Ay = lﬁ‘l]l“-h [ +h,et) — I

A (r) will be calied the generator of X at time 1. So A (r) has nonpositive diag-

onal elements, the other entries are nonnegative and the column sums are zero.

Proposition 1.8 gives a representation of Markov processes in terms of a linear

stochastic differential equation driven by a martingale.
ProrosiTioN 1.8: Let X:RX([0,00)=% be a stochastic process, F-adapted and
let Y be associated with X as before. Assume that Y satisfies

dY, = A@)Y,dt + dm? @

Here A:[0,00)->R™*" is q Lebesgue measurable function (deterministic !} and
m?Y an ¥-adapted martingale. Then X and Y are F-Markov processes, with gen-
erator A (). Conversely, if X is F-Markov with generator A (1), then Y satisfies
(2).

ProoF: [4].
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Next we give a result on Markov solutions of stochastic differential equations
(see also [3] for related problems).

PROPOSITION 1.9: Let X be the solution of the stochastic differential equation

where m* is an F-martingale and g[0,00) XX—R. Assume that the jump meas-
ure p of X admits a compensator v (with respect to ¥ and P} such that
vldt,dy,«)=p(t, X (), dy)dt. Then X is an F-Markoyv process.

ProorF: We show that for the indicator process ¥ the representation of Propo-
sition 1.8 holds. From (3) we get from the stochastic calculus rule for all
k=0

axt= kXt2'ax, + [UX, - +p) =Xt —kXIZ\ylpdndy)
\:x

= kXE g, X0+ fI(X, +yY = X — kXt " 'y)p(, X, dy))dt
%

+ an®

C))
Here dfr’!fﬂ summarizes all the martingale terms in (4). In a more compact

notation we can write (4) as

dx* = g®(, X)dt + diny” ®)

where g%:[0,00)X%—»R. Now we can write X¥ as [x},...,.xX]Y, and g¥(1, X,)
as G®(n)Y, where GO(O=[g®(,x),....ge® (¢ x,)]. Introduce the following
notation. V is the (nXn) mairix with k-th row equal to [x{ ',..xk~" ']
(k=1,...n). G{) is the (nXn) matrix with k-th row G* V() (k =1,...,n).
M, is the martingale with components . If we consider (5) as a systew of
equations for & =0,...,n—1 we can summarize it (with G(¢) and ¥ as defined

above) as



VdY, = G@)Ydt + dM, 6)

Observe that ¥ is a Vandermonde matrix, that is nonsingular because all the x;
are different. Let A (1)=V " 1G(¢) and M} =V "M, then (6) becomes

ay, = A()Y.at + dM] 0]
Because M is an F-martingale and A () is nonrandom, we obtain from (7) by
applying Proposition 1.8 that X is F-Markov, with generator A(r). O

If we collect the above results we get the following

THEOREM 1.10: Let the process X and the counting process N satisfy the following
equation

ax, = gt X)dt + dm¥, X,
dNt = A(ter)dr + d’nn N0=0

Here A and g are measurable functions from [0,903X% to R and R* respectively
and m* and m are F-martingales. Assume moreover that m is a martingale with
respect to ¥ ={F"\V/'FX} and that the jump measure p. of X admits a compensator
v of the form v(dr,dy, 0} =p(t,X,(w),dy)dt. Then the pair (X,N) is a counting pro-

cess system.

2 Minimality of conditionally Poisson systems
In this section we will confine ourselves 1o stationary systems. This means that
the functions 4,g and A in Theorem 1.10 are not explicitly dependent on . So

we use the represeatations
dY, = AY,dt + dM], Y, (8a)
dN = CY,dt + dm, Ny=0 8b)

Here C is a row vector in R” with elements ¢;=A{x,).
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Equation (8) is called the forward representation of the system (X,N). I is also
possible to give a backward representation. The starting point of this section is
the system of equation (8). The word minimality in the title refers to the
minimality of size of the state space X in a way to be made precise below.
The external behaviour of the system (X,N) is the process N. We call (X,N)
minimal if we cannot find a system (X,N) where X has a smaller state space
than X. Observe that the external behaviours (X, N) and (X,N) are both given
by the same process N. For (X,N) we use the equation (8) with ¥,4 and C
replaced with ?, E,Z.

DermNiTION 2.1 The forward representation (8) of the system (X,N) is called
strongly reducible if there exists a set X of lower cardinality than % and a func-
tion f %% such that with X,=f(X,), the pair (X,N) is a stochastic system
with a forward representation of the form (8) and such that CY,=CY,. In this
case (X,N) is called strongly forwardly reducible. If (X,N) is not strongly for-
wardly reducible, it is called strongly forwardly minimal,

Some remarks are appropriate.
1. If (X,N) is strongly reducible then the “new” state process X is again Mar-

kov.

2. The adverb strongly in definition 2.1 can be thought of as opposed to
weakly. One may call a system weakly reducible if there exists a counting pro-
cess system (X,N) on some possibly different probability space @.5,P) such
that the state space of X has strictly smaller cardinality than that of X and
such that N is equal to N in distribution. One can also define strong reducibil-
ity for the backward representation of (X,N). We will not treat weak prob-
{ems and problems for the backward representation. For this reason we will
speak of mimimality and reducibility throughout this section when we mean
strong forward minimality and strong forward reducibility.
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The problem that we want te treat is the characterization of minimal count-
ing process systems. In view of remark 1 above we first focus our atiention on
functions of a Markov process.

From the equivalence of F-Markov processes and solutions of certain linear

stochastic differential equations (Propositions 1.7 and 1.8) it is easy to see
when functions of a Markov chain again yield 2 Markov chain. A similar
result also holds for non stationary chains [4).
To be specific let as before X be a F-Markov chain with state space . Let H
be another set and f:%—H a function. Clearly f(X) is again Markov if fis
injective. To avoid trivialities let us assume that H={h,, ..., h,}, m<n and
that fis onto. Write Z,=f(X)). Associate with Z the indicator process W as
usual:

WRX[0,00)={0, 1}, Wy = 174

Define FER™*" by F;=l(px)=4). Notice that 17F=1], where 1, is a
column vector with as elements +1. Then W,=FY,. Notice that because f is
onto, F has rank m, ie. it has full row rank. Let KeR"*® ™ be a fixed
matrix such that it columns span Ker F. Let as before A be the matrix of tran-
sition intensities of X. We have the following theorem, similar to a result in
discrete time [2, p. 126].

THEOREM 2.2: Let X be F-Markov with finite state space . Let f:X—H. Then
JCX) is again F-Markov iff FAK =0 where the columns of K span Ker F and F is
related to [ as indicated above, If this condition is satisfied, then the marrix B of
transition intensities of f(X) is given by B = FAF, where F is any right inverse of
F.

ProoF: [4]
We will work with a special right inverse of F, the Moore-Penrose inverse
which is defined as F* =F7(FFT)"! Because of the prominent role that
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matrices F as defined before play, we will refer to these as reduction matrices.
Observe that the only invertibie transformations of the state space % are per-
mutations, which correspond to special reduction matrices F, the permutation
matrices, that also have the property F1=1.

PRrOPOSITION 2.3: The pair (X,N} is reducible iff there exists a reduction matrix
F such that with A=FAF* ,C=CF" the equalities FA=AF and C=CF hold.
Moreover for the reduced system (X,N) the generaior of X is A and the intensity
of N is given by CY,. In this case one says that F reduces (X, N).

Proor: Obvious in view of remark 1 after definition 2.1.

REMARK: Observe that from purely algebraic considerations FA =AF implies
that indeed A is a generating matrix of some Markov process. Indeed, let
k =k (f) be the unique integer such that F;;=1. Then

ka = ZFH'A!I = EF,};A;J + FIJAJJ'
7 Y

Ay =3, Fy4;>0. Furthermore 174=0. Observe also that FA=AF is
equivalent with F&(r)=®()F, where B(()=exp(A:) and B(r)=exp(4r).

-Since the stochastic nature of the pair (X, N) is determined by the pair (4,C)
in view of eq. (8), we will ofien speak of minimality or reducibility of (4,C)
instead of (X, N).

Observe that the reduction procedure is transitive, which means the follow-
ing. Suppose F, reduces (X,N) into a new system (X,,N} and suppose that
F; reduces (X,N). Then F,F; reduces the original system (X,N). Indeed if
F, reduces (X,N) then FiA=A4,F, for A,=F,AF} and C=C,F, for
C{=CFf. If then also F, reduces (X,,N), then we can write Fyd,=A4,F,
and Cy=C,F;. But then F,F\A=Fy4,F\=A4,F,F, and
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C=C,F|=C,F,F, which is what we have to prove. Notice however that
given a reduction matrix F that reduces (X, N) one cannot always decompose F
as F=F,F;, where F) reduces (X,N) and F, reduces (X,,N). A simple

example is the following. Suppose that X has generator

-2 1 2
A=1 1 -3 2
1 2 -4

and N has constant intensity A=A17Y,. Then clearly F ={11 1] reduces (X,N)
but no reduction matrix FeR?*? reduces (X, N) as can easily be checked.

DEFINITION 2.4: Let the row vector CeR™ be given. Then D is defined to be
the diagonal matrix digg(C) which has as the j-th diagonal element ¢;. For
ueR, D)=("-DD.

LEMMA 2.5: Let F be a reduction matrix, with right inverse F* and let K be a
matrix whose columns span Ker F. Let C=CF* and D=FDF™. The following
slatements are equivalent

@ C=CF

(iiy FDK=0

(i) FD=DF

ProoF: (i) = (ii):

(FDK);; =2y Fy o, Ky = 2y 1 Fyp e Fy Ky

Because of the special form of the matrix F, there is only one nonzero element
in each column. Hence a product Fy, Fyy equals zero if i</, Therefore the last

summation can be written as

S FutiFyKyy =0 DKy = S F Ky =0.
K k K

(i)=(iii): FDK=0 means that FD is contained in the left kernel of K which
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is F. Hence there is a matrix L such that FD=LF, But then by postmultiply-
ing with F* we obtain L =FDF* =D,
(ii)=>(@): FD=DF implies that 17FD=1"DF or 17D=17DF. However

1"D=Cand 1'D=C. O

REMARK: Assume that FD=DF for some reduction matrix F. Then D is
necessarily  diagonal. Indeed we have from this assumption:
Fyjey=DyFy;+ 54 DaFy. Assume that izék and multiply this equation with
Fy;. Then, since F, F;;=0 for iz%k we have 0=5,kF;q-, and hence I_J,-kEijj =0.

Since the summation 2;F, 21 for all k, we have Dy =0.

LEMMA 2.6: Let F and K be as in Lemma 2.5 and let e; be the i-th basis vector of
R”", Let (X,N) be a stochastic system as in (8). Assume that FAK=0, Then F
reduces (X,N) if C is such that Fe, = Fe; for some k and j implies ¢, =c;.

PrOOF; We only have to prove that we can write C=CF, where C=CF*.
Observe first that
(FF T)g‘ = Ef}kf}k =F, 0>
k k
where §;; is the Kronecker symbol. In particular (FF)} =2, F, Observe furth-

ermore that for all ijk cpFgFy=c;FyF; becanse of the assumption on C.
Now we calculate (CF);=(CFT(FFT)™'F),=

= S aFulFFT); ' Fy = Do FpFg(FF); 1=
(X2 ik

C}' EFQ(FFT)glgF,k = CjZF{,:Cj.
i . i

So CF=C. O

ReMark: From Proposition 2.3 it follows that a necessary condition for
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reduction of (X,N) (or (4,()) is that some of the ¢; are identical. However
this condition is not sufficient, since also the transformed process f(X) has to
be Markov, See the example that follows after Proposition 2.3.

However if F reduces a pair (4,C), then, as follows from Lemma 2.6, at the
same time it reduces any other pair (A,é‘), where C=CF for some C. Observe
that here ali the ¢; may be different, which is not necessarily the case for the T;.
This means that if F reduces (4,C), it also reduces any other pair
(4,C)=(4,CF), if there exists a map g such that g(&)=¢,. Or, equivalently, if
there exists a map g such that g(¢,)=e¢;. Indeed this equivalence holds, because
g)=¢g (Z6,F)=Z,8(c)Fp =25, F s =c,.

To see whether a systeni (X,N) is reducible one may check whether the criteria
of Proposition: 2.3 hold for a reduction matrix F. H the state space % is very
large this is of course quite a task. So we are looking for more easily verifiabie
criteria. It turns out, as can be expected, that a definition of stochastic obser-
vability offers an alternative approach to find a possible reduction. Before
defining this concept, we have to introduce some notation and we also need
some properties that are satisfied by the objects that play a role in the follow-
ing definition.

DerFINITION 2.7: Let for each integer k31, U* be the set of bounded left con-
tinuous functions from R™ to R*, Write U=U" and if uelU*, then w(r) will
be written as a row vector. Define for ucl, velU™, a reduction matrix
FeR™*" and T=¢=0

T T
g0, T) = E[exp(ifu(s)aN; + i [v(s)FY,ds)|F} ©

I !
Because (X,N) is a stochastic system, we may replace the conditioning o-

algebra in (9) by o(X,). Hence there exists a deterministic h%”(r, T)eC!*", such
that g4°(t,T) = hp"(1,T)Y,.
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The following proposition gives a representation for 2%°(z,T) as defined above.
We use the following notation throughout the rest of this section. Let x be a
row or column vector in R”". Then diag (x) is the nXn diagonal matrix with /-
th diagonal element equal to x;. Note that g¢*(s,7) can be interpreted as a
conditional characteristic function of part of the future behaviour of the sys-

tem, given its entite past.

PROPOSITION 2.8: Ler hp*(1,T) be as in Definition 2.7. Then it satisfies fhe
integral equation:

T
R Ty =17 + fh?'(-%n(f diag(W(s)F) + D(u(s)d(s ~1)ds  (10)
]
In the points where h§(,T) is differentiable, we have
%kﬁ"(nﬂ = — k" (,T) (i diag(W(()F) + D(u(t)) + A) (an

PROOF: We suppress in this proof the dependence on u,» and F.
T T

Let §(T)$exp(f f u(s)dN, + i f v(s)FY,ds). Then from the stochastic calculus
& a

rule we oblain
T T
EHT) = 1+ [3(s) ("O =N, + [g(s)iv(s)FY,ds. (12)
4] H

Now we take conditional expectations in (12) w.r.t. g,ﬁ:?}} V %%, Because CY
is also the f-intcnsity of N, we get

"~ r . -
EZ(DF] = §¢) + E[f3(s)(™P—DCY,as|F}+
T -

+ El [F(s)iv(s)FYds|%))

F
= g0 + [ EgO)IF e —1)CY.ds +
I



17
T -
+ [EIRG)F1iv ($)FY,ds. (13)
Define 3(, T)=Elg()) "g(T)|%]1=F(n) "' EZ(D)IF]. Then (13) yields
T
EGT) = 1+ [ O —DCY, + w(s)FY,)ds.

- T
So, g(z, T)=exp( L {(e™®) — 1)C +iv(s)F)Y,ds). From this expression we also
obtain a “backward” integral equation:

T
AT = 1 + 3, THE"S - 1)C + w(F)Yds. (14)

Define now g{t,7)=E[g(z,T)|%]. and observe that this is indeed the quantity
in Definition 2.7. So we can write g(t, T)=h(¢,7)Y,. Then from (14)

T
g1 = 1+ E{fE[g(s, DIFN(e"S — 1)C + iv(s)F)Y.ds[5)

T .

=1+ E{{g(s, T){("® — DC+ iv(s)F)Yds|%]
T

= 1+ E[ fh(s, DY, (" — )C + iv(s)F)Y,ds|%]
T

=1+ B[ {his, TYD(u(s)) + i diag(» (s)F)) Y,ds|5]

T
=1+ fh(s, TYD(u(s)) + i diag(v (s)F)@(s —1)dsY, (15)

Or, since 1Y, =1, g(t, TY=h(1,T)Y, and (15) has to hold for all possible out-
comes of Y,, we get h(r,T)=lT+ j: Tk(s, YD (uls)) +idiag(p(s)F) (s —)ds.
This proves {10).

Furthermore, if differentiation w.r.t.  is allowed, (10) yields



18
oh _ .
2, 6T = — DD W) + i diagv(O)F)
T
— [h{s, TYD(u(s)) + i diag(W(s)F)®(s —NAds

= —h(, YD @) + i diag(OF) + (AT —h(t, )4

—h(t,TYDu®) + i diag(()F} + A),
because 174 =0. Hence (1) holds. O
In several cases an explicit expression for AZ"(1,T) is available. We need the

following notation. Let M,.....M; be square matrices of the same order. Then
we denote by IT¥_;xM, the ordered product MM, ;..M.

CoRrOLLARY 2.9: Ler t=tg<t)y<..<t;=T. Let for j=1,.. .k u;eR and
v,€R™ and define u(s)=Zk=1u/1¢_ 4(), v()=ZFo vl 1 1(6). Then with

this choice of the functions u and v we have
k
=17 _Hl*exp((i diag(v;F) + D(u) + A)t;— 4, 1). (16)
i=

ProoF: Follows directly from equation (11).
The usefulness of the h¥"(t, T} is partly the content of the next lemma.

LEMMA 2100 Assume that F reduces (X,N). Let X=Ker F and K be a matrix
whose columns span K. Then h%'(t, T)K=0, and hence there exists a factorization

R Ty=h" ( THF.

PrOOF: Observe first that, always, F diag(v(s)F)=diag(v(s))F. From the fact
that F reduces (4,C), we have FAK =FDK =0, Hence there exist matrices
N1, N(t) and N, such that AK=KN,, O()K=KN |(t), DK=KN,. Therefore,
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with suppression of the dependence on u,v and F:

T
h(, TIK = 17K + [h(s, T)i diag(v(s)F) + D(u(s)))®(s —1)Kds =

T
=0+ fh(, DKGEN() + (O —DN )N (s —)ds.  (17)

Since h(z, T)K=0 is a solution of (17), and since solutions are unique, the
proof is finished. O

Apparently, for stepfunctions ¥ and » as in corollary 2.9, only the differences
t;—1,_ are important. Therefore we introduce functions h%(f) as follows.
Let {#}7%) CR™,{;}7%, CR, {v;}{%) CR” and define 2}%(r) as in (16) with
the differences f,—1#;; replaced by ¢. Let H be the cone
(¢, T)eR*:T=1=0}. Clearly for all ueU, veU™ and (,T)eH, h¥*(t,T)
induces a linear map from R" into €. So we can introduce
hrefR", CYXU"XH) by he(u,r,@, T)=h%" (1, TYSER", C). Denote by %y the
kernel of k.

In a similar way we can introduce operators /4, by considering the functions

hE(t), and their kernels ¥y ,. Now we can prove the following.

THEOREM 2.11: Let Hp be Ker hr and Kpy, = Ker hg;.. Then

oo
(l) %F‘IDU{:R;D.... and n%fd":%

j=1 :

Gi) If for some j Ky ;=Wr ;1\, then Kp; is D, A and diag(vF) invarians, for all
veR™ and Ex.(-‘:%f‘,j

(iii) K CKer F

(iv) If mareover hy factorizes as hr=nhF, then ¥z=Ker F

PrROOF: Since we work with fixed F, we suppress the dependence on F. For

notational convenience we also suppress dependence on z and ».
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@

i)

(i)

()

Lct;:,-': J"*"’j;]' Letvi=v,u;=u.
Then h, .,(9)=h,() exp((i diagvF)+ D)+ A),) (18)

Now &+ ()%, .1=0. So in particular for 7,=0, we get h()%;.,=0,
which shows that SFE)-H C‘Jg.

Certainly XC ¥, for all j, so HXC N1 K. But since any nel and rel™
are pointwise limits of stepfunctions, also the reversed inequality holds.
Assume X, =%, ,.;. Differentiation of (18) with respect to #; gives

os-gfl;h,+_.(r)ag = k() G diagvF) + D(u)+A)%;. (19)

Now take in (19) £, =0, u=0 and v =0, Then
0==h,(NA%;

which yields J; to be A-invariant. With this information we take in (19)
t1=0 and #=0 but we allow » to be free. This yields X, is also diag(vF)
invariant for all ». Similarly L is also D(u) invariant for all u, hence D
invariant. Hence = N2 X,=%,.

From (ii) we know that ¥ is digg(vF) invariant {for all »). Hence
Fdiag(vF)X=0 or diag ()FX=0 =FX=0.

Obvious in view of (iii).

PROPOSITION 2.12: The following statements are equivalent.

@
(id)

R @ T) = " ((, THF
1" satisfies the integral equation

T

BT =17 + [0 (5, T)(i diag((s) + Du(NB(s —ds  (20)

where FD = DF, FO(t) = ®(O)F

ProoF: (i) = (ii): From Theorem 2.11, we know that Ker F=Kerhy is a DA
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and diag(v(s)F) invariant subspace of R”. So there exist matrices Dand A4
such that FD=DF, FA=AF, and as always we  have
F diag(v(s}F)=diag(»(s))F. Hence

T
KE' T)F = 17 + [B"" (s, TYF(i diag((s)F) + D(u(s))®(s —1)ds

T
=17 + [£"'(,T) ( diag((s)) + D(u(sN)®(s ~1)dsF

After postmultiplication with F™*, the claim follows.

(ii) = (i): Postmultiply (20) by F, then we sec that k" (s, T)F satisfies the same
integral equation as k%*(;,T). Because k' (T, TV F=1 F= 1T=4% (T, D), the

claim follows. (O

The following proposition, that summarizes some of the preceding results
forms the basis of Definition 2.14 below and makes it understandable if one
keeps the interpretation of g#”(r,T) as a conditional characteristic function in

mind.

PROPOSITION 2.13: Let X,=f(X,), Y,=FY, where the reduction matrix F is

associated with f as wsual. There is equivalence between

() FElg#{, T)[o(ff)]z g# 4 T) for all up and t<T.

Gi) (X,N) is a stochastic system and gi*(t, T)=E[gt*(t, D|FEVEY] for all u»
and t <T.

(iii) There exists a factorization h§*(2, T)a_w(t, T)F.

PROOF: (i) = (ifi): There exists a matrix @, such that E[Y,|o(X)}= QY.

(i) then implies APEDY =AP(, T)Q,?,——-k%"(t, Ty FY,. So take
B @ D=, DO,

(i) = G): E(g¥ ¢ Dio(X)=ER" ¢, T)FY |o(X))=E[h " (¢, T)T jo(X)]
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= 1@, 1Y, = (1Y,
(i) = (ii): Elge'q, T VE'] = E(Egh ¢, THF VTV
= B DYIFVE] = Elhy ¢, DTS VE] = g6 T).

This, together with Proposition 2.12 also shows that (X,N) is a stochastic sys-
tem.

(i) = (iii): k¢, T)Y, = Elgs ¢, DT VS 1= Elgt* ¢, Dlo(X)]

=hy (1,T)Y, for some deterministic k7 (t, T) since the last conditional expecta-
tion is a function of J_{',. Because -l;,=FY, the result now follows, 3

DErFINITION 2.14: The n-th order system (X,N) is said to be strongly siochasti-
cally observation equivalent with some m-th order system (m=n) if there exists
a reduction matrix FeR™>" such that a factorization he=hF holds. If any
such factorization implies that F is a permutation matrix, then (X,N) will be
called strongly stochastically observable.

Some comments are appropriate. Let (X,N) be described by equation (8). If
(X.N) is strongly stochastically observation equivalent with some m-th order
gystem, then from Propositions 2.12 and 2.13 it follows that this one is
described via matrices A and C by an equation like (8). Therefore we will also
say that {4,C) is strongly stochastically observation equivalent with (4, C).

The interpretation is as follows. If we condition the distribution of the
future of the bivariate stochastic process (f (X),N) on the entire past of {X,N),
or equivalently just on the current state X, then this determines f (X;) only,
instead of X, itself. We also know from Proposition 2.13 that (f(X), ) is again
a stochastic system.

Suppose now that (X,N) is strongly stochastically observable and that Fis a
m X n reduction matrix (m < n). Then a factorization h;=};G always exists for
another reduction matrix G, which may be the identity (or a permutation
matrix}. However, because then Ker G CKerhyzCKer F (see Theorem 2.11



23

(iii)), where the last inclusion is strict, it follows that there exists yet another
reduction matrix H such that HG=F. Hence the conditioning of the distribu-
tien of {f (X),N) on X, determines strictly more then f(X,). Stated otherwise,
f (X)) is not sufficient to predict the future distribution of (f{X),¥). Note also
that in this case (X,N) can only be strongly stochastically observation
equivalent with another n-th order system.

We also mention that this definition differs from the current definition of
stochastic observability in the literature (5, p. 490] for linear Gaussian systems,
where the future evolution of the state processes is disregarded. However the
Gaussian analogue of our definition is equivalent with what can be found in
the literature. The reason behind our alternative is that we now force the
transformed process f{X) to be Markov, which is antomatically the case in the
linear Gaussian situation. Therefore a slightly different terminology appears to
be advisable. The idea behind strong stochastical observation equivalence, is
that it should provide us with a link to (strong forward) reducibility. More-
over it should give us information about what reductions of the original sys-
tems arc possible. This is the content of the next result which, although obvi-
ous, brings the concepts minimality and observability together,

TaeoreM 2.15: Let (X,N) be given by equation (8). Let F be a reductioin matrix

and define A=FAF* and C=CF"~.

(i) F reduces (A,C) if and only if (4,C) is strongly stochastically observation
equivalent with '(X, E)

(i) (A,C) is (strongly forwardly} minimal if and only if (A,C) strongly stochasti-
cally observable.

ProoF: Direct consequence of Definition 2.14, Theorem 2.11 and Proposition
2.12. O

At first glance this theorem seems to be not very helpful, if one is looking for
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possible reduction of (4,C), since also Definition 2.14 involves the unknown F
that describes the reduction. But it turns out that it is a useful step to the
finding of the F (if any) that reduces {4,C). We first introduce some new nota-
tion and an auxiliary result. Take in the definition of A%"(s, T) the function »
to be identically zero and write instead 2*(1,T). Observe that this quantity
does not depend on the specific F anymore. By taking u to be a stepfunction
we can again, parallel to what we did after Lemma 2,10, construct Af(f)eC”
and from these the operators 4 and h,. Some of the properties of the h¥"(¢,T)
and h¥%(t) carry over to B"(t,T) and the hj(f). There are however some
differences. The precise result is the following,

PROPOSITION 2.16:; Let H=Ker b, E’J'EJ =Ker h;. Then
@ G202, and n;“zlf}f,:flﬁ
(i) If for some j K, =%, 4\, then X=K; and K=, is D and A invarignt,
(i) Jf F reduces (A,C), then Ker F CX, hence there exists a factorization h =hF.
(iv) If a factorization h= hF exists such that Kerh=Ker F Jor a reduction
matrix F, then F reduces (4,C).
(v) There is equivalence befween
(@) k@, T)=h"(t,T)G and Ker h=Ker G for some matrix G and
(b) h @, T) satisfies the integral equation
E'@D=1"+ (1", T)D(u(s)®(s —r)ds
where DG = GD, D(u(s))=(¢™ — 1)D and ()G = GO().

PROOF: (i) and (ii) are proved in the same way as (i), (i) of Theorem 2.11, (iii)
follows in the same way as Lemma 2.10, (iv) follows from (ii) and (¥) can be
proved as Proposition 2.12. (0

REMARK: The most striking difference between 4 and &y is the following. Sup-
pose that K= Ker h#-{0}. Then we have a factorization A =kG for some G
which is such that Ker h=Ker G. Tt may happen that it is impossible to choose
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G to be a reduction matrix. See Examples 2.23 and 2.24. Notice also that we
imposed in (v) of Proposition 2.16 that Ker h = Ker G, whereas for the analo-
gous statement of Proposition 2.12 the equality Kerhr=Ker F antomatically
holds. The next proposition implicitely offers a way to compute the X; and K.

PROPOSITION 2.17: There exist a sequence of matrices W, as indicated in the
procf, such that Ker hy=Ker W, for all j=1.

PrOOF: Let z=¢™—1 and let (with a little abuse of notation) k5 (f)=h%(r). Let
W \(z) be the n Xn matrix with j-th row equal to (%}fki(O):lT(zD+A)f"l
(use equation (11) with v =0). By the Caley-Hamilton theorem for k==n one
has (%)"hi (=27, 17zD+AY for some real numbers ay;. Hence
Ker by =3 if and only if W(z)X={0} for all z. Next we form the matrix W,
in the following way. Each row 17(zD+A4)Y ! of W,(z) can be written as
S{=bz"Bs;, where the B are row vectors in R". W, is now the matrix
obtained by stacking all the B;; in a large matrix with » columns. It is evident
that Ker b =Ker W,. In an analogous way we can also construct matrices
W{(z) via the partial derivatives of Aj(z) with respect to the vector ¢ evaluated
at £ =0. And as above by grouping the equal powers of z that appear in the
rows of W;(z), we obtain a matrix W;. Hence the X; appearing in Proposition
2.16 are the same as the kernels of the matrices W;. O

Some additional properties of 4 are described by the following lemma.

Lemma 2.18:
@) For all uelU the function h"(,T) is left differentiable at 1t =T and

%h"(?, T)= —(e*® —1)C.

(i) Let V be the nXn Vandermonde matrix with j-th row equal to 17D/~1,
Then Kerh CKer V.
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(i) Assume that there exists a reduction matrix F such h*(t, TV=h {1, T)F.
Then C can be written as CF. If moreover all the elements of C are different
Jrom each other, then X.=Ker h = Ker F.

(iv) If all the c; are different then Ker h = {0}.

PROOF: (i). Immediately foliows from eq. (11) since #(T,T)=17 and 174 =0.

(i) From Proposition 2.16 we know that Kerh is D invariant and since
17Ker h =h(T,T), Ker h={0} we have 17D/~ Ker h=1"Ker h = {0}.

(iii) We have to prove that K=Kerh ={0}. Because of (i) and Lemma 2.5
there exists a diagonal matrix D such that FD =DF. Now ¥X=F¥. Hence
D¥=DFX=FDXCFX=%. So X is D invariant. ¥f ¥ is the Vander-
monde matrix with j-th row equal 17D’ then we have as in (i)
Y CKer V. The latter is zero, since all the elements of C are assumed to
be different.

(iv) Follows from (iii).

The role that the 4*(z, T) play in the finding of a matrix F that reduces (X,N)
is revealed by the following theorem,

THEOREM 2.19: There is equivalence between

@ (A,C) is strongly stochastically observation equivalent with (Z, E’)

(i) There exists a reduction matrix F such that h*(t, Y=k (, T)F Jor all t+=T
and all uelU and a similar factorization holds for any other pair (A,E‘)
where C=CF. So if h is related to (A,(E') as h is to (A,C), then;
R, T)=h"(, T)F for all t<T and all ueU.

ProOF:

(i) = (ii). From Theorem 2.15 we know that there exists a reduction matrix F
such that FA =AF and C=CF. But then in view of the remark after Lerima
2.6 F also reduces any (A,é‘) where ¢ can be written as CF. Hence from
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Proposition 2.16 we have both the factorization h*(,T)=h (t,T)F and
B, TY=h"(t, T)F.

(i) =» (i). Since the assumptibn holds for any C= é‘F, we may take all the ele-
ments of C to be different. Then from Lemma 2.18 (iif) Ker h=Ker F and from
Proposition 216 Ker F is A invariant, so FA=AF, with A=FAF*. By
assumption and from Lemma 2,5 FD =DF, Hence F is a matrix that reduces
(A4,C). The result now follows from Theorem 2.15 ().

The following result is closely related to Theorem 2.19.

PROPOSITION 2.20: Let (X,N) satisfy equation (8) and let (X,ﬁf) be another sto-
chastic system that satisfies an equation like (8) with C=|[c1,...,c,] replaced with
C =[¢1,...,Cx) and let 5=Ker h and Y= Ker h. Assume that there exists a map g
such that ¢;=g(c;). Then K,

Proor: K is a D and A invariant subspace of R", where b =diag(é‘ ). (Proposi-
tion 2.16.) We claim that EiC is also D invariant. If the claim holds, then it
immediately follows from equation {10) with v=0, that A"(r, T)‘j£= {0}, since
175= {0}. Since %is D invariant, it is spanned by some eigenvectors of D. So
let k % be such that Dk =3k, for one of the eigenvalues ¢; of D. Hence for
all j we have &k, =cik; if k=[k,,...,k,)7. If k;=0 then certainly c;k,=c:k;. If
k0 then ¢;=¢;, but then also ¢;=¢;. So again we have c;k;=c;k;. Hence k
is an eigenvector of D with eigenvalue ¢;=g(c;), which shows that % is also D

invariant.

All results so far obtained form the basis of Algorithm 2.21 below, that
yiclds for a stochastic system (X, N) a minimal representation.

ALGORITHM 2 21;
1. Compute Ker h and find a reduction matrix F such that h*(r, V=h (¢, T)F
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and such that ‘}-!—u(t,T) cannot be factorized further by means of some
other reduction matrix.

2. K Kerh=Koer F, then the algorithm produces F as its outcome. Else we
go to step 3.

3. Let C=CF, where all the c; are different from each other. Form };“(t,T)
(which is related to (4,C) as was 4*(;, T) to (4,C)).

4, Apply step 1 to 5“(:,1") in lien of A4(1,T).

Before proving that the matrix F produced by the algorithm, induces a
minimal pair (4,C) defined by 4 =FAF* ,C=CF"*, we discuss the way it
works. The finding of F in step 1 is relatively simple. Compute Ker & by using
the matrices W) of Proposition 2.9 as far as needed. This results in a factoriza-
tion h“(l,T)=5u(t, TG, where G is such that Ker G=Ker h. Next one inspects
the columns of G. I any two of them are identical, then the same holds for
the corresponding columns of F, which determines F up to a permutation of
its columns. An alternative way is to inspect the elements of the Aj(7) for all k
as far as needed. If two columns of F are identical then the same holds for the
corresponding elements of all the h%(¥) and vice versa. If the algorithm stops
at step 2, then it follows from Proposition 2.16 that F reduces (4,C). If instead
Ker h=Ker F and step 3 is performed then we know from Lemma 2.18 that
some of the elements of C (which is such that C =EF) are identical, Hence it
makes sense to comstruct C as prescribed. Then from Proposition 2.20 we
obtain that Kerh CKerh and moreover that this inclusion in strict, since also
Ker h CKer F in view of Lemma 2.18 (ii), applied to the Vandermonde matrix
with rows 1707~ 1, which has kernel equal to Ker F. Hence the algorithm con-
structs a strictly decreasing sequence of kernels, until it terminates which hap-
pens after finitely many iterations.

THEOREM 222: Let F be the final result of Algorithm 2.21. Then F reduces
(4,C). Hence there exist A,C with FA =AF,C=CF. Moreover (4,C) is minimal.
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ProoF: The resuiting F has the property that in the final iteration a factoriza-
tion of the form ft“(t,T)=5”(t,T)F holds, where f:”(r,T) corresponds to some
pair (A,é) and where Kerh=Ker F. So Ker F is D and A invariant (Proposi-
tion 2.16) and also D invariant (see the proof of Proposition 2.20). Hence F
reduces (4,C). Now let F; be a matrix that gives a maximal reduction of
(4,C). So with A=FAF;{ and C=CF;{ we have that (4,C) is a minimal
pair. F; is determined up to a permutation of its columns. Then in step 1 of
the algorithm we have a factorization (as follows from Proposition 2.16)
h¥(t, T)=h"(, T)F,F;, Where possibly another reduction matrix is involved.
Suppose that step 2 is skipped, otherwise the proof is complete. So we con-
struct E‘=&F2F1. Then of course (Lemma 2.5) Ker F; is D invariant and
therefore };u(t,T) factorizes as };“(t, TYF3F,, with possibly again another reduc-
tion matrix F,, which has the property that Ker F;CKer F;, because
Ker{(F3F)) CKerh CKer V=Ker (F,Fy), where V is the Vandermonde matrix
with j-th row equal to ) (Use also Lemma 2.18). Hence in each itera-
tion of the algorithm a factorization of functions like #%(¢,T) holds, where the
matrix F; is always part of the factorization, and where the kernels of the
F, Fj eic. are shrinking. Therefore in the final step of the algorithm we have
a factorization of the form h=hF.F 13- From the first part of the proof we
know that F.F, is a matrix that reduces (4,C), but since F| gives the minimal
reduction F, has to be a permutation matrix. O

In the next two examples, we apply Algorithm 2.21.

EXaMPLE 2.23: Let X takes ifs values in {1,2,3,4,5} and let

—14 I 1 1 1

1 -4 2 3 1

4= 9 9 -7 7 1
1 1 2 —-12 1

3 3 2 1 —4
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Assume that N has the intensity CY, where C=[11112].
The matrix W, of Proposition 2.17 now becomes (use 174 =0):

17 .
r ) 1 1 1 1 1
D 1 11 1 2
17D? 1 r 1 1 4
17DA 3 3 2 1 —4
17p3 1 1 1 1 8
W, = |17(D*4 + DAD) = 12 12 8 4 —20
1"p4? _ -~32 =32 -1 10 25
1Tp? 1 1 1 1 16]
L | 402 402 51 —300 165

Now Kerh;=Ker W is spanned by [l —1000]7 and [01 —210)T. Observe
that these two vectors are eigenvectors of both D and 4. So Kerh,=Kerh.
The reduction matrix F in step 1 of Algorithm 2.21 is casily seen to be

oo o -
==
[ T oo TR ]
o -0 o
-0 O O

since the first two columns of W, are identical. Clearly Ker Fs%Ker h. So step
3 of the algorithm applies. Let C=[1342], C=[11342). Of course one can
now construct a matrix W,. Then Ker W, CKer F (Lemma 2.18 (ii)), which is
spanned by [1 —1000]". Since, as observed above, [1 —1000)7 is A and D
invariant, we see that Kerl;VI =Ker F and also, as above, Ker h=Ker ﬁ’l.
Hence the outcome of the algorithm is

11000
00100
00010
00001
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The next (partially worked) example is apart from an illustration of Algorithm
2.21 also interesting in the light of the remark that followed Proposition 2.16.

ExaMmpPLE 2.24: Change the matrix 4 in the preceding example into

-4 1 1 2 1

1 -5 4 2 2

4= 1 3-8 1 3
1 0 1 -8 4

1 1 2 3 -10

but let C be the same. If one again computes the matrix W, than it turns out
that its kernel %; is again spanned by k{={1-1000]7 and
kT =[01—210)7. Let K=[k k,]. A calculation shows that

5 1
AK=K[ ] —10] and DK=K

Hence Ker # is spanned by k, and %, since already % is a D and A4 invariant
subspace. The matrix F in step 1 of Algorithm 221 is the same as in the
preceding example. Take again ¢ ={11342]. The matrix -ﬁ/; contains one row
equal to 17DA=[67 —11 —198]. Since Kerh belongs to both Ker W, and
Ker F as explained in the discussion after the description of the algorithm, we
see that Kerh = {0}. The F resulting from the algorithm is therefore the iden-
tity matrix (or another permuation matrix), The intriguing feature of this
example is, that in spite of the fact that most of the ¢; are equal, no reduction

is possible.

We close this section with some considerations that indicate ways of future
research, Let first f, =f(X,) and let F the reduction matrix associated with f.
Assume f:{1,..,n}—>{1,..,m}. Trivially each entry F;; of F has the following
interpretation: F; =P(X',=i|X, =j). In both the two examples above we can
factotize h as kG, where
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Observe that each column of & can be considered as a probability vector, The
idea is now to extend the interpretation of the Fj; as a conditional probability
to the entries of G. This idea allows us to consider so called probabilistic
reductions of the system (X,N) be looking at suitably defined random func-
tions of X,. This new approach seems io be comnected with the behaviour of
the solutions of the filtering problem that is defined by the finding of E{Y,|57'].
Results in this direction will be reported in another publication. We only men-
tion that in the last example the following identity hold: G4 = AG, where

o [-2% 4 an
A= | 1% Tk 54|
i3 -10

which is indeed the rate matrix of some Markov process, that lives on a state
space with 3 elements. This already indicates that some reduction, of another
type than described in this section, should be possible.
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