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Canonical form for /H-symplectic matrices

G.J. Groenewald, D.B. Janse van Rensburg and A.C.M. Ran

Dedicated to Rien Kaashoek on the occasion of his eightieth birthday

Abstract. In this paper we consider pairs of matrices (A, H), with A and
H either both real or both complex, H is invertible and skew-symmetric
and A is H-symplectic, that is, ATHA = H. A canonical form for such
pairs is derived under the transformations (A, H) — (S™'AS, STHS)
for invertible matrices S. In the canonical form for the pair, the matrix A
is brought in standard (real or complex) Jordan normal form, in contrast
to existing canonical forms.

Mathematics Subject Classification (2010). Primary 15A21, 15B57,
15A63; Secondary 47B50.

Keywords. Indefinite inner product space, canonical forms, H-symplectic
matrices.

1. Introduction

In this paper we shall consider pairs of matrices (A, H), where A and H
are either real or complex matrices and A is H-symplectic. Recall, when
H = —HT is invertible, a matrix A is called H-symplectic when
ATHA=H.
Obviously, when S is an invertible matrix, then S~'AS is ST H S-symplectic.
Under these transformations one might ask: what is the canonical form for
the pair (A, H)? Such canonical forms already exist in the literature, see for
instance [14, 15], and [4, 9, 16, 17, 18] for several slightly different versions.
The canonical forms available in the literature keep H in as simple a form
as possible, and simultaneously bring A into a form from which the Jordan
canonical form of A may be read off more or less easily, with blocks that are
at best of the form J,,(\) @ J,(5)~7, where the superscript —7T indicates the
transpose of the inverse. (As usual, J,,(\) denotes the n x n upper triangular
Jordan block with eigenvalue \.) In some cases blocks in the canonical form
are much more complicated. It is our goal to present here a canonical form
where A is completely in (real) Jordan form.
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In our previous paper [8] we considered matrices A which were unitary
in an indefinite inner product given by a symmetric (or Hermitian) matrix
H. Canonical forms for unitary matrices in indefinite inner product spaces
have been the subject of many papers, we mention here the books [6, 7]
where the canonical forms were deduced from corresponding canonical forms
for selfadjoint matrices in an indefinite inner product space, and the papers
[10, 19, 20, 21, 22, 23], see also [1]. General theory for operators and matrices
in indefinite inner product spaces may be found in the books [2, 3, 6, 7, 11]. We
shall make use of results from [14, 15] where unitary and symplectic matrices
are studied from the point of view of normal matrices in an indefinite inner
product space, and where also canonical forms have been given. Closest to
our development in [8] is the paper [13], although a complete canonical form
is not deduced there. Our point of view is that we wish to bring the matrix A
in (real) Jordan canonical form, and see what this implies for the matrix H
representing the bilinear or sesquilinear form. The start of our considerations
was the simple form for expansive matrices in an indefinite inner product,
developed in [12] and [5].

We consider both the complex case, as well as the real case, where all
matrices involved are assumed to be real. In fact, there are three cases to be
considered:

1. A and H are complex matrices, with H = —H* invertible and A*HA =
H, considered as matrices acting in the space C" equipped with the
standard sesquilinear form (z,y) = > 1" | ¥,

2. A and H are complex matrices, with H = —H7 invertible and AT HA =
H, considered as matrices acting in the space C" equipped with the
standard bilinear form (z,y) = > 1" | @y,

3. A and H are real matrices,with H = —H7 invertible and ATHA =
H, considered as matrices acting in the space R"™ equipped with the
standard bilinear form.

The first case is easy: put Hy; = ¢H, then H; = Hf is invertible and
A*H; A = Hy. Hence, A is Hi-unitary, and a canonical form can be deduced
from canonical forms for unitary matrices in indefinite inner product spaces,
such as given in, e.g., our recent paper [8]. The resulting theorem is presented
in the final section of this paper.

The focus of this paper will be on the two remaining cases above. In the
third case the matrix A will be called H-symplectic; this is the classical case.
The second case is less well-studied. In that case, for lack of a better term,
we shall call the matrix A also H-symplectic, it will be clear from the context
whether we work in C™ or R”. It should be stressed that in both cases the
space is equipped with the standard bilinear form (so, in particular, in the
complex case not the standard sesquilinear form). A canonical form for the
second case seems to be less well-known, and probably appeared for the first
time in [14].

It is our aim to derive a canonical form with A in standard (real or
complex) Jordan canonical form (see [24]). This would be analogous to the
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canonical form we recently derived for H-unitary matrices in [8]. Of course,
starting from any canonical form where A is not exactly in Jordan canonical
form, we can transform the pair (A, H) via an appropriate basis transforma-
tion S to the pair (S~1AS,STHS) with S~'AS in Jordan canonical form.
This will have the desired effect, although it may not directly produce the
same form for STHS that is achieved in our main results. Indeed, this is
caused by the fact that there are many invertible matrices S such that, when
A is in Jordan canonical form, also S™!AS is in Jordan canonical form. We
shall make use of the freedom this provides in our proofs. The authors thank
the anonymous referee for pointing out that the main results (Theorem 2.6
and Theorem 2.11) of this paper may be derived in this manner from results
in paper [16] (albeit with a considerable amount of work for some of the
cases). However, we have chosen to take a more direct approach here, and
develop the desired canonical form from scratch. To further motivate our
choice to keep A in Jordan canonical form, consider the problem of finding
a function f(A) of the matrix A, which is greatly facilitated by having A in
Jordan normal form.

We can once again use the results on the indecomposable blocks ([14,
15]) to limit the number of cases we have to consider. In particular, Theorem
8.5 in [14] gives a canonical form, but also tells us that the indecomposable
blocks in the complex case are of three types and is given in the following
proposition, where U in [14] is replaced by our A, and @ in [14] is our S.

Proposition 1.1. Let H = —H” be invertible and let A be H-symplectic. Then
there is an invertible matriz S such that

STrAS =ebf_ A;, STHS = &%_ Hj, (1.1)
where in each pair (Aj, Hy) the matriz Hy = —H] is invertible, and A; is
Hj-symplectic, and each pair is of one of the following indecomposable forms:

(i) (complex eigenvalues)
1 1 1
Aj = Jn,;(N) @Jn].(x) with Re A > Re " orIm A >Im " if

1
Re A =Re it (1.2)

o 0 H12.
HJ—[—Ha o]’

(ii) £1, even partial multiplicity,

Aj = Jp,(£1), with n; even, H; = —HjT; (1.3)
(iii) +1, odd partial multiplicities,
. 0 H
Aj =Ty, (£1) ® Jy, (£1) with n; odd, H; = {—Hﬂ 012} . (1.4)

The matrices H;, and in particular the form of the matrices Hys in (1.2)
and (1.4) may be further reduced to a canonical form as is described in the
main results of this paper.
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In [15], Theorem 5.5, the canonical form and the indecomposable blocks
for the real case are described, in that case the first class of blocks for the
complex case has to be subdivided into three classes: when A is real, when A
is unimodular but not 1, and when A is non-real and non-unimodular (in
the latter case actually there is a quadruple of eigenvalues involved).

In particular, note that odd sized blocks with eigenvalue one or minus
one come in pairs. This was proved in e.g. [14], see in particular Proposition
3.4 there and its proof, and also in [1], Proposition 3.1.

As a consequence of this, all one needs to do to arrive at a canoni-
cal form for the pair (A, H) is to derive canonical forms for each of these
indecomposable blocks.

2. Main Results

In this section we will present the main results of this article. In the first
subsection is the main result for the complex case and in the second subsection
the main result for the real case. Each subsection makes use of a number of
definitions which will be presented first. Most of these definitions have their
origin in the canonical form for H-unitary matrices described in [8].

2.1. Complex case

We start by giving the definitions needed for the main theorem in the complex
case.

n+l n—1

Definition 2.1. For odd n > 1 the ! x 21 matrix P, = [pij]iil Jj is
defined as follows:
-1
pij =0 Wheni+j§n2 ,
n-1_, . n+1
D; n;lﬂ.ﬂz(—l) 7 il fori=1,..., 2 -1,
1 n—1
—(—=1) .= | — _—
pnT-Hj—( 1) 5 forj=1,..., 5

and all other entries are defined by p; j4+1 = —(pi; + Pit1,)-

The numbers p;; have the following explicit formula, with the under-

J
k

=5 ((42) - (w12))

Indeed, it can be easily checked that these numbers satisfy the recursion and
the initial values given in Definition 2.1.

standing that = 0 whenever k <0 or j < k:
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To get a feeling for how such a matrix looks like, we give P;; below:

o 0 0 0 -1

9

0 0 0 1 -2

7 16

, 0 0 -1 I -1
11 — 5 9 14
0 1 -3 3 -3

3 4 5 6

-1 5 -3 3 —3
11 1 o1 1
L 2 2 2 2 2 |

Also, Py is the submatrix of Py; formed by deleting the last column and first
row.

Observe that the recursion for the entries of P,, actually holds for all its
entries, provided the first column and last row are given, or the last column
and first row. Also note that the recursion is the same as the one for Pascal’s
triangle, modulo a minus sign. Take note that the entries are not the numbers
in the Pascal triangle because the starting values are different: if we consider
the entries in the first column and last row of P, as the starting values, then
the nonzero starting numbers are 1, % rather than 1,1 as would be the case
for the Pascal triangle.

Definition 2.2. We also introduce for odd n the "T'H X ”T'H matrix Z,, which

ntl ntl) entry, where it has a 1. For

has zeros everywhere, except in the ("=, %3

instance, Zs is given by
0 00
Zs=10 0 0
0 0 1

We shall also make use of the matrices Z,, ® I, which is the (n+1) x (n+1)
matrix which has zeros everywhere except in the two by two lower right block

where it has Iy, and Z, ® Ky, where K; = [(1) (1) ,
matrix which has zeros everywhere except in the two by two lower right block

where it has K.

ie,the (n+1)x (n+1)

Definition 2.3. Next we introduce for even n the 5 x § matrix @, = [qij] o ’lfj:l

2
as follows:

¢; =0 Wheni—l—jgg,
n_, . n

¢ z—it1=(=1)2"" forz:l,...,g,
g . n
qnj=(=1) forj:l,...,a,

and all other entries are defined by ¢; j+1 = —(¢i; + Gi+1;)-
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Again, we give an example: Q1o is given by

0 0 0 0 1
0 0 0 —1 4
Qu=10 0 1 -3 6
0 -1 2 -3 4
1 -1 1 -1 1

Also, Qg is formed from this by deleting the first row and last column. Note
that the numbers involved, apart from a minus sign, are exactly the numbers
from Pascal’s triangle, so in this case we can even give a precise formula:
when i+ j > %—&—lwehave

i = (—1)’ ! (é_lz) :

For A € C\ {-1,0,1} we define the following:

Definition 2.4. Let n > 1 be an odd integer, then the 2L x =L matrix P, ())

2
is defined as follows:
n+1 n—1

2 2

P,(\) = [pij,\"élﬂ—i} (2.1)

i=1, j=1
where p;; are the entries of the matrix P, introduced above.

For example, P5()) is the 3 x 2 matrix given by

0 M
Ps(\) = | —A2 33
IO PE

Definition 2.5. Let n > 1 be an even integer, then the § x & matrix Q,(\)
is defined as follows:

n

Qn(\) = [qijA%Jrjfifl] 5 5 (2.2)

i=1, j=1
where g;; are the entries of the matrix @,, introduced earlier.

With these definitions in place we state now the main theorem for the
complex case. The reader should realize that in P,, Q),,, Z, the subscript n
does not indicate that these are n x n matrices, but that the dimensions of
these matrices depend on n as indicated in the previous definitions.

Theorem 2.6. Let A be H-symplectic, with both A and H complex. Then the
pair (A, H) can be decomposed as follows. There is an invertible matriz S
such that

P P
s7AS=P A, STHS=PH,
1=1 1=1
where each pair (A, Hy) satisfies one of the following conditions for some n
depending on I;
(i) o(A4;) = {1} and the pair (A;, H;) has one of the following two forms:
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o o0 2z, P,

T
Case 1: | J,(1) & J,(1), _%3 _Opn Pg 8 with n odd.
“PT 0 0 0
Case 2: | J,(1), [gT %” ) with n even.
(i) o(A;) = {=1} and the pair (A;, H;) has one of the following two forms:
[0 0 Z,  Pu(-1)
_ 0 0 PT(-1) 0
Case 1: | J,(-1)@J,(—1), i Py (—1) 0 0
—PT(-1) 0 0 0
n odd.
. _ 0 Qn(*l) ;
Case 2: (Jn( 1), {_QZ(_D 0 ]) with n even.
(ili) o(A;) ={\, 1} with A € C\{-1,0,1} and the pair (A;, H,) is of the form

(Jn()\) ® Jn(3), {_21712 Holz}) where Hio is of one of the following

two forms, depending on whether n is odd or even:

o ] Ze PV
Case 1: n is odd: Hi5 = |:Pn(i)T 0 ]
. 0 Qn(A)}
Case 2: n is even: His = .
12 [—szn(bT 0

2.2. Real case

First we present a number of definitions needed for the main theorem of the
real case. Take note that analogues of some of the definitions presented earlier
in the complex case are also needed in the real case.

Let v = [_aﬁ g] with 8 # 0 and o? + 2 = 1. As usual J,,(7) denotes
the matrix

of size 2n x 2n. We also define the following:

Definition 2.7. For n odd the E! x =L block matrix P, () with two by two
matrix blocks is defined as:

n+1 2 0 2

P.(v) = [PinO(VT) 2 Hi

. )
i=1, j=1

where p;; are the entries of the matrix P, as in Definition 2.1, and Hy =

5l

with
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As an example,

0 Ho(v")*
Ps(y) = |—Ho(y")? 3H0(7T)
—3H" Ho(yT)?

n

Definition 2.8. For even n the § x T block matrix Qn(7) with two by two
matrix blocks is defined as:

n
2

Qu(v) = [ai; (") F )27 ),

where g;; are the entries of the matrix @, as in Definition 2.3.

Also, for v = [a ﬂ, with o2 + 32 # 1, we define

B
Definition 2.9. Let n > 1 be an odd integer, then the ”7“ X ”T_l block matrix
P, () with two by two matrix blocks is defined as follows:
ntl n—1
2 2
Paly) = |pskry 071 2 2 (2.3)

where p;; are the entries of the matrix P, introduced earlier, and K; =
0 1
1 0

For example, Ps(7) is the 3 x 2 matrix given by

0 Kiv*
Ps(y) = | —K1v? 3K19®
_lKl'Y lKlny

Definition 2.10. Let n > 1 be an even integer, then the 5 x % block matrix

Qn(7) is defined as follows:

n

Qn(7) = [g Ky 3ot 2 5 (2.4)
where ¢;; are the entries of the matrix @), introduced earlier.

With these definitions in place, we state the main theorem in the real
case.

Theorem 2.11. Let A be H-symplectic, with both A and H real. Then the
pair (A, H) can be decomposed as follows. There is an invertible real matriz
S such that

P P
S7AS=PA, STHS=PH,
=1 1=1
where each pair (A;, H;) satisfies one of the following conditions for some n
depending on l;
(i) o(A4;) = {1} and the pair (A;, H;) has one of the following two forms:
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0 0 Zn P,
0 0o PT o0 .
Case 1: ) D Jn( l—zT _p, 0 0 with n odd.
-PT 0 0 O
Case 2: (Jn O %"}) with n even, and € = £1.
={-1 and the air (A;, H)) has one of the following two forms:
{1} p ; 9
0 0 Zn P,(-1)
0 0 PT(-1) 0 .
Case 1: (—1), 7T _Py(~1) 0 0 with
—PT(-1) 0 0 0
n odd.
. _ 0 Qn(_l) ; _
Case 2: <Jn( 1),e LQZ(_U 0 ]) with n even, and € = £1.
iii) o(A;) = {\, 1} with A € R\{—1,0, 1} and the pair (A;, H,) is of the form
by

(Jn()\) ® Jn(3), [ngQ H&ﬂ), where Hyo is of one of the following

two forms, depending on whether n is odd or even:

o . | Zn Pa(})
Case 1: n is odd: His = |:Pn(§\)T 0 ]
, 0 Qn(w
Case 2: n is even: Hio = .
2= pogr %

(iv) o(A) = {a+iB} with o®>+ 5% =1 and B # 0, and the pair (A;, H;) has
o Bl

o

}) with n odd, and € = £1.

one of the following two forms with v =

Case 1: (Jn(“Y)’E {E;(V)T 0

Case 2: (Jn('y),s {—QTLO(’Y)T Q”(f”]) with n even, and ¢ = £1.

(v) o(4) ={a+iB, (a+if) '} with o + B2 # 1 and 8 # 0, and the pair
(A;, H)) is of the form <Jn('y) & Ju(v7h), [—l(t)fsz L%Q]>, where His
is of one of the following two forms, depending on whether n is odd or
even:

Case 1: n is odd: Hi5 = [

Zn®K1 Pn(’Y):|
Pu(y"HT 0 [

0 Qn(?/)}
—(In®—")Qun(y"HT 0 |

Case 2: n is even: Hig = [

Note that the columns of the matrix S in the theorem form a special
real Jordan basis for A. The theorem should be compared with the canonical
form obtained in [15], in particular with Theorem 5.5 there.
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The proofs of Theorems 2.6 and 2.11 will be given in the sections to
follow. In subsection 3.1 part (i) Case 1 and 2 is proved with A = 1 for the
complex case. Part (ii) follows similarly. Part (iii) needs no proof as this is
equivalent to what has been done in the unitary case.

The real case is proved in Section 4. Parts (i) and (ii) are the same for
the real and complex case, as is part (iii). Part (v) is the same as in the
unitary case, so needs no extra proof. Only part (iv) needs a new proof here,
and this is presented in Section 4 in detail.

The main theorem for the complex H-symplectic case is given in the
final section of this paper without proof, as the proof of this theorem once
again follows directly from the unitary case, see [8].

3. The complex case

We prove the main theorem, Theorem 2.6, of the complex case in the sub-
sections to follow.

3.1. Eigenvalue one
We begin by proving Case 1 (with n odd) of Part (i) of Theorem 2.6.

Proof. We may assume, based on Proposition 1.1, that in this case

0 HO

A:Jn(l)@Jn(]-)’ H= _(H(O))T 0

for an invertible n x n matrix H(®). By Section 2 in [5], (see also [12]), we
have that Hi(g-) =0 for i + j < n. Moreover, from AT HA = H we have that

Ju(THO g, (1) = BO),

and so

HY + 1D, +HY, . =0, fori>1andj>1 (3.1)

Consider S = S& S , where Sand S are nxn upper triangular Toeplitz
matrices, in particular, the upper triangular Toeplitz matrix S with first row
hi,-- , h, will be denoted by toep(hy,--- ,hy). Then STLAS = A, and

0 STHOS
_§rEOyTs o |
and note that S is chosen such that (3.1) holds, with H replaced by H' =

STHS and H[; = 0 for i+ j < 0. Indeed, we take S = I and will show that S

can be chosen so that STH® has the form given in Part (i) Case 1 of both
Theorems 2.6 and 2.11, that is,

STHS = [

= 8Ty — [Zn Pn] '

PT 0
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In order to achieve this, it suffices, in view of (3.1) to show that S can
be chosen such that

~ ~ 1

Hn;»l 'n.~2|»1 =1, HnTH n;rlJrl :_57

. . n—1
Hn;1+jn;rl+j:0, fOI‘jZl,...,T,

. . n—1
Hn;rlJrjn;rlJerrl:O, fOI‘j:l,...7 9 — 1.

Let S = toep(hi,- - , hy), and compute H;; = (STH®), ;:

0 ifi+j<mn,

H;j = (3.2)

hHD + heHO) 4+ Ry HY)

nt1—j ifi+j>n.

Put Sy = h11,, and HO = S?H(O). Fori+j=n+1withi= ”TH and

j= "T'H, we have

H&Lﬂ = th& ntl -
2 2 7 2

0)

Because of the invertibility of HO we can take h; so that h% =H,! i1,
2 T2

and hence H& »a1 = 1. Formula (3.1) with H(©) replaced by H®), ensures
2 2

that all anti-diagonal entries of H(!) with i + j = n + 1 alternates between

+1 and —1.

Now let Sy = toep(1, h,0,---,0), and let H? = STH® . Then for
i+ j > n we have from (3.2) that

2 1 1
72 = a4 had, . (3.3)

In particular, for i + j = n + 1 we have
(2) _ g 1) _ g
Hy' o = Hy g Hhe 2y = Hi gy,

and so Hl(f) = HZ(;) for i +j < n+ 1. Furthermore, for i + j = n + 2 we have
from (3.3) that

2 1 (1)
Hz( ’rz,“r?*i = Hz( 71+27i +hoH; 7 oy

We have Hi(i)l nio—; = 1. In particular, for i = 241 (j = 2 4 1), we have

2 1 1 1
il sy = Hi sy o) = Hils sy~ o

+1 +1
n2 1 n2 1 1
(2) —

n+l nt1 -
i

(€]

since H,/, 1
Sl A+

= —1. Now we can choose hs such that H

f%. A repeated application of (3.1) determines all entries for which ¢ + j =
n+ 2.

Next, put Sz = toep(1,0,h3,0,---,0) and H® = STH? By (3.2) we
have for ¢ + j > n that

@ _ g® 2)
HY =HE + hsHE, .
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If i+ 7 < n—+2 this gives Hz(i) = Hi(?), since i+ j — 2 < n, so that 7

=0.
i—27
For ¢ 4+ j = n + 3 we obtain from the identity above that

(3) (2) (2)
Hi n+3—1 Hz n+3—1 + h3Hz 2 n+3—1"
Fori:j:%“+1,wehave
(3) _ gy(2 (2)
gy = Moy oy Rl oy
Since Hﬁ)l —1 we can take hg = H(Q) to obtain
2

L4l T npp1 g

H%H ol
Hfi’) for which i + j = n + 3 by using (3.1).

Now put Sy = toep(1,0,0,k4,0,...,0) and H® = STHOG). From (3.2)
we have for i + 7 > n that

= 0. Similar as before, this can be used to determine all entries

H.(4.) - H@ + h4H.(f) .

As before H(4) H(g) forall t+j <n+ 3. For ¢« + j = n + 4 we have from
(3.2) that
4 3 3
Hz( 7)1+4 i Hz( 'r)L+4 i + h4Hz( )3 n+4—1i°

Ifwetakei:"TH—&—l,thenj:”T'H+2andwehave

(4) _ 7(3) (3) _ g®
H"'QHJrl "‘2"1+2 = Hn;1+1 n;1+2 + h4Hn_2¢_172 n-;-1+2 — Hn-2¢-1+1 n-21—1+2 + h47
since H'®) — 1. So, we can choose hy such that H? =0
n;—l _9 n;1+2 - 4 ) 4 n-2+1+1 n-2+1_‘_2 — Y.

By repeated application of updates of (3.1), all entries of Hi(;%) for which
i+ j = n+ 4 can now be computed. Now we can continue by induction to
finish the proof, where S = SnTH <o+ 89 57, O

Proof of Theorem 2.6 Part (i) Case 2 with n even. We may assume that
A = J,(1) with respect to the Jordan basis 1, ..., . Denote H = [H;]},_;
(so H;j; = (Hxj,x;)). Analogously to what has been done in [5] and [12], we
already know the following:

H;; =0 when i+j<mn,

and

Hijj+Hijjy1+Hip1;=0 fori>1andj> 1. (3.4)
Furthermore, we have from the fact that H is skew-symmetric that all entries
on the main diagonal are zero and we have that H;; = —Hj;.

Let us denote for convenience Hz 21 := ¢, where ¢ is complex and ¢ # 0
because of the invertibility of H. By repeated application of (3.4) we have
along the main anti-diagonal of H the entries alternating between ¢ and —c,
i.e., H; ny1-; = (—1)37%.c. This determines all entries H;jfori4j <n+2.
Since Hn » = 0 it follows from (3.4) that Hn n 9 = —c. Continuing in this

way gives that for ¢ = 2,..., 5 we have H; 42— = ¢ ¢i 2 —;+2, where g;; is
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defined as in Definition 2.3. This then defines all entries of H;; for i+j < n+3.
It is important to note that ST HS preserves the previous properties for H.

If we show that there is an invertible S such that S™'!AS = A and
the right lower corner block of STHS is zero, then by repeated application
of (3.4) the bottom row of the upper right corner block of STHS has only
entries alternating between —c and c. From this point, again by repeated
application of (3.4), one proves that the upper right corner block of ST HS
is given by ¢ @,,. Finally take S = % I to finish the proof.

It remains to find such an S. We do this by changing the Jordan basis
step by step. First we define a new Jordan basis as follows: let

21 =21, 22=2x2, 23=x3+hi1m1, 24=T4+ h1To,....
So, in general we have
(&) _

“j

=z; for 7=1,2 and 20

2 =z +hzj_o for j>2

with hy € C. The superscript is because of the iterative process in our proof.
It can easily be verified that this is indeed a Jordan chain. Using this new
Jordan basis, we construct a new form for H. Note that the required S must
satisfy ST1AS = A, so nothing is lost in the Jordan form of A.

In the first iteration step for finding an appropriate S, we show how
to obtain a zero for the entry Hn 12 ,0. Put S = toep(1 hy -+ 0), then for

H® = STHS; we have
(STHS )iy =hiH; 11 +hiHi_yj+hiH;j_1 + Hyj.
Hence, for i = § + 1, j = 5 + 2 we have that
1
H(gJ)d nig = hiHz ay1+hiHy oo +hiHy iy s+ Haogg 24

=chi + (=e)h1 + Hy 41 342
=c(hi —h1) + Hzq1 240

There always is a solution in order to obtain H %111 24o = 0, since iy € C.

Now that this entry is zero, we can use (3.4) to compute all entries in Hi(jl)

for i +j =n+ 3 in terms of c. In particular we have H(%l)%_|r3 = ¢ from (3.4).

Using this equation again and the fact that H (%112 249 = 0 (since H is skew
2 o (1) _ n

symmetric) gives us H%+1 ny3 = 0 and H% niy=—C

In the next step of the algorithm we aim to obtain a zero for the (§ +
2,% + 3)-th entry of HW. For this let So = toep(10h20--- 0), then the
(i,7)-th entry of H® = STHM S, is given by

H = (S§HYSy)i; = W3H[Yy ;o + haH{Y, j + hoH{})

€3]
1—27 zj72+Hij .
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Fori= % +2and j = § + 3 we have

H?

242 243 7 W3HS, )+ hoHSD, o+ hoHYY) t my)

534+ 554 542 3 52 543

= chd + chy + ho(0) + HY\y oy

1
=c(h3+ho) + Hyly 5y

(2)

This again is solvable with hy € C and thus we have H ny2

(3.4) a number of times we have:

43 = 0. Using

7@ _q®

— (2 _
niy ngg nhynyy =0 and H%%%—c.

Knowing these entries, we can determine all entries in H Z(JQ) fori+j=n+4.

Continuing in this way by induction, we obtain a sequence of matrices
Sk, k=1,... % in which each iteration simplifies the form of Hl(jk) leaving all
previously simplified entries unchanged. Setting S = SzSz_1...5251 we get
the full lower right corner block of ST HS zero. The upper right corner block
will then be the matrix ¢ - Q,. Finally we can scale by setting S = ﬁ[.

Since H = —H™, this determines the whole matrix H. O

3.2. Eigenvalue —1

Here we only note that the difference with A = 1 lies in what we called the

magic wand formula. If A = J,(—-1) ® J,(—1) and H = { IE_)IT HOM}, then
—11y

we see that AT HA = H implies that J,,(—1)T Hy5.J,,(—1) = Hio must hold.
If we let the (4, j)-th entry of His be denoted as H; j, then the last expression
gives us our magic wand formula, i.e.,

Hij—Hjt1 — Hiy1;=0.

The proof is analogous to the case when A = 1 for both n odd and n even,
with the exception that P, and Q,, now depend on A = —1.

3.3. Eigenvalues not +1

We consider the case where the indecomposable block is of the form
1
)
From the results of Section 3 in [14] we may assume that the corresponding
form for the skew-symmetric matrix H is given by

0 Hyy
~HL, 0|’

A=T,(N) @ Jn(

|

for some invertible n x n matrix His, which does not have any additional
structure. Writing out AT HA = H, we see that this results in
1

Jn(A)THlQJn( )\

) = ng.
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Now compare Section 4 in [8]. The formula above is the same as formula (38)
there. As a consequence, the canonical form for His is given by Theorem 4.1
in [8] and its proof. This leads to statement (iii) in Theorem 2.6 for this case.

4. The real case

In this section we consider the real case. The case where the eigenvalues are
+1 is the same as in the complex case, the case of a real pair of eigenvalues
A, % will also be the same as in the complex case. We need to consider only
the non-real eigenvalues.

So, let v = [_aﬁ g], with 5 # 0, and set

v I

Jn(’y) =
I

4.1. Complex non-unimodular eigenvalues

Proof of Theorem 2.11 Part (v). First we consider non-real, non-unimodular
eigenvalues, so a® + 32 # 1. By Corollary 3.5 in [14] we may restrict ourselves
to the case where

A=Tu(y) & Ju(v7h), H:[ ; le}

—-HL 0
for some invertible 2n x 2n matrix Hio. Then ATHA = H is equivalent to
Jn(V) T HioJn(yv1) = Hio.

This, however, is exactly the same as equation (51) in [8]. That means that
the canonical form for this case can be deduced as in Theorem 5.1 in [8]. O

4.2. Complex unimodular eigenvalues

In this subsection we first prove three preliminary lemmas which are needed
for the proof of Case (iv) of Theorem 2.11. Assume that H = —H7 is invert-
ible, and J,,(v)T HJ,,(v) = H, where 7 is as above, but with o + 32 = 1, so
that 47 = y~1. We can rely on quite a number of results of Section 2 in [8],
compare for instance Lemma 2.6 there. We consider A = J,,(y) with 8 # 0
and a? + 32 = 1. We denote H = [Hi,j]zjzl, where each H;; is a 2 x 2
matrix, and H;,; = —HE ;- We keep the convention that comma separated
subindices indicate that we are working with 2 x 2 blocks. This convention
was used by the authors in earlier papers [5, 8, 12] as well.
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Comparing the corresponding (4, j)-th blocks of ATHA and H, yields

(Jn('Y)TH']n(’Y))i,j

v Hy 17, i=1,5=1,
~ JATHy o+ 4T Hy iy, 1=1,7>1,
 VHioiay +97Hia, i>1,7=1,

Hi 1j1+~v"H;jo1+Hio v+ H jy, i>1,5>1,
—H,,. (4.1)

Recall from [8] the definition of &, that is, & = {alz + bHy | a,b € R}
with Hy = {_01 é} and also Ky = F _OJ and Ky = {0 1} .

0 1 0
hi1 hio

we have
ha1  hoo

For a 2 x 2 matrix H =

—B2 _ _ B2
,YTH’)/ = H + (h11 — haa) [aﬁﬂ (;g] + (hi2 + ho1) [Iaﬁg a%:| (4.2)

= H + B(h11 — ha2)(—=BKo + aKy) + f(hiz + ho1)(—aKy — BK7).
(4.3)

Observe, if F € &, then always Y/ Fy = F, as £ is a commutative set of
matrices and 47y = I,.

Lemma 4.1. For alli,j=1,...,n we have H; j € £.
Proof. Note that Hy1 € € as Hy 1 = —HITJ. Now let i = 1, j > 1, then by
(4.1)
v Hyyy—Hiy=—"Hy .
Now suppose that we have already shown that H; ;_; € &, then also
yITHy -1 € E,s0y'Hy jv — Hy; € €. From (4.2) it follows that
—B(h11 — haa) — a(hi2 + ho1) =0,
a(h11 — ha) — B(hi2 + ho1) = 0,

[—5 —a] [hll - h22} -0

a =B |hia + ho '

As o? + 82 = 1 it follows that hi1 — hae = 0 and hia + ho; = 0, so that
Hl,j cé.

By induction we see that H, ; € € for all j = 1,...,n, and likewise that
also H;y € Eforalli=1,...,n. Using (4.1) for i > 1,7 > 1 we have

V' Hijy = Hij=—(Hio1 1+ Hijo1+ Hio1 7).

Assuming that H;;_i,H;—1; and H;_1 ;1 are all in £, we obtain that
yTH; jv — H;; € €, and as we have seen above this implies that H; ; € €.
By induction we have proved the lemma. O

or equivalently

The lemma allows us to state the following important result.
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Lemma 4.2. Fori > 1 and j > 1 we have

Hi 11+~ Hij1+Hi—1v=0. (4.4)
Proof. Since by the previous lemma H;; € & for all 4,7, we have that
yT'H; jv— H; j =0 for all 4, j. Then (4.1) becomes (4.4). O

Next, we show that H has a (block) triangular form.
Lemma 4.3. For i+ j <n we have H; ; = 0.

Proof. Since H; ; € £ we have from (4.1) that v/ H; j_; = 0, and by invert-
ibility of 7 it follows that H; ;1 = 0 for j = 2,...,n. Likewise H;_1; =0
fort=2,...,n.

Now consider 7 > 1 and j > 1, and suppose that we have already shown
that H;—1 j—1 = 0. By (4.4) we have 0 = fyTHi,j_l + H;_1 j7v, which implies

Hi,j—l = —Hi_Lj’}/Q, (45)

using again the commutativity of £. Since we know that H; ; = 0 for j =
1,...,n — 1, repeated application of (4.5) gives H; ; = 0 for i + j < n. O

From here on we have to distinguish between n even and n odd.
4.2.1. The case when n is odd.

Proof of Theorem 2.11, Part (iv), Case 1 with n odd. If n is odd, then
Hn+1 nil is skew symmetric, so Hn+1 a1 = = cHj for some real number c.
Then by (4.5) we have Hus ngs = —cHO( )2 and Hus nys = cHy(vT)4,
and so on.

Up to this point we have derived results that hold for any Jordan basis.
The next step is to construct a special Jordan basis such that H is in the
canonical form. Equivalently, we find a matrix S such that S=1J,(y)S =
J(7), while STHS is in the canonical form. This will be done step by step.
Ultimately we shall show that it is possible to take S such that H; ; = 0 for
1, > ”TH In addition, the matrix S is such that the block entry HnTJr%#

is equal to %C’}/TH(). Note that the latter is in accordance with (4.4).

We follow a similar line of reasoning as in the proof in Section 2.3 in
[8]. For an invertible block upper triangular Toeplitz matrix S with block
entries in & we have that S™1.J,,(7)S = J,, (7). We shall use such matrices to
construct a canonical form via STHS.

First, let S; = toep(hy,0,---,0), with 0 # hy € £. Let HY = STHS, .
Then (S{ HS1)i; = hi H;jhw = hihiH;; = dH, ; for some positive real
number d. So we see that we can scale the entry in the (”—'H ”+1) -position
to eHy with € = 4-1. After that we can extract e from every entry in H), and
put it in front of the matrix. This way we may assume that HWTH% = H,.
From now on we shall assume that this is the case.

Next, consider the entry at position (%§+, 2£3). By (4.4) we have

H + ’YTH(,L{E;:, 1L+1 + HSL]:BI n+3 ’y 0'
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S m (1) " ihi
ince H,/35 ns1. = —(Hyn{1 .15 ) , this amounts to
2 2 2 2
Hy—~T (HS}L n+3) +HY Ly =0,

One easily checks that since H ( 21 nts is in &, that for some real number d

H%# = —§7TH0 +dryT. (4.6)

Let Sy = toep(Ia, ho,0,---,0) with 0 # hy € £ and put H? =
STH )S5. Then

2 = a1+ Y by + B HY, - hITHD, b

For i+ j < n+1 we have Hz(i) = Hl(lj) Indeed, in this case by Lemma 4.3,
HZ( )71 = H(l) L= Hz(l)lj 1 =0.Fori="2H j= ”TH we have from Lemma

2
42and43that
H%MZH&M"_H& Lﬂh2+h2TH%L+3
2 52 2 02 2 02 T2
- HEL1421 n+3 + HOhQ - thO(’yT)z
:HEL1421 ,nts +y (H0(7h2 _thT))a

where in the last equality we used the commutativity of £ and y/y = I,.
Now observe that Hq(vhe —hI~T) is a scalar multiple of the identity matrix
depending on hy € £. This implies that by choosing ho appropriately we can

obtain using (4.6)
1
2
Higp oy = 57" Ho

In the next steps we shall show that we can choose the Jordan basis
so that the entries H;; with both ¢ > 23 and j > ™} are all zero. For
this it suffices, by (4.4), to show that S can be chosen so that H, ; = 0 and
H;ir1=0fori> ”;rl

As a first step, take S3 = toep(I,0,h3,0---,0) with hg € &, and let

3) = STH() S3. Then HZ(?;) (2) for i +j < n+ 2, as one easily checks,

and

H% n+3 H% n+3 +hTH(2)1 n+3 +HSL2+)3 not 1 +hTH512)1 n— 1h3

2 02 2 02 < 5

:H% g3 — h3 Ho(y")* = v*Hohs.

Now HELQB nis and H' 423 o are both skew symmetric, hence a real multiple

of Hy. Smce hT( T2 + 'y?hg is a multiple of the identity it is clear that we
can choose hs such that H(n+3 nys = =0.

By (4.4), and the fact that HS:?S ngs = (H% wi5)7 we obtain that
2 ) 2

_’YT(H% , n«2¢»5 ) + H(n3«23 7L+5 Y= 0'
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In turn, this implies that H % nis 1S & real multiple of AT,
2 2

As a second step, take Sy = toep(l,0,0,hy,0---,0) with hy € &, and
let H® = STH®)S,. Then H(4) Hi(,gj) for i + j < m + 3, as one easily
checks, and

H%,”;s Hgi)?, n+5 + hTHSLS)?, n+5 +H51423 n h4 + hTH(S) 2 h4

= H(+)3 nts +hTH(3)3 s +H513423 ne1 ha.

> 2

Since H(3)3 nis = = Ho(y")* and H(ﬁz3 noy = —Hy7y? (as noted in the begin-
ning of the proof) the latter equatlon becomes
H%’n;o HS?JBS nts + h4 HO(’YT)4 - H072h4
= H%’%s +~THo(hy (v7)? = 7°ha).

Now Ho(hT(vT)3 — 43hy) is a real multiple of I and as we already know
that H( 23 nis is a real multiple of 47, it follows that we can take hy so that

H%M:O'
2 02

We can now continue in this manner by an induction argument (compare
[8], Section 2) and by setting S = Sngr -+ 5251 O

4.2.2. The case when n is even.

Proof of Theorem 2.11, Part (iv) Case 2 with n even. If n is even, then by

45) Haj1n = —Hz ngy Since also Hyiyn = —HZTL we have
2,2+ V2. + 1

Hn gl = =Hn n+172 A straightforward computation then glves Hnoniy=

nyT for some real number ¢. Then Ha 125 = —c(y")?, Ha 9213 =

c(y")?, and so on.

Up to this stage we have derived a ”form” that holds for a general Jordan
basis. The next step is to construct a special Jordan basis such that the
"form” for H is transformed into the canonical form given in Theorem 2.11.
Equivalently, we find step by step a matrix S such that S=1.J,(7)S = J,.(7),
while STHS is in the canonical form. We shall show that it is possible to
take S such that H; ; = 0 for 4,5 > 7.

First we take S; = toep(hy,0,---,0), with 0 # hy € £ Then HY =

ST H S, has block entries equal to h{ h; times the corresponding entry in H.
Since hf'hy is a positive multiple of the identity this means we can arrange

for H(Ql)ﬁ+1 = ey7T, with e = +1. Taking out ¢ from all the entries, we may

assume that H g})n ni = = ~T, and this will be assumed from now on.
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Take Sy = toep(Iz, ho,0---,0) with hy € £, and put H? = STHM S,
Then

(2) _ g
Hiftyny =Hayy ngy

= HY oy + 03T = yha,

+ hTHE})nH + HY)y who + 3 HYwho

Since hlyT —~hs is a multiple of Hy, and since H(%lll 241 is a skew-symmetric
2 x 2 matrix, and hence also is a multiple of Hy, it is possible to choose hg
so that H(T?_)H ny = =0.

Next, take Sz = toep(ls,0,hs3,0,---,0) and put H® = STH®? ;.
Then

7®

_g® T T
%+17%+2—Hn+1n 2+hH 17L+2+Hn+1nh3+h Hn nhg

= Hg-)i-l n4g hg('y ) —vh3
Dhigre =7 (F ) +4%ha).
Now by (4.4) we have

=H

— g T r7(2)
0=Huyynioy+7 Hilsnig

and since HELJ_Q 241 = f(H(QJ)rl o) this amounts to

) T r7(2) T
2h1m427 =7 (Hyyynyo)

This implies that H (n ni1m 4o = dyT for some real number d. Then it follows

that it is possible to choose h3 such that H(Tbgj_l nig= =0.

We can now continue and finish the argument by induction showing
that H;; = 0 for 4,5 > 5. This in turn implies by repeated application of
(4.4) that the entries in the right upper corner block of H have the form as

described in the theorem by setting S = S1.5;...5z. O

5. The complex H-symplectic case

To complete the paper, let us consider finally the case where A and H are
complex matrices, and, with H = —H™* invertible and A*HA = H. As we
observed in the introduction, the matrix A is then iH-unitary, and iH is
Hermitian. Thus we can apply the result of [8], Theorem 6.1, to arrive at the
following theorem.

Theorem 5.1. Let H be a complex skew-Hermitian invertible matriz, and let
A be complex H-symplectic, so AXHA = H. Then the pair (A, H) can be

decomposed as
P P
STAS=P A, S HS=EH,
1=1 =1

where the pairs (A, H)) have one of the following forms with n depending
onl
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(i) o(A;) = {\ A1} with [N # 1, and

A= Ju(N) & Ju (D), le[ 0 H}

—-Hy; 0

where His has one of the following two forms depending on whether n
is odd or even:

Case 1: Hiy = —1 [ Zn Pa(2)

P37 0 } when n is odd,

0 Qn(N)
*Aian(/\il)T 0

(ii) o(A;) = {A\} with |\| = 1, and the pair (A;, H;) has one of the following
two forms:

Case 1: (Jn()\),—ia[

Case 2: Hig = —i [ ] when n 1s even.

Zn,
Pr(\)

0 AQn (M)
“AQ.(NT 0

. Pn(g)‘)]) with € = £1 and n is odd,

Case 2: (J,(N),e [ }) with e = £1 and n is even.
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