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A Floer Homology Approach to Traveling Waves in Reaction-Diffusion Equations
on Cylinders*

Bente Bakker', Jan Bouwe van den BergT, and Rob Vandervorst!

Abstract. Traveling waves form a prominent feature in the dynamics of scalar reaction-diffusion equations

on unbounded cylinders. The traveling waves can be identified with the bounded solutions of the
DZu — cOpu + Au+ f(z,u) =0, teR, x €,
B(u) =0, te R, x €09,
Q c R% is a bounded domain, A is the Laplacian on , and B denotes Dirichlet, Neumann, or
periodic boundary data. We develop a new homological invariant for the dynamics of the bounded
solutions of the above elliptic PDE. Restrictions on the nonlinearity f are kept to a minimum; for
instance, any nonlinearity exhibiting polynomial growth in u can be considered. In particular, the
set of bounded solutions of the traveling wave PDE may not be uniformly bounded. Despite this, the
homology is invariant under lower order (but not necessarily small) perturbations of the nonlinearity
f, thus making the homology amenable for computation. Using the new invariant we derive lower
bounds on the number of bounded solutions of our PDE, thus obtaining existence and multiplicity
results for traveling wave solutions of reaction-diffusion equations on unbounded cylinders.

elliptic PDE { where ¢ # 0 is the wave speed,

Key words. Floer homology, gradient-like structure, infinite dimensional dynamics, nonlocal equation, strongly
indefinite equation, reaction-diffusion equations, traveling waves
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1. Introduction. A prominent feature of reaction-diffusion equations is the formation of
spatial and temporal patterns. The formation of spatial patterns is often observed to be in
the form of a traveling wave invading one state (e.g., a homogeneous distribution) and leaving
behind another (more complicated) state (e.g., a spatial pattern). In this paper we develop
a topological invariant based on a Floer homology construction. This gives insight into the
structure of the solutions of the reaction-diffusion equations. Furthermore, it demonstrates
emphatically that Floer homology has applications to a broad class of evolutionary PDEs, far
beyond the realm of symplectic topology where it is traditionally employed.

Historically Floer homology is defined for the Hamilton action functional in order to
develop a Morse type theory for contractible period-1 orbits. In particular, this approach has
led to the resolution of the Arnol’d conjecture in many settings; see [Arn89, F1o89, FO99, LT98|
and the references therein. In the classical context Floer homology gives an algebraic invariant
which is related to a weighted count of critical points of the Hamilton action and is isomorphic
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to the singular homology of the symplectic manifold. Floer homology has been developed for
numerous nonclassical settings, including [AvdV99, Fabl5a, HNS09, IM17]. The basic idea
in the construction is that solutions of a differential equation can be organized using gradient
dynamical systems.

The main message of this paper is that such an approach works for the much larger class of
gradient-like dynamical systems, including strongly indefinite ones, and may be regarded as an
extension of the Conley index for elliptic partial differential equations. Indeed, in the theory
of pattern formation the differential equations in question often display canonical gradient-like
behavior.

In this introduction we will start off with an overview of the main results and explain the
advantages of the Floer homology approach, followed by a summary of the Floer construction.
We conclude the introduction with an example of a classical traveling wave problem using the
Conley index and point out the analogues with the Floer homology approach.

1.1. Main results. We consider a scalar reaction-diffusion equation on an unbounded
cylindrical domain R x

(RDE) Osp = Dz + f(Z, ) for seR, z€R xQ,

together with Dirichlet, Neumann, or periodic boundary conditions for z € R x 0f2. Here u
is a scalar function, and Q C R? is a bounded domain with smooth boundary. The operator
Az denotes the Laplacian on R x €2, that is,

A@:8£O+8§1+---+8§d for == (xg,2) = (zo,21,...,24) € R x Q.
We will also be using the Laplacian on 2, which we will denote by A, that is,
A:6§1+--'+8gd for = (x1,...,2q) € Q.

Suppose the nonlinearity f is homogeneous in the (unbounded) xy variable. Then a
natural class of solutions (often observed experimentally) of (RDE) to consider are of the
form (s, Z) = u(xo+cs,x1,...,xq) for some ¢ # 0 (without loss of generality we will assume
¢ > 0). Then u(t,x) (where t € R, z € RY) satisfies the elliptic PDE

(1) OFu — cOpu+ Au+ f(x,u) =0 for teR, x€Q,

together with Dirichlet, Neumann, or periodic boundary conditions at xz € 9f2.

If w is a solution of (1), then ¢(s,Z) = u(xo+cs,z1,...,2zq) is called a traveling wave (but
we will also refer to u as such) if it converges (locally uniformly in z) as s — 400 to stationary
solutions of (RDE). To make this more precise we first need to define a- and w-limit sets.
Let a(u) denote the set of all accumulation points in the CL  topology of the shifts u(- + 7, -)
as 7 — —oo. Similarly, let w(u) denote all those accumulation points of shifts u(- + 7,+) as
7 — 00. Then u is a traveling wave when a(u) Nw(u) = 0, and a(u) and w(u) consist solely
of stationary solutions of (1), i.e., each z € a(u) U w(u) satisfies Az + f(z,2) = 0 and the
same boundary conditions as were chosen in (1). Later on we will see that, under suitable
conditions on the nonlinearity f, any bounded solution of (1) is either a stationary solution
or a traveling wave.
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In section 2 we will formulate precise conditions on the nonlinearity f for which our theory
works. Special instances of such nonlinearities are of the form

(2) fodd,=(x, u) = xa(@)|ulP~ u + h(z, u)
(3) feven,i(l'a ’LL) = ia(x)’UV) + h(l’, ’LL)

Here o € C}(9) is such that inf,eq a(z) > 0, and the lower order term h € C*(€2 x R) is such
that

h
lim sup sup M =0.

ul oo ze |ulP
It should be stressed that although the names foqq,+ and feven,+ are suggestive, we do not
assume any symmetry of the lower order term h. For the power p we restrict attention to the
“subcritical range”: 1 <p < o0 if dimQ =1, and 1 < p < 3 if dim 2 = 2. Extension of the
theory which also deals with higher dimensional domains and bigger p are subjects for future
research; see also Remark 2.2 in section 2.

Stationary solutions of (1), i.e., solutions which are independent of ¢, solve a semilinear
elliptic problem on a bounded domain 2. We say that a stationary solution z is hyperbolic if
the only solution of

Av+ fu(z,2)v=0 for =€

together with the same boundary condition considered in (1) is v = 0.

In this paper we develop an algebraic/topological invariant which takes into account solu-
tions of (1) which are stationary, as well as certain solutions which connect stationary solutions
(i.e., certain traveling waves). In terms of applications, the main result from this paper is the
following theorem.

Theorem A (Theorem 10.2 from section 10). Consider any wave speed ¢ # 0, and let k > 1.
Then the following holds:

o If f = foaa— and (1) has at least 2k distinct hyperbolic stationary solutions, then
(RDE) has at least k distinct traveling wave solutions of wave speed c. More precisely,
to each given hyperbolic stationary solution z (but with the possible exception of at most
one of them), there corresponds at least one traveling wave u such that a(u) = {z} or
w(u) = {z} (but it is possible that w(u), resp., a(u), consist of nonhyperbolic stationary
solutions).

o If either f = foad+, or f = feven—» 0" [ = feven+, and (1) has at least 2k — 1
distinct hyperbolic stationary solutions, then (RDE) has at least k distinct traveling
wave solutions of wave speed c. More precisely, to each given hyperbolic stationary
solution z, there corresponds at least one traveling wave u such that o(u) = {z} or
w(u) = {z} (but it is possible that w(u), resp., a(u), consist of nonhyperbolic stationary
solutions).

Furthermore, in each of these cases there exists at least one more stationary solution (which
might be nonhyperbolic).

Here we consider two traveling wave solutions @1, w2 of (RDE) to be distinct from each
other if ¢1(s1,-) # a(s2,-) for all s1,s2 € R, i.e., they are not simply time translates of one

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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another. We note that the problem of establishing hyperbolic stationary solutions is amenable
to computer-assisted proof techniques, making the assumptions in Theorem A verifiable in
practice (see, e.g., [AK15, vdBGLvdV17]).

When f = fodd,—, (1) is dissipative, meaning that the set of all bounded solutions is
compact. In that case, similar results have previously been obtained using different methods.
See, for example, [Gar86, Mie94, FSV98, GIP99]. However, the methods used there break
down when the set of bounded solutions is not compact.

We point out that for suitable conditions on f (e.g., demanding that f = foqq+ has the
symmetry f(z,—u) = —f(z,u)), (1) has infinitely many stationary solutions. This is well
known (see, for example, [BL92, Yan98, RTZ09, Yuld, HHM15]), although this can also be
deduced from Theorem A directly. Now Theorem A implies that if all the stationary solutions
are hyperbolic (a condition which can be ensured by adding a small perturbation), for such
antisymmetric nonlinearities f = foqq,+ there exist infinitely many traveling wave solutions
of (RDE) with any given nonzero wave speed.

When € is zero-dimensional, a classical approach to proving the existence of connecting
orbits in (1) is by using Conley index theory; see also subsection 1.4. However, since (1) is
a strongly indefinite problem, arguments based on Conley index theory cannot be applied
directly. Indeed, any index pair for a stationary solution is homotopy equivalent to a pointed
infinite dimensional sphere, hence the Conley index of any rest point is trivial. In [FSV98] this
problem was circumvented by, roughly speaking, assigning an index to isolated invariant sets
via the limit of Conley indices of finite dimensional approximations of (1). In order for this
limit to make sense, one needs global compactness results on the set of all bounded solutions
of (1), i.e., this method is applicable only for dissipative nonlinearities f.

Previous work by various authors has shown that Floer homology is capable of dealing
with a larger class of problems than the analogous Conley index approach: compare, e.g.,
[CZ83, CZ84] with [Flo89, Sal99], and [IR02] with [AvdV99]. Inspired by this, we construct
a Floer-type homology theory for (1). This construction only requires a local compactness
result on the space of bounded solutions of (1), hence our results also apply to nondissipative
nonlinearities (e.g., f = fodd+)-

1.2. Comparison to classical Floer theory. We want to point out here that this work is not
a straightforward application of the standard Floer theory for Hamiltonian systems. Equation
(1) takes over the role of the (perturbed) Cauchy-Riemann equation in the standard Floer
theory. Although both (1) and the Cauchy—Riemann equation are elliptic, there are some
important differences.

Equation (1) is not a (formal) gradient flow (but it is gradient-like), and it is not imme-
diately clear whether the construction of the homology still works for gradient-like equations.
For example, the index theory for this problem becomes more involved. The obtained index
can be related to the classical Morse index of a related parabolic equation, thus making the
index amendable for computations. The existence of a Lyapunov function for (1) guaran-
tees that, just as in the classical situation, the moduli spaces of connecting orbits can be
compactified by adding broken orbits.

In the case of standard Floer theory, transversality can be obtained by perturbing the
Hamiltonian and the almost complex structure. Thus the perturbed equation is again a PDE.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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However, to us it seems that a natural way to achieve generic transversality is by adding a
nonlocal term to (1). Of course, the downside of this approach is that the perturbed equation
is then no longer a PDE.

To illustrate why this is a sensible choice, it is best to rewrite (1) as a dynamical system

(4) U = A(U).

Here U = (u,0yu), and A(U) is a differential operator acting on U plus a nonlinear term
f(z,u). But from a different viewpoint, A is a (densely defined) vector field on a function
space X (consisting of functions depending on x € ). To obtain generic transversality,
one should allow for perturbations of (4) which are localized in the “phase space” X. In
general, there seems to be no reason to assume such a perturbation can be chosen to be a
differential operator. The fact that this is possible in classical Floer theory is because solutions
of perturbed Cauchy-Riemann equations share most properties with holomorphic functions;
see [FHS95].

The choice to perturb (1) out of the class of PDEs does introduce a number of new technical
obstacles. The biggest hurdle turns out to be the unique continuation theory developed in
section 4. To deal with the nonlocal perturbation we had to develop a new variety of Carleman
estimates.

Finally, we note that with classical Floer theory one is interested in the generators of the
homology. The boundary operator, which counts connecting orbits for the gradient flow, is
merely introduced in order to define the homology. In contrast to this, we are interested in
the connecting orbits of a gradient-like equation. Hence the boundary operator encodes the
information we are actually interested in. The latter is comparable to the connection matrix
in Conley index theory.

1.3. Future work. We have chosen to present the theory only for ) of dimensions 1
and 2. This allows us to work solely over Hilbert spaces. The advantage of this becomes
apparent especially in sections 3 and 4. By replacing the various Sobolev spaces by their L?
counterparts, one should be able to obtain similar results for higher dimensional Q.

We restrict to spaces  which are either tori or smooth domains in R%. It appears to
be straightforward to generalize the current results to work for more general spaces Q. A
natural requirement would be that (2 is an orientable Riemannian manifold, either closed or
with cylindrical ends. It would then be natural to allow for mixed boundary conditions at the
cylindrical ends.

Another aim for future work is to extend the invariant to higher order equations. One of
the main technical hurdles will then be the extension of the unique continuation theory from
section 4.

In this article we only consider traveling waves in a scalar reaction-diffusion equation.
However, the same construction will work, essentially without modifications, for systems of
reaction-diffusion equations, provided that the reaction term is of the form f = VF.

The invariant that we develop only incorporates index 1 connecting orbits for any wave
speed ¢ # 0. However, a similar invariant can be developed to detect index 0 orbits for a
specific wave speed ¢ = ¢,. For this, one should incorporate a slow drift on the wave speed
¢, which connects a slow wave speed system with a fast wave speed system. Using similar
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techniques as presented here the existence of nontrivial orbits for such systems can be shown.
By combining this with a priori estimates on the solutions, we are convinced that one can
prove the existence of index 0 orbits for a specific wave speed ¢ = ¢,; see [MMO02, Smo94].

In [Fab15b] (and, using different methods, in [AM15]) symplectic nonsqueezing results are
developed in the setting of Hamiltonian PDEs. These rigidity properties are derived using
the analysis of J-holomorphic curves. The current paper demonstrates that Floer homology
can be constructed using traveling waves instead of J-holomorphic curves. This suggests the
PDEs dealt with in this paper possess additional rigidity properties which are worth exploring
in more detail.

1.4. A classical example. To illustrate how a topological invariant can be used to deduce
the existence of solutions of (1), we now briefly recall how this problem can be tackled using
standard tools when €2 is zero-dimensional. In that setting (1) reduces to the ODE

(5) u" —cu' + f(u) =0.

A topological approach to existence of solutions of this ODE dates back to work by Conley
and Gardner; see [CG80, Gar84].

We first recall the definition of the Conley index. Given a flow (¢¢); on a metric space X,
a pair (N, L) is called an index pair if, roughly speaking, L C N C X are compact subsets,
such that N and N ~\ L are isolating neighborhoods of the flow with Inv(N) = Inv(N \ L), and
all orbits which leave N must do so through L without reentering N ~ L. The (homological)
Conley index of (N, L) is then defined as the relative (singular) homology of the pair (N, L).
In this example we will use Zo coefficients for the homology. It can be shown that any isolated
invariant set S for the flow (¢;); admits an index pair (N, L), i.e., an index pair for which
Inv(N) = S. Moreover, if (N1, L;) and (N2, L) are two index pairs for the same isolated
invariant set S, then the relative (singular) homologies of those pairs are isomorphic via a
natural isomorphism. Thus one can define the (homological) Conley index HC,(S, ), up to
natural isomorphism, as the relative homology of an index pair (N, L) for S. That is to say,
HC. (S, ¢) should be interpreted as an equivalence class of relative homologies. This notion
of defining HC, (S, ) up to natural isomorphisms can be formalized by defining HC. (S, ¢) as
the inverse limit over all index pairs (N, L) with Inv(N) = S.

A crude way to apply Conley index theory to (5) makes use of the direct sum property
of the index. This property states that if an isolated invariant set S for the flow (¢;); can be
written as the disjoint union of S and Ss, then

Consider (5) as a dynamical system on R?, and let S C R? consist of all bounded orbits of
this dynamical system. Now note that for ¢ = 0 the dynamical system is Hamiltonian, and
for ¢ > 0 the system displays gradient-like behavior, with the original Hamiltonian function
now strictly decreasing along nonstationary orbits. This gradient-like behavior implies that S
consists of stationary solutions and heteroclinic orbits.

Using the invariance property of the Conley index it can be seen that HC, (S, ¢) is isomor-
phic to HC,({0},v), where (3); is the flow of (5) with f(u) = —u3 — u. Since 0 is a saddle
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Figure 1. Sketch of an index pair (N, L) for the set of all bounded solutions of (5), with f(u) = (u —
a)(1l — u2), where 0 < a < 1 and ¢ > 0. The lightly shaded area indicates a possible choice of an isolating
neighborhood N, while the dark shaded area indicates a possible choice for an exit set L. The number of
heteroclinic connections depends on choices of a and c.

point for (1), it follows that HC, ({0}, 1) is isomorphic to the reduced singular homology of
a 1-sphere. Hence

Z2 if?’LZl,

HC,(S, @) = HC,, ({0}, ¢) = H, (S, pt; Zg) = .
0 otherwise.

This is further illustrated in Figure 1.

Now suppose the system does not possess any connecting orbits. The gradient-like behav-
ior then implies that S consists solely of rest points of the flow, hence the direct sum property
implies

HC.(S,¢) = HC.({(—1,0)}, ¢) ® HC.({(a,0)}, ¥) & HC.({(1,0)}, ¢).
But local phase plane analysis shows that all of the rest points have a nontrivial Conley index.
Hence the rank of the direct sum is at least 3, while HC, (S, ¢) is of rank 1. This contradiction
allows us to conclude that S contains at least one connecting orbit.

1.5. Outline of the paper. As was already indicated, the proof of Theorem A is of the
same spirit as the example sketched in the previous section. Note that one of the essential
ingredients in this approach is the gradient-like behavior, i.e., that the set of bounded solutions
consists of stationary solutions and connecting orbits. The other essential ingredient is the
existence of an algebraic object associated to isolating neighborhoods, such that the following
hold:

1. It is amenable to computation, which follows from the invariance of the algebraic object
under (not necessarily small) perturbations of the nonlinearity f. In other words, it is
a topological invariant.

2. It encodes dynamical information. In particular, it should satisfy a direct sum prop-

erty.
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Since the equation we consider is infinite dimensional the Conley index is not applicable. In
this paper we develop a new topological invariant, which we call the traveling wave homology.

Let us now sketch the construction of the traveling wave homology as well as give an
outline of the paper. We begin by assigning an index p¢(Z) to hyperbolic stationary solutions
Z of (1). This index can be thought of as a generalization of the classical Morse index. The
existence of this (relative) index in our strongly indefinite setting relies on a version of the
Fredholm alternative for (1), for which the hyperbolicity of the stationary solutions is needed,
and which is discussed in section 5.

The construction of the invariant then relies on a careful analysis of the spaces M(Z_, Z;)
of connecting orbits between fixed stationary solutions Z_, Z,. One important observation
is that these spaces are compact modulo “broken trajectories.” In section 7 we give precise
definitions as well as a proof of this property. Essential ingredients are the local compactness
results from section 3, as well as the existence of a Lyapunov function £.

Using the rapid decay of connecting orbits toward stationary solutions (discussed in section
6) the spaces M(Z_,Z,) can be described as the zero set of a differential operator defined
between certain affine Hilbert spaces. Thus, roughly speaking, if the image of this differential
operator intersects the zero section transversely, the implicit function theorem (making use
of the Fredholm theory from section 5) gives us a manifold structure on M(Z_, Zy). In fact,
this manifold is finite dimensional, with dimension equal to u(Z_) — u(Z4).

As it turns out, the natural way to ensure transversality holds generically is by perturb-
ing (1) using a small nonlocal term. The perturbed equation takes the form

(6) DPu(t, x) — copu(t, z) + Au(t, z) + flz, u(t,z)) + g(z, (u(t,-), dwu(t,-))) = 0.

We stress that the perturbation g depends on w(t,-) and dyu(t, ) as functions on Q. A typical
example of such a perturbation is of the form displayed in (41). One particular part where
this nonlocal term prevents us from applying known results is the unique continuation theory
developed in section 4. There we prove that if two solutions (u,0yu) and (v,0v) of (6)
coincide at a certain time ¢t = tp, they must in fact coincide for all ¢ € R, i.e., u = v. In
the absence of the term g this would follow from classical Carleman estimates [Car39, Aro56,
AKS62, Ken86, Tat04, CGT06]. To deal with the nonlocal perturbation g, in section 4 we have
derived a version of the Carleman estimates where the function is not required to be localized
except for the t-direction. This is possible, at the cost of the Carleman estimates no longer
holding uniformly over all localized functions (as in the classical case), but the way in which
the estimates depend on the chosen function works well together with localizing a solution
of (1) in the t-direction using cutoff functions. This allows us to prove the desired uniqueness
result. In the end, we are able to show that for generic choices of g the transversality condition
is satisfied (see section 8).

Of particular interest is then the case when M(Z_, Z, ) is of dimension 2 and noncompact.
A careful analysis shows that this space can be compactified by adding, for each noncompact
connected component of M(Z_, Z,), precisely two broken trajectories. In the definition of the
homology we shall also make use of isolating neighborhoods (the precise definition of which
will be given in section 9), which will play a similar role as in Conley theory. Then, if one
lets (), denote the group which is Zs-generated by index n stationary solutions contained in
a fixed isolating neighborhood N, and define homomorphisms 0, : C,, — Cy,_1 by counting
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(modulo 2) connecting orbits which are contained in N, it follows that 9, o 9,41 = 0. This
way we arrive at the following theorem.

Theorem B (Theorem 9.1 from section 9). One has O, 0 Op+1 = 0, and consequently,

ker 9,,

HTW, (N, f,g,¢) := H,(Cy, 0x) = m

is well-defined.

The resulting homology HTW. (N, f, g, ¢) is independent (up to natural isomorphisms) of
the particular choice of g (for small g). Thus we obtain an invariant HTW (N, f, ¢) for (1).
Furthermore, if (fy,cy) is a homotopy between nonlinearities (fo,co) and (fi,c1), and N
satisfies an appropriate stability property with respect to this homotopy (see section 9 for
precise details), then HTW. (N, fo,co) = HTW,.(N, f1,c1). In particular, when N is the
entire phase space and the nonlinearity f is of the form given in (2) or (3), then the homology
is invariant under homotopy on the lower order term h and the coefficient «, as long as
inf,cq ax(x) > 0 uniformly in the homotopy parameter A. This is what allows us to determine
explicitely the homology of the global dynamics in all four cases; see Theorem 10.1.

The invariant HTW satisfies a direct sum property similar to that of the Conley index. If
N = AU B, where A and B are disjoint isolating neighborhoods for the dynamics, then

HTW, (N, f,¢) 2 HTW,(A, f,c) ® HTW.(B, f,¢).

This allows us to prove Theorem A in a way analogous to the simplified example involving
Conley index theory in section 1.4.

2. The extended problem. In this section we set up the extended problem into which our
original problem can be embedded. In later sections we will see that for generic choices from
this class of extended problems we can set up the desired transversality theory. It appears
that this is not possible without considering the extended problem.

2.1. Perturbations. Let either Q C R? be a bounded domain with smooth boundary or
Q =T¢ =R*/Z?% We will restrict ourselves to d € {1,2}; see Remark 2.2. Since we want to
consider (1) as a dynamical system we are going to rewrite it as a system of equations which
involve first order derivatives of ¢ only. We choose to incorporate the boundary conditions in
the phase space.

We denote by H*(Q) the L? Sobolev space, defined as the closure of C*°(€2) in the norm

1/2

HUHHk(m = Z HaauH%%Q)

la|<k

When Q C R? is a domain, let B : C®(Q) — C%(0Q) be given by either B(u) = ulyq
(Dirichlet) or B(u) = 0,uly (Neumann), where v denotes the outward pointing unit normal
on 092. When  is a torus (corresponding to periodic boundary conditions), we set B = 0.
For any k& € Ng we now define

HE(Q) = ClHk(Q){u € C™(Q) : B(u) =0}.
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Whenever it is convenient, the operator B shall also be identified with its extension to Sobolev
spaces H*(Q).

We can now introduce the phase spaces
Xk .= HEPHQ) x HE(Q), ke N.
Together with the norms

1/2
) = (e gy + 0120 0) 7% (wv) € X,

these become separable Hilbert spaces.
Given a possibly unbounded open subset J C R define

WEA(T X0, XE) = WAL X nwE R, XY e n WAL XY N LR (0, X,

loc loc loc loc

We endow these spaces with the compact-open topology. Convergence in this topology, which

in fact makes VVIIZf(J : X0 ..., X%) into a Fréchet space, is characterized as follows: a sequence
(Un)n C W/IIZ’CQ(J : X0, ..., X¥) converges toward Uy, if and only if for any bounded open subset

J'  J it holds that

J _ o 2
(7) Joax. oé?é‘éie . 107Uy (t) — 0] Uso () ||5e dt — 0 as n — oo.

The spaces W™2(J; XY ..., X™) are defined in a similar fashion, where now J’ in (7) is
replaced by J. The spaces C™(J; XY ..., X™) are defined by

C™(J; X% ..., X™) :=C™(J,XYnCcm N7, XN oncl(g, X H n e, X™),

where the topology is defined by uniform convergence of functions and their derivatives on
compact subsets of J. The spaces of bounded differentiable functions C}*(J; X 0 ..., X™) are
defined in an analogous manner, where now the convergence is uniform over J itself.

Lemma 2.1. One has the continuous embeddings

Wm2(J; X0, X™) = o (X0, X,
WA (T X0, XM s O X0, L XY,

Furthermore, the embeddings

Wm2(J; X0, X™) e WeL2( g X0 xmel) with J bounded,
W™ (J: X0, X™) s WTRR (g X0 Xxme for any J

loc loc
are compact.

Proof. We give a sketch here; for more details we refer to [Ama95]. The first two state-
ments are a consequence Morrey’s inequality. This relies on the integral representation
U(t) = U(ty) + ftto 05U (s) ds, which is well-defined since the spaces X' are separable. The
compact embeddings follow from the Rellich-Kondrachov theorem for vector-valued Sobolev
spaces. Here one uses that X* are seperable Banach spaces and the embeddings X¢ <« X1
are compact. |
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Let Afg.: X' — X9 be the nonlinear operator defined by

B —v(z)
Af,g,c(“y U)(l’) = <Au(l‘) + f(x7 u(aj‘)) — C’U(l‘) + g(l‘, (u> U)))

for (u,v) € X!. We stress here that the term g(x, (u,v)) depends on the functions u and v,
not on the point (u(z),v(z)). We assume f : Q x R — R is of class C™ with m > 1, and
g:0x X% = Ris C™ (in the Fréchet sense), and ¢ > 0. At each point in the development of
the theory we will point out exactly how big m needs to be, but we already want to point out
that all theorems hold for m > 4. The nonlocal term g will typically be a very small term.
Additional restrictions on f and g will be formulated in the next section. For brevity we shall
write A instead of Ay, . whenever this does not give rise to ambiguity.
We will study the behavior of the dynamical system
(TWE) U + Ap,(U)=0, UeWJ;X%Xh.

loc

Note that U = (u,v) is a solution of (TWE) if and only if v = 0yu, and
Otu — cOpu+ Au+ f(x,u) + g(x, (u,du)) =0 on JxQ,

and for each t € J the boundary condition B(u(t,-)) = 0 is satisfied. Unless mentioned
otherwise, we assume that J = R. Note that as a consequence of the nonlocal perturbation g
(TWE) is in general not a PDE.

2.1.1. Conditions on f, g, and c. Henceforth we shall assume that (f,g) € C™(Q2 xR) x
C™(Q2 x X0 and ¢ > 0 satisfy the following hypotheses:
(f1) There exists Cy > 0 such that f satisfies the growth bounds

Sup [f(z,u)| < Cr(1 + [uf?),
e

where 1 <p<ooif dm2=1and 1 <p<3ifdimQ = 2.
(f2) There exist some —1 <@ <1 and C} > 0 such that f satisfies

0

Here F(z,u) fo f(z,s)ds.
As an alternative to (f2) we can also consider (see also Remark 2.3) the following:
(f2) There exist some —1 < # <1 and C} > 0 such that f satisfies

0
)| < O+ & fl,u)lul.

When dealing with Neumann or periodic boundary conditions, we need an additional restric-
tion on the nonlinearity, given by (f3).
(f3) When considering Neumann or periodic boundary data, assume f satisfies the super-
linear growth condition
fz,u)

u

lim inf inf > 0.

|u|—o00 zEQR
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Besides these restrictions on f we need to put a few restrictions on g:
(gl) There exists a constant Cp 4 such that

sup  [g(z,U)| < Cog,
zeQ, Ue X0

and for each k € {1,..., m} there exists a constant C}, 4 such that

k
sup || d%g(z,U) |l z(mxx0)*,R) < Chyg-
xeQ, UeXO

(g2) The perturbation g satisfies the Lipschitz condition

c
sup  [g(@,u,v)| € ——=—=I1v[z2(0)-
2€9, ueH ) (€) 2,/ Vol(Q) | "H@
Note the dependence of the Lipschitz constant on the wave speed c.
(g3) The perturbation g satisfies

dg(z,u,0) =0 forall z€Q, ue Hy(Q).

Remark 2.2. We want to stress here that both the dimensional restriction d = dim ) < 2
and the growth restriction (f1) are merely technical. The dimensional restriction ensures that
the Sobolev embedding H?(.J x Q) < C°(J x Q) holds, where J C R is a domain. This fact
is used in order to obtain the compactness results in section 3. The choice of p in hypothesis
(f1) ensures that the Sobolev embedding H'(J x Q) < L?(J x ) holds. Consequently, the
growth bound on f ensures that the map Ay . : X I X9 is indeed well-defined, bounded,
and continuous (see [AZ90]). Both these conditions can be relaxed by replacing all the spaces
H* = Wk2 by W4 spaces for appropriately chosen ¢. Since we mainly want to convey the
idea that Floer theory can be applied to traveling wave problems in (RDE), we have chosen to
stick with the Hilbert space theory in order to reduce the technicality of the estimates, which
tend to complicate the spirit of the arguments.

Remark 2.3. Conditions (gl)—(g3) could seem restrictive, but recall that the nonlinear
term g is only introduced to put the equation (TWE) into “general position” (i.e., to achieve
transversality). In the application of the theory we are eventually interested in the case where
g = 0, hence conditions (gl)—(g3) are not particularly restricting.

On the other hand, conditions (f1)—(f3) clearly put restrictions on the types of nonlineari-
ties to which the theory is applicable. Examples (but not exhausting all possibilities) of such
nonlinearities are f = foqq,+ and f = feven,+, which were introduced in (2) and (3). Then
clearly hypotheses (f1) and (f3) are satisfied. The appropriate choice between hypotheses (2)
and (f2') and the corresponding value of —1 < 6 < 1 can be summarized as follows:

| lo—-  Jo-s
fodd,cr (f2) 0 < _2/(p + 1) 0> 2/(p + 1)
feven,a (f2/) 0 < _2/(p + 1) 0> 2/(p + 1)

As was already indicated in the introduction, the difference between the various choices of
f is also reflected in the possible dynamics, a fact which we will return to once we discuss
applications of the theory in section 10.
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2.1.2. Conditions on the nonautonomous equation. In order to develop continuation of
the Floer homology groups, we need to allow (f,g,c) to depend explicitly on ¢, i.e., consider
a nonautonomous version of (TWE). We shall assume that ¢-dependent (f,g,c) € C™(R x
QO xR) x C™(R x Q x X% x C™(R, (0,)) satisfy the following hypotheses:

(nl) For each t € R, the triple (f(t,-,-), g(t,-, ), c(t)) satisfy hypotheses (f1)—(f3) and (g1)—
(g3), with the constants Cf, C}, 6, and Cj 4 uniform in t € R.
(n2) There exists an ¢ > 0 and t-independent triples (f_, g—,c_), (f+, g+, c4+) such that

{(f(ta'7')>g(ta'v')’c(t)) = (f,,g,,c,) for t < —/,
(f(t’ ) ')vg(t’ ) ')’C(t)) = (f+,g+,c+) for t > +/.

The final hypothesis makes use of a sufficiently small constant ©. How small this © should
really be depends on 6, inf;cgr ¢(t), and ¢ and will be dictated by Theorems 3.3 and 3.5.
(n3) There exist © > 0 sufficiently small, and C}’ > 0, such that

0, F(t,z,u)| < CF + O|F(t, x,u)|.

2.2. Auxiliary definitions.

2.2.1. The energy/Lyapunov functional. Recall from hypothesis (f2) that F': Q x R? —
R is chosen such that F'(-,0) = 0, V,F(z,u) = f(z,u). By hypothesis (f1) and the continuous
embedding H!(Q2) < LPT(Q), it follows that the induced Nemytskii operator

F:HY Q) — LY(Q), u(x) — F(x,u(x))

is bounded and C; see, e.g., [AZ90]. We can therefore define energy functional & € C1(XY R)
by

Ep(u,v) = /Q —%]v(:c)\Q + %]Vu(x)]Q — F(z,u(z))dx.

Here | -| denotes the Euclidean norm. When the choice of f is clear from the context, we shall
sometimes abbreviate £; by &.
Note that, in light of the continuous embedding VV&)S(R, X0 X1 < CYR, XY), the map
Er:WHR; X0 XY - COR), U EU())

loc

is C1. Let A consist of all U = (u, yu) that solve (TWE). Elliptic regularity theory combined
with hypothesis (f1) implies that in particular A C C™(R; X°, X1). Therefore &; restricts to

a continuous map
& A= C"(R), U= E(U()).

Remark 2.4. Details on the regularity of A can be found in the proof of Theorem 3.1.
Although step 1 of the proof depends on the regularity of the map &, Steps 2 to 4 do not rely
on such properties of £;. The argument given in Steps 2 to 4 of the proof can be modified to
show that A C C™(R; X°,..., X™) whenever f is of class C™.
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The derivative of £; along U € A has the form

A&y (U(t))

" = /Q ( — 8,52u(t, x) — Au(t,z) — f(x,ul(t, x)))@tu(t, z)dx

= —c||eu(t, M F2(q) + (9(, U®)), Beult, ) 2 (-
Hypothesis (g2) then implies that

A&y (U(t))

®) dt

C
< =S 0uu(t,

thus &7 is a Lyapunov function for (TWE).

Remark 2.5. In fact, from our regularity theory (section 3) and the unique continuation
theorem (Theorem 4.3) it will follow that &; is a strict Lyapunov function. That is, inequality
(8) is strict unless dyu(t) = 0 for all ¢.

2.2.2. Stationary solutions and hyperbolicity. Denote by S(f) C X! the collection of
stationary solutions (also referred to as rest points) of (TWE), ie., § = A;l(O). Given
—00 < a < b < oo, we define SU(f) := S(f) N Ef_l([a, b]). Whenever the choice of f is clear
from the context, it will be suppressed in the notation.

Given Z = (2,0) € S(f), we will see in section 3 (more specifically, see Theorem 3.6) that
the Nemytskii operator

frHRQ) = LX(Q),  ule) = flz,u(z))

is m times continuously differentiable near z whenever f : 2 x R — R is of class C™. In
particular, the operator A : X! — X0 is differentiable near Z. By hypothesis (g3) the
linearized operator looks like

dA(Z): X! = XY,

dA(Z) = <A + fz(m,z) —i) '

To do spectral theory we shall consider the linear extension of this operator to the complexified
Banach spaces X]é = X% x iX*. We will say that Z is hyperbolic if the linearized operator
dA(Z), considered as an unbounded operator on X with domain D(dA(Z)) = X}, has its
spectrum disjoint from the imaginary axis, i.e., 0(dA(Z)) NiR = 0. Denote by Shyp(f) the
collection of all hyperbolic rest points. A nonlinearity f for which all rest points are hyperbolic
shall be called regular.

Note that dA(Z) is a compact perturbation of the operator (u,v) — (—v, Au), hence it is
Fredholm of index 0. Hence, if Z is hyperbolic, the inverse function theorem can be applied,
thus ensuring that hyperbolic rest points are isolated in X!. Later on, in section 8, we will
see that hyperbolicity can always be acquired by a slight perturbation of the nonlinearity f.
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2.2.3. Connecting orbits and transversality. A solution U of (TWE) is called a connect-
ing orbit if there exist Z_ € S(f_), Z4+ € S(fy) such that ||U(t) — Z+| xo — 0 as t — %oc.
We will later on see that any bounded solution of (TWE) is in fact either an equilibrium or
a connecting orbit. Also note that, in light of the existence of the Lyapunov function &y,
connecting orbits in the autonomous equation are heteroclinic orbits, i.e., Z_ # Z,. Thus
(TWE) is a gradient-like system.

We need to introduce another technical condition. A connecting orbit U is said to be
transversal provided that the linearized operator 9; + dA(U(t)) (which according to Theorem
3.6 is well-defined) is surjective when considered as an operator from W1H?(R; X°, X1) to
L*(R; XY).

In section 5 it is shown that there is a natural way to assign an index to connecting orbits
between hyperbolic rest points. Equation (TWE) is said to satisfy the transversality condition
up to order k if all connecting orbits of index at most k are transversal. In section 8 we will
see that, whenever f is of class C™, transversality up to order m — 1 can always be obtained
by choosing generic nonlocal perturbations g. Such a g shall then be called regular.

3. Regularity and compactness. In this section we will see that the collection of solutions
of (TWE) is locally compact. The relatively compact neighborhoods are determined by sub-
superlevel sets of the energy functional. These results, in a way, replace the Palais—Smale
condition which appears in classical Morse theory and will form one of the cornerstones in
defining the Floer boundary operator.

Throughout this section we let J = (j_, j+), where —oo < j_ < j; < 400. Given numbers
a,b € R, define

OU +Apg.(U)=0onJ,
AT, frg,0) = U e WA, X0, XY« a <liminfy qy, Ep(U(), ¢,
limsupy ; Epe,.)(U(F)) < b

where £y is as defined in section 2.2.1. Note that when f, g, and c are independent of ¢
and hypothesis (g2) is satisfied, then the set A%(J, £, g,c) consists of all solutions to (TWE)
whose energy remains between a and b. Whenever the choices of f, g, and c are clear we shall
suppress them from the notation. We will also write A% instead of A%(R, f, g, c).

3.1. Compactness of .AZ(J, f, g, c) with Dirichlet boundary data.

3.1.1. The autonomous case. We have the following compactness result.

Theorem 3.1. Consider Dirichlet boundary data. Let (f,g) be of class C™ with m > 1.
Suppose hypotheses (f1), either (£2) or (£2'), (gl), and (g2) are satisfied. Then for any J =
(j_,j4+) CR and J C J C J, the set AL(J, f,g,c) 18 bounded in (X0, X™) and
compact in WZ:Z:’Q(J’;XO, XM,

Here A%(J, f,g,c¢) = {U\J, U e A(J, f, g, c)} Note that we cannot obtain compact-
ness of AZ(J, f, g, c) itself, since solutions may blow up as t approaches j_ or j;. However, if
J = R we do retrieve compactness of the full space A%(R, f, g, c).

Proof of Theorem 3.1. The proof is split into four steps. In the first step we will use
hypotheses (g1), (22), and either (f2) or (f2') to obtain a local H' bound on the solutions.
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In the second step we combine these bounds together with hypothesis (f1) and a regularity
argument to obtain a local L* bound. This argument does not immediately extend to higher
degrees of regularity, since the Nymetskii operator induced by f potentially does not possess
the required regularity. To circumvent this problem, in the third step a new nonlinearity f
is constructed which possesses the required regularity, in such a way that solutions of the
original equation (TWE) are also solutions of the equation with this new nonlinearity. In the
fourth and final step, the desired compactness result are derived from the preceding steps.
Step 1. We will first construct a convenient family of test functions. Let

1
0= §min{inf J —j_jr—supJ'}.

Then let ¢ : R — R be a C? function such that supp(y¢g) C [~6,4], and @g(t) > 0 for all
t € R, and po(t) = C1p > 0 for t € [~6/2,5/2], and |/ ()] < Co,pp(t)/? for all t € R, for
some Cy, > 0. For any 7 € J' we then define ¢-(t) := ¢o(t — 7). Note that the definition of
d ensures that supp(p,) C J.

Fix any U = (u,0u) € A%(J, f,g,c). We shall henceforth identify v with the R-valued
function on J x Q given by u(t,z) = u(t)(x). Pick any 7 € J’, and for the moment abbreviate
pr by . Letting Q = J x 0, we now list some estimates.

(a) Observe that since U = (u, dyu) is a solution to (TWE) and hypothesis (g2) is satisfied,

estimate (8) holds, hence

(9) /C2\atu|2dxdt<—i[](w(flfzﬁ»dt< %(b—a).

(b) Note that
(10) /g0|Vu|2dxdt:2/g0(t)5(U(t))dt+2/ cp|8tu]2dxdt+2/ ©F(x,u)dzdt.
Q J Q Q

By hypothesis (g2) and since J is connected, t — E(U(t)) is a monotone function, so
that in particular £(U(t)) < b for all t € J. Therefore the first term in (10) is bounded
from above. By estimate (9) the second term in (10) is also bounded from above.
Hence

/ o|Vul*dzdt < C + 2/ o|F(z,u)|dx dt,

Q Q

where C' > 0 is independent of U € A%(J, f,g,c). We will now continue estimating
the last term.

(c) If f satisfies hypothesis (f2), using the fact that U = (u, O;u) solves (TWE) and partial
integration we obtain

2/ cp\F(x,u)]dmdtéQC}—i—@/ of(z,u)udzdt
Q Q
= 2C% —9/ ©(0fu+ Au — cOu + g(z, U (1)) )udz dt
Q

=20} + 0/ P'udyu + o (|0pul® + |Vul* + cudyu — g(z, U(t))u) dz dt
Q
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< 205 + ]6’]/ ©|Opu|? dz dt + |9\/ ©|Vu|? dz dt
Q Q

(11) L6l /Q (/] + ) ul Byl da dt + 16) /Q olg(a, U(®))[u] da dt.

We will now bound the last two terms in (11). In light of Cauchy’s inequality, for any
p > 0 there exists a 0 < (), < 00

[ el )l drdt < [ pluPardi+, [ Aot U@ deat
Q Q Q

Using hypothesis (g1), the last term can be estimated from above by some constant
O, Now recall that |¢/(t)| < Ca,p(t)'/2. Hence, by again using Cauchy’s inequality,
for any v > 0 there exists a 0 < (', < oo such that

/(\80/\+Cg0)!u\|8tu\ dxdtg/ (0" 2u]) ((Corp + cp'?)|0pul) dz dt
Q@ Q
< 1// g0|u]2dxdt+C,,/(Cg,¢+cg01/2)2\6tu|2dxdt
Q Q

<V/ g0|u|2dxdt+6',,/ |0u|? dz dt,
Q Q

where 5’,, =C,[|Cop + c<p1/2||200(R).
Combining these estimates with (11), we obtain

2/ soF(a:,u)\dxdt<2Cf+5u+\ey(1+éy)/ |Opul? dz dt

Q Q

(12)

+ 16| / ©|Vul? + (u+ v)plu)® dz dt.
Q

Using estimate (9) the first integral is bounded from above by a constant which is
independent of U € A%(J, f,g,c). Hence we have found that there exists a constant
Ch,u,» independent of U € Ab(J, f,g,c) such that

(13) 2/ o|F(x,u)|dxdt < Cpp + |0 / | Vul> + (u + v)plul* dz dt.
Q Q

If on the other hand hypothesis (f2') holds, we still get the same estimate as above.
Care needs to be taken to avoid the nondifferentiability of w — |u| around u = 0,
which prevents us from applying integration by parts. As a workaround, we first select
a function n € C*(R) such that n(u) = |u| for |u| > 1, and |n(u)| < 1 for |u| < 1, and
|n'(u)| <1 for all u. For example, one can consider

L2+ 1 if u
TOEE R
|ul if |u
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Then, after updating the constant C’}, we have
0
Then we estimate
2/ o|F(z,u)|dedt < 20} +0/ of (x,u)n(u) dz dt
Q Q
<20} 10 | ol i + b ([l d
+16) /Q (1] + o) () |9yl d dt + [0 /Q elg(, U ) [nw)| do dt
<205 + \9|/ o|oul* + ¢|Vul|? dz dt
Q
+16) /Q (1| + o) Jullyul da dt + 18] /Q Pl(a, U ()] ul da dt

ol [ 1+ el dode+ 18] [ plg(e,U©)lIn(w)] dod,
Qlul<1 Qui<1
where Q<1 = {(t,7) € Q : |u(t,r)| < 1}. Now by using that |n(u)| < 1 for |u| < 1,
and the observation that the L?-norm of d;u is bounded by a constant independent of
U e AZ(J, f+g,c¢), we see that the last two integrals in the above estimate are bounded
by a constant independent of U € A%(J, f,g,c). Therefore, proceeding as before we
again arrive at estimate (12) and consequently (13).

Combining all these estimates, we obtain the following gradient bound. For any U = (u, Oyu) €

(14) / gp|8tu]2 + cp\VuIQ dedt < Cypup + ]0]/ <p\Vu|2 + (p+ V)(p\u|2 dx dt,
Q Q

where Cy ., > is independent of U € Ab.
Now we use the Dirichlet boundary data to apply Poincaré’s inequality (with constant
Cp(R)), which yields

/ ol0ul® + o[ Vul? de dt < Cy o+ 10](1 + (u+y)cp(9))/ o Vul? dz dt.
Q Q

By choosing p, v > 0 sufficiently small and using the fact that 0 < |0] < 1, the integral on the
right-hand side can be absorbed into the left-hand side. Finally, we use that o(t) = ¢, (t) >
Cip >0forte|r—6/2,7+6/2] to obtain

(15) / |0pul? + |Vu?dzdt < C for all U = (u,du) € A%(J, f,g,¢).

.

Here Qr = [T — /2,7 + 0/2] x Q. Note that the only way that this constant depends on 7 is
via [|¢r [lw1.00(r) and Vol(supp(y;)), which are in fact independent of 7.
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Step 2. For any U = (u, dyu) € AL(J, f, g,c), note that
07 (pru) + Alpru) = @lu + 20 Opu + cor O — @7 f(2,u) — org(x,U).

By Géarding’s inequality (see, e.g., [Eva98]) applied to the Laplacian A, = 97 + A, and
writing H¥ = H*(Q) as shorthand, we have

1/

lorull gree < C([l@fu + 29 00 + corOpu — or f(z,u) — org(@, U)|| g + |lorul gr)
(16) < C(l@full g + lorull g + 2)-0pull gr + cllorOpul| g
+ Nlor f (@, u) || e + llorg (@, U) | gre)-

We note here that by shift invariance of A;, the constant C' can be chosen independent of
TelJ.

First we consider the case k = 0. Using (15) and hypothesis (gl) we obtain an upper
bound for the first four terms and the last term. Hypothesis (f1) implies that the Nemytskii
operator f : L?"(Q,) — L*(Q,) is bounded and continuous, hence by the Sobolev embedding
HY(Q,;) — L*(Q,) the map f : HY(Q,) — L*(Q.) is bounded and continuous; see [AZ90)].
Again using (15), we see that also the fifth term in (16) is bounded above by some constant.
Note that this upper bound is independent of 7 € J' and U € A%(J, f,g,c). Since @, (t) =
Cip >0forte|r—6/2,7+6/2], we find that there exists some constant M such that

[ull g2y <M forall 7€, (u,0u) € AL(J, f,g,c).

Using a Sobolev embedding it then follows that the set
D := {u|J,XQ . (u,0p) € A%(J, f, 9, c)}
is bounded in CP(J' x ).
Step 3. Estimate (16) cannot be directly employed for k > 1, since it is not clear whether
the Nemytskii operator f : H*1(Q,) — H*(Q,) is bounded (indeed, (f1) only ensures that

the Nemytskii operator is bounded and CY for k = 0). To circumvent this problem we will
consider modified nonlinearities f. Set

p = sup [|lul| L= (1xq),
ueD

which in light of Step 2 is a finite number. The definition of p implies that if f is another
nonlinearity which coincides with f on Q x [—p, p|, then clearly

U (t) + AJ;(U(t)) =0 and Sf(U(t)) =&Ep(U(t)) for U e A%(J, f.g,¢), teJ,

Let n € C*°(R) be such that n(u) =1 for |u| < p and n(u) = 0 for |u| > 2p. Now set

Flar,u) = () f (2, u) + (1 n(u)).
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Then f satisfies hypotheses (f1)—(£3) and (g1)~(g3). Furthermore, f induces a bounded C™*
Nemytskii operator from H*1(Q,) into H*(Q.); see [AZ90]. After choosing a further subin-
terval J” C J” C int J', the argument from Steps 1 and 2 can be repeated to obtain estimate
(16), now with f replaced by f, and this time for 7 € J”. Inductively we can then obtain a
bound for ||¢-f(x,u)| gx with k& € {0,...,m}. Consequently, there exists some constant M
such that

(17) [l gmszg,y) < M forall 7€ J”, (u,du) € AT, f,g,c);

in particular this estimate holds for (u,du) € A%(J, £, g,c).

Step 4. Henceforth without loss of generality replace J” by J' in (17). Note then that (17)
combined with a Sobolev embedding implies that A%(J, f, g, c) » 1s bounded in the topology
of C"(J'; X%, ..., X™). Since the embedding H™%(Q,) — H™1(Q,) is compact it follows
that A%(J, f,g,c)  1s relatively compact in WIZZ’Q(J';XO, ..., X™). Moreover, hypotheses
(f1) and (gl) imply that the nonlinear operator

O+ A() WA X0, X™) = L2 (J X0)

loc loc

is continuous. Hence the limit point U of a sequence (Uy,), in A%(J, f,g,c)  1s a solution
of (TWE) on J'. To see that such a limit point has an extension to a solution of (TWE)
on J, apply Steps 1 through 3 with J’ replaced by J”, where J' ¢ J'" c J’ c J. We
then find that U, converges over a subsequence to U’ in WIZZ’Q(J”;XO,...,X"@), and U’
solves (TWE) on J”. By uniqueness of the limits one has U’|;, = U. Since this holds

for any such J”, we find that U € AT2(J, £, g,c¢) ;- By continuity of the energy functional

& Vng(J; X9 X1) — C9(J) we find that in fact U € A%(J, f,g,¢) - Hence Ab(J, f,g,c) 7

is compact in VVIZLC’Z(J’; X9 X1). This proves the theorem. [ ]

Remark 3.2. Note that the estimates in the proof of Theorem 3.1 do not depend explicitly
on (f,g,c) but only on the constants appearing in hypotheses (f1)—(f3) and (g1)—(g3). Hence, if
((fns Gn, cn))n is a sequence of triplets satisfying hypotheses (f1)—(f3) and (gl)—(g3), with con-
tants uniform in 7, then Steps 1 through 3 of the proof show that the sets A%(J, fn, gn, cn) 7
are bounded in C7*(J"; X0 ..., X™), uniformly in n. Suppose (f,g,c) is another triples sat-
isfying hypotheses (f1)—(f3) and (gl)—(g3), and (fyn, gn,cn) — (f,g,¢) as n — oo, where the
convergence takes place in CJ (2 x R) x C"(£2 x X°) x (0,00). For each n select a solution
U, € AZ(J, frsGn,cn). Then a slight adaptation of Step 4 of the proof shows that there ex-
ists a subsequence (U, ) of (Uy,)n and a solution U € A%(J, f, g,¢) such that U,, — U as
k — oo with convergence in I/Vlzlc’z(!] * X% ..., X™). The same result applies when considering
different boundary conditions and/or the nonautonomous equations.

3.1.2. The nonautonomous case. For t-dependent (f,g,c) we have the following com-
pactness result.

Theorem 3.3. Consider Dirichlet boundary data. Given 6 € (—1,1), v > 0, and { > 0,
there exists © = O(0,7,¢) > 0 for which the following is true. Let (f,g,c) be of class C™
(m > 1) for which hypotheses (n1)—(n3) are satisfied with the chosen constants 0, ¢, ©, and
infere(t) = v. Fiz J = (j_,j+) C R and J C J C J with [-£,£] C J'. Then the set
Ab(J, f,9,¢)|, is bounded in Cm(J; X0, ..., X™) and compact in I/V[';C’Q(J’;XO7 o X

Jl
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Proof. The argument from the autonomous case cannot be directly applied to the nonau-
tonomous case, because along a solution U of the nonautonomous equation the energy t +—»
Eft,.,1(U(t)) may increase. This is the reason why we introduce hypothesis (n3). Concep-
tually, this condition allows us to extract an a priori bound for the amount the energy can
increase along a solution U, provided that the energy is asymptotically bounded as t — ji.

We will now explain in detail how the proof of Theorem 3.1 can be adapted for the
nonautonomous case. First note that since the problem is autonomous outside (—¥¢,¢), there
is no loss of generality in assuming that J' = (—¢ — &,£ + €), where € > 0 is small enough
so that J' C J. Indeed, suppose the conclusion of the theorem holds for this choice of J’, so
that in particular A%(J, f, g,c) » is bounded in cm(J'; X0, ..., X™). Hypothesis (nl) then
ensures that the map t +— Ef,..(U(t)) is bounded for ¢ € J', with a bound which is uniform
inU e A(J, f,g,c)

7, (U(0) =& (U(=0)| <M forall U € A, f.g,0).
Now consider J’ C J’ C J chosen arbitrarily. Set J_ := (j_,—¢) and J" = J' N (j_,—£ —¢);
here we need the € > 0 in order to ensure that J” C J_. Then
AZ(‘L fvg7c))J, - AZ—M(J*hf*?g*acf))
Similarly, with J4 := (¢,j4) and J', := J' N (£ + ¢, j4) it holds that

.Ag(J7f,g7C) 7 C AZ+M<‘]+7f+7g+7c+)

+

- In particular, there exists an M > 0 such that

J

A

For J/ the conclusion of the theorem thus follows from the analogous result for the autonomous
case. The result for general J’ then follows by combining the results for the autonomous and
nonautonomous parts.

Henceforth assume J' = (—¢ — ¢,/ + ¢). Compared to the proof of Theorem 3.1 we will
use a slightly modified test function ¢ € C?(R), namely, assume 0 < o(t) < 1 for all ¢ € R,
and (t) = 1 for t € J', and supp(yp) C J is compact, and |¢/(t)| < Oz,p(t)/? for all t € R,
for some Cy , > 0. Then, using hypothesis (n3), it follows that

(18) Ot 2, 0)| < O L (1) + O (DI F (1,2, ).

Here we used that ¢(t) = 1 for ¢ € (—¢,¢) and that the left-hand side vanishes for |t| > ¢, in
light of hypothesis (n2).

We will now point out how estimates (a)—(c) from Step 1 of the proof of Theorem 3.1
can be modified to the nonautonomous case. Throughout these estimates, let U = (u, yu) €

A(bl(J? f’ g7 C)'
(a) Note that by hypotheses (n1) and (n3) the map ¢ — Ez;. ) (U(t)) is C', and

d€sq,. o (U(t))

DI = —lel®drult, ), Dualt, Ny + g U D)],,

+ <g(t7 E U(t))a 8tu(t7 '))LQ(Q)
<c(t)8tu(t, '), Otu(t, )>L2(Q) + Osé'f(87.7.)(U(t)) ‘s:t

2
< =0t aiey + [ 1 0P (st )] do
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Here the penultimate inequality holds since for each ¢ the pair (g(t, -, ), c(t)) satisfies
hypothesis (g2). Therefore, using (18),

A, (Ut
/|8tu| dz dt < / £t d’; ) 44 2 /|8stu(t o), | dedt

< '2y(b —a+ Cf Vol(supp(p) x Q)) + @5 / o|F(t, 2, u)| do dt.
Q

Estimate (19) implies that

dgf(t,.7.) (U(t))

< / | 0sF (s, x,u(t,x))|,_, | dz,
at o

so that
¢
EranU@) b+ [ [ 18P mult))] | dode
i Ja
<b +/ | OsF(s,x,u(t,x))|,_, | dedt

< b+ CF Vol(supp(p) x Q) —|—@/ o|F(t,x,u)|dxdt,

where we again used (18). Hence
] e W)t < Ot Olielm [ P (el de

for some constant C' > 0 independent of U € A%(J, f,g,c). Plugging this into (10)
and combining with (20), after increasing the constant C' we find

/ o|Vul> dedt < C + 2017@/ o|F(t,z,u)|dz dt,
Q Q

where
2
Cre = @<,y\|€0”Loo(R) + \<P||L1(R)> + 1.
If for each ¢ the function f(t,-,-) satisfies hypothesis (f2), the same computation as in
the autonomous case leads to estimate (12). Combining this with estimate (20) results
in

210|(1+ C,
2/ o|F(t,z,u)|dzdt < Cy . + @|O|(+C)/ o|F(t,x,u)| dx dt
Q g Q

+ |9/ oIVul? + (1 + v)plul? de dt
Q
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for some Cp,,, independent of U € Ab(J, f,g,c). Consequently,
2/ I (t,2,u)| dz dt < CooCh 0 + \eycg,@/ SIVul® + (1 + v)pluf® dz dt,
Q Q

where

=~ —1
o= (1- 00 20)

The modifications needed in (¢’) are similar to those made for (c).
Combining these estimates, we obtain

/ ©|Osul?® + | Vu|? dedt < C + 2037@/ O|F(t, z,u)|dzdt
Q Q

< Coopn + 10/CoeChe / SVl + (1 + v)olul? de dt,
Q

where C30 = G)fy*lH(pHLoo(R) + Cre, and C,Ce g, = 0 are some constants independent of
Ue A%(J, f,g,c). Now observe that for © > 0 sufficiently small (depending upon 6, v, and ¢
only) we have |0|C29C3e < 1. Therefore, if hypothesis (n3) is satisfied with a small enough
©, one can proceed as in the autonomous case to arrive at estimate (15). Steps 2, 3, and 4
in the proof of Theorem 3.1 are also valid for the nonautonomous case. Hence the theorem is
proven. |

3.2. Compactness of .AZ(J, f, g, c) with Neumann or periodic boundary data.

3.2.1. The autonomous case. When dealing with Neumann or periodic boundary con-
ditions, the question of compactness becomes more delicate. We can no longer use Poincaré’s
inequality in order to bound the L?-norm of u in terms of the L?-norm of Vu. To obtain such
a bound, we will need the superlinear growth condition (f3) on f.

Theorem 3.4. Consider Neumann or periodic boundary data. Let (f,g) be of class C™
with m > 1. Assume hypotheses (f1)—(£3), (gl), and (g2) are satisfied. Then for any J =
(j_,j+) CR and J C J C J, the set AL(J, f,g,c)|, is bounded in cm(J X0, X™) and
compact in WZZ?(J’;XO, o, XM,

Jl

Proof. First note that we can split hypothesis (f3) into four cases:

lim inf inf f(@,u) > 0, liminf inf M > 0,
lu]—oco z€Q  |ul lu|—oo T€Q U

T, U T, U
lim sup sup f(@,u) < 0, lim sup sup L’) < 0.
|u|—00 2€Q ’u‘ lul—soo zeQ U

We will assume that the first case holds; the proof for the other three cases goes in a similar
fashion. There exist € > 0 and K > 0 such that

elul® < f(z,u)|ul forall zeQ, Jul > K.
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Let n € C1(R) be as defined in estimate (¢/) in the proof of Theorem 3.1. Then there exists
a constant M such that

elul* < M + f(x, u)n(u) forall ze€Q, |ul > K.

Fix any U = (u, 6yu) € A%(J, f,g,c). For a.e. t we have
et ey == |
{zeQ : |u(t,z)|<K}

< (K 1 M) Vol(Q) + /{ o oy @Gl )

|u(t,a:)]2d:13+€/ lu(t, z)|? dz
{zeQ : |u(t,z)|>K}

< <6K2 +M + UP If(x,v)n(v)o Vol(Q) + (f (- ult, ), n(ult, ) L2 (-

Now multiply this inequality by the test function ¢ from Theorem 3.1 and integrate over
t € J. First we note that computations similar to the ones in the proof of Theorem 3.1 yield

meﬂmwwmwnmmm&<@+4wwfmw+géWme
for any p > 0. We then find that

s/ oluf? dz dt < C’K,H—i—/ @\Vu|2dxdt+,u/ olul® dz dt,
Q Q Q

where Ck ,, is independent of U = (u, Oyu) € Ab(J, f,g,c). Choosing i sufficiently small, the
last integral can be absorbed into the left-hand side. Thus we obtain the desired bound

/ olu)? dzdt < Oy + 02/ ©|Vul?dz dt for any U = (u,du) € A2(J, f,g,c).
Q Q

This estimate can now replace the Poincaré inequality in the proof of Theorem 3.1. The
remainder of the proof of Theorem 3.1 remains valid without further modifications. |

3.2.2. The nonautonomous case. In the nonautonomous case we can now readily com-
bine the ideas from the preceding paragraphs to conclude the following.

Theorem 3.5. Consider Neumann or periodic boundary data. Given 6 € (—1,1), v > 0,
and £ > 0, there exists © = O(0,v,€) > 0 for which the following is true. Let (f,g,c) be of
class C™ (m > 1) for which hypotheses (nl)—(n3) are satisfied with the chosen constants 0, ¢,
O, and inficrc(t) = v. Fir J = (j_,j1) C R, and J' C J' C J with [-£,f] C J'. Then the
set AL(J, f,g,c)|, is bounded in Cm(J; X0, ..., X™) and compact in WITC’Z(J’; X0 XM,

3.3. Regularity of the map 9; + A¢ 4 .(-). Consider the map

J/
O+ Apge(): WA X0, XY — L2 (J; X0).

Smoothness of g and hypothesis (g1) imply that the map U — (0, g(x, U(t))) induces a smooth

map from I/VI}DCQ (J; X% XYY into L2 (J; X°). Hence the regularity class of this map is the same

loc
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as that of the Nemytskii operator f : H'(J” x Q) — L?(J" x Q), for bounded subsets J” C J.
As we already remarked in the proofs of the compactness theorems, hypothesis (f1) implies
that the Nemytskii operator f : H'(J x Q) — L?(J x ) is bounded and continuous but in
general does not possess additional regularity. However, the failure to be more regular only
stems from the behavior of f(t,x,u) for large u. Since we have seen that A%(J, f, g, c) g 18
bounded in C} (J; X°, X!), the map does have additional regularity near solutions of (TWE).
For clarity these observations are summarized in form of a theorem.

Theorem 3.6. Suppose f is of class C™ with m > 1. Given J = (j—,j+) C R, and
J'cJ CJ, and a,b € R, the maps

Apge(): X = X°

and
Oy + Apgel) : WEAT X0, X1 = L3, (T X0)

loc

are bounded and of class C™ in neighborhoods of S2(f) and A%(J, f,g,c) s

3.4. Energy bounds. The following lemma shows that the energy is bounded from below
on the collection S of stationary solutions. Observe that by the implicit function theorem
hyperbolic stationary points are isolated in S with respect to the topology of X'. Hence
combining this energy bound with our compactness result shows that if (TWE) is hyperbolic,
then for arbitrary a € R the collection S  is a finite set. We will need this fact later on
when defining the Floer boundary operator.

respectively.

Lemma 3.7. Suppose either hypothesis (£2) or (f2') is satisfied. There exists a constant
M € R such that E(Z) > M whenever Z € S. In particular, 8% is finite for hyperbolic
nonlinearities f.

Proof. We will first prove the statement when hypothesis (f2) is satisfied. For any Z =
(2,0) € S, we then have

&2)> [ IV - Pla,2(@)]da
> /Q;|Vz(:c)|2 _ gf(x, 2(2))2(x) dz — C} Vol(Q)
> /Q;|Vz(ac)|2 - @ (2, 2(x))2(x) dz — C Vol(Q)

= [ SIVa + I astw)zta) s - ¢ vorey

1 _
:/ 2’9|\vz(x)\2dx—c}\/om)
Q

> —C} Vol(Q2),

where we used that 0 < [0] < 1.
When on the other hand hypothesis (f2') holds, we let n € C'(R) be as defined in estimate
(¢/) in the proof of Theorem 3.1. Then, after updating the constant C’,, we have

(e w)] < O+ f e, upn(u),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/21 to 145.108.252.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

FLOER HOMOLOGY FOR TRAVELING WAVES IN RDEs 2659

and consequently it again holds that

£(2) > /Q L= PO EON G 2P de — ¢ Vol(©) > —C Vol(@).

2 |

4. Unique continuation. The initial value problem associated with (TWE) is ill-posed.
However, in this section we will show that if a solution through some initial value exists, then
it must be unique. This implies that time shifting defines a dynamical system on the space
of all heteroclinic solutions to (TWE), and this dynamical system posesses a strict Lyapunov
function given by the energy functional. For second order elliptic equations such a uniqueness
result is relatively well known; it follows, for example, from Aronszajn’s unique continuation
theorem (see [Aro56, AKS62]). However, the nonlocal term appearing in (TWE) prohibits
application of this theory. Therefore we present a new continuation result, tailored toward
(TWE).

4.1. Carleman estimates. Here we generalize the Carleman estimates (see [Car39]) for
the Laplacian. More precisely, instead of only considering compactly supported functions, we
allow for Dirichlet, Neumann, or periodic boundary conditions in the variables which are not
being controlled by the weight function. We can do so at the expense of having the lower
bound on the weight 7 depend on |u(t,-)|[z2(q) and [[Vu(t, )| L2 (q)-

For notational convenience we write Vi, = (¢, V) and A;, = 97 + A.

Lemma 4.1. Let ¢(t) := t+t2/2. For each 0 < € < 1 there exists C > 0 so that the following
holds. For each v € H3(R x Q) with B(u(t,-)) =0 for each t € R and supp(u) C (—¢,¢) x Q
one has the following Carleman estimate: there exists To(u) > 0 such that for all T > 1o(u)
one has

e ullF 2R qy + T Vit T mxny < Clem™Aepull7zmxa):

Furthermore, if u € H3(R x Q) is another function satisfying the above mentioned hypotheses,
and for allt € R one has

IVu(t, Iz IVult, )2
a(t, Mz — lult 2@

then To(u) < 19(u).

Proof. Let us abbreviate || - || = || - [|L2rxq) and (-,-) = (") r2rx0)- Set v = €"?u and
observe that

le™#yull* = [0 — Tvl|* < 2[100]|* + 2] mgul* < 2] 0pwl* + 2(1 + )7 [lv]|*.
Hence it suffices to see that for all v € H3(R x Q) with B(v) = 0 and supp(v) C (—¢,¢) x £
(21) ]2 4+ 7| Vil < C||Po|)? for all 7 > 1o(u),

where P = €Y Ay e 7%.

We now decompose P into a symmetric part and an antisymmetric part:
P = P54 P4,
P = A+ 721+ t) -1,
PA = —27(1 4 1)d,.
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Then
|1Pv]|? = [|[PS0|? + || PA0||* + ([P%, PAo,v),

where [-,-] denotes the commutator bracket. At this point we used that v is of class H3, so
that it lies in the domain of the definition of [P¥, PA].
We are now ready to make the estimates. Note that

1P20]? = [[Arav]® + 2(A00, (T2(1+ 1) — T)v) + (72 (1 + £)* — 7)v|?
> 2(A¢ pv, (7'2(1 + t)2 —T)v) + H(T2(1 + t)2 — T)U||2

1
= 27|V — 5HPAUHQ —272||(1 + £)Vv||? — 40, 72(1 + t)v)

I 0200 = 270+ ol + 7

1—¢)* 1

> Co Lt o) 4 27 Vo) - L P2
—27%(1 4 €)?||Vo||? — 40w, T2(1 + t)v)

for 7 > 2(1 +¢)%/(1 — ¢)*. Here we used that supp(v) C (—¢,&) x Q. Hence

—5)4 490,112 2
T T+ 27 Ve

—27%(1 4 )| Vo|? — 4(dw, 72(1 + t)v).

(1
o) [PSo)? + [ PAo? >

To estimate the last term in (22), note that
[P%, PA) = —470% + 473 (1 + t)2.
Hence
— 48y, 721 + t)v) = —4(r200, 732 (1 + t)v)
> =270|* — 27| (1 + t)]®
= 27(0%v,v) — 273|/(1 4 t)v||?
1
= —§<[PS,PA]U,U>.
Therefore, since
([P%, PAlv,v) = 47||8pv]|2 4 473||(1 + t)v||? > 0,
we find that

1— 4
(23) 1202 > CE Lol 4 27V — 2721 + 2 V.

To get rid of the last term in (23) we need to take a u-dependent lower bound 7. Since
|lv|| = 0 implies ||Vov|| = 0, for a fixed v we can always find 79 > 2(1 4+ £)2/(1 — £)* such that

5 78)7'4HU”2 for all 7> 7.

1—¢)t 1-
R e A
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If @ is as in the hypotheses of the lemma, and v = e™%u, then since the exponential factors

through the inequalities, also N

(G101 I D]l
for all ¢ € R. Therefore, if 79(u) denotes the smallest constant 7y for which (24) holds, it is
readily seen that 7o(u) < 79(u). Hence

(1—e)* 4 2 2
TT [o]|* 4+ 27| Vi gv|| for all 7 > 79(u),

from which (21) follows. u

1Pol|* >

4.2. Continuation for an integro-differential inequality. The following lemma is in a
sense an integrated version of Aronszajn’s continuation theorem.

Lemma 4.2. Let J C R be an open interval, and let u € H3(J x Q) with B(u(t,-)) =0 for
all t € J. Assume that it satisfies the integro-differential inequality

(25) / |A: gult, x)\2 dz < C'/ |u(t,x)\2 + |V zult, 90)|2 dzx
Q Q

for almost every t in some neighborhood of tg, for a certain tg € J. Assume furthermore that
u satisfies the following decay conditions around tg:

to+0
/ u(t, )2 dzdt = O as 610,
to—6 JQ
(26) Oto+6
/ / Ou(t, z)|* de dt = O(6°) as 9] 0.
to—0 Q

Then v = 0 in a neighborhood of {to} x Q.

Proof. The strategy is as follows. First we note there is no loss of generality in assuming
that tp = 0. We localize on the left side of the hyperplane ¢ = 0. The Carleman estimates
are still valid for these localized solutions, at the cost of some error terms. One of the error
terms stems from the behavior of our localized solution away from ¢ = 0. This error term
can be made to decay at an exponential rate, precisely because the localized solution vanishes
on the right side of the hyperplane ¢ = 0. The other error terms stem from the behavior
of the localization near t = 0. To deal with these terms, we actually consider a sequence of
localizations. The decay conditions (26) allow us to take the limit in which the error terms
disappear. Combining this extension of the Carleman estimates with estimate (25), we are
left with a family of exponentially weighted inequalities, which forces the localization to be
zero near t = 0. This just means that our original function must be zero for small negative t.
Then considering a time reversal, the same must be true for small positive .

We will now first construct the sequence of localizations. Let € > 0 be sufficiently small
such that (—e,e) C J, and let ¢ be as in Lemma 4.1. Let 0 < ¢ < £/2 be such that ¢ is
increasing on [—2¢, 0] and such that (25) holds for a.e. t € (—2¢,2¢). Given 0 < § < ¢, let x5 €
C3(R) be such that xs(t) = 0 for t & [~2¢,0], and x5(t) = 1 for t € [-¢,—6]. Furthermore,
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we demand that |0fxs(t)| = O(67%) uniformly for t € [~6,0] and k € {0,1,2} and also that
dsxs(t) = 0 for t € [-2¢,—{]. Now set Vs(t,x) := xs(t)u(t,x). Then Vz € H3(R x ), and
moreover B(Vj(t,-)) = 0 for each t € R, and supp(Vs) C (—¢,¢) x ©, hence the Carleman
estimates apply to V.

We will again abbreviate || - || = || - [| .2(mxq)- Observe

Ixse™ dull* = [|e™20, Vs — Xse™ ul|?
< 2] 0 V5| + 2llxse ul®

¢
<2l avilP +2 [ [ P lu dod
—20 JQ

0
12 sup |40 / / fuf? da dt
—5JQ

—6<t<0

¢
<2emPaVs|2 + 270 sup |is(t)] / /|u|2dxdt+0<53>,
—20 JQ

—20<t<—4

where we used the decay condition (26) and the monotonicity of ¢. Thus we have

(27) D o™ 0ul? <2 ) [|e7P0Vs |2 + C1eT 0 + O(5%).

|1 o<1

Here C depends on |lu|| but is independent of § and 7. We use the multi-index notation
a=(ag,...,aq) € Ng“, and o] = ap + -+ + ag, and

o Q0 N1 g
0% =000 --- 0.
In a similar fashion, we compute

e A¢a Vsl < 3llxse™ Avaull* + 3]12%se” pul|* + 3] Xse™ ul|?

—/
< 3llse™ Aol + 3 / / (124500 + [gul?) do dt
—20 JQ

0
(28) +12 sup \)’(5(t)|2/ /yatu|2dxdt
—6JQ

—0<t<0
0
+3 sup ]j{g(t)\Q/ /yu2dxdt
—0<t<0 —0JQ

< 3||xse™ Ay pul|? + C2e®™ 0 £ 0(6),

where we again used the decay condition (26) and the monotonicity of ¢. The constant Co
depends on ||lul| and ||Oyu|| but is independent of 4 and 7.

Combining estimates (27) and (28) with the Carleman estimates from Lemma 4.1, we find
that

(29) T lIxee™0%u|)? < Csl|xse™ A pul® + Cs(1 + 7)e* ™70 + 0(5) + O(r6?)

Ja|<1
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for all 7 > 79(V5). Since |Vs(t, z)|/|VVs(t, z)| = |Vs (t,2)|/|V Vs (t, z)| for any two 0 < §,0" < £,
from Lemma 4.1 it follows that the lower bound 79 := 79(Vs) on 7 is independent of 9.
Therefore, using the dominated convergence theorem, we can send § to 0 in (29) and obtain

(30) T Z x0e™0%u|? < Cs||x0e™ Ay zul|® + C3(1 + 7)e27?(=0 for all 7 > 7.

jal<1

Here

1 for t € [—¢,0],
xolf) = {x1(t) for t ¢ [~¢,0].

Using (25) we have

xoe?sul? <€ [ a@Per [ fu(t.o)? + |Vesu(t, o) do di
R Q
— Cllxoe™ull® + Cllxoe™ Vs pull®
Combining this inequality with (30) yields

T Z | x0e™0%u||? < Cy Z [ x0e™?8%ul|? + C5(1 + 7)e2™# (=0 for all 7 > 7.

la|<1 la|<1

After increasing 7y if need be, the sum over |a| < 1 on the right-hand side can be absorbed
by the left-hand side, hence

73 Ixoe™0%ul? < Cs(1+ )0 forall 7> .

lal<1

Since xo = 1 on [—¢, 0] and ¢ is increasing on [—/¢, 0], this implies that

14T ore-0-0) 0 as 7 — 0o
T

ullZ2 (s, 1% < Cs

for any t, € (—¢,0]. Hence u =0 on (—¢,0] x Q. [ |
4.3. Uniqueness of the IVP.

Theorem 4.3. Let J C R be an open interval, assume f is of class C3, and suppose U,V €
Wli’cz(J;Xo,Xl) are both solutions of (TWE). Suppose that U(ty) = V(to) for some ty € J.
Then U(t) =V (t) fort e J.

Proof. Let J' C J' C J be a bounded open interval such that ¢y € J’. Let us introduce
the set

Z(J):={teJ : UL —V(t)|xo=0}.

By assumption Z(J’) # (. By the regularity theory from section 3 we know that U,V €
C3(J; X0, ..., X™), hence Z(J') is closed in J'. Thus by connectedness of J’ we can conclude
that Z(J') = J' if we are able to prove that Z(J') is open in J'. Since J can be written as the
union of bounded open intervals J' C J’ C J, the conclusion of the theorem will then follow.
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Pick any t, € Z(J'"). Write U = (u, dyu) and V = (v, dywv), and set W = (w, dyw) := U V.
We will prove that w is zero in a neighborhood of {t.} x Q. To do so, we shall invoke Lemma
4.2. We thus have to check that w satisfies the hypotheses of said lemma.

Note that by the regularity theory of section 3, w € H3(J' x ), and B(w(t,-)) = 0 for
each t € J', and w satisfies

At,xw = f(fL’,U) - f(m,u) + Catw +g(l‘, V) - g(x, U)
1 1
:/ 8Sf(x7u—sw)ds+catw+/ 0sg(x,U — sW)ds
0 0
= a(t,x)w + cOpw + L(t)[W (t)].

Here a : J' x 2 — R is given by

1
at,x) = —/0 fulz,u(t,z) — sw(t,x)) ds,

and note that by the regularity results from section 3 this « is a continuous function. Fur-
thermore, L : J' — L£(X°, L?(Q)) is given by

1

(L09)@) = = [ daga.U() = sW ()€ s,

We note here that this integral is indeed well-defined, since the map
s I(s) :=dag(x,U(t) — sW(t))

is continuous from [0,1] to £(X?, L?(Q)) with its uniform operator topology. Hence s — I(s)
is absolutely continuous and therefore strongly measurable, and since by hypothesis (gl) one
has fol I1(s)||zds < oo, it follows that I is Bochner integrable. By the regularity results from
section 3 we know that U and V' form continuous curves in X°, hence ¢ — L(¢) is continuous.
Hence [|L(?)||z(x0,r2()) < C uniformly for ¢ in a neighborhood of t., and consequently w
satisfies an inequality of the form (25).

All that is left is to check that w satisfies the decay conditions (26) around t.. Let
§ > 0 be sufficiently small such that [t, — 6, + 6] C J'. Since f is of class C3, it follows
from section 3 that W = (w,0w) € C([ts — &,tx + 0]; XY,..., X3), hence in particular
w € Cp([t« — 6, + 6]; L?(Q2)). Now consider the function n : (t. — 6, ¢, + ) — R given by

nt) = [ fu(t. o) da.
Q
It is C* and the first three derivatives are given by
n'(t) = 2/ w(t, z)0yw(t, z) dz,
Q

n"(t) = 2/ w(t, x)0fw(t, x) d$+2/ |0yw(t, )| du,
Q Q

3\
I
—~
~
N~—
I

2/ w(t, z)OPw(t, x) dx—|—6/ oyw(t, £)0?w(t, z) d.
Q Q
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Since w(ty, ) = dw(ts, ) = 0, we have n*)(t,) = 0 for k € {0,...,3}. By the mean value
theorem it follows that |n(t)| < C’§%, hence

bt
/ / w(t,2)2dedt < CF  for |t—t.] <o,
ta Q
A similar computation shows that
bt
/ / |Opw(t,z)|*dedt < C8>  for |t —t,| <.
ti—86 JQ

Hence Lemma 4.2 applies, proving that w = 0 in a neighborhood of {t.} x €. Therefore
U(t) = V(t) for t in a neighborhood E C J' of t,.. Hence E C Z(J'), and since this holds for
any t, € Z(J') it follows that Z(J') is open in J’, thus proving the theorem. [ |

5. Fredholm theory. Let £ consist of all L € £(X*!, X°) of the form

0 -1
L= <A+L1 LQ,) ’
where Ly € L(HEL(Q),L*(Q)) and Ly € L(L*(2)). Let Lyy, consist of those L € £ which are
hyperbolic, i.e., o(L) NiR = .
In this section we will study Fredholm properties of the linear operator
L WHR; X%, X1 — L*(R; X9),
DLW = oW + L(t)W,
where L € C°(R; £) is such that the limits L4+ = limy ,+, L(t) exist in the uniform operator

topology on £(X', X0), and Ly € Lhyp- The study of Fredholm properties of this class of
operators is motivated by the following lemma.

Lemma 5.1. Let Z_ € S(f-) and Zy € S(f+) be hyperbolic rest points of (TWE), and
suppose U is a path connecting Z_ with Z,.. Then the linearization 0y +dAj 4 .(U) of (TWE)
along U is Fredholm, with index given by ind(Dy, ), where

0 1
Le.s(t) = <A+ Ju(t,z,u(t, x)) —c(t)) '
Proof. Note that the linearization of (TWE) along U takes the form
(31) OW + L (t)W + K(t)W,

where

0 0
K(t) = (819(96,[]@)) 829(96,U(t))> '

Here O19(z, (u,v)) = w and 029(z, (u,v)) = w For each t, K (t) € £(X"), hence
K(t): X! — X0 is compact Furthermore, K € CO(R, £(X', X)) and ||K ()]l z(x1 x0) = 0 as
t — o0 by hypothesis (g3). This implies that the multiplication operator K : W12(R; X!, X©)
— L*(R; X") is compact; see [RS95]. Therefore the Fredholm properties of (31) are the same
as those of DLC)f. [ |
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The Fredholm properties which will be derived allow us to assign a (normalized) Morse
index to hyperbolic rest points, even though the operators dA._; , (Z_)and dA., ¢ g4, (Z5)
are strongly indefinite.

5.1. Fredholm alternative for Dy. Before discussing the Fredholm alternative for Dy,
let us first consider a resolvent estimate for the operator L(t).

Lemma 5.2. Let L € C°(R; £) such that the limits L+ = limy_,+oo L(t) exist in the uniform
operator topology on L(X', X°). Then one has the following resolvent estimate: there exist
M >0, Ry > 0 such that

IML(E) = iN)gxoy <M for tE€R, |A > Ro.

Proof. First consider the unbounded operator P on X° with domain D(P) = X!, given by

0 -1
P (0 0)
Note that i\ & o(P) whenever A € R~ {0}, and

o1 (A= (A=) (A=)
(P —1}) 1—( E(A—)ﬁ)—l ) —M(A—)\Z)_1>'

Now, since

C
(1+d(u.oa)) e

1A = )™M 22, mt ) <

for k € {0,1,2}, we find that

C

P—i)) Y xo <
[(P = iA)" [ xo T

for A e R~ {0}.

Now let K(t) be defined by

K(t) := <L10(t) L2O(t)> ’

so that L(t) = P+ K (t). Note that K(t) is a bounded operator on X%, and K € C°(R, £(X?)).
Using a perturbative argument (see, e.g., [Kat66]) one has that

(32) iNg o(L(t))  when [[K(t)]lcxo)|(P =i\ gxo) <1,

and for such A one has

. 1
(L () = iA) "l gexo) <

1= K@) cxo)[(P = iX) " (xo)

We have already argued that [|(P —4A) ™! z(xoy = O(]A|7") as |A| = co. Hence for each fixed
t € R, condition (32) is satisfied for |A| sufficiently big, say, |[A\| > Ro(t). Since K depends
continuously on ¢, and K(t) converges as t — 400, the constant Ry can be chosen uniformly
in ¢. ]

1P —iX) £ (xo)-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/21 to 145.108.252.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

FLOER HOMOLOGY FOR TRAVELING WAVES IN RDEs 2667

Combining this lemma with the results from [Rab04], we obtain the following theorem
(see Appendix A for details).

Theorem 5.3. Let L € C°(R;£) be such that L(t) — Ly as t — oo in the uniform
operator topology on L(X', X°), where L. € Lhyp- Then the map Dy, is Fredholm from
Wh2(R; X9, X1 to L?(R; XY), and its index depends on the endpoints L_, L only.

This allows us to define a relative index:

[ 'Shyp X Shyp — Z,
v(L_,Ly) =ind(Dy).

The relative index has the following transitivity property.
Lemma 5.4. Let Lo, Lg, Ly € £pyp. Then

v(La, Lg) = —v(Lg, La) (antisymmetry),
V(La, Ly) = v(La, Lg) + v(Lg, L) (cyclicity).

The proof of the lemma uses an algebraic trick similar to the one employed in [RS95]. See
Appendix A for details.

5.2. Computing the index. Consider L € CP(R, £) with lim;_, 1 L(t) € Lpyp, given by

0 —1
(33) L) = (A +La(t) —c(t)) :

Here we assume ¢ € C*(R, (0,00)), and L1 € CO(R, L(H(2), L*(£2))), and for each ¢ € R the
operator Lj(t) is symmetric when considered as an unbounded operator on L?(2). Consider
the operator

U, WHAR; HE(Q), HR(Q)) — LA(R; L*(Q)),
\I’Llw = Jw + Aw + Ll(t)w.

The following lemma relates the Fredholm index of the elliptic operator Dy, with that of the
parabolic operator ¥y, .

Lemma 5.5. Let L, Ly be as in (33). Then Dr, and ¥y, are Fredholm operators, and
ind(Dr) = ind(¥y,).

Proof. The Fredholm property of Dy, was discussed in Theorem 5.3. Moreover, Theorem
A.1 is also applicable to the operator Wy, , thus establishing the Fredholm property of that
operator as well. To relate the two indices we will make use of spectral flows.

Loosely speaking, the spectral flow SF(A) of a curve of (densely defined unbounded)
operators t — A(t) is an algebraic count of the number of eigenvalues of A(t) that cross the
imaginary axis as t increases from —oo to +00. More precisely, we define

SF(A) :=—=> Y sgnRe X(t.).

ts
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Here t, are those ¢t where a spectral crossing takes place, i.e., o(A(t,)) NiR # 0, and t — X\;(t)
are differentiable curves defined near t, which parametrize the spectrum, i.e., o(A(t)) =
U;{i(t)} for ¢ near t,. This definition only makes sense if there is no ambiguity in counting
the crossings of eigenvalues: the operators A(t) should have pure point spectrum near the
imaginary axis, there should be finitely many crossings, the crossings should be transverse to
iR, and the crossing eigenvalues should be algebraically simple. This is generically achieved
by perturbing the curve ¢ — A(t) of operators.

Recall from [RS95] that we can choose a perturbation S; € CO(R, L(H%(S2), L*())), with
limy— 100 [[S(8)[| £(x1,x0) = 0, such that SF(—(A + L; + S1)) is well-defined, and

ind(¥;,) = SF(—(A+ L1 + 51)).

Furthermore, one can ensure that for any ¢ € R the operator Si(¢) is symmetric when con-
sidered as an unbounded operator on L2()), and given € > 0 (to be specified in the next

paragraph), sup,eg [|S1(¢)( z(x1,x0) < €.

Now let
St = (510(15) 8) '

Suppose for the moment that SF(—(L+.5)) is well-defined. It then follows from [Rab04] that,
provided that sup,eg [|S(t)||z(x1,x0) is sufficiently small, one has

ind(Dy) = SF(—(L + 5)).

The proof of the lemma is then completed if we can show that SF(—(L + S)) = SF(—(A +
L+ 51)). We will do so by demonstrating that any spectral crossing of —(A 4+ L; + S7) is
in one-to-one correspondence with a spectral crossing of —(L + S). This then also shows that
SF(—(L + 9)) is indeed well-defined.

Note that p € o(—(L(t)+ S(t))) if and only there exists a nonzero vector (u,v) € X! such
that

—pu+v =0,
—Au — Li(t)u — S1(t)u + c(t)v — pv = 0.

This can happen only if u? — c¢(t)u € o(—(A + Ly (t) + S1(t))). Because the operator —(A +
L1(t)+S1(t)) is self-adjoint, it has real-valued spectrum. Since ¢(t) > 0, the only u € iR which
can satisfy u?—c(t)u € Ris p = 0. Collecting these observations, we conclude that eigenvalues
of —(L(t) 4+ S(t)) which cross the imaginary axis as ¢ increases must do so through the origin.
Furthermore, if an eigenvalue of —(L(t) + S(t)) crosses the imaginary axis (i.e., the origin)
from left to right as ¢ increases, then (since c(t.) > 0) an eigenvalue of —(A + Ly (t) + S1(t))
passes the origin from left to right as t increases, and vice versa. From this we conclude that
the spectral flow of —(L + S) is well-defined for generic Sy, and

SF(—(L+S)) =SF(—(A+ L1 + 51)).

Combined with our previous observations this complete the proof. |
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5.3. Normalized Morse indices. Given a regular nonlinearity f satisfying hypothesis (f1),
and mg € Z, we define a normalized Morse index p¢(Z) of Z = (2,0) € S(f) as

(34) pf(Z) :==mo —myg(2), where my(z) == #(0(A + fu(z, 2)) N (0,00)).
See Remark 5.7 after the next theorem for the rationale behind the sign convention. Whenever
the choice of nonlinearity f is clear from the context we shall drop the subscript.

Theorem 5.6. Let Z_ € S(f-) and Z+ € S(f+) be hyperbolic rest points of (TWE), and
suppose U is a path connecting Z_ with Z. Then

ind(9; + Ay o(U)) = g (Z-) — uy, (Z4).
Proof. Define the multiplication operator
Li(t) s HE(Q) — LA(Q),  w(e) o fule,ult,2))w(a).
Combining Lemmas 5.1 and 5.5, we find
ind(0; + dAf 4 .(U)) = ind(¥y,).
From [RS95] it follows that
ind(Wp,) =my, (24) —my_(2-).

Combined with the definition of py this concludes the proof. |

Remark 5.7. The reason for choosing a minus sign in the definition of the normalized
Morse index is to ensure that the index can only decrease along heteroclinic connections. One
can drop the minus sign in (34) and arrive at a cohomology theory instead.

6. Exponential decay. In this section we will show that a solution of (TWE) which
converges in forward time (or, similarly, in backward time) toward some hyperbolic fixed
point will in fact converge at an exponential rate.

Theorem 6.1. Let f be of class C*. Let U be a solution of (TWE) on J = [r9,00) for
which it holds that lim;_,0 ||U () — Z|| xo = 0. Suppose hypotheses (f1)-(f3) and (g1)-(g3) are
satisfied. Let Z be a hyperbolic rest point of (TWE). Then there exist constants C,~y,e > 0
such that the following holds. Then

U = Zllwrz(rriyxoxty < Ce 7T forall T >Ty+1,

where Ty = 10 + 1 is chosen such that ||U(Ty) — Z||xo < €.

A similar statement holds for solutions U of (TWE) on J = (—o0, —79] which converge
toward a hyperbolic rest point in backward time.

Proof of Theorem 6.1. First note that from Lemma 5.2, the unique continuation Theorem
4.3 (using that f is C*), and [PSS97], the following follows: there exists v > 0 and K > 0
such that any W € C%(J; X1) N Cl(int J; X9, X1) which satisfies

W + dA(UYW =0
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and sup;c s |[W(t)||xo < oo satisfies the exponential decay estimate
(35) W ()| x0 < Ke W (r)|[xo  for t=7>m.

See Appendix A.2 for details.

We know that U € C(J; X9, X1 ..., X*), hence W := 6,U satisfies sup,c; [|[W(t)||xo <
oo and also W + dA(U)W = 0 on J. From (35) it then follows that W € L'(J; X°), and
for any t,Ty € J with t > Ty we have

o0 o0 K
36) 106~ 2o = || = [ was| < [T Wl ds < ST @),
t X0 t

Now let

Lz :WR; X%, X" — L*(R; X9),
LW = W + dA(Z)W.

By hyperbolicity of Z this operator has a continuous inverse; this follows using Lemma 5.2 and
the results from [Rab03]. Let ng € C°(R) be such that no(t) = 1 for ¢t € [0,1] and no(t) =0
for t € [—1,2]. Then set ny(t) :=no(t—T1"). Now fix Ty, T € J such that [I'—1,T+2] C [Tp, c0)
(i.e., T'> To + 1). Note that

(37)
Lot OUE) = 2)) = i) (U ) — Z) +nr(t) (atU 0 + dA (@2)U() - 2))
() (U() — 2) + mw(dA ~2)— (AU () - A(2)))
L e (@U(0) + AU D)) - < )
— () (U() — 2) + nT<t>(dA ~2)— (AU() - A(2)))
) 0
=i ((U) = 2) + () <fu<x, (u(t) - 2) — flau) + fa, z))

where U = (u, yu) and Z = (z,0).
Since the map f : H*(Q) — L?(1) is differentiable near z we have

H (fu(w, 2)(u(t) — Z)O— f(@,u) + f(z, Z)) Hx

By hypotheses (gl), (g2), and a mean value estimate, we find that for all ¢ € J one has

H <9(fﬂa?f(t))) < CrgVVol(Q)U (1) — Z| xo.

L2(Q)
Combining these observations with estimate (37), we find that

=o(||[U(t) — Z|| x0) as t — oo.

- H /01 %9@’“ s(U(t) — Z)) ds

|Lz(nr(t)(U(t) — 2))|lxo = O(||U(t) — Z]| x0) for t € J, uniform in 7.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/21 to 145.108.252.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

FLOER HOMOLOGY FOR TRAVELING WAVES IN RDEs 2671

Since supp(nr) C [Ty, 00) we can now apply estimate (36) to obtain
1£2(nr (U () = 2))x0 < Ce™ ol W ()| xo0

for some constant C' which is independent of T. By invertibility of £z : WH2(R; XY, X1) —
L?*(R; X°) we then find

U = Zllwr2(r,r41):x0,x1) < 07 - (U = Z)lwr2m;xo0 x1)
<L MLznr - (U = 2))lr2mw;x0)
c ClEy H _
< — 2Tl W (Ty) | xo.

The above estimate already proves the exponential decay of the single solution U toward
Z. Next, we will argue why the constant [|[W(Tp)||xo = ||0:U(Tb)||xo can be bounded in-
dependently of U, as long as Ty is chosen big enough such that U(7p) lies in some given
XOneighborhood of Z. Let a := £(Z), and choose any b > a. From section 3 it follows
that A% (J, f,g,c)hTOH’oo) is bounded in the norm topology on C} ([0 + 1,00); X%, X1). De-
note this upper bound by M. By continuity of £ : X® — R, there exists some ¢ > 0 such
that if Ty > 70 + 1 is such that ||U(T0) Z||xo < €, then a < E(U(Tp)) < b. If we define
U(t):=U(t — 19 — 1+ Tp), then U € Ab(J, f, g, c)|[70+17oo), hence

10:U (To) || x0 = [|0:U (10 + 1)|| xo < M. ]

7. Moduli spaces. At this point we are ready to define the moduli spaces of heteroclinic
orbits. Given two hyperbolic rest points Z_, Z € Syyp, we define

M(Z_,Z,) = {U e W 2(R; X0, X1) 1 U solves (TWE), im [[U(8) = Zelxo = o} :

We will now discuss two useful modes of convergence on this space and the interplay between
these two. For conciseness we will do this only for the autonomous case. We refer to Remark
7.7 at the end of this section for details on how to adapt the arguments to the nonautonomous
setting.

7.1. The manifold structure. Let Z € C'(R; X°, X1) be such that Z(t) = Z_ for t < —1
and Z(t) = Z4 for t > 1. We then define the affine space of paths between Z_ and Z,,

P(Z-.Z4) = Z+ W (R; X°, X1).

By the exponential decay of solutions toward hyperbolic rest points we have M(Z_,Z) C
P(Z_,Zy). Therefore, if we introduce the nonlinear operator

Oy 7z, :P(Z-,Zy) = L*(R; XV),
®; 7. (U)=0U+ AU),
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we find that

M(Z-,Z1) =, , (0).
The linearization of ®_ 7, around any U € P(Z_, Z,) is Fredholm with ind(d®z_ 7, (U)) =
w(Z-) — u(Z4). This index is independent of the chosen U € P(Z_,Z,), thus ®z_ 7, is a
Fredholm map with ind(®z_ 7, ) = u(Z-) — u(Z4).

Recall from section 2.2.3 the definition of transversality up to order k. We now assume
that the transversality condition up to order pu(Z_) — u(Z4) is satisfied. If the nonlinearity f
is of class C™, then the map ®z_ 7, is of class C™ in a neighborhood of M(Z_, Z ) (recall
Theorem 3.6); hence the implicit function theorem implies that M(Z_, Z ) with the topology
inherited from P(Z_, Z,) is again a C"™ manifold of finite dimension u(Z_) — u(Z4).

Since we study the autonomous case, time translations s — U(- 4+ s) induce an R-action
on M(Z_,Z,). We will denote the equivalence class of U € M(Z_, Z) with respect to this
R-action by [U] and write

—

M(Z—7 Z—‘r) = M(Z—a Z—l—)/R
for the quotient space.
Lemma 7.1. Assume the transversality condition up to order u(Z-) — u(Zy.) is satisfied.
Then the space M(Z_,Z) is a C™ manifold of dimension u(Z_) — pu(Z4+) — 1.

Proof. We verify that the R-action of time translations on M(Z_,Z,) is C™, free, and
proper. The lemma then follows from the quotient manifold theorem [Lee03]. The C™ smooth-
ness of the action, where we consider M(Z_, Z,) to be endowed with the topology inherited
from P(Z_,Z,), follows from the regularity results stated in section 3. Since the energy
functional £ is strictly decreasing with time translations (see also Remark 2.5), the action is
free. Finally, properness follows from the compactness estimates in section 3. |

7.2. Geometric convergence. In general M(Z_, Z,) will not be compact in the topology
of P(Z_,Z,); just considering a sequence of time translations of a nonconstant solution, this
cannot have a convergent subsequence in this topology. In order to better understand exactly
how M(Z_, Z,) fails to be compact, we introduce the notion of geometric convergence.

Definition 7.2. Let Zy, ..., Zxy+1 be hyperbolic stationary solutions of (TWE). Pick any
(U], [U1); -, [Uk1], [UK]) € M(Zo, 1) x M(Z1, Z2) % - x M(Zy1, Z1) x M(Zy, Ziei)-

We will call such a k-tuple ([Vo], ..., [Vk]) a k-fold broken orbit.

Given ([Up])n C M(Zo, Z11), we will say that ([Uy])n converges geometrically to the k-
fold broken orbit ([Vo],...,[Vk]) if the following holds. For each j € {0,...,k} there exists a
sequence (sjn)n C R so that

Un(-+sjn) = Vj n Wlif(R; X0 xh as n — oo,

and this k-fold broken orbit is mazimal in the sense that for each sequence (s)), C R and V'
such that Uy (- + s,,) — V' in WZIO’E(R; X0 X1) as n — oo it holds that [V'] € {[V],...,[Va]}.
In this case we will also write

[Un] ~ ([Vol,s -, [Vk]) as mn— 0.
See also Figure 2(a).
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Zy

(b) Noncompact connected component of dimen-

(a) Convergence toward a broken trajectory. :
sion 2 of M(Z_,Z).

Figure 2. Analysis of the moduli spaces M(Z_,Zy) in the autonomous setting.

To arrive at the main result regarding geometric convergence, we will first discuss a prop-
erty which was already hinted at in the introduction. First, given a solution U of (TWE),
let a(U) denote the set of accumulation points in the topology of VVli)’Cz(R;XO,Xl) of the
sequence (U(- + 7))r, where 7 — —oo. Similarly, let w(U) denote the set of accumulation
points of the sequence (U(-+17)),, where 7 — 00. In other words, these are the a- and w-limit

sets of the shift dynamics on the set of solutions to (TWE).

Lemma 7.3 (gradient-like behavior).  Consider a t-independent triple (f,g,c) satisfying
(f1)(f3) and (g1)~(g3). Let U be a bounded solution of (TWE). Then the limit sets a(U) and
w(U) are both nonempty and connected, and a(U),w(U) C S. Moreover, if a(U) Nw(U) # 0,
then U is a stationary solution of (TWE). If in addition we assume that f is regular, then
a(U) and w(U) each consist of a single point, hence any bounded solution of (TWE) is either
a rest point or a heteroclinic orbit.

Proof. Let U € W,22(R; X%, X1) be a solution of (TWE) with supeg [|U(t)]xo < oo.
Then there exist a,b € R such that a < £(U(t)) < b for all t € R. Endow A? with the
topology inherited from I/Vl})f (R; X% X1!). Then note that time translation s +— U(- + s)
defines a continuous dynamical system on A%. The compactness results from section 3 imply
that the a- and w-limit sets of any U € A% are nonempty. The dynamical system also
posesses a Lyapunov function given by £(U) = £(U(0)), with £ as defined in section 2.2.1.
In light of Theorem 4.3 this Lyapunov function is stricly decreasing along nonstationary
trajectories. Since the Lyapunov function must be constant on the limit sets, this implies that
a(U),w(U) C 8. Futhermore, this implies that a(U) Nw(U) = () when U is a nonstationary
solution of (TWE).

If we in addition assume that f is regular, the hyperbolicity implies that S? is totally
disconnected. On the other hand, since a(U) and w(U) are the limit sets of a continuous
dynamical system, they are both connected. Hence each of these limit sets must consist of a
single point. |
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With this settled, a standard argument shows that M (Z_,Zy) is compact up to broken
orbits. Roughly speaking, any sequence (U,), C M(Z_,Z;) must have some convergent
subsequence by the results from section 3, and by Lemma 7.3 the limit point must then
again belong to some moduli space M(Z;,Z;). If Z; # Z_ or Z; # Z,, using the energy
functional £ defined in section 2.2.1 we can then find a sequence (¢,), C R such that the
time-translated sequence (U, (t, + -)), converges over a subsequence toward a limit point in
yet another moduli space M(Z, Z;). This iterative procedure must terminate after a finite
number of steps, since hyperbolicity implies there are only a finite number of rest points with
bounded energy. See Figure 2(a), and also see [Sch93] for additional details. Note that in this
reference only gradient flows are considered, but the particular argument relies only on the
existence of a strict Lyapunov function. Summarizing, we have the following result.

Theorem 7.4. Consider (TWE) with t-independent (f,g,c). Suppose all rest points of
(TWE) are hyperbolic. Then the space M\(Z_,Z+) is compact up to broken orbits, i.e., for
each ([Uyp])n C M\(Z_,Z+) there exists a k € Ny, intermediate points Z1,...,Zr € S, a
broken orbit

(Vol, Vi, -+, Vi), [Va]) € M(Z-, Z1) x M(Z1, Zo) % - - X M(Zi—1, Z1,) x M(Zk, Z4),
and a subsequence ([Up,]); such that
[Unj] ~ ([VO]vv[Vk:]) as j — 0.

See also Figure 2(a).

7.3. Relating the modes of convergence. The following theorem highlights an important
link between geometric convergence and the topology inherited from P(Z_, Z;). Animportant
consequence will be that for generic choices of f and g one can count index 1 orbits.

Theorem 7.5. Consider (TWE) with t-independent (f,g,c). Let Z_ and Z be hyperbolic
rest points of (TWE), and suppose M\(Z_,Z+) is compact up to 0-fold broken orbits. Then
M\(Z_,Z+) is sequentially compact in the quotient topology inherited from P(Z_,Zy). In
particular, if W(Z_) — u(Zy) =1, then ./T/l\(Z_, Zy) is sequentially compact.

Proof. Without loss of generality we can assume £(Z) < £(Z_), because otherwise either
MZ_,Z) =0 (it Z_ # Zy) or M(Z_,Zy) ={Z_} (it Z_ = Z}). Select any ([Uy])n C
./T/l\(Z,,ZJr). For each n fix a representative U, of [U,]. By assumption we may find a
subsequence (U})n, a sequence (t,), C R, and a limit point Vj € M(z_,24) such that
UL(-+tn) = Voin VV&)S(R, X9 X1 asn — oco. After replacing U/, by U/, (- +t,), i.e., choosing
a different representative for [U]], we may as well assume that U/ — Vj in I/Vlicz (R; X% X1)
as n — oo. To ease notation, we shall henceforth denote the subsequence (U},),, by just (Up,)n.

We claim that U, (t) converges uniformly in n toward Z4 as t — +oo, i.e.,

(38) foralle > 03Ty >0for allne Nforallt>Tp: |Un(t) — Z4||x0 < €.

Suppose for the moment that this is true. Choosing ¢ as small as needed, we may now apply
the exponential decay, Theorem 6.1, to find dg > 0, C > 0, and Ty > 0 such that
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1Un = Vollwre(rrs1y:xo,x1) < [Un — Zellwre(rrs1):x0,x1)
+1IVo = Zellwre2(r,r+1);x0,x1)
< 06—60T

for all T' > Ty. Consequently,
1Un, = Vollwr2@®e[~1,m;x0,x1) = 0 as T — oo, uniformly in n € N.

Since we also have that U, — Vj in VVI})S(R, X0 X1) as n — oo, we in particular find that
for each T' > 0 it holds that

”Un - ‘/OHWLQ((—T,T);XO,Xl) —0 as mn — 0.

Together these estimates imply that ||[Un, — Vo|lw1.2m;x0,x1) — 0 as n — oo, so that U, — Vg

in P(Z_,Z;) as n — oo. Hence M\(Z_, Z4) is compact in the quotient topology inherited
from P(Z_,Z3).

It remains to prove the claim (38). We will only discuss the uniform convergence toward
Zy = (24,0) as t — oo; the case for ¢ — —oo is obtained analogously. We shall first show
that ||Opun(t)||12(q) — O uniformly in n as ¢ — oo, where U, = (un, Orup). Assume on the
contrary that we can find a sequence (tx)r C R with ¢, — oo, (ng)r € N with ng — oo, and
€ > 0 such that

(39) Hatunk (tk)”LQ(Q) >¢€ for all k& N.

Recall from section 3 that M(Z_, Zy) is uniformly bounded in C} (R; X°, X1). From this we
obtain the following equicontinuity condition: there exists an M € R such that

u@wwﬂﬁmn—nawaW§gnss[ 10,1003 gy | I

=2/<%wv%&MﬂhanT

t
<;/n¥wwmpmm@wwmmmﬂh
< M|s —t

forall s,t € Rand W = (w, 0yw) € M(Z_,Zy). Combining this with (39), we may find § > 0
such that
||8tunk(s)|&2(m >e?/2 whenever |t,, —s| < 6.

In turn, this gives

ot
EUn (1) = Eluny b +8) = = [ 218U (7)) ar

tg

ti+o )
>5[ 10 () dr
ti

> c6e? /4 =: €.
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Since t — £(Up, (t)) is a decreasing function, this finally implies that for all £
EUn, (tr)) — E(Z4) 2 eo.

But we can find syp € R such that £(Vy(so)) — E(Z+) = €0/2, and since ty, — oo we then find
that for k£ large enough

E(Un(s0)) = E(Z4) = E(Un, (tr)) — E(Z7) > €0
However, U,, — Vj in WE2(R; X0, X1), so we in particular have E(Un, (50)) = E(Vo(s0)).

Hence the left-hand side ol?Cthe last inequality tends to €9/2 as k — oo over a subsequence,
which is impossible since €9 > 0. This contradiction shows that ||Oun(t)||z2(q) — 0 uniformly
innast— oo.

Next, we will show that from this it also follows that [|u,(t) — 24| g1 (0) — 0 uniformly in
n as t — 0o, thus completing the proof of (38). Suppose on the contrary that we can find a

sequence (tx)r C R with t;, — oo, (ng)r C N with ngy — oo, and € > 0 such that
Hunk(tk7 ) - Z+||H1(Q) >¢€ for all ke N.

From section 3 we know that, after selecting a further subsequence, Uy, (tx+:) = W = (w, dw)
in W’lif(R, X0 X1) as k — o0o. The assumed inequality ensures that w # z,. Yet since
[0¢un(t)||L2() — O uniformly in n as ¢ — oo, it holds that dyw = 0. Since M(Z-,Zy) is
assumed compact up to O-fold broken orbits, we thus must have W = Z_. Hence for any

0 > 0 and sg > 0 we can choose k large enough so that

£(Z.) < £(2-) < EUny (1)) + 3 < EWny(s0) + 5 < EVos0)) +4.

However, £(Vy(so0)) — £(Z+) as s — oco. So we find that for any 6 > 0 we have £(Z,) <
E(Z_) < E(Zy) 4+ 0. Hence E(Z_-) = E(Z4), in contradiction with the assumption that
E(Zy) < E(Z2). |

7.4. The gluing map. The following “gluing theorem” allows us to understand the struc-
ture of the boundary of the two-dimensional moduli spaces.

Theorem 7.6. Suppose Zy, Z1, Za are hyperbolic stationary solutions of (TWE), where
w(Zo) = p(Z1)+1 = p(Zs) +2. Assume the transversality condition up to order 2 is satisfied.
Let (U, V) € M(Zy,Z1) x M(Z1,Zs). Then there exists an immersion

# : [T(],OO) — M(Z(), Zg),
T U#TV,

such that [U#rV] ~ ([U],[V]) as T — oo. Moreover, any sequence in M(Zy, Zo) which
converges geometrically toward ([U],[V]) eventually lies within the range of [U#V].

The ideas in this construction are fairly standard; see, e.g., [F1o89, Sch95, Sch93, AD14].
We will only give a sketch here. First define a pregluing map

(U#3V) (1) = (1 - n(;) ) U(t+2T) + n(;) V(t—2T),
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where n € C*°(R) is such that 0 < n <1, n(t) =0 for t < —1, and n(t) = 1 for t > 1. Note
that U#3.V € P(Zy, Z2), and U#3V converges geometrically toward ([U], [V]) as T — oc.
However, the pregluing is in general not a solution of (TWE), but a brief computation yields

1220,2: UH#TV)| omoxoy = 0 s T — o0,

which suggest there must be a true solution nearby the pregluing. The aim is to find this true
solution using a contraction mapping argument.
Define

Fr:WhH(R; X% x1) — L*(R; XY),
FT(’Y) = (I)Zo,Zz (U#%V + ’Y)'

By hyperbolicity and transversality, the maps d®z, 7, (U) and d®z, z,(V) are surjective Fred-
holm operators, hence they have bounded right inverses My, and Mjs, respectively. We then
patch these operators together to obtain an “approximate right inverse” for dFr(0):

Mr = (o Tor Mo T—orCr + G T—ar MiaTor ().
Here 7, denotes the operator induced by time translation ¢ +— ¢ 4+ a, and C%E € C*(R) is such
that ¢ (£)2 + ¢ ()2 =1, ¢ (t) =0 for t < =T, ¢ (t) = G (—t), CE(t) = (5 (t/T). This is an
approximate right inverse in the sense that dFr(0) o My — I in L(L*(R; X?)) as T — oo. In

turn, this implies the existence of a true right inverse G of dFr(0); in addition the operator
norm of G7 can be bounded independent of T'. This allows us to define a Newton-like operator

Ny : WH(R; X0 X1 — im(G7),
NT = GT e} (dFT(O) - FT)

Since Fr(0) — 0 as T — oo and the norm of G can be bounded independent of T, this
operator turns out to be a contraction for T' large enough. Consequently, there exists an € > 0
such that, for large T, there exists a unique yr € B:(0) Nim(Gr) such that Fr(yr) = 0.
Furthermore, one can show that ||yr|ly12r;x0,x1) — 0 as T'— oo. Hence, if we set

(40) U#rV = U#3V +7r,
then U#7V € M(Zy, Z2) and [U#7V] ~ ([U],[V]) as T — oo.

7.5. The geometric picture. Now assume that both f and g are regular. Pick any
Z_,Zy €S with u(Z_) — p(Z4) < 2. Suppose M(Z_,Z;) # 0, and pick U € M(Z_, Z,).
Then

w(Z-) — u(Zy) = dimker(d®z_ 7. (U)) > 0.

Hence transversality implies that the Morse index can never increase along orbits.

We now combine the various results from this chapter to get a detailed picture of geometric
properties of the trajectory spaces. We present this in the following list.

w(Z-) = u(Zy). Assume that M(Z_,Z,) # (). In this case M(Z_, Z4) is a zero-dimensional
manifold, i.e., a discrete set. If U € M(Z_,Z, ), then s — U(s+-) defines a continuous
curve in M(Z_, Z). This curve has to be constant since M(Z_, Z.) is discrete. Hence
U is t-independent, and since U(t) — Z1 as t — +oo, we find that Z_ = Z,. We
conclude that the space of index O trajectories M(Z_,Zy) is a finite set.
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w(Z-) = pu(Zy)+ 1. Let ([Un])n C .KA\(Z,,Z+) and suppose that [U,] ~ ([Vo],...,[Vk]), a
k-fold broken orbit. Since the index can never increase along orbits, we find that all
except one of the V;’s is of index 0. But as we just saw, index 0 orbits are stationary
solutions, hence all but one of the V}’s equal either Z_ or Z,. So ([Uy]), converges
geometrically to a 0-fold broken orbit, i.e., an element of M (Z_,Z,) itself. From this
and Theorem 7.4 we deduce that M (Z_,Z4) is compact up to 0-fold broken orbits.
We then conclude from Theorem 7.5 that M (Z_,Zy) is sequentially compact in the
quotient topology. We also know that M (Z_,Z4) is a 0-dimensional manifold with
this quotient topology. Consequently /T/l\(Z,,ZJr) is a finite set. This means that
modulo time shifts, M(Z_,Z.) consists of finitely many trajectories.

w(Z-) = p(Z4) + 2. Let O be a connected component of M(Z_, Z). Arguing as above, we

find that O is either compact up to 0-fold broken orbits or compact up to 1-fold broken
orbits.
We can also study 0:=0 /R, the one-dimensional manifold obtained by dividing out
the time shifts. Since M(Z_, Z) is obtained as a regular level 0 set via the implicit
function theorem, it is a manifold without boundary. Therefore also O and hence 9
are manifolds without boundary. It follows from the classification of one-dimensional
spaces that O is homeomorphic to either S or (0,1). The former corresponds to the
case where O is compact up to O-fold broken orbits. In the latter case, we obtain a
one-parameter family ([Us])sco,1) C O such that [Us] ~ (Vo ]:[Vi]) as s | 0 and
[Us] ~ ([V4"],[V;]) as s 1 1. These broken orbits ([Vy ],[V;]) and ([V;'], [V;"]) are
distinct; otherwise we would have two sequences which are separated by open sets, yet
converging geometrically to the same 1-fold broken trajectory. However, the latter is
impossible in light of the gluing theorem. See Figure 2(b) for a schematic depiction of
this situation.

Remark 7.7. In this section we analyzed the geometry of (the compactification of) the
moduli spaces in the autonomous case. We now indicate how this analysis can be adapted
to the nonautonomous case. The main technical difference is that one needs the compactness
estimates for the nonautonomous case, as given in section 3. The other difference is the lack
of translational invariance of (TWE). In this case we can therefore use the classification of
one-dimensional manifolds only when the index difference is u(Z_) — u(Z4+) = 1. What one
obtains is, much the same as in the autonomous setting, that any connected component of
M(Z_, Z, ) either is compact or can be compactified by two pairs of broken trajectories. Here,
a nonautonomous trajectory can break into either one of the following (using notation as in
hypothesis (n2)):

e a concatenation of an index 0 nonautonomous trajectory corresponding to (f,g,c),
and an index 1 autonomous trajectory corresponding to (f4,g+,cy), or
e a concatenation of an index 1 autonomous trajectory corresponding to (f—,g—,c_),
and an index 0 nonautonomous trajectory corresponding to (f, g, c).
Hence, accounting for multiplicity, there are three possible boundaries for any noncompact
connected component of M(Z_,Z, ) when pu(Z_) — u(Z4) = 1; see Figure 3, and see [Sch93]
for more detail.
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Figure 3. Geometric closures of index 1 connected component of M(Z_, Z) in the nonautonomous setting.
Double arrow heads indicate autonomous trajectories, single arrow heads indicate nonautonomous trajectories,
and numbers indicate their indices.

8. Generic properties. In this section we show that for generic choices of f and g, all rest
points are hyperbolic and connecting orbits up to order m — 1 are transversal. In other words,
we will show that regular f and g are generic. Thus, the results from the preceding sections
apply in generic cases.

8.1. Hyperbolicity. As already indicated, hyperbolicity of all rest points of (TWE) can
always be achieved by perturbing the nonlinearity f. We shall now first construct a space
from which our generic perturbations of the nonlinearity can be chosen. Since we will apply
the Sard—Smale theorem to a map defined on this space, it must be constructed in such a way
that it is a Banach manifold.

Given m € N, let CJ*(Q x R) consist of those functions ¢y € CJ*( x R) such that
limy—+00 wo(2,u) = 0 uniformly in o € Q, and ¢o|yq.g = 0. Equipped with the norm
inherited from C{"(2 x R), this becomes a separable Banach space. Now let F™ consist of
those functions ¢ of the form

o(z,u) = e_‘“‘ngo(:C,u), where o € C7' (2 x R).
Define a norm on F™ by setting |[¢||zm = [[¢ollcy». As such, F™ is isometric to Cf* (2 x R),
hence F™ is a separable Banach space. Note that the rapid decay of ¢ € F™ implies that
f + ¢ satisfies hypotheses (f1)—(f3) whenever f does.

Recall that a subset of a topological space is called residual if it can be written as the
countable intersection of open and dense subsets. Since F™ is a Baire space, any residual
subset of F is also dense in F™.

Theorem 8.1. Fiz a nonlinearity f € C™(2 x R), with m > 1, satisfying hypotheses (f1)—
(f3). Then there exists a residual set Fyp, C F™ such that for each ¢ € Fy, equation (TWE)
with the perturbed nonlinearity f + ¢ has only hyperbolic rest points.

Proof. Given a nonlinearity f, for notational convenience we will write Ay instead of Ay g .

(the construction of FJi, will in fact be independent of g and c). Consider the map
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U Fmx X X0,
V(p, Z) = Are(2).

Note that this ¥ is of class C™.

We claim that 0 is a regular value of ¥, i.e., for any (¢, Z) € ¥~1(0) the linear operator
d¥ (¢, Z) € L(F™x X1, XY) has a continuous right inverse. Assume without loss of generality
that =1(0) # ), and pick any (¢, Z) € ¥~1(0). For any (), W) € F™ x X', one has

dW(p, 2)(, W) = dA 4, (2)W + B(Z)¢,

where
B(Z)y(x) = <¢(x,(,]z(x))> , where Z = (z,0).

Note that by the Rellich-Kondrachov theorem the operator dAs, (Z) is a compact per-
turbation of (u,v) — (—v,Au) € L(X§, XQ). The latter is Fredholm of index 0, hence
dAsy,(Z) is also Fredholm of index 0. Hence d¥(yp, Z) is the direct sum of a Fredholm
map and a bounded map; therefore the existence of a bounded right inverse will follow from
surjectivity of d¥ (¢, Z).

Note that imd¥(y, Z) D imdAfi,(72) is finite codimensional, and consequently d® (), z)
has closed range. It thus suffices to see that imdW¥(p, Z) is dense in X°. For this, we note
that by the compactness results from section 3 the function z is continuous and uniformly
bounded. Thus with ¢ defined by ¥(z,u) = &(x)n(u), where we choose £ € C°(Q) and
n € CX(R) with n(u) = 1 on supp(z), it follows that B(Z)y = (0,&). Hence {0} x C°(Q2) C
imdW¥(p, Z). Also, because of the shape of dAs;,(Z), there exists a subspace E C L*()
such that H5(2) x E C imd¥(p, Z). From this we see that im d¥(p, Z) is dense in X°, thus
showing that 0 is a regular value of W.

Let Z € S(f + ¢) be a stationary solution of (TWE) with nonlinearity f + ¢. We claim
that dAy, ,(Z) is surjective precisely when Z is a hyperbolic solution of (TWE). Indeed, for
any p € C it follows by the Rellich-Kondrachov theorem that dAs, (Z) — p is a compact
perturbation of dA¢,,(Z), hence Fredholm of index 0. Therefore the spectrum of dA¢;,(Z)
consists solely of eigenvalues. Consequently, 1 € o(dAf4,(2)) if and only if pu? — cu € o, (P),
where P = A+ f,(x, 2) + @u(x, 2) as an unbounded operator on L?(2)c with domain D(P) =
H%(Q)c. As such P is symmetric, hence it has real-valued point spectrum, i.e., o,(P) C R.
If 4 =i\ € iR ~ {0}, then p? — cu € R, thus proving that iR \ {0} N o(dA(Z)) = 0. From
this the claim follows.

Now let Fi, consist of those ¢ € F™ for which 0 is a regular value of ¥(p, ). We will now
argue that FJ7, is residual in F™. By the implicit function theorem, Z := ¥~1(0) is a C"™
manifold. Let 7 : Z — F™ be the restriction to Z of the projection Pr; : F™ x X! — F™,
ie., m= Prl\\l,,l(g), and note that this is a C™ map. Moreover note that ¢ is a regular value
of m = Priy[y-1(g) if and only if 0 is a regular value of ¥(¢p, ") = \P\Pr;1(¢). Pick any ¢ € F™,
and note that ¢ is a regular value of Pr;. The linearization of \I”Prl—l( o) = U(p,-) around Z

equals dAf,,(Z), hence the former map is Fredholm of index 0. Then also 7 is Fredholm of
index 0. Consequently, the Sard-Smale theorem [Sma65] implies that the regular values of 7
are residual in F™, thus proving the claim. [ ]
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8.2. Transversality. We will show here that there is an abundance of g for which the
transversality condition up to order m — 1 is satisfied. To do so we must first introduce a
separable Banach manifold G™(c¢) from which our perturbations g can be chosen.

The following lemma indicates how we can build localized perturbations g. We stress that
the proof of the lemma relies heavily on the unique continuation theorem (Theorem 4.3).

Lemma 8.2. Fiz any ¥ € CX(R) with fooow(t) dt # 0. Suppose f is of class C* and sup-
pose hypotheses (f1)—(f3) are satisfied. Let U be a nonstationary bounded solution of (TWE).
For any e > 0 and t, € R, define A. € C}(R) by

A(t) = e M (U () = Ut x0) -

Set C := 2H8tU(t*)H;(% JoZ w(t)dt. Then for any x € C°(R) one has

lim C™1 [ x(t)A-(t) dt = x(t.).
e—0 R

Proof. Let a > 0 be such that supp(¢) C [—a,a]. Given € > 0, consider the function
£F : [te, 00) — [0,00), defined by &F(¢) := e U (t) — U(ts)|| xo. Note that, for t € (¢, 00),

(O:U(1), U(t) = U(ts)) xo
1U(t) = Ut)llxo

d, 1
ags(t)_g

where (-, -) xo denotes the Hilbert space inner product on X°. We claim that there exists § > 0
and £y > 0 such that

(1) $£&4(t) > 0fort € (t,te +6) and 0 < € < €, and

(2) &F(t) = a for any t € [t, + 0,00) and 0 < € < &p.

To see why 1 holds, note that

d 1<8tU(t)’U(t7)5:g(t*)> |
E:(t)zg U<t)_U(t*; X —>g|]6tU(t*)||Xo as ¢ | ty.
e

Since U is assumed to be nonstationary, the unique continuation Theorem 4.3 (here we use
that f is C*) ensures that ||0;U(t.)||xo > 0. Hence, by continuity, there must exist a § > 0
such that claim 1 holds (with any € > 0).

We will now consider claim 2. Let § > 0 be as in the preceding paragraph, and suppose
an gg such that claim 2 holds does not exist. Then we would be able to find sequences
(tn)n C [t« + 0,00) and (g,)n C (0,00) with &, — 0 as n — oo, such that £ (¢,) < a for all
n. Hence [|U(t,) — U(ts)||xo < agp, — 0 as n — oo.

We claim that the sequence (t,), is convergent, with lim,,_,. ¢, = t.. This is obviously
in contradiction with the construction of the sequence, hence this will prove claim 2. To
see why t, — t. as n — oo, we first note that (¢,), must be bounded. Indeed, since we
assume U to be bounded, Lemma 7.3 implies that it is a connecting orbit. Hence if we could
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find an unbounded subsequence (t),)y, of (tn)n, then U(t)) — Z € S(f). But by assumption
U(tn) — Ul(ts), hence U(t,) = Z. The unique continuation Theorem 4.3 would then imply
that U(t) = Z for all t € R, which contradicts our assumption that U is nonstationary. We
have thus proved that (t,), is bounded. Given any subsequence, select a further subsequence
(t),)r, which is convergent, say, t;, — too € R. Then U(too) = limy 00 U(t],) = U(t4); hence if
too # t« the unique continuation Theorem 4.3 would imply that U is periodic. However, such
behavior is excluded by the gradient-like structure of (TWE). Hence t» = t., which proves
that (t,)y is convergent, with lim, _, t, = t.. This proves claim 2.

The implicit function theorem now ensures the existence of a family of maps ¢ : [0,a) —
[t,t. +0) (With 0 < & < g¢), which restrict to C! diffeomorphisms from (0,a) onto their
image, such that

é.;_ Otg_ = id[O,a)y

(tg_)_l(t*) =0,

and
X ([ts, 00) N t1([0,a))) N [0,a) = 0.

Furthermore, since £ () — oo as e — 0 when ¢ # t,, and £ (t.) = 0, it follows that t1(s) | .
as e — 0.

Similarly, we define the family of maps & : (—o0,t,] — [0,00) by &2 (t) :== e YU(t) —
U(ts)||xo. The same argument as above then proves the existence of a family t- : [0,a) —
(—oo, t,] with the same properties as the maps ¢ .

At this point we are prepared to compute the limit of A, as e — 0. Fix any x € C°(R).
Then, since A-(t) =0 for ¢t € tZ([0,a)) UtF(]0,a)), one has

/R (B)AL() dt = /R PRCISOET /w,a)) (B)AL() dt + /m,a)) WOA(D)dt

N O PO & att (s)
= [ ass [ enaern 5L

Consider, for example, the last integral. Filling in the definition of A; gives

ot ondE a7 g W) U
| xe e T as = M@ g s

as € — 0, and

HU(Q:(S)) —U(t)

U () —Ut)llxo t(s) —tx |lxo »

@), U () = Ulte)xo (e, LEEL =V ~ o0 E)lxs
t * ) tj(s) — t* X0
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as € — 0. Using the dominated convergence theorem it follows that

[ xeomne e e S coo

Similarly, we find that

dt= (s) c

/Oax(t;(s))Ae(t;(s))as ds = Sxlt)  as <=0

This concludes the proof of the lemma. |
Let G™ consist of all g € C(2 x X%) which vanish on X2 := Q x (H5(Q) x {0}).
Equipped with the C}*(2 x X Y)-norm G™ becomes a Banach space. We now construct a

suitable separable subspace of G". Fix ¢ € C2°(R) as in Lemma 8.2. Consider g € G™ of the
form

(a1) ola.0) = ol (210~ ol ).

where ¢ € C*(Q), Up € XY\ XY, and ¢ > 0 is sufficiently small (depending on Up). Denote
by G™ the smallest closed subspace of G™ which contains all maps of this form. Since C}"(€2),
R, and X© are all separable, and the map

C' () x R x X0 — g~m,
(8075—)[]0) =g

is continous, the space G™ is a separable Banach space.
Now let G™(c) consist of those g € G™ for which

sup lg(z,u,v)| < ¢ whenever v # 0.

———Ilvll20
2€Q, ueHL(Q) 24/ Vol(2) @

Note that G™(c) is an open subspace of G™. Also note that any g € G™(c) satisfies hypotheses
(g1)~(g3)-
Theorem 8.3. Let f be of class C™ with m > 4 and suppose hypotheses (f1)—(f3) are

satisfied. Furthermore, assume that each stationary solution of (TWE) is hyperbolic. Then

there exists a residual set G, C G™(c) such that for any g € Gy, the transversality condition

up to order m — 1 is satisfied.

Proof. Fix Z_,Z; € S with u(Z_) — u(Z4+) < m — 1, and consider the map

V7 .z, :G"(e) x P(Z-, Zy) — L*(R: X°),
V7 2,(9,U) = 8U + Ap.c(U).

Here P(Z_,Zy) is the affine space defined in section 7. With the aid of Theorem 3.6 we see
that W, 7, is of class C™ in a neighborhood of ¥}, 7. (0).
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We will argue that 0 is a regular value of ¥z_ 7 . Assume without loss of generality that
\IJZ’ZJF(O) # (0, and pick any (g,U) € \IIZ,ZJr (0). Then
d\IIZ_,Z+ (ga U) (77 V) = dQ\I/Z_,ZJ,_ (97 U)V + B(U)f%

where B(U) € £L(G™, L*(R; X)) is given by

By = <7('(,)U)> '

We know from section 5 that doWy_ 7, (¢9,U) € LIWLE(R; XY, X1), L?(R; X)) is Fredholm
of index pu(Z_) — u(Z4). Therefore d¥y_ 7, (g,U) has a bounded right inverse as soon as it is
surjective. Furthermore, imd%¥y_ 7. (g,U) is finite codimensional hence closed in L*(R; X9).
So it suffices to check that imd¥,_ 7, (g,U) is dense in L*(R; X°).

Select any (¢1,&) € (imd¥y_ 7, (g,U))*. Then

(42) <<?) oWz 7, (g, U)V> =0 forall VeW"(R;X% X1,
2 L2(R;X0)

(43) <<§1> ,B(U)7> =0 for all ~ e G™.
52 L2(R;X0)

Set (1) = (€1(t), ) py oy and E5(t) = (&2(t), ) 12(0), so that & € L*(R; Hp()*) and

& € L3(R; L*(Q)*). Combining (42) with the regularity results from [Rab04] shows that
(&1, €3) € WH(R; HB(Q)" x Hp(Q)", Hp(Q)" x L*(Q)")
and
(gi(? 65) € ker ( - at + dAf,g,c(U)*)>
which means that
w 0+ A€+ () + Dug(, U)E = 0,
—0i§5 — &7 — &5 + Oag( U)"E5 = 0.

Here the adjoints are to be considered as the dual operators of bounded operators between
Banach spaces, where A : H%(Q) — L*(Q), f'(,u) : H5(Q) — L*Q), dig(, (u,v)) =
99Lwv)) gL (Q) — L2(2), and dag(-, (u,v)) = 22 . 12(Q) 5 [2(Q). We shall be using

Ou - ov .
this observation later on.

Equation (43) implies that for all v € G™ it holds that

[ [ v =0
RJQ

In particular, consider v = ~. of the form

(o) = e (1Y = Ul ).
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where tp € R, and ¢ € C°(Q2), and ¢ is as in (41). Since & € WH2(R; H5(Q)*, L*(Q)*) it
follows that & € CP(R; L*(2)*), hence the map

tr—>/ x)&(t,x)d

is continuous. By Lemma 8.2

0= lim e //%xU Voo (t, ) da i = /w ds/ggp(x)gg(to,x)dx.

e—=0 10:U (t0)]| x0

This holds for all t5 € R and ¢ € C°(Q), hence & = 0. Consequently, (44) implies that
€1 = 0 as well. This shows that (imd¥z 7, (g,U))* = {0}, hence E is dense in L*(R, X?),
as desired.

By the implicit function theorem the regular level set Z := ¥, (0) is a C™ smooth
submanifold of G™(¢)xP(Z_, Z). The projection 7 : Z — G™(c) is Cm smooth and Fredholm
of index ind(7) = u(Z-) — u(Z4+) < m—1. Applying the Sard—Smale theorem [Sma65] to this
map (here we use that m > max{0,ind(7)} + 1) and using a transversality argument similar
to the one in the proof of Theorem 8.1 we find a residual subset Gg,(c; Z—, Z) C G™(c) such
that for each g € Gig,(c; Z—, Z) orbits connecting Z_ and Z are transversal. Now set

g;gg(c) = m g;gg(c; Zf7Z+)'
Z_,Z+€S
w(Z-)—m(Zy)<m—1

By the compactness results from section 3 and hyperbolicity of the rest points, this is a

countable intersection, hence Gyg,(c) is residual. [ ]

9. The traveling wave homology.

9.1. The homology for generic perturbations. Given N C X°, denote by BInv(N; f, g, ¢)
the set of all points U (t) € X, with ¢t € R, where U is a solution of (TWE) for which U(t) € N
for all t € R, and for which sup,cr ||U ()] xo < co. We will call BInv(N; f, g, ¢) the bounded
invariant set of N. In light of Lemma 7.3, if f is a regular nonlinearity the set BInv(N; f, g, ¢)
will consist solely of stationary solutions and connecting orbits. The set N shall be called an
1solating neighborhood if

(1) N is closed in X©,

(2) BInv(N; f,g,¢) Cint N, i.e., N isolates the rest points and connecting orbits.

Note that our definition of an isolating neighborhood differs from the usual one since we allow
N to be unbounded. Let S(N, f) := S(f) NN, and given a normalized Morse index p, define

Su(N,f) = {Z € S(N.f) : pp(Z)=k}.

An isolating neighborhood N shall be called finitely generating provided that for each k € Z,
the set Si(N, f) is finite. Note that this notion is independent of the chosen normalized Morse
index pu.
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The chain complex will depend on the choices of a finitely generating isolating neighbor-
hood N, a triplet (f, g, ¢) satisfying hypotheses (f1)—(f3) and (g1)—(g3) and for which f and g
are both regular (henceforth (f, g, ¢) shall also be called a regular triplet), the chosen boundary
data B, and the chosen normalized Morse index u. Assume f and g are at least C* smooth;
this ensures that all the results from preceding sections can be applied in this setting.

Define the graded Zy-module

C = @C’n, where C,, := @ Zy(X).

nez X€Sn(N,f)

Since the chain groups C,, are finitely generated, we can define a homomorphism 9,, : C,, —
Cp—1 by declaring its action on the generators of C, as follows: for each X € S, (N, f), we set

X = > XYY,
YESn_l(N,f)
where

i(X,Y) = # {[U] € M(X,Y) : U{t) € N forall t € R} (mod 2).

From section 7 we know that M (X,Y) is a finite collection, hence the number i(X,Y) is
well-defined. The sum in the definition of 9, is always finite since IV is finitely generating.
We now arrive at one of our main theorems.

Theorem 9.1. One has O, 0 Op+1 = 0, and consequently,

ker 0,
im 8n+1

HTWn(Na fag7c) = H?’L(C*v a*) =

1s well-defined.

Proof. The homomorphism 9,,00,,4+1 counts (modulo 2) the 1-fold broken orbits, consisting
of two index 1 orbits, which are entirely contained in N. We have seen that 1-fold broken
orbits consisting of two index 1 orbits are always the limit of a 1-parameter family of index 2
orbits and therefore always appear in pairs. Since N is an isolating neighborhood, 1-parameter
families of solutions with fixed endpoints are trapped by IV, hence pairs of 1-fold broken orbits
are also trapped by V. Since all counting is done modulo 2, it follows that 9, 0 0,41 =0. W

We will call HTW.,.(NV, f, g, c) the traveling wave homology.

9.2. Invariance. We now want to study what happens to the chain complex and the
homology if we perturb N, f, g, or c. First we introduce conditions under which perturbations
of N do not change the homology. We will then show that the homology is independent of
the choice of g, thus allowing the definition of HTW. (N, f,¢). Finally, we give criteria under
which a homotopy ¢ — (ft, ¢;) induces an isomorphism on the level of homology.

9.2.1. Perturbing N. Let N, f, g, and c satisfy the same conditions as in the pre-
vious section. Clearly the construction of the homology does not depend explicitly on N
but depends only on BInv(N; f, g, c). Hence if N is another isolating neighborhood such that
BInv(N; f,g,¢) = BInv(N; f, g, c), then HTW, (N, f, g, ¢) is well-defined and HTW,(N, f, g, ¢) =
HTW.(N, f,g,c).
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9.2.2. Independence of g. Begin by fixing a regular nonlinearity f which satisfies hy-
potheses (f1)—(f3). Also fix ¢ > 0. Assume N C XY is a finitely generating isolating neighbor-
hood for (f,0,¢). Since N is finitely generating, the set

Er(SWN. ) = | (k. 1))

keZ

is countable, hence the set of regular energy levels
Eieg(N, f) =R E(S(N, f))
is dense in R. Then, for each E € Eys(N, f), the set
NP = Nn&H((—o0, E))

is also a finitely generating isolating neighborhood for (f,0,c).

Recall from section 8 the definition of the space G™(c). Denote by B(d) the set of those
g € §"(c) for which ||g[[cym (@x x0) < d. The following lemma now guarantees that N E remains
an isolating neighborhood when we consider small perturbations in g.

Lemma 9.2. Let N, f, and ¢ be as described above. Then for each E € Ey4(N, f) there
exists 0p > 0 such that the following is true: for any curve t w— g, with values in B(0g)
which is constant on (—oo, —1) and on (1,00), the set N¥ is an isolating neighborhood for the
nonautonomous equation (TWE) associated with (f, gt c).

Proof. Suppose the claim is false. Then one could find a E € E.(N, f), a sequence
(0n)n with lim, o 0, = 0, and a sequence of curves ¢t — g;* with values in B(d,) which are
constant for ¢ € (—oo, —1) and for ¢ € (1, 00), such that the following holds: for each n there
is a bounded solution U, to the nonautonomous equation associated to (f, g}, c) such that
Un(t) € N¥ for all t € R, but U, (t,) € INF for a certain t,.

Combining Lemmas 3.7 and 7.3 it follows that there exists an M > E such that |E(U,(t))| <
M for all n € N and ¢ € R. As discussed in Remark 3.2 one then finds that U,(- + ¢,) con-
verges in VVli)f (R; X% X1 over a subsequence to a bounded solution U of the autonomous
equation associated with (f,0,¢). This solution is entirely contained in N, but U(0) € INF.
Since E was chosen to be a regular energy level, this contradicts the assumption that N is an
isolating neighborhood for (TWE) with (f,0, c). [ |

Let us fix, for the moment, a value E € Eyo (N, f) and a corresponding g > 0 as dictated
by Lemma 9.2. Since B(dg) is open in G™(c), it follows from Theorem 8.3 that the collection
Bieg(0E) of regular g € B(dg) is dense in B(dg). For each g € Bieg(dg), the triplet (f,g,c)
is regular, and N¥ is a finitely generating isolating neighborhood for (f,g,c). Hence, the
homology HTW, (N, f, g, c) is well-defined.

The isomorphism induced by homotopies of g. Let X\ +— gy be a smooth homotopy between
regular endpoints in B(dg), i.e., A = gy € C*([0,1],B(6g)) and go,91 € Breg(0p). After
choosing a suitable reparameterization ¢ — A(t), we obtain a curve t — gx(r) which satisfies
hypotheses (n1)—(n3). Henceforth we shall write g; instead of gy).

Denote by Cj, the kth chain group associated with f and the isolating neighborhood N¥.
Define a homomorphism

0 O — Gy,
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by defining it on a generator Xy of C} to be

Ul (Xo) = > iM(Xe, X)X
X1€S8K(N,f)

Here i1:%( X, X1) counts (modulo 2) the number of heteroclinic orbits U of the nonautonomous
equation (TWE) associated with (f, g¢, ¢), with U(t) € N for all t € R, and lim;,_ U(t) =
Xo, and lim;_,o U(t) = X7.

Lemma 9.3. The map ¢,i’0 is well-defined and satisfies

(45) W(NE, f,91,¢) 0" =110, 0 O(NE, £, 9o, €),

where Oy (N¥, f,gi,¢) : Cp — Cy_1 denotes the boundary operator associated with the chosen
quadruple (N*. f, g;, c).

Proof. By Lemma 3.7 and since N is finitely generating we know that the sum appearing
in the definition of wi’o is finite. The fact that i°(Xg, X1) itself is well-defined relies on
the compactness results we have obtained for the nonautonomous equation, together with a
detailed analysis of the manifold structure of the moduli space. For this, one first has to
repeat the analysis from section 7 for the nonautonomous equation. We refer to Remark 7.7
and note that the essential ingredients are compactness, transversality, and gluing for the
nonautonomous equation, together with the fact that N¥ is an isolating neighborhood for the
dynamics.

The fact that (45) holds follows entirely out of the geometry of the moduli space of index
1 nonautonomous solutions. See Figure 3 toward the end of section 7, but also [Sch93]. The
case depicted in Figure 3(a), corresponding solely to the term Jx(NF, f,g1,¢) o wi’o in the
left-hand side of (45), results in no net contribution as we count with Zy coefficients. Likewise,
the situation described by Figure 3(b) corresponds solely to the right-hand side of (45) and
has no net contribution. The last case, depicted in Figure 3(c), yields the identity (45). M

Note that Lemma 9.3 implies that w;,o induces a homomorphism \II}C’O on the homology

groups. To verify that \I',i,’o is indeed an isomorphism, independence of the chosen homotopy
gx has to be checked. To do so, one choses a two-parameter family g , € B(dg) and considers
the parameter dependent moduli space M, (Z_, Zy), consisting of pairs

(ps, Up,) € Mu(Z-, Z4),

where U, belongs to the moduli space M(Z_, Z,) for the nonautonomous equation (TWE)
corresponding to (f, GN(H) 1 ¢). The analysis of this parameter dependent moduli space is much
the same as the work in section 7, with the exception that there are more cases to distinguish
in the compactification. We refer to [Sch93] for a concise description, the conclusion of which is
that on the level of homology the homomorphism \Illf;’o is independent of the chosen homotopy
gx. Combined with a gluing argument, this yields the relation

20 21 1,0
20 — w2l o w0,

which in particular shows that ‘1/1150 is an isomorphism. We summarize this discussion in the
following theorem.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/21 to 145.108.252.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

FLOER HOMOLOGY FOR TRAVELING WAVES IN RDEs 2689

Theorem 9.4. Given go, g1 € Breg(0E), the homomorphism Lo HTW.(N¥, f, go,c) —
HTW.(NF, f,g1,¢) is independent of the choice of homotopy \ + gy between gy and g.
Furthermore,

(1) if go = g1, then U0 s the identity, and

(2) for any three go, g1, 92 € Breg(6E) one has g0 — g2l o glt,

In particular, U0 s an isomorphism.
We will refer to this isomorphism as the canonical isomorphism between HTW,. (N, f, go, ¢)

and HTW.(N®, £, g1, ¢).
The limit as E — oo and g — 0. For each k € Z, define

Euit(k) := max {&€f(X) : X € Sp(N, f)USk+1(N, f)}.

The maximum is attained since N is finitely generating. Pick regular energy levels Ey >
Euit(k) and Ey > Eqit(k), and let g € Breg(min{dg,, 0p, }). Let U be a connecting orbit of
(TWE) associated with (f, g, c), with lim;—,_o U(t) = X where X is a rest point with index
pe(X)=k+1or pup(X)=k. Then E¢(U(t)) < Euit(k) for all t € R; hence if U is trapped by
N0 then it is also trapped by N¥', and vice versa. Thus dx(NZ°, f g,¢c) = O (N1, f,g,¢)
and Oy 1 (NP0, f,g,¢) = Opr1 (NP1, f, g,c). Hence there is a canonical isomorphism

HTWk(NEov fa g, C) = HTWk(NE17 fv g, C) for g€ Breg(min{6E07 5E1 })

For any two go, g1 € Breg(min{dg,, d, }), the following diagram commutes:
HTWk(NEO7 fa 90, C)

—

HTWk(NEO,f,g(],C) ” HTWk(NEovaglvc)
HTW (N1, f, o, ¢) » HTW (N, f, 91, ¢)

—

HTW, (N, f, g1, ¢)

Here each of the arrows denotes one of the canonical isomorphisms. It follows that the
isomorphism between HTW (N0, f, go,¢) and HTW (N1, f, g1, ¢), which is defined via the
commuting diagram, is independent of the intermediate point gg. Denote this isomorphism
by (I)’(ﬁEl,gl)y(Emgl)'

Thus HTW(NF, f, g,c) is independent, up to a canonical isomorphism, of £ and g, as
E — oo and g — 0. We then define HTWy (N, f, ¢) as the isomorphism class of HTW (N, f, g, ¢)
for small generic g. To formalize the notion of defining HTW (N, f,¢) up to natural isomor-

phism, we make use of an inverse limit of the isomorphisms @]gEl’gl)’(EO’gl) and set

HTW(N, f,c) := yLnHTWk(NE, f 9,c).

9.2.3. Continuation in f and c. Suppose a curve t — (f;,¢;) with regular endpoints
(f—,c_) and (fy,c) satisfies hypotheses (n1)—(n3). In addition, assume N C XU is a finitely
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generating isolating neighborhood for the dynamics associated with the autonomous equations
(TWE) corresponding to (f—,0,c_) and (f4,0,cy), as well as being an isolating neighborhood
the nonautonomous equation (TWE) corresponding to (f;, 0, ¢;). We will call such an N stable
with respect to t — (fi,c;). By repeating the construction from the preceding section, but
with the constant f and c replaced by their ¢-dependent analogues, one finds the following
theorem.

Theorem 9.5. A curve t — (fi,ct) which satisfies hypotheses (nl)-(n3), which has regu-
lar endpoints (f—,c—) and (fy,cy), and for which N is stable, induces an isomorphism of
homologies:

HTW, (N, f—,c_) = HTW,(N, f4,c.).

9.2.4. Classes of isomorphic homologies when N = X°. Let us now consider the special
case where N = XY Clearly this means that N is stable with respect to any homotopy
between regular endpoints (f_,c_) and (fi,cy) for which XV is finitely generating. Thus
(X f_,c) and (X°, fi,cy) will have isomorphic homologies whenever there exists a curve
t — (ft,cr) connecting (f—,c—) with (f,c4) and satisfying hypotheses (nl)—(n3). A first
thing to note is that any two c_,cqy > 0 can be connected via such a path (keeping f fixed).
In fact, the induced isomorphism will then be independent of the chosen homotopy between
c— and c4 (this can be verified by considering two-parameter families of ¢ > 0, similar to
how independence of the chosen path t + g; is verified). Thus, for f for which X0 is finitely
generating, we can define

HTW,(f) := im HTW.(X?, f, ¢),

where lim is the inverse limit over the isomorphisms induced by homotopies of c. In the
remainder of this subsection we give a concrete description of a class of nonlinearities f for
which the homology remains unchanged.

Let fi, which will function as a reference point for our perturbations, be of class C™
(with m > 4) and satisfy hypotheses (f1)—(f3). Recall that hypotheses (f3) was needed only
when considering Neumann or periodic boundary data, in order to arrive at the compactness
results from section 3. In contrast to this, even when considering Dirichlet boundary data we
will now demand that f, satisfies the superlinear growth condition (f3). This will help in the
construction of allowed perturbations from f,, as we will see shortly. Consider f of the form

(46) f(@,u) = a(z) fo(@,u) + bz, w),
where o € C}*(2), and h € C™(Q2 x R),

;Ielga(flf) > 0,

and

h
lim sup sup (z,0) =0.

|ul—oo €N f* (.CC, u)

Lemma 9.6. Any f of the form (46) satisfies hypotheses (f1)—(£3).
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Proof. Tt is obvious that f will satisfy hypotheses (f1) and (f3). Checking whether (f2) or
(f2") is satisfied takes slightly more effort. Let us assume that f, satisfies (f2); the argument
for the other case is completely similar. We shall prove that f then also satisfies (f2), i.e., we
need to show that

0
(47) la(z)Fy(z,u) + H(z,u)| < C + 5(04(35)]”*(3:, u) + h(z,u))u
for some constants C' > 0, and —1 < 6 < 1. Here H(x,u) := fo x,u)ds. First note that by

dividing by a(x) and updating the values of C' and h(a: u), it suffices to prove (47) for o = 1.
Suppose for the moment that

H(x,u) _
Fyi(z,u)

(48) lim sup sup

|u|—o0 €

Then for each € > 0 we can find C; > 0 such that
0+
Bz, u) + H(z,u)| < Ce + (L4 2) 5 fulz, u)u,

where 6, is the value of 8 for which f, satisfies hypothesis (f2). Then note that hypotheses
(f2) and (f3) taken together imply that 6, f.(x, u)u is strictly positive for |u| large. Combining
this observation with the assumption that h = o(f,) as |u| — oo, uniformly in z, gives

%*f*(:c,u) <Ce+ (1+5)0 (f(2,u) + h(z,u))u.

Combined with the penultimate estimate this shows that f satisfies hypothesis (f2), with
arbitrarily close to 6,.

We still need to see why (48) holds, i.e., that H = o(fx) as |u| — oo, uniformly in z. As
we have already seen, hypotheses (f2) and (f3) together imply that f.(x,u) does not change
signs for |u| large. Therefore, to prove (48) we can replace f, by |f.| and can thus assume
that fi(x,u) > 0 for all x and u. Since h = o(f«) as |u| — oo, uniformly in x, for each ¢ > 0
we can find K > 0 such that for all |u| > K we have

1 (K . (K
|H(z,u)l éEF*(x,u)+/ \h(:r,s)|ds—/ fe(x,8)ds
2 ) x 2 ) x

Hypothesis (f3) ensures that inf,cq Fi(z,u) — 0o as |u| — oo. Hence given any € > 0 and
K > 0 we can find L > K such that for any = € Q and |u| > L one has

K K
;/_K’h(x,sﬂds;/_Kf*(x,s)dsggf*(g@u)_

Hence |H(z,u)| < 2¢eFy(z,u) for all |u| > L. Since ¢ > 0 was chosen arbitrarily, we arrive
at (48). [ ]

We will call a curve t — f; € C™(R,C™(Q2 x R)), where f; is of the form

fi(z,u) = ag(x) f(z,u) + he(x, u),
an e-perturbation of f. provided that
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1. it is constant for ¢ € (—o0,1) and for ¢ € (1, 00),
2. sup( gyerx |1 — ai(z)| < € and sup( ;)ecrxq [0t (z)| < e, and
3. |he(z,u)| < e(1+ |fu(z,u)|) for all t € R, (z,u) € Q x R.

Lemma 9.7. There exists a sufficiently small € > 0 such that any e-perturbation of f
satisfies hypotheses (n1)—(n3).

Proof. Properties 2 and 3 from the definition of e-perturbations ensure that the estimates
made in the proof of Lemma 9.6 can be made uniformly in ¢. Hence hypothesis (n1) is satisfied.
By definition (according to property 1) e-perturbations also satisfy (n2).

Left to check is that hypothesis (n3) holds when ¢ is chosen sufficiently small, i.e., that

|0 () F(x,uw) + OpHi(z,u)| < C + Oloy(z)F(x, u) + Hi(z,u)|,

for some C' > 0 and sufficiently small ©. Here Hy(z,u) = [, hi(z,s) ds. As noted in the proof
of Lemma 9.6, for each ¢ the function H; is o(F') as |u| — oo, uniformly in z, and in light of
property 3 from the definition of e-perturbations, these estimates are also uniform in ¢. Thus
it suffices to see that

|Orae () F(z,u) + Oy Hy(z,u)| < C + Olay(x) F(z,u)|.

Since by assumption |Oia:(z)| < € and |1 — ax(z)| < €, given any © > 0 we can find € > 0
such that

D) ()] < o (@) F ).

Furthermore, since for each t we have Hy = o(F') as |u| — oo, uniformly in x, we also have
O¢H; = o(F) as |u| — oo, uniformly in z. Hence in particular, for any given © > 0 there exists
a C > 0 such that

€]
|0y Hy (2, u)| < C + glat(x)F(:L‘,u)].

This proves that hypothesis (n3) holds, and the constant © can be made arbitrarily small by
choosing ¢ sufficiently small. |

Combining Lemmas 9.6 and 9.7 with Theorem 9.5 shows that any two nonlinearities
(regular and for which X0 is finitely generating) which can be connected via an e-perturbation
have isomorphic homologies.

Denote by X(f.) the set of all nonlinearities f of the form (46). Endow 3(f.) with the
topology of CI" (€2 x R). Let Xes(fi) consist of all those f € X(fs) which are regular;
in light of Theorem 8.1 X.cs(f«) is dense in X(fy). Finally, denote by 3gn(f«) the set of
those f € Syeg(fi) for which X0 is finitely generating. Now note that any two nonlinearities
fo, f1 € B(f«) can be connected via a concatenation of finitely many e-perturbations. However,
these e-perturbations can only be inducing isomorphisms of homologies if the endpoints of each
of the individual e-perturbations can be chosen to be elements of Xg, (f.). Hence we arrive at
the following theorem.

Theorem 9.8. Fiz arbitrary fo, fi € Xpan(fs) and suppose fo and fi belong to the same
path-component of cls,)Xgn(f). Then

HTW. (fo) = HTW.(f1).
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Remark 9.9. In the examples in section 10 we consider nonlinearities f, which are ho-
mogeneous in u. For these nonlinearities it follows that Y, (fi) = Zreg(fs), and since
cly(£)Zan(fx) = X(f«) is path-connected, it follows that any two fo, fi € Zieg(fs) have
isomorphic homologies. It remains an open question whether any regular f which satisfies
hypotheses (f1)-(f3) automatically has X as a finitely generating isolating neighborhood. If
this turns out to be true, it follows that any two regular nonlinearities fo, fi € Xreg(f«) induce
isomorphic homologies. One can then proceed to define the homology for any nongeneric
nonlinearity f. as the inverse limit over ¥ g (fs).

9.3. Direct sum property. We conclude this section with an algebraic property of the
traveling wave homology which will be useful when applying the theory to concrete problems.

Lemma 9.10. Let f be a reqular nonlinearity and ¢ > 0. Let N C X© be a finitely generating
isolating neighborhood for the dynamics associated with (f,0,¢). Suppose Vi,Vo C X are
isolating neighborhoods for the dynamics associated with (f,0,c), such that BInv(N; f,0,¢) =
BInv(Vi; f,0,¢) UBInv(Va; f,0,¢) and Blnv(Vi; f,0,¢) N Blnv(Va; £,0,¢) = 0. Then

HTW, (N, f,¢) = HTW,(V4, f,c) @ HTW,(Va, f, ).

Proof. Note that without loss of generality we may assume Vi NV, = (). Fix any k € Z
and E > Egit(k). We claim that, for any g € Breg(d) with 0 < 6 < g sufficiently small,
any bounded solution U of the dynamics of (TWE) associated with (f,g,c), and for which
U(t) € N¥ for all t € R, has either U(t) € int V{¥ for all t € R or U(t) € int ViF for all
t € R. Suppose this is not the case. Then one can find a sequence of (g,), with g, — 0 as
n — oo, bounded solutions U, of (TWE) associated with (f, g,,c) and such that U, (t) € N¥
for all t € R, and a sequence (t,), C R such that Uy, (t,) € int Vi¥ Uint ViF for all n € N. As
discussed in Remark 3.2, Uy, (- +t,,) converges over a subsequence to a solution Us, of (TWE)
corresponding to (f,0,c). But then U (0) ¢ int V¥ Uint Vi, and since £¢(Us(0)) < E, also
Ux(0) ¢ int V4 Uint V. However, Uy (t) € N for all t € R. Hence we have constructed a
solution Uy, of (TWE) corresponding to (f,0,¢) which is isolated by N but not isolated by
either V1 or Vs. This is in contradiction with the hypotheses of the lemma.

We conclude that whenever g € Byeg(d) and 0 < § < 0 is sufficiently small, the sets NZ,
Vi#, and V¥ are isolating neighborhoods for the dynamics of (TWE) associated with (f, g, ¢c),
and

BInv(NE; f,g,¢) = BInv(N%; f, 9,¢) UBInv(NZ; f, g, ¢).

Hence the critical groups satisfy the direct sum property Ci(N¥) = C,(VF) @ C.(VsF) (here
C(N) denotes the chain group corresponding to a given isolating neighborhood N) and the
boundary operator O(N¥, f, g, c) factorizes through this direct sum. Hence

HTWk(NE7 fag7c) = HTWk(‘/IE’ fvg> C) S HTWk(‘/QEv faga C)‘

This is true for any E sufficiently large and g sufficiently small, hence the conclusion of the
lemma follows. |

10. Applications. In this section we will first compute the traveling wave homology for
various classes of nonlinearities and finally give some examples of how this information can
be used to derive conclusions about the existence of traveling waves.
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In this section we consider nonlinearities foqq,+ and feven,+ as introduced in (2) and (3). It
was already pointed out in Remark 2.3 that these nonlinearities satisfy hypotheses (f1)—(£3).
We will compute the traveling wave homologies for these nonlinearities of this form, after
which we will show how this information can be used to prove existence of traveling waves in
reaction-diffusion equations.

Theorem 10.1. For any regular nonlinearity f = foda+ or f = feven+, the set N = X0 s
a finitely generating isolating neighborhood. There exists a ko € Z (depending on the chosen
normalized Morse index p) such that

~ Z2 Zf k= kOv
HTWy(fodd—) = { 0  otherwise.

Furthermore,

HTW.(fodd+) =0,
HTW*(feven,f) = Oa
HTW*(feven,Jr) = 0.

Proof. We begin with verifying that X0 is finitely generating for each of the nonlinearities,
so that the homologies are indeed well-defined. We will in fact show that X, (f) = Zreg(f).
This also shows that, in light of Theorem 9.8, all the nonlinearities in ¥,c(f) have isomorphic
homologies.

When either f = foqd,—, or f = feven,—; OF f = feven+, this is true because the set of

solutions z of
Az+ f(-,2) =0 on £,
B(z)=0 on 0

is compact in H%(2) (see, e.g., [FSV98]), hence S(f) is finite for regular f. Hence g, (f) =

Zrcg(f)'
When f = foqd,+ the set S(f) will typically not be finite. Assume that f is regular, and

recall from the definition of the normalized Morse index that there exists a constant mg such
that for the index of a rest point Z = (2,0) € S(f) we have the following identity:

(49) p(Z) = mo —my(2),
where m; is the classical Morse index

my(z) == #(0(A+ fu(z,2)) N (0,00)).

For any given k € Z, a classical result from Bahri and Lions (see [BL92], but also [Yan98,
RTZ09, Yuld, HARS12, HHM15]) then gives us a priori bounds on the L norm of rest points
Z with a given morse index mys(z) < k. In light of (49) this gives L> bounds on Z with a
given index pf(Z) > k. Thus Sg(XY, f) is finite for each k, i.e., X is finitely generating for
f. Thus we again find that g, (f) = Xreg(f).

We now proceed to the actual computation of the various homologies. Computation of
the homology for f,qq,— requires a different technique from the computation of the homology
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for foqa,+, but these approaches work for any boundary condition. The homology for the
nonlinearities feven,— and feven+ can be computed using the same technique, but in this case
the chosen approach depends on the boundary data.

Computation for f,qq,—. By Theorem 9.8,

HTW. (foaa,-) = HTW.(f.),

where
foar,u) = —[ulP~"u = eu.

For € > 0, suppose z is a solution of

Az+ fe(z,2) =0 on
(50) { B(z)=0 on 0N.

Then
/ V2|2 + 2P + e|z2 dax = —/ (Az + fo(z,2))zdz = 0.
Q Q

Hence the only solution z of (50) is z = 0. Moreover, for ¢ > 0 sufficiently small this rest
point is hyperbolic, so that

HTWy(fe) = { 0  otherwise.

Computation for f,qq,+. By Theorem 9.8,
HTW*(ded,+) = HTW*(fg),
where
ol u) = [ulP~u+ Bu + pp(z, u).

Here g is chosen such that any solution z € H(2) of Az + f5(-,2) = 0 is hyperbolic, and
[0uppllLe@xr) < 1. Such g exist in light of Theorem 8.1. Note that if 2 is a solution of
Az + fg(-,z) = 0, then for the linearization one has

0
8+ ) = AP 4 B (e ) E A 81,

where “>~" denotes the partial ordering on L?(2) induced by the cone of positive operators
on L?(Q). It then follows from the min-max characterization of eigenvalues of self-adjoint
operators (see, e.g., [Eva98]) that

mfﬁ,(z) > #(J(A +5-1)N (0,00)).
So for any Z = (2,0) € S(f3) it follows that
pifs(Z) = mo —my,(z) <mo — #(o(A+ B —1)N(0,00)).

The right-hand side tends to —oo as 8 — oo. Hence, for each given k we can choose
sufficiently large so that Sk(XY, f5) = 0, and therefore HTWy(f3) = 0.
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Computation for feven+, Dirichlet boundary data. By Theorem 9.8,
HTW*(feven,i) = HTW*(fu,i)7

where
fut(x,u) = £pju+1|P.

We will argue that for g > 0 sufficiently large, there is no solution to the equation Az +
fux(-,2) = 0. Let us now first discuss the case where f, + = f,_. Suppose z € H5(Q) is a
solution of

(51) Az + fu—(x,2) =0.

Then z is subharmonic, and zero on 0f), hence by the maximum principle z < 0. So
fu(@,2) = (= |2 = 12z = 1) (ulz — 1)) < = — 1) < e

Furthermore, z = 0 is clearly not a solution of (51). Thus z also satisfies

Az4+puz >0 on €,

z2#0 on {2,
(52) z2<0 on 2,
z=0 on 0f).

Let A1 be the fundamental eigenvalue of A with Dirichlet boundary data, and let ¢ be a
corresponding eigenfunction. Recall (see, e.g., [Eva98]) that A; < 0 and we may assume that
w1(z) > 0 for all z € int 2. Now multiply (52) by ¢; and integrate to obtain

(53) 0< / 1Az + pprzde = / z2Ap1 + ppr1zde = (A + ,u)/ p12z dz.
Q Q Q

Since z < 0 and z # 0 on €2, and ¢; > 0 on int §2, the last integral must be strictly negative.
But then (A + ) [ p1zdz < 0 for > —Ai, contradicting inequality (53). Hence there
can be no solution of (51) whenever > —\y. Similarly, for g > —\; there are no solutions
of Az + fu+4(-,z) = 0 with Dirichlet boundary conditions. Hence for p > —\; we have
HTW,(fu+) =0.

Computation for feyven .+, Neumann or periodic boundary data. By Theorem 9.8,

HTW, (feven,:l:) = HTW. (f:‘:)v

where
fr(z,u) = £|ulP £ 1.

Now if z € H%(£2) were a solution of Az + f1(z) = 0, one would find that

Vol(2) < :l:/ fe(z)dz = $/ Azdzx.
Q Q

But by Stokes’ theorem and the chosen boundary data, the last integral equals 0. Hence
Az + fi(z) = 0 does not have any solutions with Neumann or periodic boundary data.
Therefore, HTW, (f1+) = 0. [ ]
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With the homologies computed, we can now apply this information to prove existence of
traveling wave solutions of (RDE).

Theorem 10.2. Consider any wave speed ¢ # 0, and let k > 1. Then the following holds:

o If f = foada— and (TWE) has at least 2k distinct hyperbolic stationary solutions, then
(RDE) has at least k distinct traveling wave solutions of wave speed c. More precisely,
to each given hyperbolic stationary solution Z (but with the possible exception of at most
one of them), there corresponds at least one traveling wave U such that o(U) = {Z}
or w(U) = {Z} (but it is possible that w(U), resp., a(U), consist of nonhyperbolic
stationary solutions).

o If either f = foqgd+, o7 f = feven—» 07 f = feven+, and (TWE) has at least 2k — 1
distinct hyperbolic stationary solutions, then (RDE) has at least k distinct traveling
wave solutions of wave speed c. More precisely, to each given hyperbolic stationary
solution Z, there corresponds at least one traveling wave U such that a(U) = {Z}
or w(U) = {Z} (but it is possible that w(U), resp., a(U), consist of nonhyperbolic
stationary solutions).

Furthermore, in each of these cases there exists at least one more stationary solution (which
might be nonhyperbolic).

Proof. Let us first discuss the case where f = f,qq,—. Fix any ¢ > 0. Let 57 consist of the
2k given hyperbolic stationary solutions of (TWE).
Suppose there exist two points Zi1,Zs € S such that for both of them there exist no
connecting orbit which converges to Z; in either forward or backward time. This means
that both {Z;} and {Z5} are connected components of BInv(X"; f,0,c). Hence we can find
mutually disjoint isolating neighborhoods Vi, V2, and N such that {Z;} = Blnv(V;; f,0,¢),
and BInv(X?; f,0,c) = Blnv(Vi; £,0,¢) U BInv(Va; f,0,¢) UBInv(N; f,0,c). We claim we can
choose a small perturbation f. of f such that
1. f. is regular,
2. V4, Vo, and N are isolating neighborhoods for (TWE) associated with (fc,0, ¢), and
3. BInv(XY; £-,0,¢) = BInv(Vi; f-,0,¢) U BInv(Va; f-, 0, ¢) U BInv(N; f,0, ¢).

Indeed, set f. := f + ¢., where @, is an arbitrarily chosen ¢. € F, with ||@c||zm < e (recall

re,
that Fi, and ||- || 7= are defined in section 8.1). The first property tien follows from Theorem
8.1. The fact that the other two properties hold for sufficiently small choices of ¢ follows from
an argument identical to the one used in the proof of Lemma 9.10.
In light of Theorem 10.1, the isolating neighborhood XY is finitely generating for f. (hence
so are the isolating neighborhoods N, Vi, and V3), and HTW.(X?, f., ¢) is of rank 1. Since V}
and V5 each contain exactly one hyperbolic stationary solution of the unperturbed equation
(TWE) associated with (f,0,c), it follows from the implicit function theorem that (after
choosing a sufficiently small perturbation and shrinking the neighborhoods Vi and V») they
each contain exactly one hyperbolic stationary solution of the perturbed equation (TWE)
associated with (f:,0,c). Hence both HTW.(V1, f:, ¢) and HTW,(V3, f:, ¢) are of rank 1.

By invariance and the direct sum property (Lemma 9.10) of the homology,
HTW, (XY, fo,¢) = HTW.(V4, fo, ¢) @ HTW,.(Va, fo, ¢) @ HTW.(N, f-, c).

We have arrived at a contradiction, since the homology on the left-hand side has rank 1, while
the homology on the right-hand side has rank at least 2. From this we conclude that one
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R

Figure 4. Detection of a traveling wave with given wave speed c. When the index of the stationary solution
Z does not coincide with the full homology, a heteroclinic orbit U connecting Z to another, unknown, stationary
solution must exist. Direction of propagation of the traveling wave depends on whether Z is the a- or w-limit
set of U.

of the Z; must have a corresponding bounded solution U of (TWE) associated to the triplet
(f,0,c¢), such that either a(U) = {Z;} or w(U) = {Z;}. See also Figure 4.

For simplicity of the argument, say Z; is the point which is not isolated, and U converges
towards it in backward time, i.e., «(U) = {Z1}. From Lemma 7.3 it follows that w(U) consists
of stationary solutions of (TWE), which can be either another one of the hyperbolic stationary
solutions or (a family of) nonhyperbolic solution(s). In the first case (that is, {Z3} = w(U) is
hyperbolic), set Sz := S1~{Z1, Z3}. In the latter case (that is, w(U) consists of nonhyperbolic
solutions), set So := 51\ {Z1}. By repeating the preceding argument with Z; and Z replaced
by points Z1, Zy € S, we prove the existence of another connecting orbit which is distinct
from the one previously found. We can iterate this procedure k£ times, at which point the
iteration terminates since we can no longer guarantee that #S5j > 2.

In the other cases, when either f = foqa+, or f = feven,—, Or [ = feven+, & similar
argument shows that the existence of a single isolated rest point Z is already excluded. This
again relies on the direct sum property, combined with the fact that for these nonlinearities
the full homology HTW, (XY, £, ¢) is of rank 0. [ |

Appendix A. Fredholm theory. Let £ and £y, be as defined in section 5. In this
appendix we will fill in some details about the Fredholm theory for the operator

Dr: WH(R; X%, X1) — L*(R; XY),
DLW = o,W + L(t)W,
where L € C°(R; £) is such that the limits L4 = limy ,+., L(t) exist in the uniform operator
topology on £(X!, X%), and Ly € Lhyp-
A.l. Fredholm alternative for Dy,. We will use the results from [Rab04]. Let us first cite
a simplified version of the main result from said article.

Theorem A.1 (see [Rab04]). Let H be a Hilbert space and W C H a normed space. Let
(L(t))ter be a family of unbounded operators on H with common domain W. Assume that
the following holds:
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1. W is a Banach space and the embedding W — H is continuous, compact, and dense.
2. LeC'R,L(W,H)).
3. There are operators L_, Ly € GL(W, H) such that

Jim (L) = Lol eowy = lim (L) = Ll cowmy = 0
4. For every t € RU{xoo} there exist constants Cy(t) > 0 and Ro(t) > 0 such that
IACL(t) = iN) Yoy < Co(t)  for all A €R, [A| = Ro(t).

5. o(Ly) NiR = (.
Then the operator O;+L(t) is Fredholm from WYP(R; H, W) to LP(R; H) for everyp € (1,00).

Note that, in contrast to the classical Robbin—Salamon theorem [RS95], the operators L(t)
do not have to be symmetric. In fact, the spectrum may cross the imaginary axis, as long as
we remain in control of the resolvent as per property 4.

In our case, W = X! and H = X°. It is then obvious that properties 1, 2, 3, and 5 hold.
The fact that also property 4 is satisfied is the content of Lemma 5.2.

Theorem A.l1 combined with Lemma 5.2 shows that Dy, is a Fredholm operator. The
index is independent of the particular choice of the path L but only depends on the hyperbolic
limits L_, L. To see why, let L’ € C°(R; £) be another curve with L(t) — L4 as t — 400,
convergence in the uniform operator topology on £(X!, X?). Then for each t € R

/ 0 0
L) = L) = <L1<t> S LN La() - L'2<t>> ’

note that this is a bounded operator from X to X and therefore compact operator from X'
to X% Moreover, L — L' € CO(R, £(X!, X)), and L(¢t) — L'(t) — 0 as t — +oo. Hence the
induced multiplication operator L — L’ is compact from W1P(R; X X1) to L%(R; X°); see
[Rab04]. Consequently, ind(Dr,) = ind(Dy).

Summarizing these observations, we have the following theorem.

Theorem A2. Let L € C°(R; &) be such that L(t) — Ly as t — oo in the uniform
operator topology on L(X', XY), where Ly € Lhyp- Then the map Dy, is Fredholm from
WE2(R; X0 X1) to L2(R; X°), and its index depends only on the endpoints L_, L.

This allows us to define a relative index:

v Ehyp X Shyp — 7,
v(L_,Ly) =ind(Dy).

A.2. Transitivity. We now prove Lemma 5.4.

Lemma A3. Let Lo, Lg, L, € Lyy,. Then

v(La, Lg) = —v(Lg, La) (antisymmetry),
v(La, Ly) = v(La, Lg) +v(Lg, Ly) (cyclicity).
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Proof. This proof is an adaptation of the argument given in [RS95]. First we note that
the antisymmetry follows from the cyclicity. Indeed, since o(Ly) NiR = () and Lemma 5.2 is
applicable, the operator

Dr, =0+ Lo : WH(R; X%, X1) = L*(R; XV)
is invertible; see [Rab03] for details. Consequently,
v(La,Lg) +v(Lg, Lo) = v(La, La) = ind(Dyr,, ) = 0.

To prove the cyclicity we first choose paths Lag, Lg, € CO(R; £) such that Las(t) = Lq
for t < —1, Lag(t) = Lg for t > 1, Lg(t) = Lg for t < —1, Lg,(t) = L, for t > 1. Moreover,
given T > 0 let Loy € C°(R; £) be defined by

L (t>_ Lag(t+T+1) fOI“t
e Lg(t—T—1) fort

<0,
= 0.

Consider the operators

M:at+<Laﬁ O>7

0 L/B’Y
_ Loy 0
x=a (b D).

These are bounded Fredholm operators from
X =WH(R; X" X1) x WH(R; X%, X1)
to
Y= L*R; X% x L*(R; X°).

We have ind(M) = v(Lq, Lg) + v(Lg, Ly) and ind(N) = v(Lq, Ly) + v(Lg, Lg) = v(La, Ly).
Hence we need to prove that ind(M) = ind(N).
Let n € C*°(R) be such that n(t) = 0 for ¢t < —1, and n(t) = 7/2 for t > 1, and define

~( cos(n(t/T)) sin(n(t/T))
R(t) = (_ sin(n(t/T)) cos(n(t/T))> '

Then R induces automorphisms of both X and ). Hence we can conjugate N with R without
changing the Fredholm index. Computing the conjugate yields

(RTINR)(t) = 0, + I(t) + J(t) + K(t),

where
"t) [0 —1
1="2(1 %)
sy = (T ) 45000/ T 0 )
0 cos?(n(t/T))Lg + sin®(n(t/T)) La~(t) )

K () = cos(n(t/T)) sin(n(t/T)) <Lw(t()) . Lt - Lﬂ) .

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/25/21 to 145.108.252.130. Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

FLOER HOMOLOGY FOR TRAVELING WAVES IN RDEs 2701

Since I — 0 in the uniform operator topology on L£(X,)) as T — oo, continuity of the
Fredholm index implies that after choosing T sufficiently large, ind(N) = ind(R"!NR) =
ind(0; + J + K). Observe that La,(t) = Lag(t + T + 1) for —oo <t < T, so that

cos?(1(t/T))La(t) +sin®(n(t/T))Lg(t) = Lag(t+T + 1) +sin®(n(t/T)) (Lg — Lag(t+T + 1))
for all t € R. Since Log(t +T + 1) = Lg for t > =T, in fact
cos®((t/T)) Lar (t) + sin®(n(t/T)) Lp(t) = Lag(t + T +1).

Using a similar computation for the other nonzero entry in J(¢) one sees that

([ Lop(t+T +1) 0
J(t)_( e Lﬁv(t_T_1)>'

Similarly one can verify that K(¢) =0 for all t € [T, T] (and hence K(t) =0 for all t € R).

Let S € L()) be the shift operator S(U,V)(t) = (U(t+T +1),V(t —T —1)). Note that
S is an automorphism of ) and restricts to an automorphism of X. So we can let S act on
L(X,Y) via conjugation. Note that S commutes with J;, and

Lag O
S71JS = < of ) :
0 Lg,

so that S71(0; + J)S = 9, + S~1JS = M. Hence
ind(N) = ind(S'R™!'NRS) = ind(S(9; + J)S) = ind(M),
thus concluding the proof. |

Appendix B. Exponential dichotomy along heteroclinic orbits. Here we give some de-
tails as to why the linearization of (TWE) along heteroclinic orbits possesses an exponential
dichotomy. We begin with citing a simplified version of the main theorem from [PSS97].

Theorem B.1 (see [PSS97]). Let X be a reflevive Banach space and L : D(L) — X° a
closed, possibly unbounded operator such that X' := D(L) is dense in X°. Let X' be equipped
with the graph norm of L, i.e., ||ulx1 = (|Jul%0 + ||Lu|\§(0)1/2. Let J = [19,00) and suppose
that B € C°(J,L£(X")) is Lipschitz continuous. Consider the abstract differential equation

(54) OW (t) + (L+ B(t)W(t) =0, W e COJ; XYY nct(int J; X°, X1).

Assume that the following four conditions are satisfied:
1. There exists a constant C such that

C
L+ |pl

(55) (L — i)™l £xo) <

for all 4 € R. Assume that there is a projection P_ € L(X°) such that L= and P_
commute. Furthermore, assume there exists a constant § > 0 such that Re X < —9J for
A€ o(LP_) and Re X > § for A € o(L(1 — P_)).
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2. It holds that || B(t)| z(x0y — 0 as t — oo.
3. The operator L has compact resolvent.
4. The only solution W of (54) such that sup;cy [[W(t)|xo < oo and W(0) = 0 is the
trivial solution W = 0.
Then (54) has an exponential dichotomy in X° on the interval J with rate v for any
0 < v < 4. In particular, there exists K > 0 such that if W is a solution of (54) with
supye s |W(t)| xo < oo, it holds that

IW(H)lxo < Ke " TW(T)xo  for t=7>m.

We need to check that this theorem applies to our linearized equation. Suppose hypotheses
(f1)—(f3) and (gl)—(g3) are satisfied. Let U be a solution of (TWE) such that U(t) — Z in
X0 as t — oo, where Z € S is a hyperbolic rest point. Define J = [0,00). We decompose

dA(U(t)) = L + B(t),

where L = dA(Z;) € £(X!, XY), and

B 0 0 0 0
B® = (fu<:c,u<t, 7)) — fulw, 2(2)) o) * (alg@c, U(t)) dag(x, U(t))) '

Here O19(z, (u,v)) := W and Oag(z, (u,v)) := W.
Let us now construct the projections needed in condition 1 of Theorem B.1. First, let
{{in}n be the eigenvalues (counting multiplicity) of A + f,,(z,2(x)), arranged in decreasing
order. Let kg be such that py 11 < 0 < pg,, let k. be such that py, 41 < /4 < ik, , and let
Eget denote the number of eigenvalues which are equal to c? /4.
Let (¢n)n be an orthonormal basis for H5(Q) consisting of eigenfunctions for A+ f, (-, 2),
arranged so that ¢, is an eigenfunction corresponding to the eigenvalue p,. Then L has

eigenvalues
1
)\i:—g:t§ 2 — 4y,

n

with corresponding eigenfunctions WX given by

‘lf:t — Pn .
" <—A$¢n>
A direct computation shows that these eigenfunctions are orthogonal in X%, If u, = c?/4

(i.e., when kqor > 1 and ke — kgt < n < ke), then A\ = —¢/2 is a defective eigenvalue of L
and a corresponding generalized eigenfunction is given by

o (2)

Also, note that for 1 < n < k., we have

0
Re Ut = | ¥r > and  JmUt = ( ) .
" <§son " \FgV A — ey
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Define

E_ ::span<{9%e\Il;,3m\If; tn 21 U{Re ¥, Im ¥} 1< n<ko}

U {\Tfn Ly = 02/4}>

and
Ei:=span{¥} : n>ko+1}.

Denote by E_ and E, the closure of E_ and E, in X°.

We claim that X° = E_ @ E,. First note that if (a,), € (*(N), then Y07, a, ¥,
converges in X°. Indeed,
(56)

J
> e
n=t

2 2

J
=3 (U + I Pllenl ) lanl?,

2
_l’_
L2(Q) n=t

Hp(Q)

J
Z an A on

n=t

J
§ QnPn
n=1

X0

and we need to check that the right-hand side tends to zero as i, — co. Note that, since
lenllmy @) =1,

~tinllenliz@) = IVenliz@) = (ful 2)n, 0n) 120) < 1+ Iful, 2l (),

and since —p, — 00 as n — oo it follows that ||| 12(q) — 0 as n — oo. Then, since

_MnHSDnH%?(Q) = ”Qpn”ij}g(g) - ||‘Pn||%2(9) - <fu('az)90na<Pn>L2(Q)
=1- <(1 + fu(7 Z))gpnv 90n>L2(Q)7

[43

we see that —,Un||<,0n||%z(m ~ 1 asn — oo (here “~” denotes asymptotic equivalence of

sequences). Since |A\F|2 ~ —pu, as n — oo, it now follows that the right-hand side in (56) tends
to 0 as 4,j — co. An identical computation shows that (ay), € ¢*(N), then >>°,  a, ¥,
converges in X°. Thus E_ + E, contains elements of the form

T kc SO kc_kdef 0 k;c 0
= an | ¢ " + by, + by,
<y> ; <2<Pn) nz:l <§ Aptn — cQ%) 2 <g0n)

n=kc—kgef+1

Sl S
nkzc-‘rl )\+90n Z )\n(pn

n n=ke+1

where (an)n, (bn)n € (2(N). To see why any (z,y) € X° is of this form, write 2 = >"°° | c ¢y,
and y = >_°° | dnepn, where (cp,), € (2(N) and (H(PnHLQ(Q)dn)n € (?(N). Set
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¢ 2 n < ke — kdef,

— + Ty~ +
)\n_ n )\n_An n2k0+1

Ay = Cp,
{ e ke — kaet +1 < n < ke,

Note that, as n — oo,
1

+
_)\7" ~ = and ‘ — 1
An — AL 4 An — Ad
Hence (an)n, (bn)n € £2(N), and since an@n + bnpn = ca@n and a Ao + by, 0n = dyon,
this proves that (x,y) € E_ + Ey. Since E_ and E, are orthogonal in X, it follows that
E NE,={0}. Thus X°=FE_ o E,.

Let P_ be the projection onto E_ along E,. Then P_ commutes with L~!. The construc-
tion of the sets Fy ensures that Re A < —§ for A € o(AP_) and Re A > § for A € o(A(1—P-)).
Finally, estimate (55) is a special case of the result from Lemma 5.2. Hence condition 1 of
Theorem B.1 is satisfied.

Note that B € C'(J,£(X")) and ||B(t)|z(x0y = 0 as t — oo, hence B is Lipschitz
continuous. Thus condition 2 of Theorem B.1 is also satisfied. Since the embedding X' — X°
is compact, L has compact resolvent. Hence condition 3 of Theorem B.1 is satisfied.

To ensure condition 4 of Theorem B.1 is satisfied we need to assume that the nonlinearity
[ is of class C*. Recalling from section 3 that U € C(R; X7, ..., X3), we see that

B e C3(int J, £L(X) N C%(int J, £L(X 1)) N CL(int J, L(X?)) N CO(J, L(X3)).

In turn elliptic regularity theory implies that w € C*(int J, L%(Q)) (where W = (w, dyw)).
Together with the mean value theorem this ensures that if W(0) = 0, then w satisfies the
decay estimates (26) from Lemma 4.2 around ¢t = 0. Hence by Lemma 4.2, w(t) = 0 and
hence W (t) = 0 for ¢ in a neighborhood of 0. By an argument similar to the proof of Theorem
4.3 one then finds that W = 0.

The preceding discussion shows that the linearized equation posesses an exponential di-
chotomy on X° with some rate v > 0 on the time interval J = [r9,00), provided that the
nonlinearity f is of class C" with m > 4.

2 2 1 1 ,
~ _4,Un ~ Z”‘Pn”y(gy
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