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PHYSICAL REVIEW A VOLUME 57, NUMBER 3 MARCH 1998

Kohn-Sham potentials and exchange and correlation energy densities from one- and two-electron
density matrices for Li,, N,, and F,

P. R. T. Schipper, O. V. Gritsenko, and E. J. Baerends
Scheikundig Laboratorium der Vrije Universiteit, De Boelelaan 1083, 1081 HV Amsterdam, The Netherlands
(Received 27 May 1997

A definition of key quantities of the Kohn-Sham form of density-functional theory such as the exchange-
correlation potentiad . and the energy densigy,. in terms of wave-function quantitigsne- and two-electron
density matricesis given. This allows the construction of. ande,. numerically as functions af from ab
initio wave functions. The behavior of the constructed exchangend correlatiore . energy densities and the
corresponding integrated exchanBe and correlationE; energies have been compared with those of the
local-density approximatiofLDA) and generalized gradient approximatiq@GA) of Becke, of Perdew and
Wang, and of Lee, Yang, and Parr. The comparison shows significant differences betWeemand the
stA(r), in spite of some gratifying similarities in shape for particular@)’v. On the other hand, the local
behavior of the GGA exchange energy densities is found to be very similar to the constri(efedyielding
integrated energies to about 1% accuracy. Still the remaining differences are a sizable fra@&8n ) of the
correlation energy, showing up in differences between the constructed and model exchange energy densities
that are locally even larger than the typical correlation energy density. It is argued that nondynamical corre-
lation, which is incorporated ie(r), is lacking fromeS®A(r), while it is included ins°*(r) andeS®A(r)
but not ing,(r). This is verified almost quantitatively for the integrated energies. It also appears to hold locally
in the sense that the differene&"(r)—e,(r) may be taken to represenf°"®(r) and can be added to
£S°A(r) to bring it much closer ta(r). [S1050-294798)02703-4

PACS numbgs): 31.15.Ew, 31.15.Ar, 31.25.Nj, 31.16z

I. INTRODUCTION SE
ch(r):¢- (1.2

Examples of accurate Kohn-ShaiiKS) functionals con- P
structed numerically from accuragab initio) wave functions . )
for chemically interesting systems are of importance for arlS @ severe test for approximate functionals. Unfortunately,
understanding of the success of density-functional theorjh€ potentials corresponding to the local-density approxima-
(DFT) and for its further development as well as for analysistion (LDA) and the current generalized gradient approxima-
of the effect of electron correlatidid,2]. It has recently been tions(GGA) do not reproduce essentially accurate potentials
shown that it is indeed possible to obtain all the key ksparticularly well [6,11,13, so that special gradient- and
quantities such as the exchange-correlation KS potentidiaplacian-dependent approximations were developedfor
v([plir) [3-8], energy density per particle,.([p];r) [6,13]._ In spite of the fundamentz_al |mpor_tancelgg‘9, how-
[9,10], and various energy characteristics from the correlate@Ver. it is rather the energy density, that is receiving most
ab initio electron density(r) and the one- and two-electron attention.
density matrices. Usually, e,. is further subdivided into the exchange

The energy density,. is usually considered to be the and correlatiore ;. energy densities that yield the correspond-
most interesting quantity since it directly yields the ing energiesE, and E.. Approximate functional forms of

exchange-correlation enerds,. of a many-electron system &x([p]ir) andec([p];r) are derived from homogeneous or
through the integral inhomogeneous electron-gas modgl€,15 with due ac-

count of various scaling and asymptotic properties. The pa-
rameters of the approximate functionals can be obtained non-
empirically from sum-rule conditiongl5] but usually they
Exc[P]:f p(Nexd(lplirdr. (1. are fitted to reproduce conventior} [16] andE, [17-19
values for prototype atomic systems. The current GGA func-
tionals obtained in this way provide a surprisingly good de-
Modeling of e, with approximate functionals has therefore scription of a number of molecular characteristics, in particu-
become an essential part of the development of DFT. Théar, of the molecular thermochemistry. In many cases the
specific expression which the approximate energy densitpaccuracy of the calculated bonding and atomization energies
takes as a function of the electron coordinate is, however, naif molecules is approaching conventional “chemical accu-
uniquely defined, i.e., the expression can be altered by addiacy” [20,21.
tion of any functional of the density that integrates to zero In spite of the extensive analysis of the GGA functionals
over the density. In this respect the uniquely definedperformed in the literature, the form ef ande. as func-
exchange-correlation potentia)., defined through the func- tions of the electron coordinateis seldom taken into con-
tional derivative sideration and little is still known about the local behavior of
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the standard LDA and GGA, and e, models. Moreover, Here T is the kinetic energy of noninteracting particles
for molecules the exchange and correlation energies obtaingéix;} ={r; ,s;}, {r;} are the space ang are the spin vari-
with these models are seldom compared with the estimates ables,
the true DFT exchange and correlation energies.

In this papemw,. ande,. are constructed numerically from N
ab initio one- _and t_WO—eIectron density matrlcgs for the Ts[P]=—%E f(lﬁi*(X)Vz(bi(X)dX- 2.2
homonuclear diatomic closed-shell molecules, L, and i=1
F,. These molecules are considered as prototype systems

with truly covalent bonds and they are included into anyy is the energy of electron-nuclear attractiov, is the Cou-

Romb or Hartree energy of the electrostatic electron-electron
?epulsion, and,. is the(unknown exchange-correlation en-
ergy functional. In order to subdividg,. into the exchange
E, and correlatiorE, components, the determinaity built
from the KS orbitalsy; is used as a reference wave function
with the energyEXS,

proximations in DFT. They represent rather different case
of covalent bonding, ranging from the weakly bonded Li
with a single &-basedo bond, to the very strongly bonded
N, with one o and two 7 bonds, to the weakly bonded, F
with one Z-baseds bond and Pauli repulsion between two
p. lone pairs on each F atom.

The paper is organized as follows. Section Il contains .
definitions of the guantities,. andv,. in terms of density ERS=(W |H|P)=T+V+W,+E,, (2.3
matrices. We will show that some physically meaningful
contributions to these quantities can be distinguished that ~ I .
clarify the relationship betweesy, andv,.. These are, first, wh(_erg_H Is the Hamiltonian of the system aii} is the DFT
the potential of the exchange-correlation holg'*® and the definition for the exchange energy,
potentialv . «in, representing the effect of Coulomb correla-

tion on the kinetic functional. The sugv ®®+v i, repre- 1 XX B (X1) b (X0) bF (X2) Bi(X2)
sents a physically well motivated choice for the function Ex=~ 2 Z’l J.Zl j [ri—r,) dxydx;
ex(r) and these potentials also constitute important contri-
butions tov,.. In addition there is the potentials,, Which 1 p(X1) py(Xa|Xq)

“ ” =— —_— XmdX2 (24)
only enterw,. but note,. and represents “response” effects 2 11—,

on vsg'e andv yn. Details concerning the accurate configu-

ration interaction(Cl) calculations and the corresponding . , , )
Kohn-Sham solutions are given in Sec. lll. In Sec. IV alN Which p,(Xa|x;) is the exchanggFermj hole function.

comprehensive discussion is given of. and its compo- The correlation energl.. in DFT is_deﬁned as the remainder
nents. Characteristic features in the shape of these potentiald'€n the exchange enerdy, defined above is subtracted
are related to the molecular electronic structure, in particulaff®m Exc, which implies thatk. is 3|mpInghe difference
the behavior of Fermi and Coulomb correlation holes. Fi-oetween the exact ener@yof Eq.(2.1) andE™ of Eq.(2.3),
nally, e,. and its components, and e, are considered in

Sec. V. A comparison is made between the construetgd E.=E,.—E,=E-— EXS, (2.5
ey, ande .—keeping in mind their nonuniqueness—and the

model exchange-correlation energy densities, such as t
GGA models of Beckg22], and of Perdew and co-workers
[15,23,24 for exchange and of Perdew and co-workers
[15,23,24, and of Lee, Yang, and Pafe5] for Coulomb

hlehe KS determinantal wave function thus plays the same
role as the Hartree-FockdF) determinantal wave function
does in the conventional definition, but n@&® is defined in

correlation. Also the corresponding GGA integrated ex terms of the exact densily and corresponding KS orbitals

i HF ; " . - HF
change and correlation energies are compared to the “exact"Si » While E™ is de_fmed in terms of the HF densigy™ and
guantities the related HF orbitals.

We proceed with the definition of the exchange correla-
tion energy densitg,. [Eq. (1.1)] which allows its construc-
tion from ab initio first- and second-order density matrices.
According t0[9,10], e, can be represented as the sum of
kinetic v, i, and potentiab "' components as follows:

II. PARTITIONING OF THE KOHN-SHAM POTENTIAL
v, AND THE RELATION BETWEEN wv,. AND THE
EXCHANGE-CORRELATION ENERGY DENSITY &,

In this section we will present the definition of the KS
functionals which can be constructed usialg initio wave
functions. A central quantity of DFT is the electron density
p(r) which is represented in the KS theory as a sum dver Herevf}‘c’Ie is the potential of the exchange-correlation hole. It
occupied orbitals¢;(r). Both the orbitals¢; (which are cannot be obtained as a functional derivative but it can be
functionals of the densijyand the density are used in the expressed through the exchange-correlation hole function
KS expression for the total electronic enefglp], px(Xo|X1) defined in terms of the diagonal part of the

second-order density matrix,(x;,X,) or through the pair-
correlation functiong*(x;,x,) with the electron interaction
E[p]=Tdpl+Vip]l+Wylp]l+Edp]. (2.1)  M/rq,at full strengthx=1,

exd (P10 =vein([p1:X) + 302%[p]:x). (2.6
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hole. p2(X1,X2) = p(X1) p(X2) which shows thawy, is the energy density of the kinetic
Uxe (X1)= F =T lp0xy) dx, energyT minus the von Weiszker kinetic energyl,, the
e ! latter beingN times the kinetic energy of the density orbital
_j Prc(X2|X1) Jp/N. The secondEq. (42) in Ref.[26]] is
[ri—rs ? | 2
_ 1 Vip(Xq1)
-1 , , 1P\ Xy
:f P(XZ)[g}\ (Xllxz)_l] dX2. (27) p(xl)vkin(xl)zz Vl‘Vly(Xl,xl) . - W
[ri—ro 1=
(2.13
The kinetic component . \i, [10,26 is the kinetic correla-
tion energy density, Similar expressions hold fovs, in terms of the one-
electron density matrix corresponding to the Kohn-Sham
TC:T_TS:f P(X)[Vkin(X) = v kin(X) 1dX determinant¥ . If we take the difference j,— v xin, USing

either expression.12) in both cases, or using expressions
(2.13, the second term in these expressions cancels exactly
=f p(X)v¢ kin(X)dX. (2.8 sincep=ps. We may therefore write the kinetic correlation
energy density either in terms of second derivatives or first
In view of the recent comments by Huang and Umrig] derivatives of the one-electron density matrices,
on the equality of expressions for, \;, (called 7, in Ref.

[27]) in terms of first or second derivatives of the one- X (X)) =—1v20(x! x|

electron density matrix we make the following observation. POV eian(X0) 2Vavba, )|X1_X1

The quantitiesv;, and vgy, are local potentials that are +%Vi7’s(xiaxl)|x’=x
components of the effective local potential in the Sehro v

dinger type of equation for the “density orbital/p/N =3IV Viy(X, X)) —x

[26,28. v\, results if the derivation is carried o[26] with L

the exact ground-state wave functidn, for the effective —%Vi'Vﬂs(Xi,Xlei:xl- (2.19

potential for the exact density, whilg; \;, results if the the
derivation is carried out for the system of noninteracting
Kohn-Sham electrons with wave functiokhg and of course
the same density. It has been shown in IR26] thatv,;, and
Uskin Can be defined in terms of the conditional probability
amplitudeg 28] ® of the total ground-state wave function

In Ref. [26] and subsequent worf,10] always the form
with the first derivatives is used since the expansion in
Gaussian basis functions leads to increased local inaccura-
cies for second derivativd29].

We wish to stress that the well-known nonuniqueness of
the kinetic energy density, alternative forms being obtained

Wo(Xq,... X . o7 : o

D(Xy,... XN|X1) = O(l—N), (2.9 by carrying out a partial integration of the kinetic energy,

Vp(xy)/N does not pertain to \in: v in iS @ unique function of po-

sition. Definition(2.6) of ¢,. is in fact in terms of potentials

hol . . .
Ukin(xl):f [D* (Xp,... Xp|Xq) vxge andv. i that have a clear physical interpretation, and
which are unique functions of position, being components of
X(—%Vf)@(xz,  XnlX0) %o - dxy the exchange-correlation part. of the KS potential(see

below) which is known to be a unique function of position.
(2.10 In the DFT literature an alternative definition of; is often
used, in which it is expressed via an integral over the cou-

and similarly®g of the KS determinan® . For real wave pling parametery [30,31,

functions it is easy to prove from the condition

JO* (Xo, . XNIXD P (Xo, ... Xn|X)dXp - -dxy=1 for x; \

=x, that also the alternative expression 8xc(X1)=1ffl p(Xg)[|g (X1,>|<z)—1] dx dx,
2 0 ri—ro '

)= [ 19280, bty (212 (215

The nonuniqueness of the exchange-correlation energy den-
sity as a function of position is well known, as is the nonu-
nigueness of the kinetic energy density, but in this paper we
choose definition2.6) that is in terms of components of the

holds. This leads to two alternative expressionsdgy in
terms of the one-electron density matrXx;,Xx;) and the
diagonal density(x;) = y(X1,X;). The first[Eq. (26) in Ref.

[26]]is KS potential thatare unique functions of position. Expres-
1 p(xq) | 12 §ions(2.7) and(2.14 allow us t.o const_ruc:txc from ab initio
p(X)Vkin(Xy) = ~3 Vay(X] %) —N( N ) first- and second-order density matrices, we do not need to
X) =% know the dependence gf* on \.

Using Egs. (2.4 and (2.5 we can subdivide the
(2.12 exchange-correlation energy density into its exchange com-
’ ' ponent,

1/2

1 2 p(xl)
X(‘z‘“)( N




1732 P. R. T. SCHIPPER, O. V. GRITSENKO, AND E. J. BAERENDS 57

1 N detailed discussion of the applied basis sets can be found in
ex(X) =" 3 o0 > > Ref.[36].
pP\X)i=1j=1 The multireference CIMRCI) calculations have been
* (3 Vb (X ) b* (Xo) b (X carried out within the direct Cl approach with 106 reference
Xf O (x2) 6i0x0) ] (xp) bi(x2) dx, configurations for Lj and N, and 36 reference configurations
[ri=rel for F,. The reference configurations were selected within the
1 internal space of eight lowest-energy Hartree-Fock molecular
=5 v(x,) (2.16  orbitals (MO) for Li, and ten orbitals for Bland F. All
single and double excitations from each reference configura-
; ; tion to either internal or external subspaces have been in-
and its correlation component, ; , ,
P cluded in the MRCI, which have also been augmented with
e(X1) = Exo(X1) — £x(X1) = Vg win(X1) + 20 7°(xy), the configurations obtained by single excitation from a ref-

(2.17)  erence configuration to the internal subspace with subsequent
single excitation to the external subspace. The MRCI calcu-
wherev®® is the potential of the Coulomb correlation hole lations performed aR, recover 86% of the total Coulomb
correlation energy for Liand N,, and 84% for .
J’ pe(Xa|X1) To constructv,., &y, and their components, the first-
[ri—ry 2 order density matrixy(r; ,r,), its diagonal parp(r), and the
(2.18  diagonal partp,(rq,r,) of the second-order density matrix
are calculated from the MRCI wave function by means of a
Gaussian orbital density functional cod®6,37] based on the
ATMOL package.

The KS orbitals are constructed in an iterative procedure
[6,8] in the same basis of MO’s as has been used for the
MRCI calculations. After 75—100 iterations the procedure
has reached its saturation state and further iterations make

hole hole

U20|e(xl) “Uxc (Xl) — Uy (Xl) =

Equation (2.6) for &, also provides a partitioning of the
exchange-correlation potentia).. Taking the functional de-
rivative of E,{ p], Egs.(1.1) and(1.2), leads to the follow-

ing expression fop,:

vy p1i%0) =v e[ p1iX0) T v in([p1iX0) + Vresd [ P15 X0),

(2.19 changes only within a few millihartrees for the calculated KS
where 1) is the “response” potential orbital energies; and the kinetic energ¥s. The accuracy
vresdPLiT) P P of the resultant KS solution can be characterized by the val-
1 p(X2)p(X3) 89~ ([pl;X2,%3) ues of the absolute integral errorrath iteration,
Uresr([P];Xl): 2 f |I‘2— r3| Sp(xq) dx,dxs
804 in([p]: %) Ap=f |p™(r)— p(r)[dr, (3.9
C,KIn ’

+f p(X5) W dXZ.

As was shown 126,32, v spCan be expressed also throug

with the valuesAp=0.003% for N,, Ap=0.00% for F,,
hand Ap=0.04 for Li, obtained after 100 iterations. The

the expectation values of the Hamiltonian of the re]atively large error fof 4 appears, probab_ly, becauge for

(N—1)-electron system calculated with the conditionalthIS r_noIecer with its diffuse electrqn dens_lty the region of

probability amplitudesb and® of Eq. (2.9). density tails(where both the Gaussian basis set representa-
S tion and the potential construction procedure are less ad-

In the next section a procedure for the numerical con .
equaté plays a more important role.

struction ofv,. ande,. and their components and the calcu-

lation of the KS energy characteristics will be outlined.
IV. THE EXCHANGE-CORRELATION POTENTIAL

IIl. COMPUTATIONAL DETAILS AND ITS COMPONENTS

Since the scheme af,, and &, construction fromab In Fig. 1 the molecular Kohn—Sharmeexchange-correlatlon

initio wave functions used in this paper has already beeRCt€NtialSvyc and their components,c™, ve in, andvresp
presented and discussed[®,10], we will only give some constructed f0f L, No, E}Hd k at Re(A.-A) are plotted along
specific details concerning the present calculations. The cofl® bond axis as functions of the distarcérom the bond
related reference densities and one- and two-electron densifjidPoint. The pictures tm{f represent the regions bbnds.
matrices have been obtained by means of Hartree-Fock arlf &l cases both,. andv,™are negative functions, wit,
subsequent configuration interaction calculations using th@e'lng consistently less attractive than the Colrrgspondlng
ATMOL packag€33]. We have calculated, in a basis of con- Ue". This can be understood from the fact thgf* is the
tracted Gaussian functions, the ground states gfMj, and  (negative potential of a negative density, i.e., the exchange-
F, at the experimental equilibrium bond distanc&s correlation hole which represents the main correlation effect.
=5.05a.u. for Lj R,=2.074au. for N and R, Accordingto Eq(2.19, v is formed by the addition of the
—2.668 a.u. for k. For Li a basig34] with eights- and four  usually repulsive contributions f, x, andv esyto vye®.

p-type functions has been used, which has been augmented The form ofv,, resembles that affo. In particular, both
with extrap andd polarization functions. For N and F the potentials have a deep well around the nucléyswhich
correlation-consistent polarized core-valence tripladded corresponds to a strongly attractive exchange-correlation po-
(CC-PCVT2 basis sets[35] have been used. A more tential in the & core shell. Still, there exists a significant



57 KOHN-SHAM POTENTIALS AND EXCHANGE AND . .. 1733

(a.u.)

-10 T T T T T T 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

z(a.u.)

FIG. 1. The total exchange-correlation potentigl and its components, the potentia{%ﬁ"e, Ve kins @Nd gy, along the bond axis at the
equilibrium bond distance is the distance from the bond midpoii® Li,, (b) N,, and(c) F..

difference betweerv,. and v';g'e_ The latter is a rather exchange-correlation effects in the former cqsee Figs.

smooth potential, whose most visible feature is its differentl(a), 1(b)]. For F, on the other hand; o in the bonding

slope in the core and valence regions. It is interesting to notesgion does not clearly exhibit such a plateau, although it has
the somewhat different form mf“;(g'ein the bonding and outer a rather flat maximum at the bond midpojsee Fig. {c)].

regions of L, and N,. While in the outer region(larger z As will be shown in the next section, the dominant ex-
values v/ smoothly approaches the Coulombic asymptot-change componens!®® of "% which, according to Eq.
ics uﬂg'ez—llr, it forms a plateau in the bonding region (2.16), is twice the exchange energy density, displays a

(smallz values. For N, this plateau is at significantly more similar plateau for all three molecules considered. A possible

negative energy than that forJ.iwhich reflects the stronger interpretation of the plateau form of;g'e ande, around the
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bond midpoint is that for the valence electrons of thkond The kinetic component i, of v,. is defined by Eq.
this region is the interior region of the exchar{@erm) hole  (2.11) in terms of the difference between the integrated
which is delocalized symmetrically over both atomsAf  squares of the gradients of the conditional amplitudes
[38]. The hole has large depth around each nucleus, and thg,®|? and |V, D42 In other words . xin represents the
charge distribution of such a hole can be approximated efgifference in sensitivity of the full exchange-correlation hole
fectively with a simple electrostatic model of two charges ofand the exchange-onlferm hole in the distribution of the
—0.% which are placed along the bond axis at distances other electrons to displacement of the reference electron
and —r from the bond midpoint. Furthermore, it is well [10,26.. (Note thatv, i, is enhanced by a factor of 10 in Fig.

known that the exchange hole of an electron pair bond ig

essentially static, i.e., it does not change shape when the The characteristic features of, ,, in the o bond region

reference position is cha_mged around Fhe bond m‘dm@ﬁﬂt are the B-2s intershell peaks, which occur for,Nt about
We are thus led to consider the following very simple poten-

. i A z=0.5 and 1.4 a.u(for Li, at 1.1 and 4 a.u. and forRt 1
tial for small displacements from the bond midpoint: and 1.6 a.y.and which contribute to the above-mentioned

2 corresponding peaks in,. at these positions. These peaks
_ _2)_ (4.1  reflect the added effect of mobility of the Coulomb correla-
tion hole when the reference electron crosses the intershell
border, so that the corresponding change of the exchange-
Within this model the potential will only change in second correlation hole is larger than that of the Fermi hole. They
order for small displacementgz/¢ <1) from the bond mid- are analogous to the peaks observed and explained in Ref.
point, showing that our model potential is essentially flat[10] for the hydrides LiH, BH, and HF. In all cases the
around the bond midpoint. These simple electrostatic arguintershell peaks are clearly displayed as the largest ones on
ments indicate that the plateauwdf¢"® in the bonding region  hoth sides of atord. At smaller distances from the nucleus,
can be understood as a manifestation of the delocalizegh the core regions, there are also smaller peaks dgp,
static nature of the corresponding Fermi hole and the presyhich get considerably closer to the nucleus when going
ence of the additional Coulomb hole, whichR¢ is much  from Li, to N, and coalesce into a single peak at the nucleus
weaker than the exchange hole, does not change this featuig F,. According to the interpretation given {i10], these

05 05 1

qualitatively for L and N. peaks are related to the change in Coulomb hole from polar-
Contrary to this, the addition of the Coulomb hole doesjzation to expansion shape in this regi8].
change the form ob 2" in the bonding region of Fas was Another feature ob . i, is its definitely positive value in

mentioned above. A possible interpretation is that in thishe bond midpoint regiorin the case of Feven a peak
case the addition of the Coulomb hole makes the totairhis also can be explained directly from the definiti@n1)
exchange-correlation hole substantially more localized ofin terms of the probability amplitude®.9) [26]. If the ref-

the atom where the reference electron is. A more pronouncegrence electron is displaced from a paiptlose to the bond
effect of the Coulomb hole is expected when the bond isnidpoint towards a certain atom, the probability distribution
relatively long and weakcf. H, at long distance in Ref. of the second electron in this bond increases at the other
[38]), which is the case inJ As a result, the total hole starts atom due to the left-right Coulomb correlation. This causes a
to localize on the nucleus that is nearest when the referenashange in the exchange-correlation hole associated @ith
position moves away from the bond midpoint, and the potenand produces positive values of the amplitude gradient
tial becomes Coulombic rather than flat. In the next sectioqvlq>|2, In the corresponding KS case there is no analogous
these qualitative arguments will be supported with the analyeffect f0f|V1‘Ds|2, since®d describes a pure exchange hole
sis of the constructed correlation energy density which  which for an electron pair bond is independent of the posi-
includes as a part the potential of the Coulomb correlationion of the reference electron. Therefore the resultipg, is
holev!®®, Eq.(2.18. definitely positive in this region. As was established 26]

In contrast to the rather structureles§§'e, the total for H, and in[10] for the monohydrideXH, X=Li,B,F, the
exchange-correlation potential,. displays a characteristic increasing left-right correlation provides an appreciable peak
structure. The most visible features of. are the local for the dissociating molecule, while fdt, the height of the
maxima (intershell peaksbetween the core and valence re- “peak” (if any) is small. The present results fo i, show
gions of atomA. These peaks are clearly exhibited fo &  a similar trend. The bond midpoint peak is displayed i,
z=0.6 and 1.5 a.u., and fobfatz=1.0 and 1.6 a.u., while for F,, while for Li, and N, v kn exhibits only a positive
for Li, they are less pronounced. Beyond these peaks on th@ateau in this region. This is in agreement with the obser-
outer sides of the N and F atoms there are weak localation made before that the bond in F, starts to exhibit
minima, while for the lighter Lj moleculev,. has a smooth behavior that is typical for stretched bonds. The Pauli closed-
monotonic form in this region. Another characteristic featureshell repulsion between the occupied orbitals on the F
for Li, is that near the bond midpoint is almost parallel to atoms is indeed supposed to “stretch” the bond of k.

U;‘g'e as it forms a plateau. For Nand F, in contrast,v,, The response potentials,, plotted in Fig. 1 have been
displays, after passing through a local minimum, a bond midebtained by subtractingﬁ}é"e and v yin from vy.. The re-
point “peak” [see Figs. (b) and Xc)]. Since thev. \j, and  sponse potential is repulsive and has a characteristic steplike
Uresp PAItS ofv,. are responsible for its observed structure,form with higher values for the core electrons, lower values
we will next analyze these contributions #q. in more de- for other electrons, and a steep descent from higher to lower
tail. values[10,32,39. The typical height of the core ste}w s
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of the constructed g, is in agreement with its rough esti- the following. While we expect that the KS orbitals and,
mate[40] for the case of the exchange-only potentialof ~ hence, the KS exchange enery obtained are of reason-

the optimized potential modéDPM) [41-44], able quality, the correlation enerdy, calculated with the
restricted Cl amounts to only about 85% of the total corre-
Avies5~0.38Ve oMo &is (4.2 lation energy, as was mentioned in Sec. Ill. The limitations

) . on the CI calculation lead t&, values which definitely un-
where eomo denotes the energy of the highest occupiedyerestimate the correlation of the core electrons as well as

molecular orbital and; is in this case the energy of the core cqre yalence correlation and possibly to some extent also the
orbital. The step pattern af ¢ is disturbed by cusps and jnterpair correlation of valence electrons.

wiggles near the nucleus, which might very well be caused | orger to correct for this deficiency, we estimate the true
b_y the incorrect Gaussian basis set representation of the defrT correlation energies from the conventional empirical
S|ty|nea(; tr?.e nu.cleuB§29]. gor\:vever, Wg have not furrt]her correlation value€ ™™ as they are traditionally defined in
analyzed this point. Beyond the steep descent,gf,on the guantum chemistry. The ! ™ values have been obtained

gluattiirrrijdrs(?c]:rtrl]:e ,}Io??gslt:aﬁt:oemf):tcveeggi gc;_:';i; ; rgagl Iocaas the difference between the empirical total nonrelativistic
2 ’ L 7" electronic energy of a systef™P estimated from spectro-

which is responsible for the corresponding feature Qf . i .
An interesting feature of es, for N, and F is that it scopic dat445] and the Hartree-Fock electronic eneigy,

displays a bond midpoint peak after passing through a mini- EHF.emp_ gemp_ gHF (5.1)
mum in the bonding region. The response potential for Li ¢

lacks this peak and just goes through a rather shallow minigsing the electronic energg®S of the KS systen{2.3) cal-
mum at the bond midpoint. This peakifesp, Which for F,  cylated within the iterative procedure of Sec. Ill, we can

is higher than for I, is responsible for the same feature in gptain an estimat&S™ of the DFT correlation energy,
vy for N, and K (as opposed to the flat behavior @f°").

The presence of this repulsive feature in the potential for N ESMP= gemP— EKS= ECHFvemP+(EHF_ EKS), (5.2
and F, correlates with the existence of a repulsive interaction

(Pauli repulsion between the occupieds2subshells of the  which is presented in the row labeled “KSemp” of Table I.
atoms N and F in Mand k. For the L, moleculeRg(Li-Li)  We feel thatE®®* should rather be compared to the empiri-
is large and the closed shells consist, apart from the singlga| estimate of the true DFT correlation eneff™. In fact,

valence orbital, of the localizedslcore orbitals, which have the GGA's are a|Wa_yS Judged by their performance for ex-
very little overlap and therefore virtually no Pauli repulsion. perimental(bond energies.

This corresponds to the absence of a bond midpoint peak in For the same reason, we feel thei®* should be com-
Uresp fOr Lio. We defer a discussion of the relation betweenpared to the scaled empirical energy densfi§°, defined by
Pauli repulsion and a bond midpoint peak in the response

potential to a future paper, since this question is somewhat Eemp

involved and has no bearing on the behavior of the energy ed™r)= EL gq(r), (5.3
densitiese, ande. which we study in the next section, the c

response potential not being a component of these ener
P P g P Rhich integrates t&™P. Meanwhile the form ok S will

densities. il 3 :
hardly change when the exact density is used in this func-
V. CONSTRUCTED AND MODEL (LDA AND GGA ) tional instead of the present Cl density. _
EXCHANGE-CORRELATION ENERGY DENSITIES In Fig. 2 we compare " with the LDA correlation func-

. _ tional £-P* [46] as well as with the GGA correlation func-
The success of DFT is due to the existence of accuratggnal of Perdew and co-worke(®W) SEW [15,23,24, and
exchange—correlation fu.n_ctiona&'skc[p] or rther exchange- that of Lee, Yang, and PafLYP) SIEYP [25], the latter being
correlation energy densities p](r), which integrate to re- , e gradient-only form of Miehlictet al. [47]. We note
liable exchange-correlation energies. For many properties the .. 1o (DA e differs considerably from the other
1 H C
LDA func'uonals_ are already quite accurate, for otherata- curves. It is structureless and it is, in general, significantly
bly bond energigsthe GGA functionals have brought con- lower than the other ones. This is due to the well-known

siderable improvement. In ordgr. to study the local quality Ofdifference in correlation between the homogeneous electron-
the approximate energy densities we have constructed th&

h lati densit . . as modelwhich is represented by the LDAand finite in-
exchange-correlation energy density per partigienumeri- homogeneous atomic and molecular systems. All the struc-

cally. In particular, we compare its exchange and correlation) .~ "emp _ . . ;
parts 1 ol [Eq (2.16] and 1 phoe g ture ing; T+ arising from atomic shell effects and molecular
Ex=12 Uy - 2. €c=Uckin™T2 Ug .

. . bonding effects is absent frorf°* . Moreover, it is known
(ZG.éZ)], anGiome of the currently used GGA functionals [48] that in the homogeneous electron gas the Coulomb cor-

& andsg ", which are explicit functions of the density | vion of electrons with like spins brings about the same

and its gradientVp. contribution to E. as that of the opposite-spin electrons.

However, in finite systems correlation of like-spin electrons

is substantially suppressed by their exchange, so that this
Before discussing the Coulomb correlation energy densityprings only a small contribution t&.. The local-density

e. calculated as the difference betweer. and £,, or  approximation therefore tends to overestimate correlation in

(equivalently the sum of} v!°®anduv. ,, we first consider finite closed-shell systems, and indeed it is obvious hat

A. Correlation energy and energy density
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TABLE I. KOhn-Sham, LDA, and GGA eXChange and correla- the Correspond|ng peaks in the kinetic pagtkm Beyond
tion energieqa.u). The approximations for exchange and correla- the intershell peaks there are distinct We||$§;’ppf0r N, and
tion are both indicatede.g, B-PW: Becke for exchange, Perdew- F,, which in the case of Fare even lower than the well at
Wang for correlation The row labeled KS contains the “exact” thz’e position of the nucleus. Going next to the bond midpoint

correlation energy, i.e., the calculated Cl energy minus the energ . .
of the KS determinant, and the exchange energy evaluated with théne né)mtgs a striking difference between the three molecules.

KS orbitals. In the row KSemp the calculated CI energy has beerThesc of Li, becomes perfectly flat after the innes-2s

replaced with the exacspectroscopically determingtbtal energy. imerShe”_ peak, but for Nthere_is a C_|ear bond midpoint
peak, which for i becomes relatively high and even reaches

E. E, Ere positive valuegsee Fig. 4c)]. Sincev!®®, the potential en-
g ks “o111 “3565 _3676 SO part ofeZ™, is an everywhere negative potential, this
2 KS —0.128 —3.565 —3.693 indicates that features of both the kinetic pagt, and the
emp Y o ' potential energy part"®® contribute to the bond midpoint
E.—EN=-0119 E+EVN=-3574 7 emp omp : : )
peak ing; . The form ofe;"" in the bonding region re
LDA —0.330 —3.084 —3.414
PW-PW 0137 3537 _3674 sembles that for the fimolecule[38], where a peak around
i : ' ' the bond midpoint arises from a peak in tfsill negative
B-PW -0.137 —3.555 —3.692 hole . . _ I .
B.LYP 04134 _3E55 —3609 ¢ and a positive peak im iy, originating from left-right
i _0'119 _3'574 ' correlation. The Coulomb hole representing the left-right
: ' correlation is negative around the nucleus nearest to the ref-
N2 KS —0.475 —13.114 —13.589  grence electron and it is positive at the other nucleus. When
KSemp .y —0.552 .y —13.114 —13.666  {ne reference electron crosses the bond midpoint, the Cou-
Ec—E;=-0476 E+E;=—13.190 lomb hole “jumps,”[26] changing its sign around the nu-
LDA —0.942 —11.873 —12.815  ¢lej, which leads to a bond midpoint peakiig, and hence
PW-PW —0.490 —13.180 —13.670  j ¢&™ |n the case of Fthis type of left-right correlation
B-PW —0.490 —13.208 —13.698 il occur for the electrons of the relatively weak singte
B-LYP —0.484 —13.208 —13.692  pond. For N the well in ™ beyond the outer peak is sig-
KS —0.475 —13.114 —13.589  npjficantly deeper than that in the bonding region and the
KSemp —0.552 —13.114 —13.666  pond midpoint peak is relatively small. In this case, the bond
F, KS —0.632 —19.935 —20.567  midpoint peak ofsS™ reflects entirely the maximum in the
KSemp oS 19935 -20.690  correlation hole potentiabg®®, since v for N, lacks a
E.—Ec=—-0676 E+E-=-20.014 corresponding peak in this region.
LDA —1.296 —18.211 —19.507 Keeping in mind that only tentative conclusions can be
PW-PW —0.669 —20.066 —20.735 drawn from comparison of the various energy densities, in
B-PW —0.669 —20.101 —-20.770  view of their nonuniqueness, we can make the following
B-LYP —0.675 —20.101 —20.776  observations. It is interesting to note that the shape of the

GGA functionalss?" and 5" resembles that af™" much

LDA : ; ; :
is consistently too negative. Because of this local overestipette"rth"ingc does. Still, there Is an appreciable difference

mation of correlation,e-®*, when integrated againgt between the two GQALf(lén_ctionals. In the case o, lthe
yields about 100% too negative correlation energa%QA outer intershell peak is;'" is much larger than the peak in
(see Table) the bonding region, while both peaks "V are somewhat

more shallow. On the other hand, fop Bind F; it is £ that
has more pronounced intershell peaks and also wells beyond
the peaks, as well as a deep well at the nucleus, vhifé is

An important feature of the constructef™ as well as of
ebW ande:'P s their considerable amount of structure. All
the functions have a well around the nuclé\iswhich rep- . .
resents correlation of theslcore electrons. The average a rather more shallow f“r?C“O” for these molecles. ;I'gkmg
depth of the well does not increase with atomic numbek.of INtO account aiso the relatively deep well at the nucleys,
This reflects the fact that for neutral systems the contributio!as @ certain shape resemblance with the constructed
to E, from the 1s electron pair does not depend much on thea-lthou.gh this S|m|Iar|'§y is by no means quantitative. Espe-
atomic number of the corresponding atom. In this respecgially in the the bonding region of Nand F, all the model
correlation of the & electrons differs from their exchange, functionals are very different from the constructef™.
which almost completely reduces to the self-interaction ofNear the bond midpoint;" consistently reduces to the flat
the 1s electron. As can be seen from Fig. 3, the depth of theand much too negative-°* . This is a characteristic feature
well of the exchange energy density around the nucleus of all functionals that, like the PW one, are based on the

does increase with increasing atomic number due to the irelectron-gas model and include only gradient-dependent cor-
LDA

creasingly contracted nature of the,lleading to stronger rections toe; . In the limit of a small density gradient
self-interaction. Vp—0, as occurs near the bond midpoint, such functionals
emp PW LYP LYP

The wells ine™, ¢V, and 5" are terminated by turn into £°* by construction. In its turng:'" reduces to
peaks in theK-L intershell region, at distances of about the Wigner-type formula for small gradients. This functional
+1.4a.u.Li,), =0.4a.u(N,), and+0.3 a.u(F,) fromthe is also derived from the homogeneous electron-gas model
nuclei. Comparison with Fig. 1 shows that in the case of thébut with the parameters fitted for the He atom. Because of

constructeds" these peaks are determined, primarily, bythis, ¢-° does not reduce te:"* near the bond midpoint
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FIG. 2. The constructed empirical correlation energy densiti (sf' scaled so as to integrate to the empirical correlation enengg
the corresponding LDA functional;®* and the GGA functionals of Perdew and co-worker¥ and Lee, Yang, and Par:"", along the

bond axis at the equilibrium bond distaneeis the distance from the bond midpoiii&) Li,, (b) N,, and(c) F,.

and it is closer t@gmpthanscpw is in this region. Sti”,SLYP tionals should give the full correlation energy, we conclude

always has a flat form and it does not exhibit the bond midhat theES®* amount to only 84-89 % of the true correlation

point peak for N and F which is such a distinct feature, energy. The discrepancies betwegfi®* and ES™ are sig-

related to left-right correlation, ofS™. nificant: for N, the largest difference betwe&F®* ande2™?
The first column in Table | presents the integrated correis 0.068 hartree foE-"" and for F, the largest difference is

lation energied€,, (rows labeled KS and KSenyE:"* (row  0.086 hartree foEP".

LDA), EPY (rows PW-PW and B-PWand E5' (row B- We have argued elsewhei@6] that theES®* correlation

LYP). Comparing theES®” to E2™, since the GGA func- energies are too small compared BE™ since they do not
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FIG. 3. The constructed exchange energy densitgnd the corresponding LDA functiona}® and the GGA functionals of Becke?,
and Perdew and co-worker&fw, along the bond axis at the equilibrium bond distarrcis, the distance from the bond midpoiiia) Li,,

(b) N,, and(c) F,.

incor.porate all of. the glectron correlation. T_he effect of thepeen showii9] that indeedaCGGA completely fails to describe
left-right correlation discussed above, which deepens the .o o\ JEPW o R(H-H)=5 a.u. covers less than 20%
Coulomb hole around the reference electron, may be miss(5]S ’E [49]. We chave noticed ab(.)v.e the lack of the bond
ing. Indeed, the LDA and GGA correlation functionals have . ~¢ - "=~ . o GA
idpoint peak, related to left-right correlation, in t.k@ of

been developed from the homogeneous or inhomogeneoﬁg ) )
electron gas, whickat least for the densitieg typical for ~ N2 and k. Even though the left-right correlation, or more

atomic and molecular systejroes not contain the phenom- generally the so-called nondynamical or near-degeneracy
enon of left-right correlation. In the prototype case of domi-correlation is probably missing from the GGA's for correla-
nating left-right correlation, nearly dissociated, Ht has tion, the rest of the correlation effect, the so-called dynami-
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0.15 - . , along the bond axis as functions of the distardeom the
bond midpoint. A comparison is made betwegnand the
exchange functional-"* of the local-density approximation
as well as with the GGA exchange functionals of Becke
(B), ¢ [22], and of Perdew and co-workersg’"
[15,23,24. In both GGA functionals::°* is augmented with
a correction factor, which is a function of the dimensionless
gradient-dependent argumdi®p|/p*>. In connection with
the nonuniqueness of the energy density, we note that the
LDA and Becke functional were indeed designed to approxi-
mate the same exchange hole that we use in our definition of
the exchange energy density=(1/2)»1°¢, Eq.(2.16. This
does not hold forsf:W, but this energy density was charac-
terized by its authors as being nearly identicalgﬁ). We
therefore feel that in this case, and theeS®* are more
strictly comparable. The second column in Table | presents
the corresponding exchange energigs (rows labeled KS
and KSemp, EX** (row LDA), EXW (row PW-PW andE?
(row B-PW and B-LYB.
Being the dominant component of the potenﬁé@'e ana-
-0.20 . 1 , . , | lyzed in Sec. IV g, has the same general features, namely, a
0.0 0.5 1.0 15 2.0 25 3.0 deep well around the nucleus, the asymptotical Coulombic-
za.u.) like behavior at largee, and a plateau in the bonding region
(see Fig. 3. The plateau is observed for all three molecules
FIG. 4. Comparison between the constructed empirical correlaconsidered and its presence has been interpreted in the pre-
tion energy densityS™? and the GGA correlation energy densities ceding section as a manifestation of a static delocalized
to which eS°4(r) —&,(r) is added as a possible representation of Fermi hole for electrons of the- bond of A,. A general
the contribution of nondynamical correlation. trend for et°* is that it overestimates exchange near the
nuclei, while it clearly underestimates exchange at distances
cal correlation, is hopefully described by the electron-gas , of a few tenths of an a.u. from the nucleus. It also slightly
based correlation functionals. underestimates exchange at larggr both in the outer re-
The energy of nondynamical correlati@}” can be esti-  gion and around the bond midpoitior Li, -°* nearly co-
mated assuming that the simple Cl wave functions conincides withe, around the bond midpointThe LDA under-
structed in Ref[34], which provide the proper dissociation estimation of exchange at intermediaje where the density
limit (PDL) for the dimersA;, take into account the effect of js still appreciable and the volume of the region is fairly
nondynamical correlation and neglect dynamical correlationjarge, overcompensates its considerable overestimation close
With this assumption the enerds{” can be estimated as the to the nucleus, where the density is high but the volume very
difference between the electronic energies of the PDL angmall. As a consequence the LDA exchange enetfjeare
HF functions, Ef%=EPPL—EMF. This yields EJY values of  considerably smallefless negativethan the KS energies,
—0.009, —0.076, and—0.079 hartree for Li N,, and F, (see Table)l
respectively. Thus the energy effect of nondynamical corre- The GGA gradient corrections te)L(DA are everywhere
lation atR.(A-A) is small for Li,, while it is appreciable for negative functions that shift the LDA curve downwards and
N, and R. In Table | we present the energy of dynamical bring £°* closer toe, in the important region at interme-
correlationE{ estimated as the differendgl=ES™-EX".  diater ,. The gradient approximations, however, worsen the
The energiefg appear to be close to the GGA correlation situation in the narrow region around the nucleus, and have
energies little effect in the bonding region. The functionaf" is in-
deed, as noted by its authors, hardly distinguishable from
2. Note that contrary te?", £2 has the correct Coulombic
asymptotics—1/(2r) at largez, but one can hardly see this
difference for the distances presented. Bofhand e} " ap-
proache, more closely at larger than £5®* does. In the
bond midpoint regiore? and £2V are very close ta::°* .
This is understandable, because for a homoatomic molecule
the bond midpoint is at the same time a saddle point of the
density p, where|Vp|=0. Due to this, the GGA argument
|Vp|/p*is small in the bond midpoint region, providing a
small GGA gradient correction. In particular, fos there is a
In Fig. 3 the exchange energy densities calculated fronmotable difference between the model and exgaturves in
the KS orbitals¢; via Eq. (2.16 at R,(A-A) are plotted the bonding region, both the LDA and GGA curves devi-

0.10

0.05

0.00 4

(a.u.)

-0.05 4

0.10

-0.15+

ESCA=EY. (5.4)

Thus we arrive at the conclusi¢B6] that the GGA correla-
tion functionalseS®* [p] (EEY or ELYP) effectively model
the dynamical correlation of electrons only. We will return to
the implications of this finding for the local differences be-
tween the energy densitie$®" and ¢, later, but first turn
to ey.

B. Exchange energy and energy density
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ating from the flat plateaulike behavior &f. We will return ESCA=E, +E, (5.5
to the meaning of this difference later.

The gradient corrections bring in the present series ofn particular,EffGA (especially, the PW ondor N, are close
molecules the GGA exchange enerdi&s>* much closer to  to the sum E,+E.%. For F, the energie€S®* are still too
E, as compared t&:>" , as they are known to d@ctually — negative, but they are clearly much closer By E{%) than
designed to dpin the case of atoms. In particular, for,lthe  to the bare exchange ener@y,. For Li, we have already
negative difference betweerf®* ande, in the region near shovyn .that the effect of nondynamical correlation is small at
the nucleus[see Fig. %a)] appears to be almost perfectly R%(GLA-LI) and Eq. (5.5 therefore effectively reduces to
compensated with their positive difference at larggr so  Ex  =Ex:
that EXB is only 10 millihartrees off thée, value. However,
for N, and K the gradient corrections seem to overperform C. The energy density of nondynamical correlation

and the negative differences betwegf®* andE, are con- We have arrived at the conclusion that on one hafig"
siderably larger than the errors in the GGA correlation enerdoes not include nondynamical correlation, while on the
gies: the largest difference is betwed} and E, and  other handES®” does include this part of the correlation
amounts to— 0.094 hartree for Bland to—0.166 hartree for energy. One wonders if this point of view is not only sub-
F,. Although these errors are fairly small as a percentage oftantiated by the values for the integrated quantities, but can
the total exchange energy, they are an appreciable fractionlso be traced in the shape of the energy densities as func-
(in the order of 25% of the total correlation energfsee tions of position. Since the exchange GGA functionals have
Table | and the discussion belpwin spite of the impression Nnot been constructed with the purpose to contain features
given by Fig. 3 of close agreement between the GGA and Kgorresponding to nondynamical correlation, and since our
exchange energy densities over large regions of space, theg@oice ofe(r) is not precisely the energy density the mod-

results show that the difference between the LDA and GGAEIS strive to mimic, we cannot push this analysis too far. We
exchange energy densities and the KS exchange energy déHSt comment on t‘r‘1e pos”s!blhetgA suggestggAby the above
sity is significant. Furthermore, the local differences@n@lysis, that local “errors™ ire, ™ (r) andec™(r) reflect
SSGA(r)_SX(r) are large compared to, for instance, the F,V\/unmtended_presence or neglect, respectwely, of nondynami-
. o PW : cal correlation and cancel each other. This would mean that
correlation energy densitg. (r). Apart from the region GGA : : )
. e (r)—ey(r), representing nondynamical correlation, has
around the nucleus, there are also large differences at tt}é GGA - GGA i
. . . . 0 be added teJ>"(r), yielding e, (r) —ex(r), in order to
intershell peaks and in the bonding regiote that the peak ake a meaningful comparison to the K&™(r) possible
around the bond midpoint corresponds to the deviation of th f course sor;r!r(]agvl;ri(;tiorﬁ)?s”ibr':ainedein this czarlz Zsr:sor; de-
model exchange energy densities from the plateaulike behav-_ " . . P .
: T : pending on which GGA is used, but we do obtain very sig-
ior of &, noted abovg It is in fact due to cancellation of ... N . GGA
" . N GA . nificant qualitative improvement when comparia§>*(r)
positive and negative contributions thef®(r) —e,(r) in- GGA em o T
: —&,(r) rather thane " (r) to eZ™r). This is strikingly
tegrates to only about 25% of the total correlation energy. d trated f Fia. 4. in which empy
The LDA and the GGA(at least Becke, but PW is clgse emonstrate orﬁp 9. ! in-whic W,e cgmparec r)
exchange energy densities try to model the KS exchang@{éﬂe energy densities obtawlsg by addirg _(r)_sxgw to
energy density by the potential of the exchange hole of théc  (F) SXP(V(,)_SX(r) to gc""(r), and finally £,"(r) .
homogeneous or inhomogeneous electron gas. Maybe the er-x(r) t0 &¢(r). Most notably, the peak at the bond mid-
rors noted above could have been expected if we recall thaoint, which we identified as a left-right correlation effect in
the KS exchange energy density is determined by the poter, IS built in by the model exchange functlonals._ It would
tial of a delocalizedrermi hole, while in the electron gas the arise both from the LDA and GGA exchange functionals, cf.
hole is centered at the reference electron. It has been sutpe difference between the modef®”(r), s$°4(r), and the
gested[50-57 that in molecules the LDA exchange func- plateaulike behavior ot,(r) in Fig. 3(c). The correspon-
tional (Xa), since it mimics a localized hole, effectively dence is also much improved in the wells, but addition of
describes the combined effect of exchange and nondynami®*(r) —e,(r) and especialle:°*(r) —e,(r) leads to ex-
cal (left-right) correlation. As discussed earlier, this com- aggeration at the intershell peaks. The well around the
bined effect introduces partial localization of the exchangenucleus is of course strongly overestimated, the very deep
correlation hole at the atom where the reference electron iwell at the nucleus being a deficiency of the LDA and GGA
residing, and the same localization is effectively provided byexchange functionals that is not related to nondynamical cor-
an exchange functional that employs the local density andelation. Qualitatively similar improvement is obtained for
density gradient. It is interesting to investig&té. also Ref.  the other molecules, although not so spectacular as,foktF
[36]) to what extent this qualitative notion is corroborated bya qualitative level, however, the local behavior of ther)
the integrated GGA exchange enerditre LDA approxima- ande,(r) curves supports our contention that nondynamical
tion to the exchange functional is too crude, the LDA ex-correlation is lacking in the model(r) curves, but is incor-
change energies are too small rather than too Jardée  porated in the modet,(r) curves.
present in Table | the sunmE(+ Egd) of the KS exchange We conclude by considering the total exchange-
energyE, and the energy of nondynamical correlatiE@d correlation energy density. Since the Coulomb correlation
estimated above. It appears that the GGA “exchange” enereffect is small compared to the exchangg,(r) is practi-

gies are actually much closer to the sum of exchange andally indistinguishable from its exchange componepgr)
nondynamical correlation energies displayed in Fig. 3. As a matter of fact, we have just ob-
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served that locally differencesS®A(r)—e,(r) cancel to a
large extent against difference§A(r)— &™), so agree-
ment of 2" and especiallye S with £ will be better
than in the exchange-only case. Fagrrietably the clear dif-
ference in slope of both the:®* and thee$®*'s compared

to &, is no longer present in the,; curves. The most con-
spicuous discrepancy ¥°°*, the much too negative behav-
ior at the nucleus, of course survives #7°". At larger

distances from the nucleus;>* follows &, rather closely
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the correlation functionals of Perdew and co-workefs",
and of Lee, Yang, and Par."", as well as with that of the
corresponding LDA functionals. LDA tends to underestimate
exchange and to overestimate correlation. In particular, the
LDA correlation energy density-°* is both highly overat-
tractive and structureless as comparec:to The gradient
corrections create a considerable amount of structure for the
GGA and bring the GGA exchange

correlation functionse
functionse S®* closer toe, . Still, the thee S show appre-

indeed, but not perfectly. The local differences have oppositéiable local deviations fronz, and sigr/lificant local differ-
signs in different regions, thus compensating each other t8nces in the comparison between #&" ands have been
some extent in the resulting GGA exchange-correlation enfound. The latter cannot be required to coincide, given the

ergies. In particular, for Li the B-PW value EB"W=

—3.692 hartrees practically coincides with the correspondin
KS value E,+ E{™P= —3.693 hartrees and the PW-PW and

B-LYP values are also close ®,+EZ"™. Similarly, for N,

the PW-PW valu€!'= — 13.67 hartrees is very close to the
KS value E,+E™P=—13.666 hartrees and the B-PW and

B-LYP values are not very far frork,+E{"™P. For F, there

is also considerable compensation of the local errors of o
posite signs, but a somewhat larger difference between th[%

KS and GGA values foE,. remains(see Table)l

VI. CONCLUSIONS

nonuniqueness of the correlation energy density, but for the

éE(;rmer close correspondence is expedgtdeast for GGA of

ecke since the GGA exchange energy density tries to
model the exchange hole potential which we use as exact

The gradient corrections also bring the GGA exchange
and correlation energies much closer to the KS exchange
energy E, and to the empirical estimatég"" of the true

correlation energy, respectively. Fop nd F, they seem to

Povercorrect and the GGA exchange energies are consistently

o large(too negative as compared t&, , while the GGA
correlation energies are too small as compared=§b®.
However, the differences of opposite signs compensate each
other and the resulting GGA exchange-correlation energies

In this paper the molecular Kohn-Sham exchangeyre rather closdespecially, in the case of Nto the sum

correlation potentialg,. and the energy densities,. have
been constructed fromb initio Cl one- and two-electron

(Ex+EC™.
Concerning the systematic deviation between the GGA

density matrices for the homonuclear diatomic molecules, 4 kg exchange and correlation energies separately, we

Lis, No, Fo. The structure ob,,

hole andv e, The bond forma-

of its components, -, v¢ kin»

tion manifests itself in a plateau % in the bonding re-
gion of Li; and N,, a bond midpoint peak ins,for N, and
F,, and a bond midpoint peak by, i, for F,. The combina-

tion of these features determines the fornvgf. The rela-

has been analyzed in terms )56 noted that qualitative considerations concerning the be-

havior of Fermi and Coulomb holes in molecules on one
hand and in the electron gas on the other, suggest that the
LDA and GGA exchange functionals represent effectively
not only exchange, but also the molecular nondynamical
Coulomb correlation. At the same time the nondynamical

tion of these features with various effects of electronic struccorrelation is not expected to be covered by the GGA corre-

ture and electron correlation has been discussed.

lation functionals, which represent the dynamical Coulomb

The structure ofe,; has been analyzed in terms of its correlation only. We have observéd. also[36]), usingab
exchanges, and correlatiors . components. The latter com- initio nondynamical correlation energi&'® that the inte-
ponent displays a sharp structure with intershell peaks an@rated GGA exchange and correlation energies provide semi-
in the case of Mand k, a bond midpoint peak, which has quantitative evidence for this point of view. In the present
been related to left-right correlation. The exchange energwork we have demonstrated that the local behavior of the
density e, is relatively smooth with a well around the GGA exchange and correlation energies provides qualitative
nucleus, Coulombic asymptotics in the outer region, and &upport for this point of view. Addition of the difference

plateau in the bonding region.

between the GGA and KS exchange energy densities, which

We have compared the local behavior of the constructedupposedly mimics nondynamical correlation, to the GGA
gy, and e, with that of the GGA exchange functionals of correlation energy density, does give qualitative improve-

B
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Becke, ey, and of Perdew and co-workers,", and with

ment notably in the bonding region towards the KS
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