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Abstract

A method suitable for the calibration of the spring constants of all torsional and lateral
eigenmodes of micro- and nanocantilever sensors is described. Such sensors enable
nanomechanical measurements and the characterization of nanomaterials, for example with
atomic force microscopy.

The method presented involves the interaction of a flow of fluid from a microchannel with the
cantilever beam. Forces imparted by the flow cause the cantilever to bend and induce a
measurable change of the torsional and lateral resonance frequencies. From the frequency
shifts the cantilever spring constants can be determined. The method does not involve
physical contact between the cantilever or its tip and a hard surface. As such it is non-
invasive and does not risk damage to the cantilever.

Experimental data is presented for two rectangular microcantilevers with fundamental flexural
spring constants of 0.046 and 0.154 N/m. The experimentally determined torsional stiffness
values are compared with those obtained by the Sader method. We demonstrate that the
torsional spring constants can be readily calibrated using the method with an accuracy of
around 15%.
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1. Introduction

Micro- and nanocantilevers are increasingly used in micro- and nanoelectromechanical
systems (MEMS and NEMS), for example as pressure and acceleration sensors, linear
actuators, or valves [1]. Microcantilevers in particular are employed as probes in atomic force
microscopy (AFM) to image surface properties [2]. They have also been applied as
independent sensors for mass [3], surface stress [4], chemical identification [4], viscosity and
density of liquids [5, 6], or for measuring viscoelastic properties of cells [7]. Small changes in
the oscillation properties of the eigenmodes of the cantilevers can be exploited to quantify
various physical properties.

Most of the current AFM applications make use of the flexural deflection of the cantilever
sensor. In conjunction with mapping of friction forces [8], however, the static torsional
deflection of the cantilever is monitored and the related spring constant is required for
gquantification. The dynamic properties of a torsional eigenmode can be exploited in
frequency modulated AFM, where the tip probes forces parallel to the surface with high
resolution while scanning [9-11]. Similar resolution has been displayed by images collected
using tapping mode and torsional resonance AFM [12]. Images using the oscillation of the
true lateral mode have also been collected [10]. The higher quality factor of torsional
compared to flexural oscillations in liquid can be utilized to collect images of samples where
imaging with the fundamental flexural mode is problematic [13]. If measurements involving
lateral or torsional deflections shall be quantified then the associated spring constants must
be calibrated [14]. Methods to calibrate the lateral and torsional deflections may be split into
three categories: static, dynamic and theoretical. In the former, stationary bending of the
cantilever is monitored during physical contact between the cantilever or tip and a calibration
sample to produce a lateral/torsional force and therefore involve a high risk of damage. The
lateral force can be applied by moving the tip sideways into a step on a calibration grid [15,
16], by scanning the cantilever up and down slopes of a known angle on a calibration sample
[17-20], or by bringing the tip of the cantilever to be calibrated into contact with another
calibrated cantilever that is rotated 90 degrees with respect to the first such that its flexural
deformation causes a torsional twist in the first cantilever [21]. Loads could also be applied
directly to the cantilever surface, with the resulting cantilever twist being monitored [22, 23].
Methods to calibrate cantilevers by optical means also exist. Whilst these methods do not
risk damage to the cantilever, they are sensitive to detector non-linearity [24-26] or rely on
the tilting of a calibration surface, which may have a different reflectivity to that of the
cantilever [27-29].

Dynamic calibration methods monitor the cantilever’'s resonance frequency as a pathway to
analyzing the interaction of the cantilever with external influences or its response to masses

attached to the cantilever [30]. The torsional Cleveland method allows for the determination



Calibration of the torsional and lateral spring constants of cantilever sensors

of torsional spring constants by on-axis loading of masses on the cantilever surface [30]. The
torsional Sader method determines the torsional spring constant of cantilevers via their
interaction with a surrounding (resting) fluid [30]. Following the determination of a
‘hydrodynamic function’ for a cantilever of a certain shape, all similar cantilevers can be
calibrated, provided the cantilever length is much greater than its width and its thickness.

The spring constants of a cantilever may also be calculated theoretically. Analytical
equations can be used along with knowledge of the cantilever dimensions and elastic
properties to calculate the spring constants [31]. However, large errors (30-50%) are
introduced via assumptions on the elastic constants and in the measurement of the
cantilever thickness. Analytical equations can only be used for simple geometries. For more
complicated cantilever beams, finite element simulations can be used to determine the spring
constants [32].

Simple, non-destructive methods for the calibration of the torsional and lateral stiffness of
microcantilevers are highly desirable. In this document we describe a new method that can
be utilized to calibrate the torsional and lateral spring constants of cantilever beams in

general and is applied to microcantilevers in particular.

2. Method

The operating principle of our method is to apply external forces that change the static
cantilever shape, but which do not affect the free torsional and lateral movement of the
cantilever for example by causing friction or damping. Figure 1 displays the side-view of a

straight cantilever and a cantilever that is bent due to external forces.

force

Figure 1: Side view of a non-bent cantilever (a) and a cantilever bent due to forces (b). The dashed
lines indicate the rotational axes around which the free torsion occurs. The axis changes along the

cantilever if the cantilever is curved.

For the unbent cantilever the centroid of the cantilever coincides with its shear axis. For the
bent shape u(x) (figure 1 b)) the centroid of the cantilever is at a distance, c(x), from the

shear-center [33]. Depending on the shape change the torsional modes couple to the lateral
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and/or flexural modes when the cantilever oscillates [33]. If the deflection is entirely in the
direction of the flexural modes (y-direction in figure 1) then the torsional oscillations will

couple to the lateral oscillations (in the z-direction) only. The effective distance c(x) between

the centroid and the shear axis can be obtained by weighting A u(x'), which is the distance

of the position of the cantilever at coordinate x to the tangent to the cantilever in x’, with the
angle de¢ that the cantilever structure at position x rotates around the tangent in x'. This

leads to:

IAxu(x')zdx'
c(X) ~ Ox
iju(x')dx'

(1)

provided (du/dx)* <<1.

The following differential equations for the position dependent part of the coupled torsional
and lateral vibrations are obtained if no time dependent external torque or forces are applied
[33]:

Sk 10— p 10770 + p, A7 (Z() - (7 (%) =0 22
a—z(E' yg)—PcA(X)wZ(Z(X)—C(X)7(X)) =0 (2b)
OX OX

where G is the shear modulus, K is a geometric function of the cross section [34], ©(X) is the
torsional angular deviation from the equilibrium position along the cantilever when oscillating,
pc is the density, I, the polar moment of inertia about the centroid [34], A(X) is the cross
section of the cantilever, E is Young’s modulus, I, is the moment of inertia around the y-axis,
Z(x) is the lateral deflection along the cantilever when oscillating, and wis the radial

frequency of oscillation.

The lateral and torsional eigenmode shapes of non-bent rectangular cantilevers, Z,(x) and
m(X), respectively, can be obtained analytically [33]. The eigenmodes of many non-

rectangular cantilevers for both flexural and torsional vibrations can be determined
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numerically for example by using the Ritz method [33, 35]. Note that the uncalibrated
torsional modal shapes y,(x) and the lateral mode shapes Z.,(x) are entirely determined by the
geometry of the cantilever via the dependence of the parameters G, K, I,, and p. on x
(geometry) in case of y,(x), and E, I, and p.in case of Z,(x), but not by their absolute values.
Solutions of the differential equations (2a) and (2b) are given by linear superpositions of the
functions y, and Z,, with coefficients a, and S, respectively, which have to be determined.
Using the Ritz method this leads to a system of linear equations giving the frequencies » and
the corresponding eigenmodes of the bent cantilever.

In general the coupling between a torsional and a lateral mode is strongest if their frequency
values are ‘close’. The torsional modes will therefore in many cases couple to the nearest
lateral mode only and vice versa. In these cases it is sufficient to consider the coupling
between one torsional mode y, and one lateral mode Z,, (although more modes can be taken
into account if necessary). Without coupling, two independent values for the undistorted
torsional and lateral frequency, s and wy, respectively, are obtained. For the coupled

oscillations also two values o result, that can be determined using the Ritz method [33]:

2 2 2 2\2 2 2 2

2 _ a)tors |4+(|3+ I1)a)|at i\/(a)tors |4_(|3+ Il)a)lat ) +4|2 a)tors a)lat
- 2
2((|3+|1)|4_|2)

(3)

L

with l, = IPCACZynZdX (4a)
0

L
= q pACZ,dy, +[ pCACyndZm)dX (4b)

0

L L sz
l.=|pl v 2dx = [ p A—» “dx 4
3 '([pc pyn '([pc 12 7/n ( C)
L

and l, = I pCAZmde (4d)

0

where L is the length of the cantilever. The coupling is given by the two integrals I; and I, via

c(x) and hence the bent shape u(x). No coupling exists if u(x) and therefore c(x) are zero. For

W
convenience, the modal shapes y, and Z,, can be pre-normalized such that IEynzdle
0
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L
andemzdx=1, where w is the width of the cantilever. Note, however, that the method is
0

independent of the pre-normalization.

For data evaluation a single parameter, (corresponding to p A in case of the above described
pre-normalization), or two independent parameters, one for y, and one for Z,, can be fitted in
equation (3), such that the theoretical frequencies match those observed in the experiment.
Two parameters are required if the ‘pre-normalization’ is different from the one above. If the
cantilever behaves like an ideal rectangular cantilever a single parameter should reproduce
the experimental data well with the above pre-normalization. However, a real cantilever will
often display some non-ideal behavior. Fitting two independent parameters can then account
for some of the non-ideal behavior with respect to the torsional and lateral oscillations.

The fitting enables the normalization of the eigenmode functions y,(x) and Z,(x) such that:

L
= el 70" (k=1 (52)
0
and
L A
L= [ P A2, (N)dx =1 (5b)

0

With the normalized function,zm, the true lateral spring constant kg, for a lateral force

applied at the free end of the cantilever can be obtained [35]:

2

_ wlat,m
klat,m 2m2 (L)

(6)

A related expression exists to calculate the torsional spring constant kg

2

h tors,n (7)
7ai(L)

(0)

on —
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3. Experimental Details

3.1 Setup and dynamic measurements

Experiments were performed with a commercial AFM Explorer system (ThermoMicroscopes,
Sunnyvale, CA, USA). To test the method two commercially available tipless rectangular
silicon cantilevers were investigated. Both cantilevers had a nominal width of 35 + 3 um and
length of 350 £ 5 um. ‘Nominal’ refers to the information provided by the manufacturer. The
first cantilever (Mikromasch), labelled R-E1, had an Al backside coating, a nominal spring
constant, kgey, of 0.03 N/m, and a nominal thickness of 1 um. The second (Mikromasch, no
backside coating), labelled R-E2, had a nominal spring constant of 0.3 N/m and a nominal
thickness of 2 um. The plan view dimensions of both microcantilevers were also determined
with an Olympus optical microscope.

In our setup a homemade smooth parallel plate microchannel of height 100 um and length
3.5 mm was fixed on the sample stage of the AFM and positioned such that fluid flow from its
exit interacted with the cantilever as illustrated in figure 2. The channel was aligned such that
the free end of the cantilever was level with the edge of the channel and 50 um above the
channel exit.

Nitrogen gas was used as the working fluid. Pressure differences were applied to the
microchannel to drive the flow, establishing stable Poiseuille velocity profiles [36]. The
maximum pressure applied to the channel in our experiments was ~1.7 kPa causing a
velocity value of nitrogen in the channel mid-line of about 35 m/s [37]. The highest Reynolds
number for our setup did not exceed 200. In combination with the Knudsen number in the
channel, which is about 0.0008, this Reynolds number corresponds to the laminar regime of

incompressible flow [38].

Four Segment

Laser diode @ Photodetector

y iy
/Lé_/ Jueo

- Ul

Microchannel

Figure 2: Schematic side view of the microchannel with Poiseuille profile of the fluid and a cantilever

that bends due to forces exerted by the fluid.
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The forces applied to the cantilever by the fluid flow cause a static flexural bending, u(x). The
bending is sufficient to ensure that the centroid of the cantilever and the shear-center no
longer coincide, causing a coupling of the torsional and the lateral oscillation modes and
therefore a change in the torsional and lateral resonance frequencies, which can be

monitored.

Power spectral densities of thermal noise spectra were recorded with an external interface
with an accessible frequency range of ~700 kHz (National Instruments, USB-6251) as a
function of fluid velocity. Resonance frequency values, Q-factors, and peak areas for each
mode were monitored during measurement with a homewritten LabVIEW ™ routine by fitting
Lorentzian curves to the resonance peaks. All resonance frequencies were monitored
simultaneously and are based on the average of 50 individual spectra. Note that a standard
AFM setup is used where a laser spot is focused on the cantilever and reflected into a
photodiode detector. It is the coupling of the torsional mode with the first lateral mode which
allows us to observe the resonance curve of the latter: when coupled the initially purely
torsional mode takes on a small amount of lateral character and vice versa. Hence, the
lateral resonance peak was only observable with fluid flow for the bent cantilever but not

without flow (see figure 3).
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Figure 3: Frequency spectrum of cantilever R-E2 with and without flow, showing the region of the third
flexural and fundamental lateral and torsional modes. A constant offset was added to the resonance
spectra with flow for reasons of clarity. The arrows indicate the shifts of the lateral and torsional

resonance frequencies due to the fluid flow.
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3.2 Determination of the bent shape u(x) and the spring constants

To provide information about the interaction of the flow from the channel with the cantilever
we performed finite element method simulations with the open-source, multi-physics software
package of ElImer [39]. Meshes required in the simulations were created with Gmsh [40]. The
mesh independence of the results was confirmed by mesh refinement. The forces applied to
the static cantilever by the fluid flow were directly extracted from the simulations. Figure 4
displays the forces applied to 350 um long rectangular microcantilevers (R-E1 and R-E2)

with fluid speeds at the center of the microchannel of 6, 14, 22 and 30 m/s.
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Figure 4: Simulated fluidic forces applied to a rectangular cantilever of 350 um length and 35 pum

width at speeds of 6, 14, 22 and 30 m/s in the center of the microchannel

The static deflection u(x) depending on the applied fluidic forces was determined with a
home written MATLAB® routine by generalizing the results reported in [35, 41] for the force
profiles extracted from Elmer and the flexural rigidity of each cantilever. The flexural spring
constants were obtained beforehand independently as described in [42]. Note that the static
equilibrium bent shape u(x) could also be determined with other methods: for example via

interferometry or by taking a photograph if the cantilever and its deflection are large enough.

In our experiments the highest value for (du/dx)*was ~0.007 in accordance with the

derivation of equation (1). The effective distance c(x) was then determined from equation (1).
The experimental frequency data was fitted using equation (3) with both a single as well as

two independent parameters and the spring constants determined via equations (6) and (7).

4. Results

4.1 Cantilever dimensions and flexural spring constant calibration
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The plan view dimensions of the cantilevers are summarized in table 1. Significant
discrepancies from the manufacturer’s (nominal) dimensions were found, particularly in
relation to the width of the beams. Both cantilevers had a reasonably rounded or picketed
free end. The quoted lengths were taken to be at the extreme of the structures. Also shown
are the experimentally determined static flexural spring constants kgey, the nominal values
quoted by the manufacturers, and ‘ideal’ values, which were determined theoretically by
using the experimentally determined plan view dimensions and the nominal thickness values

together with a density of 2330 kg/m® and a Young’s modulus of 169 GPa [43)].

L (um) w (um) t (um) Kriex (N/m)
Exp. Nom. Exp. Nom. Nom. Exp. Ideal Nom.
R-E1 | 340 350 30.7 35 1 0.046 0.034 0.03
R-E2 | 341 350 31.0 35 2 0.154 0.273 0.3

Table 1: Plan view dimensions and static flexural spring constants of the cantilevers tested.

4.2 Frequency shifts

Table 2 summarizes the experimental flexural, torsional and lateral frequency values of the
non-bent cantilevers and the values for the ideal cantilevers obtained from calculation with
the measured plan view dimensions. A shear modulus of 51 GPa was used [43].

The experimental lateral frequencies fyx Without flow were extrapolated from the values
obtained with flow, with an estimated uncertainty in the frequency of less than 5%. The ideal
torsional and lateral oscillation frequencies show some deviation from the experimentally

determined ones, indicating that the cantilevers behave non-ideally.

frex (KHZ) fiors (KHZ) fla (KHZ)
Exp Ideal Exp Ideal Exp Ideal
R-E1 11.9 11.8 247 222 ‘308’ 365
R-E2 17.1 23.7 358 443 ‘320 367

Table 2: Flexural, torsional and lateral frequencies of the first dynamic modes of the cantilevers

tested.

10
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Model calculations were performed to solve equations (2) numerically with a home-written
MATLAB® routine for the ideal cantilevers taking the first two torsional and the first two
lateral modes into account. Table 3 summarizes the contributions of the ‘pure’ uncoupled
modes to the coupled oscillations. The contributions were calculated for deflections of 1 um
and 3.75 um at the free end of each cantilever, which are typical values in our experiment.
Note that the absolute values of the contributions depend on the deflection, but the ratio of

the contributing non-major modes is rather similar.

Modes Defl (um) | 1* tors (%) | 2" tors (%) | 1% lat (%) | 2" lat (%)
ot 1 99.59 0.00 0.41 0.00
1> tors coupled
3.75 94.94 0.05 4.99 0.02
R-E1
ot 1 0.06 0.10 99.84 0.00
17 lat coupled
3.75 0.69 1.46 97.85 0.00
ot 1 99.19 0.00 0.81 0.00
1> tors coupled
3.75 91.17 0.07 8.74 0.02
R-E2
ot 1 1.69 0.06 98.25 0.00
1> lat coupled
3.75 16.70 0.68 82.62 0.00

Table 3: Percentage contributions of the uncoupled modes to the coupled oscillations for deflections

of 1 um and 3.75 um at the cantilevers free end.

Figure 5 shows typical frequency shifts, A(f2)=f > — foz, where f, is the frequency without

flow and f the frequency measured with flow, of the first torsional and lateral resonance
frequencies for cantilevers R-E1 and R-E2, depending on the speed of the fluid escaping
from the microchannel. Also shown are fits with two independent fit parameters for the
torsional and the lateral mode, respectively, based on equation (3). Using a single fit
parameter did not produce results of similar quality. In particular for R-E2 fits with a single

parameter did not resemble the experimental data well.

11
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Figure 5: Frequency shifts of the first torsional (blue circles) and first lateral (green squares)
eigenmodes of cantilevers R-E1 (top) and R-E2 (bottom) due to static bending caused by fluid flow

from a microchannel. The solid red lines show the fit from the model.

4.3 Torsional and lateral spring constant calibration

The procedure described above produces values for the dynamic torsional and lateral spring
constants. The corresponding static spring constants can be determined from the first
dynamic spring constants by dividing the lateral value by 1.03 [35] and the torsional value by
7%/8. The results are summarized in table 4 together with values obtained by the Sader
method [30] and theoretical values for ‘ideal’ cantilevers. Note that the Sader method is in
general not applicable to lateral stiffness [30].

In case of atomic force microscopy the ‘lateral’ spring constant, k;, relevant in connection with

measuring a lateral force when the scanning tip of an AFM cantilever is in contact with a

surface, can be obtained from ks [44] via:

12
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k = ::;L; ' (8)
where hy, is the height of the tip attached at the free end of the AFM cantilever.
A lateral force applied to a tip attached at the end of the AFM cantilever causes a torsional
twist of the beam, which is measured. This ‘lateral’ spring constant however is different from
the true lateral spring constant that can be obtained from the normalized lateral eigenmode
Z; using equation (6). The latter corresponds to the stiffness of the cantilever in relation to
true lateral deflections. The resulting values are displayed in table 4. It is difficult to obtain
these values experimentally in atomic force microscopy or for microcantilevers, because a
lateral movement can in general not be detected with the standard readout system for
microcantilevers. A rough estimate can be deduced based on the flexural spring constant

and the assumption of an ‘ideal’ cantilever as has been executed in table 4.

static Krs (x10™° Nm) static kix (N/m)
Our method Sader [30] Ideal | Our method | Sader[30] | Ideal
R-E1 1.7 21 2.0 25 N/A 32
R-E2 3.7 3.1 85 57 N/A 64

Table 4: Comparison of the torsional and true lateral spring constants calibrated by the method
described here, the Sader method, and those of ideal rectangular cantilevers with the experimentally
determined plan view dimensions and the manufacturer’s nominal thickness and material properties

values.

5. Discussion

5.1 Coupling of modes and the number of modes required

The procedure presented exploits the coupling between torsional and lateral modes of
oscillation to determine the torsional and lateral stiffness of cantilevers. Coupling between
lateral and torsional modes can be observed in AFM [45], or for free cantilevers where there
is off-axis mass, e.g. if the tip is displaced from the cantilever center line. In that case the
non-symmetrical mass distribution is the origin of the coupling. For the calibration method
described here, the static bending of the cantilever breaks the symmetry of the cantilever to
induce coupling of the torsional and lateral eigenmodes.

When coupled, the formerly pure torsional eigenmode takes on a small lateral movement and
the formerly pure lateral eigenmode involves a component of torsional movement (see table

3). The magnitude of the coupling of one mode to another is in general related to their

13
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separation in frequency space. If the first lateral resonance is higher than the first torsional
frequency then as the cantilever is bent the lateral frequency will increase and the torsional
will decrease, as was observed for cantilever R-E1. Opposite behavior is expected if the
lateral frequency is lower than the torsional frequency as was the case for cantilever R-E2.
There are some cases where this simple rule might not be valid and others where higher
eigenmodes must be considered. The model calculations performed for the ideal cantilevers
taking into account a higher number of torsional and lateral modes indicate that considering
only two modes is sufficient when determining the torsional spring constants of both R-E1
and R-E2, and the lateral spring constant of R-E2 (see table 3). The mainly lateral mode of
the bent cantilever R-E1 however has a significant contribution from the second torsional
mode, which was not taken into account in the current experimental determination of the
lateral spring constant (equation (3)). Part of the deviation for the lateral value of R-E1 from
the ideal value might therefore be due to the contribution of the second torsional mode. The
influence of the second torsional mode can be understood by the ‘closeness’ of the
frequencies involved: based on the first torsional resonance of R-E1 at 247 kHz the second
is expected around 740 kHz, while the lateral was found at 308 kHz. In contrast, for R-E2 the
lateral frequency was at 320 kHz, while the first torsional was 357 kHz and the second

torsional is expected around 1075 kHz.

5.2 Influence of cantilever thickness

The thickness of the cantilevers is not known accurately and it is in general difficult to
determine it experimentally. It has however a negligible effect on the forces due to the fluid
flow from the microchannel experienced by cantilevers R-E1 and R-E2 (figure 4). There was
virtually no difference (less than 1%) in the simulated total force applied to a 1 and 2 um thick
cantilever. A deviation from the nominal thickness values might be responsible however for
some of the difference between the ideal (based on the nominal thickness) and measured

values found for the torsional spring constants (table 4).

5.3 Single parameter fit versus two parameter fit

The cantilevers studied deviate from ideal rectangular cantilevers with regard to torsional and
lateral behavior as can be seen by the measured frequency values (table 2). It is therefore
not surprising that single parameter fits did not reproduce the experimental data with the
same quality as those obtained with two parameters. For R-E1 the deviation in the frequency
values from the ideal values was relatively small. This could explain why a single parameter
fit produced reasonable results for R-E1 but not for R-E2, where the discrepancy was much
larger. However, in both cases the experimental data were better reproduced and results

more reliable for a two parameter fit.
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It should also be noted that correct torsional and lateral frequency values are crucial if a
single parameter is fitted to the experimental data, but not in case of two independent
parameters. This is due to the structure of equation (2): Different frequency values will result
in correspondingly different fit parameters that are then used for the normalization of the
mode shapes. The uncertainty in the lateral frequency without flow therefore does not

contribute to the uncertainty in the spring constant determined from equation (6).

5.4 Spring constant values and influence of uncertainty in bent shape

The determined torsional spring constants show some deviation from the values obtained
with the Sader method (table 4), which is applicable to ideal rectangular cantilevers. The
cantilevers used were reasonably picketed and displayed some non-ideal behavior
supported by the observed frequency values. In addition, one of the cantilevers (R-E1) had
an aluminum back coating that can also contribute to non-ideal behavior and influence the
stiffness. This can explain some of the deviation of the results obtained with the method
reported here and the Sader method.

The accuracy with which the bent shape of the cantilever is known has a direct influence on
the accuracy of the determined spring constant and its uncertainty. All contributing factors
have therefore to be considered carefully. The error in the flexural spring constant is
estimated to be around 5% [42]. Positioning of the cantilever relative to the microchannel can
be easily achieved within 5 um with our current setup. In addition, there is an uncertainty in
the exact force exerted by the fluid flow, partially due to the thickness of the cantilever, but
also based on the exact channel dimensions, and the pressure applied to the channel. Based
on our simulations and experiments a 5 um deviation from the assumed cantilever position
relative to the microchannel, a cantilever thickness variation of ~1um, and a deviation in the
fluid flow of ~2% have a very small influence (~3%) on the overall resulting force. We
therefore estimate the overall uncertainty in the bent shape to be not more than ~8%. Fitting
the experimental data with an 8% higher and an 8% lower value of deflection resulted in
spring constants with less than 15% deviation from the reported values. In consequence we
estimate the current uncertainty to be ~15%. Note however, that with a more accurate

determination of the bent shape this uncertainty could be significantly reduced.

6. Conclusions
We have demonstrated that with knowledge of the shape of a cantilever beam and a
measure of its resonance frequency in a number of static equilibrium positions, the torsional

and lateral spring constants of the cantilever can be determined. The method can be
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performed in situ and does not involve direct contact of the cantilever or tip with another
object. This is particularly important when the cantilever or tip have been covered with a
sensitive coating or biofilm.

While the tested cantilevers were tipless, the method can also be applied to cantilevers that
have a tip or a colloidal probe attached. If the mass of the tip or colloidal particle is significant
then this can have an effect on the modal shape and should be taken into account [46].
Whilst coupling between the torsional and lateral modes has been demonstrated, coupling
between torsional and flexural modes could similarly be exploited by inducing a static bend in
the lateral direction. The method was demonstrated with rectangular microcantilever beams
but has the potential to be extended to other cantilever sizes and shapes, e.g. triangular
cantilevers. Finally, we note that in cases where the lateral spring constant has been
independently calibrated, only the torsional mode needs to be monitored and a single

parameter determined for its calibration.
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