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Abstract
The spatial-temporal evolution of the purely transverse current filamentation instability is analyzed by
deriving a single partial differential equation for the instability and obtaining the analytical solutions
for the spatially and temporally growing current filamentmode.When the beam front always
encounters fresh plasma, our analysis shows that the instability grows spatially from the beam front to
the back up to a certain critical beam length; then the instability acquires a purely temporal growth.
This critical beam length increases linearly with time and in the non-relativistic regime it is
proportional to the beam velocity. In the relativistic regime the critical length is inversely proportional
to the cube of the beamLorentz factor γ b0 . Thus, in the ultra-relativistic regime the instability
immediately acquires a purely temporal growth all over the beam. The analytical results are in good
agreementwithmultidimensional particle-in-cell simulations performedwithOSIRIS. Relevance of
the current study to recent and future experiments onfireball beams is also addressed.

1. Introduction

The interaction of energetic particle beamswith plasmas is ubiquitous in laboratory and in astrophysical
scenarios, and so are beam-plasma instabilities such asWeibel [1], currentfilamentation [2, 3] and two stream
[4, 5]. Thefirst two instabilities, also referred asWeibel-like instabilities, are electromagnetic in nature and arise
due to the anisotropy in themomentumdistribution of the electrons, protons and ions. Specifically, for the
currentfilamentation instability (CFI) the role of the velocity anisotropy is played by the counter-streaming flow
of the particle beams. These instabilities generate exponentially growingmagnetic fields, providing one of the
possiblemechanisms for generating near equipartitionmagnetic fields in extreme astrophysical scenarios, such
as gamma ray bursts [6], and are also closely associatedwith the formation of relativisticWeibelmediated
collisionless shocks [7] in space [8] and laboratory plasmas [9–13]. Recently, the onset of the CFIwas
experimentally observed in counterstreaming plasmas in high power laser experiments [11–13]. Experiments
on laserwakefield acceleration have also reported the filamentation of the accelerating particle beam as it
interacts with the background plasma [14]. These instabilities provide an efficient way of restoring the isotropy
in collisionless plasmas, since the energetic particles scatter off the self generatedmagnetic fields bywhich the
longitudinalmomentum is transferred to the transversemomentum.

The available theoreticalmodels for CFI are restrictedmainly to a purely temporal analysis [2, 3, 16] and do
not capture any spatial characteristics of the instabilities, which can be very relevant forfinite size systems [11–
13, 16–18].

In this paperwe obtain the relativistic spatial-temporal solutions for the unstable transverse CFImodes in
cold plasmas. Ourwork and approach are inspired by [19, 20]. A single differential equation is derived tomodel
the instability, considering only the electron response, ignoring the finite transverse dimension effects,
considering a semi-infinite plasma slab and including the effects of a beamdensity ramp. For a step-like
Heaviside beamprofile analytical solutions are obtained for physically relevant and realistic initial conditions.
We further obtain the quasi-static and asymptotic behavior of the solutions. The theoretical results are
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comparedwithmultidimensional particle-in-cell (PIC) simulations usingOSIRIS [21]. Such spatial-temporal
analysis, shown in the later part of this paper, is relevant to the jets emitted by the x-ray binaries where the
velocities of the jets are in relativistic range ∼ c0.6 [22]where spatial effects in theCFImodes are significant, or to
thefireball-like beams [16–18] interactingwith the plasma.

2. Theory

Weconsider a two dimensional (2D) slab geometry, where a relativistic beamwith velocity v ẑb0 and density
n F z t( , )b0 , where F z t( , ) is the initial density profile of the beam, is propagating in a stationary plasma
comprised of cold electrons and immobile ionswith homogeneous plasma density n0p.We analyze the stability
of a transverse CFImodewithwavenumber k, and vector potential ψ τ⃗ =A A z kx( , ) ˆ exp[i ], where

ψ = −v t zb0 and τ = t , which satisfies theCoulomb gauge condition ▿ ⃗ =A· 0 by solving thewave equation

π▿ − ∂ ⃗ = − ⃗c A J c( ) 4t
2 2 2 . Under the slow envelope approximation ∣∂ ∣ ≪ ∣ ∣ψ A kA , the governing equation for

the vector potential of the electromagnetic wave driven by a current density Jz can bewritten as

π∂ + ∂ + =τ ψτ
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where ψ⃗ = − ⃗ + ⃗ + ⃗J e n F v n v n v[ ( ) ]b b p p b b0 1 0 1 1 0 is the current density driving the vector potential ≡A Az ,

γ = − v c1 1b b0 0
2 2 is the beamLorentz factor, and c is the velocity of light in vacuum. The suffixes 0 and 1 are

the 0th and 1st order perturbed values of the plasma (p) and beam (b) parameters defined as plasma electron
velocity and density ⃗ = ⃗v vp p1 , = +n n np p p0 1 , and beam electron velocity and density ⃗ = ⃗ + ⃗v v vb b b0 1 ,

ψ= +n n F n( )b b b0 1 . The chosen vector potential perturbationwill generate amagnetic field

ψ τ⃗ = ▿⃗ × ⃗ = −B A kA y kxi ( , ) ˆ exp[i ] in the ŷ direction. Resorting to the fluid equations ofmotion of a two-
species-plasma (plasma electrons and beam electrons), using the continuity equation and the equation of
momentum conservation for the relativistic beam and the stationary background plasma electrons, and
restricting to the first order values in theweakly coupling limits by ignoring the (∂ + ∂τ ψv b0 ) termwith respect to
kv0b, the perturbed quantities can bewritten as,
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Incorporating equation (2) in equation (1) by taking the second order τ derivative of equation (1) and further
neglecting the higher order derivatives ∂ ∂ ∂τ ψ τ,2 , ∂ψ

2 when comparedwith k c2 2, we obtain,

ψ Γ ψ∂ + ∂ − =τ ψτQF F A( ) ( ) 0, (3)2 2
0
2⎡⎣ ⎤⎦

where Γ ω γ= kv Db pb b0 0 0 , ω ω γ= + +D k c pp pb b
2 2 2 2

0
3 , ω γ=Q v D2 ( )pb b b

2
0 0

3 , ω ϵ= n e m( )pb b0
2

0 and

ω ϵ= n e m( )pp p0
2

0 . Considering an infinite beam [ ψ =F ( ) 1] and ignoring the second term in equation (3)

we retrieve thewell known purely temporal evolution of the systemwith growth rate Γ0. Interestingly, the
equation obtained byMori et al [19] (equation 10 in [19]) to analyze the spatial-temporal evolution of Raman
forward scattering has the same form as equation (3) obtained here for the case of CFI. Equation (3) can be
solved numerically for any general beamprofile; however, to obtain analytical expression, we assume

ψ ψ=F H( ) ( ), where ψ =H ( ) 0 for ψ < 0, ψ =H ( ) 1 for ψ > 0 is theHeaviside function. Respecting
causality, we can imposeA=0 for τ < 0, and define the double Laplace transformof τ ψA ( , ) as

∫ ∫α β τ ψ τ ψ ατ βψ= − −
∞ ∞

A A( , ) d d ( , )exp[ i i ]. (4)
0 0

Thus, by doing the double Laplace transformation of equation (3), according to equation (4), we obtain thefield
expression in Laplace space as

α β
α β α α β

α αβ Γ
=

− + − −

+ +

β
α τ

∂
∂( )

A
QA Q A QA

Q
( , )

(0, 0) i 1 (0, ) i ( , 0) (0, )
, (5)

A

2
0
2

where A (0, 0), βA (0, ), αA ( , 0) and β∂τA (0, ) are the Laplace transforms of τ ψ= =A ( 0, 0), τ ψ=A ( 0, ),
τ ψ =A ( , 0) and τ ψ∂ =τA ( 0, ) respectively, which are the required initial conditions. Thefield τ ψA ( , ) can be

obtained by performing inverse Laplace transformation of α βA ( , ), defined as
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where σ α β( , ) are chosen such that the contour from σ∞ − α βi ( , ) to σ−∞ − α βi ( , ) lies below all the singularities.
For the sake of simplicity we consider the following realistic initial conditions,

τ ψ τ ψ τ ψ= = = = ∂ = =τA A A A( , 0) ( 0, ) , and ( , 0) 0, (7)n

which considers that at τ = 0, there is an initial constant noise source throughout the beam and for τ > 0 the
beam front (ψ = 0) always encounters fresh plasma, and hence a constant noise source. The noise source for
most instabilities are considered to be associatedwith the thermalfluctuations, and if thermalfluctuations have
no time or space dependence, the constant noise source assumption holds correct. Longitudinallymodulated or
time dependent noise amplitude can be some of the forms of noise source that should be considered and the
detailed analysis of the effect of different noise sources on theCFI spatial-temporal evolutionwill be addressed
elsewhere. The above conditions yield β β=A A(0, ) (i )n , α α=A A( , 0) (i )n , =A A(0, 0) n and

β∂ =τA (0, ) 0, which leads to the solution of equation (3), by inverting equation (5), as
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where I j is the jth ordermodified Bessel function of thefirst kind [23].Neglecting the term ∂τ
2 in equation (3)

leads to the quasi-static solutions, which are valid at the beam front for ψ τ≪ Q , as

τ ψ τ ψ Γ ψ τ=A A
Q

( , ) H( )H( )I 2 . (9)n 0 0

⎡
⎣⎢

⎤
⎦⎥

Moreover, and using the stationary phasemethodwhich gives the impulse response due to a localized initial
disturbance at τ = 0 and ψ = 0, the asymptotic solution for τ ψA ( , ) at large τ can bewritten as [19]

τ ψ Γ τψ= ( )A A Q( , ) exp 2 . (10)n 0

The partial differential equation governing theCFI (equation (3)) and its exact solution (equation (8)) are valid
for τ ≫Q k1 , whereas the asymptotic solutions are valid for τ Γ≫Q Qk2 ( )0 .

It is evident from figure 1(a), that the quasi-static and asymptoticmethods ((ii) and (iii) infigure 1 (a)) fail to
capture the spatial saturation of the instability at the back of the beam as demonstrated by the full exact solution
of equation (3) (line (i) infigure 1). This specific characteristic is also evident in the simulation results to be
discussed later in this paper. It is worthmentioning here that the asymptotic approach, used extensively for
spatial-temporal analysis of the longitudinal beam-plasma instabilities [24], overestimates the growth and does

Figure 1.Evolution of thefield A An, (a) comparing (i) the exact (equation (8)), (ii) the quasi-static (equation (9)), and (iii) the
asymptotic solutions (equation (10)) of equation (3) for the spatial-temporal evolution of purely transverse CFImodes at τ ω= −20 pp

1,
and (b) showing the temporal evolution of equation (8) at different times and along the beam. The beam is propagating with
γ = 1.25b0 along the z direction in the equally dense ( =n nb p0 0 ) plasma. Thewavenumber of theCFImode is ω=k c0.628 pp taken to
getmaximum =Q c0.32 at γ = 1.25b0 . The arrowpointers on the lines indicates Lsat, which varies as τc0.32 .
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not seem to give correct spatial characteristics for the transverse instabilities, specifically for theCFI discussed
in here.

At the beam front, for ψ τ≪ Q the quasi-static solutions given by equation (9)matchwell with the exact
solutions described by equation (8). Themildly relativistic (γ = 1.25b0 ) solutions for τ ψA ( , ) (equation (8)),
presented infigure 1 (b)with respect toψ for different times τ, indicate that the filaments grow spatially from the
beam front (ψ = 0) to the back until the transition point ψ τ= QT . After the transition point the instability
grows in a purely temporally fashion.We define the beam length over which the instability grows spatially as

τ=L Qsat (identified as vertical arrows in each line infigure 1 (b)). Beyond this length the instability growswith
spatially constant temporal growth rate Γ0.

As observed from the previous discussions, and from equations (3), (8), (9) and (10), the spatial-temporal
behavior depends on the cross coupling coefficientQ. To address this, infigure 2we analyze the dependence ofQ
on the beamvelocity v0b for different CFIwavenumbers k at =n nb p0 0 . For ω ω≫kc ,pp pb, themaximumvalue

ofQ is achieved for γ= =v c0.5 ( 1.15)b b0 0 , and varies as ≃Q n n k c0.65 ( )b pmax 0 0
2 2 . For ω ω≪ =kc pp pb,

≃Q 0.4max at γ= =v c0.6 ( 1.25)b b0 0 . In the non-relativistic scenario γ ≃ 1b0 and ω ω≪ =kc pp pb, =Q v b0 ,

which is shown as a dashed line infigure 2. At higher γ ≫ 1b0 , ω≫k cpp or ≪n nb p0 0 ,Q tends to 0, and the
instability acquires a purely temporal behavior.

We have also considered a beamprofile with ψ ψ= − −F L( ) 1 exp[ ]2 2 , of direct relevance for the
comparisonwith simulations. For such beam configurations the numerical solution of equation (3) gives the
same spatial-temporal behavior predicted by equation (8) but with an enhanced saturation length

τ≃ +L Q Lsat . The results are compared infigure 3whichwill be discussed in connectionwith the simulations

performed in the next section. For ψ ψ= − −F L( ) 1 exp[ ]2 2 , the beamdensity profile, and hence the effective
temporal growth rate Γ∝ F0 , reaches themaximumdensity growth rate on the spatial scale length L. Thus, in
presence of a density ramp the spatial evolution of CFI can be attributed both to the beamdensity spatial profile,
and to the cross coupling term. If τ≫L Q , wemay ignore the contribution from the cross coupling term ( ∂ψτQ 2 )

in equation (3), resulting in afield varying as Γ τ= − ψ−A A cosh[ 1 e ]L
0 0

2 2
, thus determining an extra

condition for the relevance of the spatial-temporal effects of the CFI.

3. Simulations

In order to confirm and to explore the theoretical results presented above, we have performed 2DPIC
simulations usingOSIRIS [21].We consider a scenario where a relativistic beam is propagating through a cold
plasma, where the beam and the plasma are both comprised of an electron-proton neutral plasma (the
temperature of the background plasma is set to zero). The simulation box, with dimensions ω× c250 100( )pp

2,
is divided into ×12500 5000 cells with 3× 3 particles per cell per species. The beamhas a gaussian density ramp
at the front, ψ ψ= − −F L( ) 1 exp[ ]2 2 , where L is the length of the gaussian ramp at the beam front.When

→L 0 this profilemimics a sharp rising beam frontwith aHeaviside function profile whichwas considered to
obtain the analytical solutions (equation (8)).We seed the instability, in order to analyze a single CFImodewith
wavenumber kseed, with a smallmagnetic field perturbation of the form τ δ= =B B k x( 0) cos( )y 0 seed , where

δ ω= × −B mc e5 10 pp0
5 .

Figure 2.Dependence of cross coupling coefficientQwith beamvelocity v0b at =n nb p0 0 . The dashed line has a slope of 1, plotting
=Q v b0 .We note that largeQ implies a larger region behind the beam frontwhere the spatial-temporal behavior is significant.
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The comparisons between theCFImagnetic fieldBy evolution predicted by the theory (numerical solutions
of equation (3)) and thefields observed in the simulations, plotted infigure 3, show that the solutions given by
equation (8) are themost suitablemodel, among the threemodels discussed here to predict the spatial-temporal
growth of theCFI along the beam, as expected. In the simulations the instability starts to grow after a relaxation
time (τ ω≈ 1.63 pprelax

1 for this particular simulation) necessary for the self-consistent electromagnetic fields and
the electromagnetic noise to adjust to the initial flow condition. Thus, for the comparisonwith the theory, the
time is re-normalized to τ τ τ= −sim relax, where τsim is the simulation time.One can observe infigure 3 that the
theoretical estimate for theCFImagnetic field, given by equation (8),matches well with themagnetic field
profile observed in the simulations.We analyze the variation of saturation length Lsat with time τ infigure 3 (e)
obtained from the simulations. The rate at which Lsat increases with time τ is =Q c0.32 , which is equal to the
theoretical value of = ∂τQ Lsat, as predicted by ourmodel. Beyond the beam length Lsat, themagnetic field
amplitude is spatially constant and grows temporally with growth rate Γ0, as predicted by the theory.

The longitudinalmodulations, withwavelength λ∼ p, seen in the simulations offigure 3 are due to the
growth of the longitudinal instability seeded by the sharp rising beamdensity profile at the front. In the
simulations, the longitudinal electric fieldmodulation is observed, but confined only in the front portion of the
beam. The remainder of the beamdoes not show any sign of the longitudinal electrostatic instability.We
attribute this to the fact that, in a similar way as for theCFI, the longitudinal instabilities also have a spatial-
temporal nature [24]. This also demonstrates that a full understanding of this scenario requires the combined
analysis of CFI and longitudinal electrostatic instabilities.

Figure 3.Comparison between simulations and theory: (a), (b), (c) and (d) represent themagnetic field amplitude averaged over
transverse dimension of the simulations (solid dark line), theoreticalfield estimates (dashed dark line) and beamprofile in the
simulations in arbitrary units (red/light solid line) at time τ = 8.48sim , 11.30, 14.13 and ω −16.95 pp

1 respectively for γ = 1.25b0 . To
maximize theQ andminimize the effect of density ramp on the spatial-temporal evolution of CFImodewe have taken

ω=k c0.628 pp , =n nb p0 0 and ω=L c0.5 pp. (e) Represents temporal evolution of the Lsat (◦) comparedwith the theoretical
estimates (equation (3)) (dashed line: = ∂τQ Lsat) and (f) represents the logarithmic growth of the field in the region of purely
temporal growth (ψ ψ≫ T ). Simulation results in ◦, and theoretical growth rate Γ0 in dash line.
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Themagnetic field snapshots in the x–z plane, shown infigure 4 indicate a sharper rise in themagnetic field
at the beam front for higher γ b0 (figure 4 (b)) as compared to lower γ b0 (figure 4 (a)), which further validates the

theory, since at high γ b0 the cross coupling termQ, and thus the saturation length Lsat, decreases as γ∼1 b0
3 for a

given time τ. Since Γ γ∝ 1 b0 0 , thefield amplitude at the back of the beam infigure 4(b) (high γ b0 ) is weaker as

compared to thefield infigure 4(a) (low γ b0 ), also as predicted by the theory.
As observed infigure 5, where the transversely averagedBy is compared for various density ramps, on

increasing the ramp size L, and thus reducing the initial seed for the longitudinalmodes, the simulation results
show that these longitudinalmodulations on the purely transverse CFImodes (at thewavelength λ≈ p) can be
suppressed. As the time progresses (not shown in the paper) the longitudinalmodes aswell as other faster
growingCFImodes start to play an important role and their interplay in the nonlinear stage becomes significant.

4.Discussion and conclusions

To summarize, in this paperwe have derived a single differential equationmodeling the spatial-temporal
evolution of the purely transverse CFI. For relevant initial conditions exact analytical solutions have been
obtained and comparedwith the analytical solutions under the quasi-static and asymptotic approximations. The
validity of themodel was demonstrated by comparing it with 2DPIC simulations inOSIRIS [21]. In a setup of a
cold relativistic beampropagating in a uniform cold plasma the instability grows from the beam front to the
back, acquiresmaximumvalue at the critical beam length τ=L Qsat at given time τ and then grows in a purely
temporalmanner for the rest of the beam length.

Figure 4.Effect of γ b0 on spatial evolution of the current filamentation instability: snap shots ofmagneticfieldBy at time ω= −11.30 pp
1

for (a) γ = 1.25b0 and (b)γ = 10b0 , demonstrating that at high Lorentz factor the spatial properties of the instabilities are negligible.
Other parameters are: ω=k c0.628 ppseed , =n nb p0 0 and ω=L c0.5 pp. Thewhite line shows the beamprofile in the simulations.

After time τ ω> −11.30 pp
1 longitudinalmodulations on the CFI becomes significantly strong to visualize the spatial saturation of the

fields.

Figure 5.The current filamentationfields growing along the beamat time τ ω= −45 ppsim
1 in the simulations performedwith varying

the size of density ramp L for γ = 10b0 and ω=k c6.0 pp . The longitudinalmode responsible for themodulations at the front of the
beam are suppressed for longer density ramps due to the reduced noise level for excitation of the longitudinalmodes.
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For relativistic fireball electron-positron beams [17, 18] undergoing currentfilamentation in an electron-ion
plasma, the cross coupling coefficientQ is enhanced by a factor of 2 ( →Q Q2 ) and the purely temporal growth
rate is enhanced by a factor of 2 (Γ Γ→ 20 0) due to the contribution from the current driven by the velocity
and density perturbations of the positrons in the beam.However, in the relativistic regime this enhancement is
not sufficient to balance the γ1 b0

3 dependence ofQ on the beamLorentz factor γ b0 . As a result for an ultra-

relativistic 29 GeV fireball beam [17]with =n nb p0 0 , ≃ × −Q c2 10 14 , and thus the spatial evolution to theCFI
can be attributed only to the density gradient scale length. For the recent experiments with a 60MeV electron
beam [16], ≃ × −Q c1.2 10 6 , thus again suggests only purely temporal growth of theCFI is present along the
beam.However, in the case ofmoderately relativistic fireball beamsQ can be significantly enhanced. For
instance, in the case of Sarri et al [18] with γ = 15b0 , =n n10b p0 0 and considering a density ramp of

ω=L c0.22 pp, the cross coupling coefficient can be ≈Q c0.01 , which suggests that in the linear regime of the

CFI, for τ ω≫ −220 pp
1 the CFI spatially grows beyond the density ramp size L and spatially saturates with

τ≃ ≫L Q Lsat .
Based on our analysis we further observe that the spatial-temporal nature of the instability also has an effect

forfinite beam–plasma interaction time τint and beam size Lbeam. In fact, depending on the relation between
these parameters, i.e either τ<L Qbeam int or τ>Q int, a weaker or strongerfilamentation of the beam can be
expectedwhichwill further affect the nonlinear growth of the instability.Moreover, the study of spatial-
temporal evolution of the beam-plasma instabilities can also lead to a better understanding and characterization
of theWeibelmediated collisionless shock formation process in laboratory and astrophysical plasmas.
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