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Limit shape of random convex polygonal lines:
Even more universality

Leonid V. Bogachev
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E-mail: L.V.Bogachev@leeds.ac.uk

To the memory of Yu. V. Prokhorov

Abstract

The paper is concerned with the limit shape (under some probability measure) of
convex polygonal lines with vertices on Z2 , starting at the origin and with the right
endpoint n = (nj,n2) — oo. In the case of the uniform measure, an explicit limit
shape v* := {(z1,22) € R%: /I — 21 + /T2 = 1} was found independently by Ver-
shik [A.M. Vershik, The limit shape of convex lattice polygons and related topics, Funct.
Anal. Appl. 28 (1994) 13-20], Barany [I. Barany, The limit shape of convex lattice poly-
gons, Discrete Comput. Geom. 13 (1995) 279-295], and Sinai [Ya.G. Sinai, Probabilistic
approach to the analysis of statistics for convex polygonal lines, Funct. Anal. Appl. 28
(1994) 108-113]. Recently, Bogachev and Zarbaliev [L.V. Bogachev, S.M. Zarbaliev,
Universality of the limit shape of convex lattice polygonal lines, Ann. Probab. 39 (2011)
2271-2317] proved that the limit shape v* is universal for a certain parametric family of
multiplicative probability measures generalizing the uniform distribution. In the present
work, the universality result is extended to a much wider class of multiplicative measures,
including (but not limited to) analogs of the three meta-types of decomposable combina-
torial structures — multisets, selections, and assemblies. This result is in sharp contrast
with the one-dimensional case where the limit shape of Young diagrams associated with
integer partitions heavily depends on the distributional type.
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limit theorem; Mobius inversion formula; Generating function; Cumulants
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1. Introduction

In this paper, a convex lattice polygonal line I is understood as a piecewise linear continuous
path on the plane starting at the origin 0 = (0, 0), with vertices on the two-dimensional integer
lattice Z? and such that the inclination of its consecutive edges is strictly increasing, staying
between 0 and 7 /2 (clearly, any such I" lies within the first coordinate quadrant). Let I7 be the
set of all convex lattice polygonal lines with finitely many edges, and denote by 11,, C II the
subset of polygonal lines I" € IT with the right endpoint £ = (&1, &s) fixed at n = (nq,ng) €
7% = {(ki, k2) € Z*: k; > 0}.

If each space I1,, is endowed with a probability measure F,, respectively (e.g., a uniform
measure making all I' € II,, equiprobable), then one can speak of random polygonal lines,
and it is of interest to study their asymptotic statistics as n — oo (say, assuming that ny/n; —
¢ € (0,00)). In particular, the limit shape of random polygonal lines, whenever it exists, is
defined as a planar curve v* such that, for any € > 0,

lim P{I" € II,,: d(I},,7") <e} =1, (L.1)
where I}, := s,,(I"), with a suitable scaling transform s, : R> — R2, and d(-, -) is some metric
on the path space, for instance induced by the Hausdorff distance between compact sets,

dy(A, B) = { in |z — yl, i —}, 12
#(A, B) := max q maxmin |z — y|, maxmin |z — | (1.2)

where | - | is the Euclidean vector norm in R

Remark 1.1. By definition, for a polygonal line I' € II,, the vector sum of its consecutive
edges equals n = (ny,ny); due to the convexity property, the order of parts in the sum is
determined uniquely. Hence, any such [ represents a (two-dimensional) integer partition of
n € Z2 which is strict (i.e., without proportional parts; see [19] §3]). Let us remark that for
ordinary (one-dimensional) integer partitions the limit shape problem is set out differently, in
terms of the associated Young diagrams [20, 4, 22]].

The limit shape and its very existence may depend on the family of probability laws P, .
With respect to the uniform distribution on II,, the problem was solved independently by
Vershik [[19], Barany [3] and Sinai [[16], who showed that under the natural scaling

Sy (21, 22) — (nl_lxl, n;lxg), n = (ny,ng), ni,ng >0, (1.3)
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and with respect to the Hausdorff metric dy, the limit (1.1)) holds with the limit shape v* given
by a parabola arc

\/1—1‘1—}—\/1‘2:1, 0§$1,l’2§1. (14)
Recently, Bogachev and Zarbaliev [6, [7] considered the limit shape problem for a more
general class of “multiplicative” measures { P, } of the form

I' e 11, (1.5)

with
b(I) =[] bk, Bur= > b(I), (1.6)
e;el’ reii,
where the product is over all edges e; of I € [I,, index k; equals the number of lattice
points on the edge e; except its left endpoint, and {b;} is a given nonnegative real sequence.
Specifically, it has been proved in [6} [7] that, under the scaling (1.3)), the same limit shape (1.4))
is valid for a parametric class of measures P, = P (0 < r < o0) with the coefﬁcient

bk:b;r)::(T‘—f‘k—l):T(T+1)'--(T+k—1) (17)

k k! '

This result has provided the first evidence in support of a conjecture on the limit shape
universality, put forward independently by Vershik [[19, Remark 2, p. 20 and Prokhorov
[15]]. The goal of the present paper is to show that the limit shape ~* given by is universal
in a much wider class of probability measures of the multiplicative form (I.3), (1.6). For
instance, along with the uniform measure on [/, this class contains the uniform measure on
the subset 11, C IT,, of polygonal lines that do not have any lattice points other than vertices.
More generally, measures covered by our method include (but are not limited to) analogs of the
three classical meta-types of decomposable combinatorial structures — multisets, selections,
and assemblies [[1}, 2]] (see examples in Section [6] below).

Remark 1.2. It should be stressed that our universality result is in sharp contrast with the one-
dimensional case, where the limit shape of random Young diagrams heavily depends on the
distributional type [4} 10, 20, 22]]. Thus, the limit shape of (strict) vector partitions is a rela-
tively “soft” property; such a distinction is essentially due to the different ways of geometriza-
tion used in the two models (i.e., convex polygonal lines vs. Young diagrams), resulting in
similar but not identical functionals responsible for the limit shape (cf. [4}, Sec. 1.1]).

Let us state our result more precisely. Using the tangential parameterization of convex
paths introduced in [7, §A.1], consider the scaled polygonal line I, = s, (I") (see (T.3)) and
let gn(t) denote the right endpoint of the part of I with the tangent slope (where it exists)
not exceeding ¢ € [0, 00|. Similarly, the tangential parameterization of the parabola arc v*

(see (L1.4)) is given byE]

o (T2t
0= (i) 0=t (18)

! Note that for 7 = 1 the formula gives by, = 1, which implies that b(I") = 1 for any I" € I1,, and hence
the measure (I.3) is reduced to the uniform distribution on the space IT,,.

2 Page reference is given to the English translation of [19].

31t is easy to check that the coordinate functions (g5 (t), g5 (¢)) in (T.8) satisfy the equation (and therefore
parametrically define the curve v*) and, furthermore, g3’ (¢)/g7’(t) = t, so that the parameter ¢ has the meaning
of the tangent slope at the corresponding point on the curve, as required.




with ¢*(00) = limy_.c g*(t) = (1,1). Then the rangential distance between I}, and v* is
defined as

dr (L") = sup [&a(t) —g"(1)]. (1.9)
0<t<oo
It is known [[7, § A.1] that the Hausdorff distance dy (see (1.2)) is dominated by the tangential
distance dr.
A loose formulation of our result about the universality of the limit shape is as followsﬂ

Theorem 1.1. Suppose that the family of measures P, on the respective spaces I, is de-
fined via the multiplicative formulas (1.5), with the coefficients {by} satisfying some
mild technical conditions expressed in terms of the power series expansion of the function
u— In (332, bpu"). Then, under the scaling (L3), for any e > 0

lim P.{I" € II,,: dr([},,v") <e} =1.
Remark 1.3. Universality of the limit shape v* has its boundaries: as has been demonstrated by
Bogachev and Zarbaliev [5} [8]], any C3-smooth, strictly convex curve + starting at the origin
may serve as the limit shape with respect to a suitable family of multiplicative probability
measures P, = P on I],.

Following [6, 7] our proof employs an elegant probabilistic approach based on randomiza-
tion and conditioning (see [1,2]) first used in the polygonal context by Sinai [[16]]. The idea is
to randomize the right endpoint £ of the polygonal line I, originally fixed at n = (ny, ns), by
introducing a probability measure (), on the space II = | J, I1,, (conveniently depending on an
auxiliary “free” parameter z = (21, 22), 0 < 2z; < 1), such that for each n € Zi the measure
P, on II, is recovered as the conditional distribution P,(-) = Q.(-|II,). By virtue of the
multiplicativity of P, (see (I.5), (1.6))), (). may be constructed as a product measure, under
which the coefficients {k;} in become independent (although not identically distributed)
random variables, so that £y is represented as a sum of independent vectors. Thus the asymp-
totics of the probability Q. (I1,) = Q.{{r = n}, needed in order to return from @), to P,, can
be obtained by proving the corresponding (two-dimensional) local limit theorem. Let us point
out that we find it more convenient to calibrate the parameter z from the asymptotic equation
E.(&r) =n(1+0(1)) as n — oo, rather than from the exact relation £, () = n; however,
this necessitates obtaining a refined asymptotic bound on the error term F,({r) — n. Last but
not least, the main technical novelty that has allowed us to extend and enhance the argumen-
tation of [7] to a much more general setting considered here is that we work with cumulants
rather than moments (see Section [2.2)), which proves extremely efficient throughout.

Layout. The rest of the paper is organized as follows. In Section[2] we define the families of
measures (), and P,. In Section [3| suitable values of the parameter z = (21, z3) are chosen
(Theorem [3.2)), which implies convergence of “expected” polygonal lines to the limit curve v*
(Theorems [3.3] and [3.4). Refined first-order moment asymptotics are obtained in Section [3.3]
(Theorem [3.6)), while higher-order moment sums are analyzed in Section ] Most of Section [5]
is devoted to the proof of the local limit theorem (Theorem [5.I). Finally, the limit shape
results, with respect to both @), and F,, are proved in Section (Theorems [5.5|and [5.6)).

4For an exact statement and its proof, see Theorem [5.6|in Section [5.4|below.



Some general notation. We denote Z := {k € Z: k > 0}, Z% := Z x Z, and similarly
R, = {z € R: z > 0}, R2 := R, x R;. The notation #(-) stands for the number of
elements in a set. The symbol |z ] := max{k € Z: k < x} denotes the (floor) integer part
of x € R. The real part of a complex number s = ¢ + it € C is denoted R(s) = o. For
a (row-)vector & = (z1,73) € R?, its Euclidean norm is defined as |z| := /2% + 22, and
(x,y) = xy" = x1y1 + T292 is the corresponding inner product of vectors z,y € R?, where
y' = (g;) is the transpose of y = (y1,y2). More generally, A" = (aj;) is the transpose of
matrix A = (a;;). The matrix norm induced by the vector norm |- | is defined by ||A| :=
SUP|y=1 |TA|. For z = (21,1) € Z% and z = (21,22) € R% with 21,22 > 0, we use the
multi-index notation z* := 27" z3*. The gamma function is denoted I'(s) = [ u*"' e " du,
and ((s) = Y -, k~° is the Riemann zeta function.

Throughout the paper, the notation n — oo (with n = (ny,ny) € Z%) is understood
as ni,ne — 00 in such a way that the ratio ny/n; stays bounded, that is, ¢, < ny/ny <
c* with some constants 0 < ¢, < ¢* < oo. The asymptotic relation z,, < vy, between
real-valued sequences {xz,} and {y,} (n € Z?%) signifies that 0 < liminf, . z,/y, <
limsup,, .. Tn/yn < 00, Whereas x,, ~ ¥, is a standard shorthand for lim,, .., z,,/y, = 1.
Thus, the limit n — oo defined above can itself be characterized via the asymptotic condition
ny X< ny; in particular, this implies that n; < |n|, ny < |n|, where |n| = \/n? + n2 — oo.

2. Probability measures on spaces of convex polygonal lines

2.1. Global measure (). and conditional measure P,

2.1.1. Encoding of polygonal lines. Let X C Z2 be the subset of integer vectors with co-
prime coordinates,
X = {z = (v1,22) € Z%: ged(w1,20) = 1}, (2.1)

where “ged” stands for greatest common divisor. Note that the set Z3 can be viewed as
an integer cone (i.e., with nonnegative integer multipliers) generated by X as a base; more
precisely, Z? is a disjoint union of the multiples of X,

7: =| |kx. (2.2)
k=0

That is, for each nonzero y € Z3 there are unique x € X and k € N such that y = kx.

Let & := (Z,)" be the space of functions on X with nonnegative integer values, and
consider the subspace of functions with finite support, &y := {v € ®: #(suppv) < oo},
where supp v := {z € X': v(x) > 0}. Itis easy to see that the space P is in one-to-one
correspondence with the space 1] = Unezi 11, of all (finite) convex lattice polygonal lines.

Indeed, given a configuration v = {v(z)} € @y, each © € X specifies the direction of a
potential edge, only utilized if « € supp v, in which case the value v(z) = k > 0 specifies
the scaling factor, altogether yielding a vector edge kx; finally, assembling (a finite set of) all
such edges into a polygonal line is uniquely determined by fixation of the starting point at the
origin and the convexity property. Conversely, via the same interpretation of vector edges it is
evident, in view of the decomposition (2.2)), that any finite polygonal line I" € IT determines
uniquely a finitely supported configuration v € ®,. Let us point out that the case v(z) = 0
corresponds to the “trivial” polygonal line /{; with no edges (and with coinciding endpoints).
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Under the association [/ > [' < v € ®, described above, the vector

(== av(x) (2.3)

reX

has the meaning of the right endpoint of the corresponding polygonal line I'. In particular, the
space II,, (n € Z2) is identified as I1,, = {I" € I : {&r = n}.

2.1.2. Family of multiplicative measures (),. Let by, by, by, ... be a sequence of nonnegative
numbers such that by > 0 (without loss of generality, we put by = 1) and not all b, vanish for
k > 1, and assume that the corresponding (ordinary) generating function

Blu) =1+ b, uweC, (2.4)
k=1

is finite for |u| < 1 (i.e., the radius of convergence of the power series (2.4)) is not smaller
than 1). Let us now define a family of probability measures (). on the space ® = Z7, indexed
by the parameter z = (z1,22) € (0,1) x (0, 1), as the distribution of a random field v =
{v(x)}zex with mutually independent values and marginal distributions

kx
Qz{u(x):k}:%, k=0,1,2,... (zeX) (2.5)
Lemma 2.1. For each z € (0,1)?, the condition
Bz) =[] B(z") < (2.6)
zeX

is necessary and sufficient in order that Q),(®o) = 1. Furthermore, if [(u) is finite for all
|u| < 1 then the condition (2.6) is satisfied.

Proof. According to (Z.3), Q.{v(z) > 0} =1 — 3(z")! (z € X). Hence, Borel-Cantelli’s
lemma implies that Q.{v € ®o} = Lifand onlyif 3 (1 — 8(2")™") < oo. In turn, the
latter inequality is equivalent to (2.6).

To prove the second statement, observe using that

Inj(z) = Zlnﬁ(zz) < Z(ﬁ(zx) ~-1) = Zbk Z P (2.7)

rzeX zeX k= reX

Furthermore, for any £ > 1

00 00 )

zeX r1=1 x1=0 zo=1
k k k k
A1 o) A1 o)

= < .
—F T A=HI—2) 1=z 0= =2)
Substituting this into (2.7) and recalling (2.4)), we obtain

- B(21) Bz2)
Inf(z) < — P (1—2)(1 — 2)

which implies (2.6). O

< 00,



Lemma ensures that a sample configuration of the random field v(-) belongs (Q.-
almost surely) to the space @, and therefore determines a finite polygonal line /' € II. By the
mutual independence of the random values v(z) (x € X)), the corresponding (). -probability is
given by

bl,(x)zzy(x) b(F)Zﬁ
zF - = —= s r H, 2.8
Q-(I) g ES TS c 28)

where § := Y _, xv(x) (see the definition (2.3)) and
b(I) =[] bvw <00, Iell (2.9)

zeX

Remark 2.1. The infinite product in (2.9) contains only finitely many terms different from 1
(since by (z) = by = 1 for x ¢ supp v).

In particular, for the trivial polygonal line I < v = 0 (see Section the formula
yields )

Q:(Ip) = B(z) " > 0.

On the other hand, we have Q.(I) < 1, since 3(u) > 3(0) = 1 for all u > 0 and hence,
according to the definition (2.6)), 3(z) > 1 for any z € (0, 1)%

2.1.3. Conditional measure P,,. On the subspace I,, C II of polygonal lines with the right
endpoint fixed at n € Zi, the measure Q. (2 € (0,1)?) induces the conditional distribution

Q)
Q.(IL,)’

The formula (2.10) is well defined as long as Q. (I1,,) > 0, that is, there is at least one polyg-
onal line I" € II,, with b(I") > 0 (see (2.8)), (2.9)). A simple sufficient condition is as follows.

Lemma 2.2. Suppose that by > 0. Then Q.(II,,) > 0 for all n € Z3 such that ny,ny > 0.

P,(I) := Q.(I'|11,) I € II,. (2.10)

Proof. Observe that n = (ny,ns) € Zi (with ny,ny > 1) can be represented as
(n17n2) = (n1_171)+(17n2_1)7 (211)

where both points (") = (n; — 1,1) and 23 = (1,n, — 1) belong to the set X. Moreover,
M £ 22 unless n; = ny = 2, in which case instead of we can write (2,2) = (1,0) +
(1,2), where again (V) = (1,0) € X, 2® = (1,2) € X. If I"* € II,, is a polygonal line with
two edges determined by the values v(z™)) = 1, v(2®) = 1 (and v(x) = 0 otherwise), then,
according to the definition Z8), Q.(I1,,)) > Q.(I'™*) = b32"((z)~" > 0. O

The parameter z may be dropped in the notation (2.10)) due to the following key fact.
Lemma 2.3. The measure P, in (2.10) does not depend on .
Proof. If 11, 5 I' < vp € Oy then 1 = n (see (2.3))) and the formula (2.§) is reduced to

b(I")z"
Q. =" pep,
B(z)
Accordingly, using (2.10) we get the expression (cf. (1.5])
b(I')
Pl =—"2"__ eI, 2.12)
ZF’eﬂn b([v)
which is z-free. L



2.2. Generating functions and cumulants

2.2.1. Cumulant expansions. Recalling the expansion (2.4)) for the generating function (u)
(with 3(0) = by = 1), consider the corresponding power series expansion of its logarithm,

[e.9]

nBu) =Y au*, weC, (2.13)

k=1

assuming that the series (2.13) is (absolutely) convergent for all |u| < 1. Here and below, In s
with s € C means the principal branch of the logarithm specified by the value In 1 = 0.

Remark 2.2. On substituting the expansion (2.4) into (2.13)), it is evident that a; = b;; more
generally, if j* := min{; > 1: a; # 0} and k* := min{k > 1: by > 0} then j* = k" and
Qjx = bk* > 0.

Under the measure @, defined in (2.3)), the characteristic function ¢, (,(t) = E,(el"(®))
of the random variable v(z) (x € X) is given by

teR. (2.14)

[For notational simplicity, we suppress the dependence on z in the notation, which should
cause no confusion.] Hence, with the help of (2.13) the (principal branch of the) logarithm of
©u(x)(t) is expanded as

In ) (t) = In B(z"e") — In B(z") = Z ap(e™ — 1) 2~ teR. (2.15)
k=1

For a generic random variable X, let 5, = 3¢,[X] denote its cumulants of order ¢ € N (see
[14, §3.12, p. 69]), defined by the formal identity in indeterminant ¢

(o) .t q
Inp(t) = Z (1q!> g, (2.16)

g=1

where ¢(t) = E(e!*X) is the characteristic function of X. By differentiating (2.16)) at t = 0, it
is easy to see (cf. [14} §3.14, Eq. (3.37), p. 71]) that

E(X) = sm, Var(X) = s. (2.17)

Let us also point out the standard expressions for the next few central moments of X through
the cumulants (see [14} §3.14, Eq. (3.38), p. 72]): if Xy := X — E(X) then

E(Xg> = 3,
E(X{) = s + 3545,
( g> SR (2.18)
E(XO) = 5 + ]_0%3%2,
E(XE) = 26 + 1534500 + 1065 + 15545,

Let us now turn to the cumulants »¢[v(x)] of the random variables v(z) (under the proba-
bility distribution ().). The following simple lemma will be instrumental in our analysis.



Lemma 2.4. The cumulants of v(z) (v € X)) are given by
s, [v(x)] = Z klay, 2™, g€ N. (2.19)

Proof. Taylor expanding the exponential function in (2.13)), we get

In ) (t) = i ag 2" i | i (it)* i klay, 2. (2.20)

l |
k=1 q=1 A q=1 A k=1

where the interchange of the order of summation in the double series (2.20) is justified by its
absolute convergence. Comparing the expansion (2.20) with the identity (2.16), we obtain the
formulas (2.19) for the coefficients s, [v(z)]. O

Lemma [2.4]allows us to obtain series representations for the cumulants of the components
§ = Y ,ex T v(x) of the random vector & = (&;,&2) (see (2.3)). Namely, using the rescaling
relation s, [cX] = %3, [X] (see [14} §3.13, p. 70]) and the additivity property of the cumulants
for independent summands (see [14, §7.18, pp. 201-202]), from (2.19) we get for g € N

= (@) =) = quakz (j=1,2). (2.21)

TEX zeX

In particular, the expected value and the variance of §; are given by (see (2.17))

E.( Z:U]Zkakz

reX k=1

Var,(¢;) = Z ZkQ(z 2

TEX k=1

2.2.2. Dirichlet series associated with In 3(u). For s € C such that R(s) =: o > 0, consider
the Dirichlet series

(e 9]

A(s) == % =Y ‘k— (2.22)
k=1 k=1

where {a;} are the coefficients in the power series expansion of In 3(u) (see (2.13)).
Although some of the coefficients {a;} may be negative, it turns out that the quantity
A(2) = >°2, apk ™2, whenever it is finite, cannot vanish or take a negative value.

Lemma 2.5. [f AT(2) < oo then 0 < A(2) < oo and the following integral formula holds

A(2) = /0 lu_l ( /0 uv—l In 3(v) dv) du. (2.23)

Proof. From (2.4) it is evident that In 3(u) > In1 = 0 for all u € (0, 1), and it readily follows
that the double integral on right-hand side of (2.23) is positive (and possibly infinite). Further-
more, substituting the expansion (2.13)) and integrating term by term (which is permissible for



power series inside the interval of convergence), we obtain for s € (0, 1)

/Osu—l (/Ouv—l In B(v) dv) du = /Osu—l gak (/Ouvk—l dv) du

[e.9]

=y & / W du = S 2 gk, (2.24)
0

2 °
k=1

Passing here to the limit as s T 1 and applying to the right-hand side of (2.24) Abel’s theorem
on power series (see [17, §1.22, pp. 9-10]), we obtain the identity (2.23)). [l

Remark 2.3. The condition A™(2) < oo and the quantity A(2) will play a major role in our
argumentation; in particular, A(2) is involved in a suitable calibration of the “free” parameter
z = (21, z9) in the definition of the measure (), (see Section [3.1|below). However, some
results (such as Theorem Lemma and Theorem will require a stronger condition
AT (1) < co. Our main result on the limit shape under the measure P, (see Theorem is
dependent on these statements, and therefore is stated and proved under the latter condition.

2.3. Auxiliary estimates for power-exponential sums

In what follows, we frequently encounter power-exponential sums of the form
Sy(t) =Y kle ™ t>0. (2.25)
k=1

For the first few integer values of ¢, explicit expressions of S, (¢) are easily available,

S = — ) = %

Sl(t) (1 o e—t)2 )

- 2.2
o (2.26)

The purpose of this subsection is to obtain estimates on S, (¢) with any integer g.
Lemma 2.6. For q € N, the function S,(t) admits the representation
q ot
S,(t) = ;cj,q i 0, (2.27)

with some constants cj , >0 (j = 1,...,q); in particular, ¢; , = 1 and ¢, ; = (¢ — 1)

Proof. For ¢ = 1, the expression for S;(¢) from is a particular case of with
c11 = 1. Assume now that the expansion is valid for some ¢ > 1 (including the
“boundary” values ¢; , = 1, ¢, , = (¢ — 1)!). Then, differentiating the identities (2.25]) and
with respect to ¢, we obtain

q q je—tj je—t(j+1)
Se+1(t) = _ESq(t) = chyq ((1 Y + (1— e—t)j—i—l)
j=1
q+1 ot

= Z%ﬂmﬂ

J=1
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where we set

Cl,q» J=1
Cig+1 =14 JCig+ (T —1Dci1,e, 2<j<gq,
4Cq,q; J=q+1L
In particular, ¢1 411 = ¢1, = 1 and ¢g11,411 = q¢qq = q(¢ — 1)! = ¢!. Thus, the formula
holds for ¢ + 1 and hence, by induction, for all ¢ > 1. O

Lemma 2.7. (a) For each q € N, there exists an absolute constant ¢, > 0 such that

= ot
Cq€

Sq(t) < Moty

t>0. (2.28)

(b) Moreover,

t — 0. (2.29)

Proof. (a) Observe thatfor j =1,...,qgandallt > 0
e et
T—cy = (Ao
Substituting these inequalities into and recalling that all ¢; , > 0, we obtain with
Cq *= D =1 Cjq-
(b) For each term in the expansion (2.27) we have e (1 — e ™)™/ ~ t7 ast — 0.

Hence, the overall asymptotic behavior of S,(t) is determined by the term with j = ¢ and the
corresponding coefficient ¢, , = (¢—1)! (see Lemmal[2.6)), and the formula (Z:29) follows. [

The next general lemma can be used to obtain a simplified polynomial estimate for the
right-hand side of the bound (2.28)), which is sometimes convenient.

Lemma 2.8. For any q > 0 and 0 > 0, there is a constant Cy(0) > 0 such that
o0t
— < C ()t t> 0. 2.30
(1 _ e,t)q — q( ) ) ( )
Proof. Set f(t) :=t7e~%(1 — e7*)~% and note that

lim f(t) =1, lim f(t) = 0.

t10 t—+oo

By continuity, the function f(¢) is bounded on (0, c0), and the inequality (2.30) follows. [J

3. Asymptotics of the expectation

3.1. Calibration of the parameter z

Our aim in this section is to adjust the parameter z = (z1, 22), as a suitable function of n =
(n1,n2), in such a way that under the corresponding measure (), the following asymptotic
conditions are satisfied,

lim ny'E,(&) = lim ny'E.(&) = 1, (3.1)

n—oo

11



where §; = > . x;v(x) (see (2.3)) and E. denotes expectation with respect to Q.. Let us
use the ansatz

=, a=nt (j=1,2), (3.2)
where the quantities 0,92 > 0, possibly depending on n, are presumed to be bounded and

separated from zero (i.e., d1, 2 < 1 as n — oo). Hence, using the formula (2.21)) with ¢ = 1,
we get (in vector form)

E.(&) =) kayy we M (3.3)
k=1 TeEX

3.1.1. Evaluating sums over X via the Mobius inversion formula. Recall that the Mobius
function p: N — {—=1,0,1} is defined as follows (see [11, §16.3, p. 304]): u(1) = 1,
u(m) = (=1)¢if m is a product of d different prime numbers, and p(m) := 0 otherwise;
in particular, |p(m)| < 1 for all m € N.

To deal with sums over the set X (see (2.1)), the following lemma will be instrumental.

Lemma 3.1. Let f: RY — R, be a function such that f(x)|,—0) = 0 and for all h > 0

F(h) =Y f(hr) < . (3.4)
xEZi
Moreover, assume that
> F(hk)<oo,  h>0. (3.5)
k=1
Then the function
Fi(h):=> " f(hx),  h>0, (3.6)
reX
satisfies the identity
F¥h) =Y p(m)F(mh),  h>0. (3.7)
m=1

Proof. Recalling the decomposition (2.2)) and using that f(x) vanishes at the origin, observe

from (3.4) and (3.6)) that
F(h) =) F'(mh),  h>0. (3.8)
m=1

Then the identity (3.7) follows by the M&bius inversion formula (see [11), §16.5, Theorem 270,
p. 307]), provided that ka Fﬁ(kmh) < 00 (h > 0). Indeed, the latter condition is satisfied,

>N Fi(kmh) =Y F(kh) < oo,
k=1 m=1 k=1
according to (3.8)) and the hypothesis (3.3). This completes the proof. O

12



3.1.2. The basic parameterization.

Theorem 3.2. Suppose that A*(2) < oo (see (2.22)), and choose 61,02 in (3.2)) as follows

0 = IiTl/3, 09 = /17_1/3, 3.9
where 3
T=T, = - K= (C(Q)) ) (3.10)

Then the asymptotic conditions (3.1)) are satisfied.

Remark 3.1. According to our convention about the limit n — oo (see the end of the Intro-
duction), we have 7 < 1. Observe also that (3.2)), (3.9) and (3.10) imply the scaling relations

Qayn, = ajaany = K, ay = aq /7. (3.11)
Proof of Theorem[3.2} Let us prove (3.1)) for & (the proof for &, is similar). Setting
f(x) = zpe (@) = g emnm1mo222 x = (71,19) € R, (3.12)

and following the notation (3.6) of Lemma 3.1} a projection of the equation (3.3) onto the first
coordinate takes the form

ZkakZmle (k) Zaka kz) iO:akFﬁ (3.13)
zeX zekX k=1

On the other hand, substituting (3.12) into (3.6) and using the expression (2.26) for S, (-) with
q = 2, we obtain

oo oo he_hal

o —hoix —hasxrs

=h E Tie 121 E e 2T2 (1 — e*hal)Z(l — efhaz)' (3.14)
r1=1 xo=0

It is evident that [(h) satisfies the condition (3.3), hence by Lemma|[3.1|the function F%(-) (see
(3-6)) can be expressed via the formula (3.7). Thus, substituting also (3.14)), we can rewrite

(.13) as

oo 0 [ee) kakm,u(m) e—kmal
=> ap Y plm)F(km)= Y (o P2 (1 — g Fmeay (3.15)
k=1 m=1 k,m=1

Now, using the representation (3.13)) we can obtain the asymptotics of F,(&;) as n — oo.
Recall that a; = o7 (see (B.11))), where 7 = 7, < 1 (see (3.10) and Remark [3.1)) and so
7 > 7, for some 7, > 0 and all n large enough. Applying Lemma 2.8 twice (with ¢ = 2,
0 =1/2and ¢ =1, 0 = 7. /2, respectively), we obtain, uniformly in k, m > 1,

adag e~ kma aZekmai/2 g, e kmazT/2

(1 — e Fman)2(] — g kmaz) — (] — e Fmar)2 " ] — g-kmas
- Co(1/2) Ci(7/2) _ O(1)

= (km)? km k3m3’

n — 00. (3.16)
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Thus, remembering that |p(m)| < 1, the general summand in the double sum (3.15]), multi-
plied by afa, is bounded by O(1)|ay|k~?m 2, which is a term of a convergent series due to
the assumption A" (2) < oo. Hence, by Lebesgue’s dominated convergence theorem we get

o - 2o e~ kma
lim ajas E, (&) = Z karmp(m) lim pe—_" p—
n—00 fmel n—00 ( ) (1 — € )
=, g pu(m) <2>
= — =k 3.17
k=1 m=1
according to the notation (3.10). Note that the identity
aomt o ((s)

used in for s = 2, readily follows by the Mobius inversion formula with F¥(h) =
h=*and F(h) =3 " (hm)~* = h™%((s) (cf. [11} §17.5, Theorem 287, p. 326]).

To complete the proof, it remains to notice that the limit is equivalent to the first of
the asymptotic conditions due to the scaling relation a?a, = n; 's? (see (B-T1)). O

Assumption 3.1. Throughout the rest of the paper, we assume that A*(2) < co and the param-
eters z1, 22 are chosen according to the formulas (3.2)), (3.9), (3.10). In particular, the measure
@, becomes dependent on n = (n1, ny), as well as the corresponding expected values.

3.2. The “expected” limit shape

Given n = (n1,ns) € Z3 (n1, ny > 0) and the ratio 7 = ny/n; (see (3.10)), for a polygonal
line I" € Il and t € [0, 00| let us denote by ['(t) = I'(t;7) the piece of I" where the slope
does not exceed t7. In case all edges of I" have the slope bigger than ¢7, we set I'(t) := Iy
(the trivial polygonal line, see Section [2.1.1]).

Remark 3.2. The definition of I'(t) implies that under the scaling s,, (see (1.3)) the scaled
piece I,(t) := s,(I°(t)) has the slope not bigger than ¢.

Consider the corresponding subset of X" (see (2.1))),
X(t)=X(t;7) :={x = (v1,22) € X: 13/x1 < tTY, t € [0, 00]. (3.19)

According to the association /1 5 I < v € @, described in Section 2.1.1] for each ¢ € [0, o0
the piece I'(t) of I" is determined by a truncated configuration {v(z), € X(¢)}, hence its

right endpoint () = (£1(t), &(t)) is given by
&)=Y av(x), tel0,o0]. (3.20)

zEX(t)

In particular, X (0c0) = X, £(00) = & (see (2.3)). Similarly to (3.3)), we have

Zk@k Z g M) t €0, 00]. (3.21)

xEX(t)

Recall that the vector-function g*(t) = (g;(t), g3(t)) is defined in (I.8).

14



Theorem 3.3. Under Assumption (3.1} for each t € [0, x]
lim o B0 = g;(t) (5 =1,2). (3.22)

Proof. Let j = 1 (the case j = 2 is considered in a similar manner). Theorem [3.2]implies that
the claim (3.22) holds for ¢ = oo (with & (0c0) = &;). Thus, noting from (I.8)) that g} (c0) = 1
and 1 — g;(t) = (1 + ¢)~2, we can rewrite (3.22)) (with j = 1) in the form

Tim L6 — &(0)] = (1+1)72 (3.23)

Now, like in the proof of Theorem [3.2](cf. (3.3)), (3.13)) and (3.13)), from (3.21)) we have
EZ[£1 - 51 (t)] - Z kak Z xie —kayx 716042952

zeX\X(t)

_ Z kakmu lee kmaq x1 Z efkmagzg

k,m=1 r1=1 ro=22+1

- kakm:u( —km(a1z1+as(2 +1))

3 ) S it a2

k,m=1 r1=1

where &9 = Z9(t) := |tTx1], so that
0<o+1—tra; <1. (3.25)

It is natural to expect that the internal sum in (3.24) may be well approximated by replacing
Z9 + 1 with t72, and thus reducing it to Sy(km(ay + astT)) (see the notation (2.23) with
q = 2). More precisely, recalling that oy 7 = «; (see (3.11))), we obtain the representation

Z gy fmlemitar @) — o (kmay (14 1)) — Ry(t; km), (3.26)
r1=1
with
Rn(t, km) — Z xlefkma111(1+t)(1 _ efkmaz (:i:2+17t7':p1)) ) (3.27)
r1=1

By the expression (2.26]) for Sy (-) we have
e—k’ma1(1+t) e—k:mocl

0 < Sp(kman(l+1)) = (1 — e—kmar(1+0)2 < (1 — e—kmar)2”

(3.28)

On the other hand, applying the upper inequality (3.25) under the second exponent in (3.27)
and replacing 1 + ¢ by 1 under the first exponent, we obtain the estimates

0< Rn(t; k’m) S _km"‘? Z T e—kmoqm
r1=1
(1 — e—kmtm) e—kmoq
= (1 _ efkmal)2 (3.29)
—kmas
- (3.30)

— (1 _ efkma1)2 '
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On substituting (3.26)) back into (3.24)), from the bounds (3.28)) and (3.30) it is evident that
we can repeat the arguments used in the proof of Theorem[3.2](see (3.16)) and thus pass to the
limit in (3.24) by Lebesgue’s dominated convergence theorem, giving

a%ag (Sa(kmaq (1 +1t)) — Ry(t; km))

nh_,rgo 04%042 [ Z kakm’u n—>oo 1 — e—kmaz
k,m=1
(3.31)
By virtue of the equality in (3.28)) we easily find
’ adag So(kmay (1 +t)) ~ lim aZay e~ kmarl+t) 1
1m = 111m —= .
N 00 1 — e—kmaz N 00 (1 _ e—kmag)(l _ e—kma1(1+t))2 k3m3(1 + t)2
(3.32)
Furthermore, the estimate (3.29) implies
2 2 —kmao
. ajag R, (t; km) . ajase 1
Jim —— e, = im (1= Fman)s — 0. (3.33)
Hence, substituting (3.32)) and (3.33) into (3.31)), we obtain (cf. (3.17))
lim a2as E,[¢ Z Z plm = (1 +14)72 (3.34)

Finally, recalling that a2a, = n; 'x? (see (B-T1))), the limit (3:34) is reduced to (3.23). O

3.2.1. Enhancement: uniform convergence. There is a stronger version of Theorem [3.3]

Theorem 3.4. The convergence in (3.22) is uniform in t € [0, o], that is,

lim sup ‘n 'E.[¢(t)] — *(t)} =0 (1=1,2).

n—00 0<t<oo

We use the following simple criterion of uniform convergence proved in [/, Lemma 4.3].

Lemma 3.5. Let {f,,(t)} be a sequence of nondecreasing functions on a finite interval |a, b],
such that, for each t € [a,b], lim, ., f.(t) = f(t), where f(t) is a continuous (nondecreas-
ing) function on |a, b]. Then the convergence f,(t) — f(t) as n — oo is uniform on |a, b].

Proof of Theorem[3.4] Suppose that j = 1 (the case j = 2 is handled similarly). Note that
for each n = (ny, ng) (with n; > 0) the function

Lt = nl 6] = — 3 wE@)],  te )

ny
TEX(t)

is nondecreasing in ¢, in view of the definition (3.19) of the sets X'(¢). Therefore, by Lemma
the convergence in (3.22)) is uniform on any finite interval [0, ¢o].
For large ¢, by the triangle inequality we get

N EL[G()] = g1 (O] < [ni Ea(&) — 1 + g7 (1) — 1 + 0 Ex[& = &(8)] (3.39)
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(in the last term, &; > & (t) for all t > 0). We know that lim,,_,o, n; ' E.(£;) = 1 by Theorem
and lim; ., g7 (t) = 1 (see (1.8))); thus, in view of (3.35) it remains to show that for any
e > 0 there is a ty = to() such that, for all large enough n = (ny,ny) and all t > ¢,

n'E.[& — &) <e. (3.36)
To this end, from the formulas (3.24)) and (3.26)) we have

0<Ef6 - &) < Z 1?";’1',:; (Sa(kman (1 + 1)) + Ry (t; km)). (3.37)

k,m=1

For the part of the sum (3.37) with Sy(kmay (1 + t)), on substituting the equality (3.28) and
adapting the estimate (3.16) derived in the proof of Theorem [3.2] we obtain for all k,m > 1
andt > 0

a3 So(kmay (1 +1t)) _ 2oy e Fmar(i+t) - C1(1./2)C(1/2)
1 — e—kmaz (1 _ efkma2)<1 _ efkma1(1+t))2 - (km)B(l + t)2

Therefore, recalling that a?a, = ny 's® (see (3.11))) and using the condition A*(2) < oo, we
have uniformly in ¢ (and for all n)

ni 3 M52(1<:ma (14+1) = o i ol _ O (3.38)

€

et 1 —ehmes (1412 == km?>  (1+1) ~ 2
provided ¢ is large enough.

On the other hand, by the dominated convergence argument (cf. (3.31)) and due to the

bound (3.29) leading to the limit (3.33)), the contribution from R, (t; km) to the sum (3.37) is

asymptotically negligible, uniformly in ¢, which implies that for all n large enough,

1 klag|m €
— R, (t;km) < —. 3.39
2 T g Fnllin) < 5 339
k,m=1
Thus, substituting the estimates (3.38)) and (3.39) into (3.37) yields (3.36) as desired, which
completes the proof of the theorem. [

3.3. Refined asymptotics of the expectation

We need to sharpen the asymptotic estimate E(£) — n = o(|n|) provided by Theorem 3.2}

Theorem 3.6. Under the condition A*(1) < oo, we have E,(¢) —n = O(|n|*/?) as n — oc.
For the proof of Theorem [3.6] some preparations are required.

3.3.1. Integral approximation of sums. Let a function f: R — R, be continuous and inte-
grable on R%, together with its partial derivatives up to the second order. Set (cf. (3.6))

=Y f(hx), h>o0. (3.40)

2
z€Ly

Adapting the well-known Euler—-Maclaurin formula (see, e.g., [9, §12.2]) to the double sum-
mation in (3.40), one can verify (see more details in [7, §5.1]) that the above conditions on the
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function f(x) ensure the absolute convergence of the double series (3.40) for any & > 0 and,
moreover, F'(h) has the following asymptotics at the origin,

lim h*F(h) = f(x)dr < 0. (3.41)

hl0 R
In particular, implies that
F(h) = O(h™?), h 0. (3.42)
Furthermore, assume that for some 3 > 2
F(h) = O(h™"), h — o0, (3.43)

and consider the Mellin transform of F'(h) (see, e.g., [21, Ch. VI, §9]),

Foy= [ Fman (seo) (.44

The estimates (3.42), (3.43) ensure that the function ]3(3) is well defined (and analytic) if
2 < R(s) < [. Moreover, F'(s) can be analytically continued into the strip 1 < R(s) < 2.
More precisely, consider the function

Ap(h) == F(h)—h7* | f(x)da, h >0, (3.45)

2
]R+

that is, the error in the approximation of the function F'(h) by the corresponding integral
(cf. (3.41))). The following lemma was proved in [7, Lemma 5.2].

Lemma 3.7. Under the above conditions, the function F(s) defined in (3:44) is meromorphic

in the strip 1 < R(s) < [3, with a single (simple) pole at s = 2. Moreover, F'(s) satisfies the
identity
F(s) = / Wl Ap(R)dh, 1< R(s) < 2. (3.46)
0
Remark 3.3. The identity (3.46) is a two-dimensional analog of the Miintz formula for uni-

variate functions (see [18), §2.11, pp. 28-29]).

In turn, by the inversion formula for the Mellin transform (see [21, Theorem 9a, pp. 246—
2477), from (3.46) it follows that, for any ¢ € (1,2),

1 c+ioco R
As(h) = == / h=F(s) ds (3.47)

27

(see [[7, Lemma 5.3] for more details).

3.3.2. Proof of Theorem Our argumentation follows the same lines as in the proof of a
similar result in [[7, §5.2] for the special case of the coefficients (with p = 1), but adapted
to a more general context based on the cumulant expansions. To be specific, let us consider
the coordinate &; of the random vector £ = (&3, &2) (for & the proof is similar).
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Step 1. According to (3.15) we have

o0

E.(&)= Y app(m)F(km), (3.48)

k,m=1

where F(h) is given by (3.14). Note that the corresponding function f(z) = zje ()
(see (3.12))) has the property

oo o0 1
f(x)dx = / rie” M dxl/ e dry = ——. (3.49)
R2 0 0 aya2

Moreover, by virtue of the relation aZay = k2 /ny (see (3.11))) we have (cf. (3:17))

1 > ak,u _
e k:2m2 = Z ) =, (3.50)

k,m=1 m=

Thus, subtracting (3.50) from (3.48) and substituting (3.49) we obtain the representation

o0

E.(&)—ni= Y app(m)As(km), (3.51)

k,m=1
where A¢(h) is defined in (3.49).

Step 2. Recalling the notation 7 = ny/n, and the relation oy = a1 /7 (see (3.10) and (B.11)),
the Mellin transform (3.44)) of the function F'(h) may be represented in the form

~

F(s) = a7* ' F(s), (3.52)

where

Fs) = /OO et 4y R(s) > 2. (3.53)
o (I—ev)*(1—evm)

Clearly, the functions f(x), F'(h) satisfy all the hypotheses of Section 3.3.1} including the

asymptotics (3:42) and (343), with any 3 > 2. Hence, by Lemma [3.7| the function F(s) is
regular for 1 < R(s) < 2, and the formula (3.47) together with (3.52) yields

1 ctioco ~
Ag(h) = —/ h™*a;* 1 F(s)ds, l<e<2. (3.54)

211 J oo

Thus, substituting the representation (3.54) (with h = km) into (3.51)) we get

1 0 c+ioco F’(S)
— — E —d 1 2. .
(51 ny = o 2 \/C . a‘l‘;+1<km)5 S, <c< 3 55)

Step 3. Aiming to mollify the singularity of the integrand in (3.53)) at zero, set

o ye? 1 T 1
gb(y) T (1 — e,y)g (1 p— - ; - 5)7 y > 07 (356)
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and consider the regularized integral

I(s) :== / v oly) dy, (3.57)
0
so that (3.53)) is rewritten in the form

s—1 se~Y

By Ty e L[~y

The integrals in (3.58)) are easily evaluated: if (s) > 2 then

o s—1,—y 00 00 00 00
) e s—1 —k s—1_—k
g% 4 :/ ke dy = k/ ek d
/0 n o= v ; y ; v y

1 D
=D /0 uw e " du = ((s — 1)I'(s), (3.59)
k=1
and likewise

TV = ()T (s 41 3.60
; my—f(s) (s +1). (3.60)

Thus, substituting (3.59) and (3.60) into (3.58) we get
F(s)=TI(s) +7¢(s — )T(s) + 2¢(s)T(s + 1),  R(s) > 2. (3.61)

Step 4. The representation (3.61)) renders an explicit analytic continuation of F'(s) into the
strip 0 < R(s) < 2 (cf. Lemma[3.7). To show this, let us first investigate the integral (3.37).

Lemma 3.8. The function ¢(y) defined in has the following asymptotic expansions
oy) =57 +0W),  y—0, (3.62)
Oy) = gye ¥ (L+o(1), y— oo, (3.63)

which can be formally differentiated to produce the corresponding expansions of ¢'(y), ¢" (y).

Proof. By Taylor’s expansion it is easy to check that, as y — 0,

1 T 1 oy 9
ey 2 12 LHOWD)
ye Y 1
0o =, 1F0),

and follows on substituting this into (3.56). Since differentiation of Taylor expansions
is legitimate, from (3.62)) we also get ¢'(y) = O(y) and ¢"(y) = O(1), as y — 0.

The asymptotics (3.63) follow immediately from (3.56), and it is also straightforward to
see that the main asymptotic contribution to the derivatives of ¢(y), as y — oo, is furnished
by the term ye Y, so that ¢'(y) ~ %ye_y and ¢" (y) ~ %ye_y as y — 0o. O

In view of (3.62)) and (3.63), the integral is absolutely convergent if R (s) > 0, and
therefore the function Z(s) is regular in the corresponding half-plane.

Returning to the representation (3.61)), note that the gamma function I'(s) is analytic for
R(s) > 0 (see, e.g., [17, §4.41, p. 148]), whereas the Riemann zeta function () is meromor-
phic in the complex plane C with a single (simple) pole at point s = 1 (see, e.g., [17, §4.43,
p. 152]). Thus, the right-hand side of (3.61)) is meromorphic in the half-plane R(s) > 0, with
the simple poles at s = 1 and s = 2.
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Step 5. Setting s = o +it, let us estimate the function F (s) ast — oo. First of all, integrating

by parts (twice) in (3.57) and using the asymptotic formulas (3.62), (3.63) for the function
¢(y) and its derivatives, we obtain

1
s(s+1)

I(s) = / TP dy = 06, t— oo, (3.64)
0

uniformly in 0 < ¢; < ¢ < ¢y < 00. The gamma function in such a strip satisfies the uniform
estimate (see [17, §4.42, p. 151])

I(s)=O(t]72e ™)t — o0 (3.65)

We also have the following uniform bounds on the growth of the Riemann zeta function as
t — oo (see [12], Theorem 1.9, p. 25),

( O(Inlt]), 1<o<2,
S) =

(3.66)

Therefore, substituting the estimates (3.64), (3.63) and (3.66)) into (3.61]) and comparing the
resulting contributions, it is easy to check that for 1 < ¢ < 2, uniformly in n € 72,

Flc+it) =0(t™?), t— . (3.67)
Step 6. Interchanging the order of summation and integration in (3.55) gives

E.(&) —m L FSB ) o ) 1) g

- 27T1 c—ico O{l —1
1 et F(s)A(s)

T o e aStIC(s)

ds, (3.68)

where we used the notation (2.22)) and the formula (3.18)). This computation is justified by
virtue of the absolute convergence, since for 1 < ¢ < 2

c+ioo | BV S lanl < 1 At(e) (e R )
c—ioco 1 k= 1

1 m=1 o0

where A" (¢) < AT(1) < oo due to the hypothesis of Theorem whereas the last integral

in (3.69) is finite thanks to the bound (3.67).
Thus, on substituting (3.61)) into (3.68]) we have

c+ioco
E(6) - ny = —— A(s)ar'w(s)ds  (1<c<2), (3.70)

27

c—ico

where

_ F(s) _ Z(s)+7¢(s—1)I(s) N 1I‘(s+ . 3.71)
2

)= s ()
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Step 7. Since ((s) # 0 for R(s) > 1, the function ¥(s) defined by the expression (3.71)) is
analytic in the half-plane $(s) > 1; moreover, it can be extended by continuity to the line
R(s) = 1, where the singularity at s = 1 (due to the pole of ((s) in the denominator) can be
removed by setting ¥ (1) := lim,_; ¥(s) = 3T'(2) = 1.
Let us show that the integration contour R (s) = ¢ > 1 in (3.70) can be moved to R(s) = 1.
By the Cauchy theorem, it suffices to check that
c+iT
lim A(s)ay* W (s)ds = 0. (3.72)
T=oo JiyiT
To this end, note that for 1 < o < ¢
|A(c +iT)| < At (o) < AT(1) < 00

(see @22)) and o, 7! < a7 ¢! (since oy — 0, we may assume that o; < 1). From we
also have |F(c +iT)| = O(T2) as T — oo; furthermore, it is known (see [18, Eq. (3.11.8),
p. 60]) that (o +iT)"' = O(In|T|) as T" — oo, uniformly in ¢ > 1. Hence, substituting
these estimates into we obtain, uniformlyin1 <o < candn € 72,

U(o +iT) = % —O(T*I|T|) -0, T — oo. (3.73)

As a result, the limit (3.72) follows. Thus, the representation (3.70) takes the form
1 14ico

E. (&) —np = =— A(s)a* T (s) ds. (3.74)

2mi 1—ico

Step 8. Finally, the formula yields the bound

4 0o
Ba(e) — | = ) | inja = o(ap”), (3.75)

2rad

—00

since a; =< |n|7'/3 according to (3.2) and the integral in (3.75) is finite thanks to the bound
(3.73). This completes the proof of Theorem 3.6

4. Asymptotics of higher-order moments

Throughout this section, we again assume that A*(2) < oo, except in Section where a
stronger condition A™ (1) is required.

4.1. The variance—covariance of ¢

Denote 1, := FE.(¢) and let K, := Cov,(£,€) = FE.(§ — )" (€ — u.) be the covariance
matrix of the random vector { = >  _, xv(x). Recalling that the random variables v(z)
are independent for different z € X" and using (2.19) with ¢ = 2, the elements K,(i,j) =
Cov,(&;, ;) of the matrix K, are given by

K.(i,5) = in:cj\/arz[l/(x)] = inxj ZkQak Pl i,7 € {1,2}. 4.1)
zEX zeX k=1
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4.1.1. Asymptotics of the covariance matrix.

Theorem 4.1. As n — oo,
K.(i,j) ~ By (mng)*?, i, € {1,2}, (4.2)

where the matrix B = (B;;) is given by

| 27—_1 1
B=k (1 9r ) 4.3)

Proof. The calculations below follow the lines of the proof of Theorem 3.2} so we only sketch
the proof. Let us first consider the element K, (1,1). Substituting the parameterization z =

e~ (see (3.2)) into (@.1)), we obtain (cf. (3.3))
Z xy Z kay e ko (4.4)

TeEX

Using the Mobius inversion formula (3.7)), similarly to (3.13) the right-hand side of (4.4)) can
be rewritten in the form

Kz(l,l):Zmu Zkzakale hm(e,z)

$EZQ

o0 [e%S)
— § : mQIu(m) /{?2CLk 2 :x%efkmalxl § :efkmagxg

k,m=1 r1=1 x9=0
00

—kmaoa —kmaoy
B ) ) e (1+e )
= E m”p(m) kay, (1 — e—kma1)3(1 — e—kmaz)’
k,m=1

4.5)

where we used the expressions (2.26) for S;(-) and Ss(-). Similarly to the estimate (3.16),
by virtue of (2.30) the general term in the sum (#.3)) is bounded by O(a;?ay!)|ax|k~2m =2,
uniformly in &, m, and furthermore,

= A*(2)¢(2) < .

k2m?
k,m=1

Therefore, by the dominated convergence argument, from (4.5]) we obtain, similarly to (3.16),

lim a?ay K,(1,1) = 22

k=1 m=1

i pim) _ (2) — 243, (4.6)

m? ¢(2)

PElwQ

To reduce this limit to (4.2)), observe using the scaling relations (3.11) that

oy = Oé—a%ag = 7r*(nyngy) Y3, 4.7)
Qo
and from (4.6) we get
lim (nin9) 23 K.(1,1) = 7'« lim adau K. (1,1) = 27 '~ = By, (4.8)
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as required (cf. (.2)), @.3)).

The element K, (2,2) is analyzed in a similar fashion. Finally, for K,(1,2) we obtain,

similarly as in (4.5]) and (4.6),
K.(1,2) = lexQZk ay e o)

reX
_ k —kmaix —kmasza
= Qe m ,u xri1e Io€

k,m=1 r1=1 xro=1

e—k’mal e—kma2

J— 2 2
= Z k am :u(m) (1 _ e—kma1)2<1 _ e—kma2>2

k,m=1

~ o _22 —oz12oz22/<a3 (n — 00).

Hence, using the identity a?a? = k*(niny)~2/3 (cf. @7)), it follows as in [@.8) that

lim (nyn9) 3 K.(1,2) = k% lim o?a2K.(1,2) = ' = By,

n—od n—od
according to the notation (4.3). Thus, the proof of the theorem is complete. O

4.1.2. The norm of the covariance matrix. The next lemma is an immediate corollary of
Theorem 4.1

Lemma 4.2. Asn — oo,
det K, ~ 3k~ 2(ning)*? =< |n|?/. (4.9)

This result implies that the matrix K, is non-degenerate, at least asymptotically as n — oo.
In fact, from (.1)) it is easy to deduce (e.g., using the Cauchy—Schwarz inequality together with
the characterization of the equality case) that K, is positive definite; in particular, det K, > 0
and hence K, is invertible. Let V, := K, /2 be the (unique) square root of the matrix K,
that is, a symmetric, positive definite matrix such that V> = K 1.

We need some general facts about the matrix norm ||-||, which we state as a lemma (see [[7,
§7.2, p. 2301] for simple proofs and bibliographic comments).
Lemma 4.3. (a) If A is a real matrix then ||[ATA|| = || A||*

(b) If A = (ai;) is areal d x d matrix, then
1 ¢ 2 2 - 2
3121 a;; < A" < Z;I Qjj-
(c) Let A be a real symmetric 2 X 2 matrix with det A # 0. Then

|| —1”: HAH
|det A|

Let us now estimate the norm of the matrices K, and V, = K, -1/ 2
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Lemma 4.4. As n — oo, one has
I = [n[*2, IVa]l = |n] 722, (4.10)

Proof. Lemmal4.3|(b) and Theorem d.1]imply

2
KNP = ) Ko(i,)? = (mng)® = [nf** (0 — o0),

i,j=1

which proves the first estimate in (4.10). Furthermore, using parts (a) and (c) of Lemma[4.3]

we have
|K.|| _ |n]*/?

det K, |n[8/3

according to the known asymptotics of det K, and || K. || (see (4.9) and (@.10), respectively).
Hence, the second estimate in (@.10) follows, and the proof of the lemma is complete. ]

= |n|_4/3’

IV = V2] = B =

4.2. The cumulants of ¢;

By the parameterization z = e~ (see (3.2))), the expansion (2.21)) takes the form

&)= 2!y Kage M m  geN. @.11)
zeX k=1
Lemma 4.5. For each q € N, as n — o0,
¢’ (a+2)/3
#q[&5) ~ < n| ., n—oo. (4.12)
1 2

Proof. Let 7 =1 (the case 7 = 2 i1s handled in a similar fashion). Using the M&bius inversion
formula (3.7)), similarly to (3.13)) the right-hand side of (@.11)) (with j = 1) can be rewritten as

x,&1] = Z K9y mip(m) Z 9 g~ km(aa)

k,m=1 IEZ?F
— Z kqak mqu(m) Z x%e*kmalm Z efkmagxg
k,m=1 r1=1 z2=0
= 1
= Y Kaym?u(m) Sy (kman) [ (4.13)
k,m=1

where we used the notation (2.25). Applying Lemma [2.7(a) and then the estimate (2.30)
(cf. (3.16)), we obtain

OZ({+1(1/2 Sq+1(kmay) oz‘{“cm Cqy1€ Mo
1 — e—kmocg — (1 _ e—kma1)q+l (1 _ e—kmozg)
g1 Con(1/2) Ci(n./2)

IN

(k:m)q+2
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Consequently, the general summand in the double series multiplied by o/fHozg is
bounded, uniformly in k,m > 1, by O(1) |ax|k~?m ™2, which is a term of a convergent series
owing to the condition A*(2) < oo. Hence, applying Lebesgue’s dominated convergence
theorem and using Lemma [2.7|(b), we obtain

g N Hm)a AR
nlggoa({ Qg 2,[&1) = q!k%;1 e q! 0 =q!k°. (4.14)

Finally, according to (3.2) we have a?™ oy =< |n|~(4+2)/3 and hence @14) implies @12). [

In Section we will require an asymptotic bound for the sixth-order central moment of
&;, which is established next.

Lemma 4.6. Ser &) .= &; — E.(&;) (j = 1,2). Then
E.[(&))°] = In|*, n — 0o. (4.15)

Proof. Using the expression of the sixth central moment via the cumulants (see (2.18)) with
X = ¢&; and g = 6), we have

E.[(69)9] = 56[&;] + 15506 ]50[6] + 10(a[&])? + 15 (5n[;))°. (4.16)

Applying Lemma (4.5 to the cumulants involved in (4.16), it is easy to check that the main
asymptotic term is given by (322[¢;])? =< |n|*, which proves the relation (£.13). O

4.3. The Lyapunov coefficient

Let us introduce the Lyapunov coefficient (of the third order)

L= VP ) laPuslv(a)], (4.17)

TeEX
where f3[v(2)] is the third-order absolute central moment of v(x),
pslv(z)] == E.[[V0(2)]?], VO (2) :=v(x) — E.[v(2)). (4.18)

The next asymptotic estimate will play an important role in the proof of the local limit
theorem in Section [5.3] below.

Lemma 4.7. Suppose that A (1) < co. Then
L. = |n|7Y3, n — oo. (4.19)

Proof. In view of the definition (.17) and the asymptotics ||V.|| =< |n|=2/3 (see @.10)), for
the proof of (4.19) it suffices to show that

M; = Z |z psv(2)] < |nl*3, n — oo. (4.20)

TeEX

Starting with a lower bound for M;, observe using the relation (2.18) with ¢ = 3 that

pslv(z)] > B0 (2)?] = selv(z)). (4.21)
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Hence, using the formula (2.21)) and Lemma4.5] (with ¢ = 3), from (4.20) we get
My = lafsalv(@) = Y alsmlv(e)] = smla) < [, n—oo,  (422)
zeX zeX

which is in agreement with the claim @.20).
Let us now obtain a suitable upper bound on Mj. First, using the elementary inequality

|2 = (2] +$2)3/2 < \/_(731 + 3)
(which follows from Holder’s inequality for the function y = 2%/2), we have
My < V2 (a0 + 28 pslv (). (4.23)
zeX
To estimate the moment u3[v(x)] (see (4.18)), observe that for any u,v > 0
lu— v = (u—v)*u—v] < (u—v)>2u+v)=(u—20)>+2v(u—2v) (4.24)
Setting in @.24) u = v(z), v = F.[v(x)] and taking the expectation, we get the inequality
pslv(@)] < E.[v"(2)*] + 2E.[v(2)] - B[ (2)?]
= s3[v(2)] + 250 [v(2)] 50 [v(2)],

according to the identities (2.17), (2.18) applied to v(x). Note that the term s¢3[v(x)] here is
the same as in (4.21)), so upon the substitution into (.23 it gives the contribution of the order
of |n|*/3 into the upper bound for Ms;.

Next, using the expansion (2.19) with ¢ = 1 and g = 2, we obtain

Zx?%l[z/(x)]%g[ lezlmke O‘xZEZage (o)

TEX rzeX
<Y k|ak|€2|a5| > afer bt (4.25)
k,0>1 x€Z3

Using the notation (2.23)) and the bounds of Lemmas [2.7) and [2.8] the internal sum in (4.23)
can be estimated, uniformly in &, ¢ > 1, as follows (cf. (3.16)))

E :ZE3 —(k+£){a,z) § .17 e —(k+0) a1 E :e (k+0)azo

x€Z3 z1=1 x2=0

1
=
—(k+£) ax

=S((k+0)ay) -

< cy€

- (1 — e—(k+4)a1)4 (1 _ e—(k-i—é)aQ)
o)  _o(n?)

(k +05atay (k4 0)57 (4.26)

in view of the asymptotics o; < v, < |n|~'/3 (see (3:2)). The analogous sum with 3 in place
of 23 in (4:23)) is estimated similarly, so combining (4.23)) and (4.26)) we get

k|ay,| %|al
k,£>1
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Furthermore, by the elementary inequality
(k4+0)° = (k+ 0%k +0)% > k03

the (double) series on the right-hand side of is bounded by

according to the lemma’s hypothesis. Thus, returning to [#.27) we see that Mz = O(|n|*/?),
and together with the lower bound (#.22) this completes the proof of (4.20). O

5. A local limit theorem and the limit shape

5.1. Statement of the theorem

The role of the local limit theorem in our approach is to yield the asymptotics of the probability
Q.{¢ = n} = Q.(I1,) appearing in the representation of the measure P, as a conditional
distribution, P, (-) = Q.(-|I1,,) = Q.(-)/Q.(II,,) (see Section[2.1).

To prove such a theorem (see Theorem [5.1] below), we will require a technical condition
on the generating function (3(u) as follows.

Assumption 5.1. There exists a constant J, > 0 such that for any § € (0, 1) the function
u— In G(u) (u € C) satisfies the inequality

InB(0) — R(In B(Ge™)) > 6,0(1 — cost), teR. (5.1

Remark 5.1. In terms of the coefficients {ay} in the power series expansion of the function
In B(u) (see (2:13)), the left-hand side of (5.1)) is expressed as > -, a;0%(1 — cos kt). Con-
sequently, if a; > 0 and a;, > 0 for all & > 2 then the inequality (5.1) is satisfied, with
5* =a; > 0.

As before, we denote p, = E,(§), K, = Cov,(§), V, = K2 (see Section .
Consider the probability density function of a two-dimensional normal distribution N (s, K,)
(i.e., with mean i, and covariance matrix /), given by

e i () exp (—3l(x —p) Vi), xeR’ (5.2)

1
 om/det K.

Theorem 5.1. Assume that A*(1) < oo and suppose that Assumption holds. Then, uni-
formly in x € 72,

Q.{¢ =} = fu. k. (x) +O(n|7?), n — 0o. (5.3)
Corollary 5.2. Under the conditions of Theorem
QA¢=n} =< n[*®, n— oo (5.4)

With the asymptotic results of Sections [3.3]and {i.T]at hand, it is not difficult to deduce the
corollary from the theorem.
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Proof of Corollary[5.2] According to Theorem we have p, = n + O(|n|*?). Together
with the asymptotics of ||V, || (see (4.10)) this implies

|(n = p) Vel < = o] - V2l = O(Inf*?) - In| 2 = O(1).

Hence, with the help of Lemma[4.2| we get

1 2 1
o (1) = e OB i U,
8 21 /det K. Vdet K.
and (5.4) now readily follows from (5.3). O

5.2. Estimates of the characteristic functions

Before proving Theorem [5.1] we have to make some technical preparations. Recall from
Section that, with respect to the measure (),, the random variables {v(x)},cy are in-
dependent and have the characteristic functions (2.14). Hence, the characteristic function
@e(A) = E.(e'™9) of the vector sum & = Y __, zv(x) is given by

x i(/\,:c>)

2eN) =[] oo (N 2) =] B(z"e

—?
reX TeX ﬁ(zm)

The next lemma provides a useful estimate (proved in [/, Lemma 7.12]) for the character-
istic function @eo(A) = e~ M= ¢ (X) of the centered random vector % := ¢ — p. Recall that

the Lyapunov ratio L, is defined in (4.17)), and that V, = K, 1/2 (see Section .
Lemma 5.3. If y € R? is such that |y| < L] then

A € R (5.5)

| peo(yVz) — e V2] < 16L.Jy|* e /S,

Under Assumption ©¢(A) admits a simple global bound (cf. [7, Lemma 7.13]).
Lemma 5.4. Suppose that Assumption[5.1|is satisfied (with 6. > 0). Then

|90£()‘)’ < eXp{—5*Ja(>\)}, A€ R2, (5.6)
where
Jo(A) = E:e_(a””> (1 —cos (A z)), )€ R (5.7)
reX

Proof. From (5.5) we have

|oe(M)] = eXP{Zlnhoy(x)((A,@)\}- (5.8)

reX

Furthermore, using (2.13]) and Assumption [5.1](with 6 = =%, see (5.1))), we have

[y (t)] = R(In gy o) () = R(In f(2"€")) — In 5(=")
< —0,2"(1 — cost), teR.

Utilizing this estimate under the sum in (with t = (), )) and substituting 2% = e~(*®
(see the notation (3.2))), we arrive at the inequality (5.6). O
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5.3. Proof of Theorem 5.1]

By definition, the characteristic function of the random vector £ is given by the Fourier series

=) QA¢=q}e™™,  AeR’

2
TELL

hence the Fourier coefficients are expressed as
1 .
Q¢ =1} = H/ e Mo (N dN,  zeZ?, (5.9)
T2

where T2 := {\ = (A, \a) € R?: [\| < 7, |A2] < 7}. On the other hand, the characteristic
function corresponding to the normal probability density f,,_ . (-) (see (5.2)) is given by

SO;LZ,KZ()\) _ ei(A,/Lz)*\)\V;H?/Q’ = R2,

so by the Fourier inversion formula

1 . . _
f,uz,Kz (x) — _/ efl<)\,x>el(/\,uz>*\>\vz 12/9 d)\, = Zi (510)
R2

472

Denote D, := {\ € R?: AV} > L7'}. If A € D¢ := R?\ D, then, on account of the
asymptotics of ||V, || and L. (see (¢.10) and {#.19), respectively), we get

A= VIV S AV V< L2YVEL = O(Inl 712) = o(1),

which implies that D¢ C T2 for all n = (ny, ny) large enough. Hence, subtracting (5.10) from
it is easy to see that, uniformly in x € Z2 ,

Q¢ =2} — fuok. (@) S i+ I + I, (5.11)
where

=1 2/ |pe(N) — et mad =NV (5.12)

T
Iyi= — [ e PV=P2qy 5.13
27 42 /Dz (5.13)

1
Iy = — )| dA. 5.14
3= 13 Tmz'%( )| (5.14)

By the substitution A = y V., the integral (5.12)) is reduced to

det V,
472

Il - / ‘¢§<y‘/z> — ei<sz,,uz>7|y‘2/2‘ dy
lyl<L;?!

|0eo (yV2) — e 7/2] dy

1
N 471'2\/ det Kz |y|§Lz_1

=MMW@Q/WW€W@M=WM*@, (5.15)
R2
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on account of Lemmas and Similarly, using the change of variables A = yV, in
the integral (5.13)) and passing to the polar coordinates, by Lemmas [4.2] and 4.7 we get

det V, / 2
g - detVs o124
i A Sy
detV. [ ]
== / re 2 dr = O(Jn| %) 52 = of|n| /%), (5.16)
T L;l

Finally, let us turn to the integral (5.14). Note that if A € D, (i.e., [\V,7!| > L), then
|A| > n|al for a small enough constant » > 0, and hence max{|A|/a1, |\2|/aa} > n; for
otherwise, from (3.2)) and Lemmas §.4] and 4.7] it would follow

1< LAV < Loplal - |KL[|Y? = O(n) — 0 as |0,

which is a contradiction. Thus, also using Lemma to estimate the integrand in (5.14])), we
get the bound

1 62 Ja(N)
I3 < 2 ;/T2ﬂ{|/\j>mj}()\)e dA, (5.17)

where 15()) is the indicator of a set B C R2. To estimate the first integral in (53.17) (i.e., with
j = 1), let us keep in the summation (5.7)) only the pairs of the form z = (z1,1), =1 € Z,
giving a lower bound

- —a1x i(Az 1 ei/\Q
Jo) 2 30 e (1 R = (—1 - emml)

x1=0
1 1
T l—e@ |l —eartiM]|’

(5.18)

because R(s) < |s| for any s € C. Since nay < |A\;| < 7, we have

|1 — e T > |1 — e o) /1 + 72 (cy — 0).

Substituting this estimate into (5.18)), we conclude that J,, () is asymptotically bounded below
by C(n)a;t =< |n|*/? (with C(n) := 1 — (1 4+ 7?)~'/2 > 0), uniformly in ) such that na; <
|A1] < 7. Thus, the first integral in (5.17)) is bounded by

O(1) exp(—const - |n|1/3) = o(|n|7%/3).

The second integral in (with j = 2) is estimated in a similar fashion by reducing the
summation in to that over the pairs x = (1, z5) only.

As a result, we get that I3 = o(|n|~°/3). Substituting this estimate, together with (5.15)
and (5.16), into (5.11)) we obtain (5.3)), and the proof of Theorem[5.1]is complete.

5.4. Proof of the limit shape results

With all preparations at hand, we are finally in a position to prove the uniform convergence
of the scaled polygonal paths &,(-) := (n7 & (-), ny '&(+)) to the limit g*(-) = (¢%(-), g3(-))
in probability with respect to both measures (), and P,. Note that Theorems [5.5] and [5.6]
below can be easily reformulated using the tangential distance d (I, v*) defined in (T.9) (cf.
Theorem [I.1] which is stated in these terms).

Let us first establish the universality of the limit shape under the measure ().
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Theorem 5.5. Under Assumption[3.1} for each ¢ > 0 we have
lim QZ{ sup }nj_lfj(t) - g;“(t)| < 5} =1 (1=1,2).
n—o0 0<t<oo

Proof. By Theorems and the expectation of the random process nj_lfj (t) uniformly
converges to g; (t) as n — oo. Therefore, we only need to check that, for each € > 0,

lim Qz{ sup n;1|§j(t) — E.[&®)]] > s} = 0. (5.19)
n—0oo 0<t<oo

Note that the random process &) (t) := &;(t) — E.[¢;(t)] has independent increments and
zero mean, hence it is a martingale with respect to the filtration 7, = o{v(z), x € X(t)},
t € [0,00]. From the definition of &;(t) (see (3.20)), it is also clear that &}(-) is cadlag
(i.e., its paths are everywhere right-continuous and have left limits). Therefore, applying the
Doob-Kolmogorov submartingale inequality (see, e.g., [23, Theorem 6.14, p. 99]) and using
Theorem (.1}, we obtain

Var, (§;
Qz{ sup |€)(t)] >€n]} < wx In|=%? =0, n — oo.
0<t<oo e2n;
Hence, the limit (5.19) follows. O

Let us now prove our main result about the universality of the limit shape under the mea-
sure P, (cf. Theorem|[I.T)).

Theorem 5.6. Let A (1) < oo and Assumption |5.1|be satisfied. Then for any ¢ > 0

lim Pn{ sup |nj_1§j(t) —g;‘(t)| < 5} =1 (1=1,2).
n—o00 0<t<oo

Proof. Like in the proof of Theorem|[5.5] the claim is reduced to the limit (cf. (5.19))
lim Pn{ sup |&)(t)] > €nj} =0, (5.20)
n—o00 0<t<oo

where £)(t) = &;(t) — E.[£;(t)]. Using the definition (2.10) we easily get the bound

} < Qz{sup0§t§m|§?<t)’ > gnj}
- Qz{€ = TL} ‘

Again applying the Doob—Kolmogorov submartingale inequality [23, Theorem 6.14, p. 99]
(but now with the sixth moment) and using Lemma#.6] we obtain

(5.21)

Pn{ sup [€2(8)] > en,

0<t<o0

016
Qz{oggmmg?(m > z—:nj} < %%S‘” = |n|72. (5.22)
On the other hand, by Corollary[5.2]
QA& =n} =< |n| 2. (5.23)
Combining (5.22)) and (5.23), we conclude that the right-hand side of (5.21)) is dominated by
a quantity of order of O(|n|~2/3) — 0, and so the limit in (5.20)) follows. O
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6. Examples

Let us now consider a few illustrative examples by specifying the generating function u —
B(u) =Y 77, bpu (see 2.4)). Although the associated multiplicative measures (), and P, are
defined primarily in terms of the coefficients {b;} (see and (2.12)), respectively), explicit
expressions for b may be complicated, so we will not always attempt to give such expressions.
For our purposes, it is more important to focus on the function v — In 3(u) and its power
expansion coefficients {ay }, since these are the ingredients that determine the convergence to
the limit shape (I.4). In particular, we will have to check the basic condition A (2) < oo
(see Assumption , as well as the refined condition A (1) < oo and Assumption both
needed for the limit shape result under the measure P, (see Theorem|5.6).

Remark 6.1. It is worth pointing out that Examples [6.1] [6.2] and [6.3] have direct analogs in
the theory of decomposable combinatorial structures, corresponding to the well-known meta-
classes of multisets, selections, and assemblies, respectively (see [2] and [1} §2.2]). For further
details about this correspondence and, more generally, for an extensive discussion of the com-
binatorial interpretation of the generating functions described in Examples [6.T}-6.6] below, the
reader is referred to the recent paper [4, §§ 6.1, 6.2].

Example 6.1. For r € (0,00), p € (0, 1], let @), be a measure on the space I/ determined by
the formula (2.5)) with coefficients

E—1
bk:(r—i_k_ )pk7 k€Z+

A particular case with p = 1 was considered in [7] (cf. (1.7)). Note that by = 1, in accordance
with our convention in Section and b; = rp. By the binomial expansion formula, the
generating function of the sequence (1.7)) is given by

Blu)=(1—pu)™,  |ul<p7, (6.1)
and formula (2.5)) specializes to

Q.{v(z) =k} = (T * Z a 1) PPk (1 — p2®),  keZ, (red), (6.2)

which is a negative binomial distribution with parameters r and p = 1 — pz”.
If r = 1 then by = p*, B(u) = (1 — pu)~! and, according to (6.2)),

Q.Av(x) =k} =p 2" (1 —p2"), keZ, (vci).

In turn, from formulas (1.6) and (2.12)) we get

pNT
[0 P —
( > orem, PN

where Ny := > . v(z) is the total number of integer points on I" \ {0}. Furthermore, if
also p = 1 then (6.3) is reduced to the uniform distribution on 77, (see (2.12)),

rell, (6.3)




In the general case, using we note that

’LL

Inf(u) =—rin(l — pu) = TZ

k=1

and so the coefficients {ay} in the expansion (2.13]) are given by

ak:%>0 ke N 0<p<1.

As pointed out in Remark [5.1] this implies that Assumption [5.1] is satisfied; also, it readily
follows that A" (o) < oo for any o > 0 (and each p € (0, 1]).

Example 6.2. For m € N, p € (0, 1], consider the generating function

Blu) =1+ pu)™,  |u|<p ', (6.4)

with the coefficients in the expansion (2.4) given by

m mm—1)---(m—k-+1
bk:(k)pk: ( ) k‘( >pk, E=0,1,...,m.

In particular, by = 1, by = mp. Accordingly, the formula (2.5]) gives a binomial distribution

k kx
Qz{u(x):k}:(?)m, k=0,1,....m (x€X), (6.5)

with parameters m and p = pz®(1 + p2z®)~L.

In the special case m = 1, the measure (Q, is concentrated on the subspace IT of polygonal
lines with “simple” edges, that is, containing no lattice points between the adjacent vertices.
Here we have by = 1, b; = p, and by = 0 (k > 2), so that (6.5)) is reduced to

pkzkx
pu— = — = 1 X .
Q) =Ky =17 k=01 (eX)

Accordingly, the formula (2Z.12) specifies on the corresponding subspace I1,, the distribution

Nr

JoN0 ) — rei,, (6.6)

N )
ZF'eﬂn pr

where the number of integer points N coincides here with the number of vertices on 1"\ {0}.
Furthermore, if also p = 1 then (6.6)) is reduced to the uniform distribution on I7,,,

1 .
Pl =—~—, Iell,
#(115)
In the general case, from we obtain
(1)L
In B(u) = mIn(1+ pu) = mz k (6.7)

k=1
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hence the coefficients {ay } in the expansion (2.13)) are given by
m ( _1)k—1 pk

k Y
and in particular a; = mp > 0. Note that A" (o) < oo for any o > 0. Finally, let us check
that Assumption 5.1 holds. Using we obtain, forany # € (0,1) and all t € R,

InB(0) — R(In B(6e”)) =mIn(1 + pb) — mR(In (1 + phe*))
=mIn(1+ pf) —mln|l + phe’|
_omy (1 - 2p9005t+p292)

ai = keN (0<p<1,

2 (1+p0)?
._m 1+2p9cost+p292_1
- 2 (1+p0)?
mp6 (1 — cost) mp
() N (R A

Thus, the inequality (5.1)) holds with &, = mp/(1 + p)? > 0.
Example 6.3. For b € (0,00), p € [0, 1], consider the generating function

flu) = exp (1 iupu) = exp <bZU’“p’“‘1) C <ot (6.8)
k=1

Clearly, the corresponding coefficients b, in the expansion (2.4) are positive, with by = 1,
by =0, by = %b2 + bp, etc. More systematically, one can use the well-known Faa di Bruno’s
formula (see, e.g., [13, Ch. I, §12, p. 34]) to obtain (for p > 0)

k m
b =p"Y (%) > ; ke N, (6.9)
m=1

| |
(J15+5Jk) ETm J1 Tk

where 7, is the set of all nonnegative integer k-tuples (71, ..., ji) such that j; +- - -+ jp = m
andl.j1+2.j2+...+k.jk:k_
Taking the logarithm of (6.8), we see that the coefficients {ay} in (2.13)) are given by

ar = bp"t >0, keN (0<p<1). (6.10)

Therefore, Assumption is automatic (see Remark ; moreover, At (o) < oo for any
o > 0, except for the case p = 1 where A" (o) < oo only for o > 1.

In the special case p = 0, we have $(u) = e and the expression (6.9) is reduced to
by, = b*/k!, whereas simplifies to a; = b and a;, = 0 for & > 2. In this case, the random
variables v(x) (z € X’) have a Poisson distribution with parameter bz,

k L kx
b¥2" e

Qufv(z) =k} = ——e, keZy (zed)

which leads, according to (2.12)), to the following distribution on [T,

-1
bk bk
r=| Y ]I o HH’ I {k,} € IT,.

{k2}ell, zeX %’ zeEX
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Example 6.4. Extending Example (for simplicity, with b = 1), let us set for » > 0 and

€ (0,1]
u
B(u) == exp (—), lu| < p~t. (6.11)
(1= pu)r
Taking the logarithm of (6.11)) we get the power series expansion (cf. (6.1)))
In Blw) — _ 6.12
- S (L e

which has positive coefficients a;, (cf. (L.7)). Hence, Assumption [5.1]is satisfied by virtue of
Remark [5.1] To check the condition A*(0) < oo, observe using Stirling’s asymptotic formula
for the gamma function (see [9, §12.5, p. 130]) that

(r+k=2 k_l_I‘(k+r—1) P L
a’f‘( - )p = TTorm P Tt ek

hence A" (0) < oo forany o > 0if p < 1, whereas if p = 1 then A* (o) < oo only for o > 7.
On substituting (6.12)) into Taylor’s expansion of the exponential function in (6.11)), it is

evident that the corresponding coefﬁcients by in the power series expansion of 3(u) are also

positive, with by = by = 1, by = 1p —i— =, etc.

Example 6.5. Combining the exponentlal form of Example [6.4] with the generating function

from Example [6.2] for p € [0,1], m € N consider

B(u) = exp{u(l+ pu)""'}. (6.13)

Since u +— u(1 + pu)™~! is a polynomial of degree m with positive coefficients, it follows
that the coefficients {b;} in the power series expansion of the function are positive for
allk € Z,.

From (6.13)) by the binomial formula we obtain the expansion

i) = ut+ =t =3 ()

k=1

with the expansion coefficients a;, > 0 for k = 1,...,m and ay = 0 for £ > m + 1. Hence,
Assumption [5.1]is satisfied and A™(¢) < oo for any o > 0.

Example 6.6. With r € (0,00), p € (0, 1], consider the generating function

ﬁ(u)_(W) <1+Zk+1> = Bi(u)". (6.14)

If r = m € N then from (6.14) it is evident that the coefficients {b;} in the power series
expansion of (3(u) are positive for all k& € Z, ; however, for non-integer r > 0 this is not so
clear, since the binomial expansion of (1 + )" involves negative terms. Yet the positivity of by,
for £ > 0 holds for any real r > 0, which will be established below.

Let us first analyze the coefficients {a;} in the power series expansion of Inf(u) =
r1n By (u) (see (6.14)). Differentiation of the identity rIn 3y (u) = > oo, axu® gives

rf3 (u Z kapuf™ (6.15)
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Differentiating again k — 1 times (k > 1), by the Leibniz rule we obtain

k—1

37 (0) = %Z (k B 1) BET0) i+ Dla,  keN. (6.16)

=0

But we know from (6.14) that 3" (0) = p71/(j + 1) (j € Z4), and so the recurrence relation
(6.16) specializes (after some cancellations) to the equation

k=1 . 1,

k 1 p i+ 1)
v N g, 17
P Z; it (6.17)

Furthermore, denoting for short a; := r~*p~7ja; (j € N) we can simplify (6.17) to

k—1 .

k Q41
— = . 6.18
k+1 — k—1 ©.18)
Setting here k = 1,2, 3, ... we find successively
d1:%7 &2:%7 a3:%7 d4:%7
More generally, let us prove that
1 k
— <ap < —, k e N. 6.19
IR R | (©.19)
Since a; = %, the claim (6.19)) is true for £ = 1. Suppose now that the inequalities (6.19)) hold
for ai,...,ar_1 (K > 2), which entails that a,...,a;_1; > 0. Observe that the recurrence
(6.18) (with k replaced by k — 1) implies
k=2 - k=2 .
k Air1 | Ait1 . kK—1 _
= < i
T R ~ T = A
and it follows that L b1 .
g, > - = : 6.20
“=Fr1 Tk k(1) (6.20)
On the other hand, using that a,, ..., a,_; > 0, from (6.18)) we also get
k -
. i+1 -
— = > Q. 6.21
RS TLRD D L 621)

Thus, the inequalities (6.20) and (6.21) prove the claim (6.19)) for the a;, and by induction it
is valid for all £ € N.
For the original coefficients ay, the inequalities (6.19) are rewritten as

Tpk ’l”pk

REr1) STk

and in particular a; > 0 for all k£ € N, so that Assumption [5.1]is automatically satisfied due to
Remark [5.1] Furthermore, the inequalities imply that A* (o) < oo for any o > 0.
Finally, we can resolve the question of why the formula defines a generating func-
tion with nonnegative coefficients: since Taylor’s coefficients of the exponential function are
positive, it is evident from the relation 5(u) = exp {3 ;- aju*} that b, > O forall k € Z, .

keN, (6.22)
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