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ABSTRACT. We study some properties of mean curvature flow solitons in general Riemannian
manifolds and in warped products, with emphasis on constant curvature and Schwarzschild
type spaces. We focus on splitting and rigidity results under various geometric conditions,
ranging from the stability of the soliton to the fact that the image of its Gauss map be
contained in suitable regions of the sphere. We also investigate the case of entire graphs.
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1. INTRODUCTION

The mean curvature flow (MCF) is a smooth map W : [0, 7] x M™ — M" between Riemannian
manifolds M, M such that ¥; = U(t,-) is an immersion for every ¢, and satisfying

ov
- _mH
875 mIlg,
with H; the normalized mean curvature of M; = ¥;(M) with the induced metric. We are

interested in a MCF that moves along the flow ® of a smooth vector field X € X(M), namely, for
which there exists a reparametrization ¢ — s(t) and a flow 7 : [0, T] x M — M of some tangential
vector field on M satisfying

(1) U(t,x) = (s(t), To(n(t, x))).

Typically, interesting X are conformal or Killing fields, so the induced MCF is self-similar at every
time. As expected, this study is motivated by the importance that self-shrinkers, self-translators
and self-expanders have in the classical MCF in Euclidean space, and although self-similar solu-
tions of the MCF on general manifolds do not arise from blow-up procedures, nevertheless they
provide suitable barriers and thus their study is important to grasp the behaviour of the MCF in
an ambient space that possesses some symmetries. This is the original motivation for the present
work.

Differentiating (1) in ¢ one deduces that mH; = s'(t)X*, with X the component of X
orthogonal to M;. Restricting to the time slice ¢ = 0, this motivates the following definition
recently proposed in [1].

——n+1
Definition 1.1. An isometric immersion ¢ : M™ — M "*1 is a mean curvature flow soliton
with respect to X € X(M) if there exists ¢ € R (hereafter called the soliton constant) such that

(2) cXt=mH
along .
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(Observe that in [1] H is not normalized, that is, H = tr II). In particular, for ¢ = 0 the map 1) is
a minimal submanifold. In the statements of the results below we shall pay attention to specify
the sign of the soliton constant: we feel convenient not to include ¢ in the field X because, later
on, we will focus on some “canonical” fields in M, and inserting the scale and time-orientation
in a separate constant ¢ makes things easier.

In what follows we typically, but not exclusively, consider codimension 1 solitons in a warped
product

(3) M =1x h IP,

where I C R is an interval, h : I — R* = (0,+00) is a smooth function and M is endowed with
the warped metric

(4) g=dt* +h(t)*(, e

where (, )p is the metric on P and ¢ is the standard coordinate on I. In this setting there exists
a natural closed conformal vector field X on M coming from a potential and given by

(5) X = h(t)o, = Vi,
where

mr(x)
(6) i) = / h(s)ds,

with 77 : I x;, P — I the projection onto the first factor and to € I a fixed value. If X = V7, for
future use we set

(7) n=mno1y : M—=R.

Recall that a vector field X is said to be closed when the dual 1-form is closed. One essential
feature of this setting is that it enables us to derive, for a mean curvature flow soliton with
respect to X as in (5), a manageable form of some differential equations (see for instance (35)
below) that will be used in our analytical investigation. The second order operator naturally
appearing in those formulas is the drifted Laplacian

(8) A_.xt=A+¢(V-,XT),
that for gradient fields X = V1, as the one in (5), becomes the weighted Laplacian
(9) A_cy=A+¢(V-,Vn).

For more details, and the very general form of the equations mentioned above we refer again to
[1]. Let us also recall, for terminology, that when M = I x PP is simply a product (h = 1) and
X = 0; the soliton is called translational.

Notation and agreements. Throughout the paper, all manifolds M, M will be assumed to be
connected; Bgr(o) C M will denote the geodesic ball of radius R > 0 centered at a fixed origin
0 € M and 0Bg(0) its boundary. If no confusion may arise we omit to write the origin o.

Example 1. The hyperbolic space H™*! of curvature —1 admits representations as the warped
products R x.: R™ and R X o5+ H™. In the first case, the slices of the foliation for constant ¢
are horospheres, whereas in the second case they are hyperspheres.

Example 2. Given a mass parameter m > 0, the Schwarzschild space is defined to be the
product

2
(10) M = (ro(m), 00) x P™ with metric (» or = SZT)

+7"2< ) >]P’7
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where P is a (compact) Einstein manifold with Ricp = (m — 1)(, )p,
(11) V(r)=1-2mr!™™

and r9(m) is the unique positive root of V(r) = 0. Its importance lies in the fact that the
manifold R x M with the Lorentzian static metric —V (r)dt? 4 (, )37 is a solution of the Einstein
field equation in vacuum with zero cosmological constant. In a similar way, given & € {1,0,—1}
the ADS-Schwarzschild space (with, respectively, spherical, flat or hyperbolic topology according
to whether & = 1,0, —1) is the manifold (10) with respectively

(12) V(r)=f+7r*=2mr'™™  Ricp = (m — 1D)&(, )p,

and 79(m), as before, the unique positive root of V(r) = 0. They generate static solutions
of the vacuum Einstein field equation with negative cosmological constant, normalized to be
—m(m + 1)/2. The products (10) can be reduced in the form I x; P with metric (4) via the
change of variables

" do
(13) t= / —,  h(t)=r(t), I=R".
ro(m) \/W
Note that 7o(m) is a simple root of V(1) = 0, so the integral is well defined, and that 1/1/V (r) &
L'(00) so I is an unbounded interval. A similar example for charged black-hole solutions of
Einstein equation is the Reissner-Nordstrom-Tangherlini space, where (10) holds with

V(r)=1-"2mr!™™ 4 ¢%?72m P=Ssm,
q € R being the charge and |gq| < m.

The paper is naturally divided into three parts. First we study codimension 1 solitons in the
presence of a Killing vector field B on the target space M. The relevant differential equation we
analyse is satisfied by v = (B, v), v a unit normal to ¢ : M — M. We will often assume that
is two-sided, that is, that the normal bundle is trivial, so there exists globally defined unit normal
v. If M is orientable, this is equivalent to require that M is oriented.

By way of example, we apply our results to the case of a self-shrinker of R™*! that is, a
soliton with respect to the position vector field of R™*! with soliton constant ¢ < 0: the next
result was recently shown by Ding, Xin, Yang [19], however our proof in Theorem 2.2 below is
different, and especially it follows from a strategy that works in greater generality. It serves the
purpose to illustrate our technique. For the sake of clarity, we remark that a continuous map
¥ : M — N between differentiable manifolds is said to be proper if 1) ~!(K) is a compact subset
of M for every compact subset K of N. When M and N are complete Riemannian manifolds,
this is equivalent to saying that 1)~ (B) is bounded in M for every bounded subset B of N.

Theorem A. Let1) : M™ — R™*1 be an oriented, complete, proper self-shrinker whose spherical
Gauss map v has image contained in a closed hemisphere of S™. Then either ¢ is totally geodesic
(that is, (M) is an affine hyperplane) or ) is a cylinder over some complete, proper self-shrinker
of R™,

As we shall see, the result heavily depends on the parabolicity of the weighted Laplacian
A_¢y, on a self-shrinker. However, if A_., is possibly non-parabolic we can still conclude a
similar rigidity for M when the Gauss map is contained in a hemisphere, by using some results
in oscillation theory (cf. [10]). Suppose that ¢ : M — I x5, P is a complete soliton with respect
to h(t)0: and with constant ¢, and define 7,7 as in (6), (7). Recall that an end of M (with
respect to a compact set K) is a connected component of M\ K with noncompact closure. Fix
an origin o € M and an end F, and define

(14) op(r) = /a e
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where B, is the geodesic ball of M centered at 0. Given a(z) € C°(M) we introduce the weighted
spherical mean

15) As(r) = vEl(r) /83 NE a(@)e”

If vEl(T) € L'(00), the rigidity of M will depend on how much Ag(r) exceeds the critical curve

-2

(16) x(r) = {mE(r) / T ds } for all 7 > R.

vp(s)

For explanations on the origin of y g and its behaviour, as well as for other geometric applications,
we refer to Chapters 4, 5, 6 in [10]. Here we limit ourselves to observe that, in the minimal case
¢ =0 and for the Euclidean space R™ (for which vg(r) = w,_1r™"1)
(m—2)°

4r2
is the potential in the famous Hardy inequality on R™. In fact, there is a tight relation between
Xxe(r) and Hardy weights, explored in [10].

We are ready to state our theorem. Results in this spirit can be found in [28] (for m = 2),
[24] (for m > 3 and a compact setting) and [10, Thm. 5.36].

)

Xe(r) =

Theorem B. Let P be a Riemannian manifold of dimension m > 3, I C R an open interval
and let 1 : M™ — M = I x P™ be an oriented, complete translating mean curvature flow soliton
with respect to the vector field X = 0y, with soliton constant ¢ and global unit normal v. Suppose
that there exists an end E of M such that (v,0;) does not change sign on E, and that, having
fized an origin o € M and set vy, Ag as in (14), (15) with the choice

(17) 7=, a(z) = (Ric(v,v) + 1) (z),
either
(i) wp' ¢ L'(c0), lim ec(mrov) (Ric(v,v) + [I) = 400, or
r—-+o00 ENB,.
(18) (i) vgp' € L' (c0), Ap>0 on[2R,00) and
limsup/ (\/AE(S) - \/XE(S))dS = 400,
r—oo J2R

with xg as in (16) if vgl € LY(c0). Then, 9 is a minimal hypersurface that splits as a Riemann-
ian product R x ¥ with ¢y, : ™1 — P™ o minimal hypersurface itself, and the soliton vector
X is tangent to v along the straight lines Y(R x {y}), y € . Furthermore, under this isometry
Y :Rx ¥ — M can be written as the cylinder

(19) Y(t,y) = ¥(0,y) +tX.

In the second part we look at solitons as extrema of an appropriate weighted volume functional
and we consider the stable case according to Section 3. The stability condition often implies a
rigidity for M provided that suitable geometric quantities like H, the second fundamental form
II or the umbilicity tensor

d=0-(,)u®H
have controlled LP norms. This is the case of the next result, Theorem 3.4 below, one of the
main of the present paper. Its proof depends on Lemma 3.3, that classifies Codazzi tensors whose
traceless part satisfies the equality in Kato inequality: this might be of independent interest. We
here write the result in a slightly simplified form, and we refer the reader to Theorem 3.4 below
for a more detailed statement of item 2.
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Theorem C. Let v : M™ — M =g Xp P be a complete, stable mean curvature flow soliton
with respect to X = h(t)0, with soliton constant c. Assume that M is complete and has constant
sectional curvature K, with
ch'(rrov) <mk on M.
Let ® =1 — (, Yo @ H be the umbilicity tensor of ¢ and suppose that
|®| € L*(M, )

with 1 defined as above. Then one of the following cases occurs:

(1) 4 is totally geodesic (and if ¢ # 0 then (M) is invariant by the flow of X ), or

(2) M, M are flat manifolds, M has linear volume growth and  lifts to a grim reaper

immersion ¥ : R™ — R™*1L,

Remark 1. Particular cases of Theorem C, for a translating soliton in Euclidean space v :
M™ — R™FL were proved in [31] under stronger conditions: namely, the authors required
either |I[| € L2(M,e ), or |®| € L?(M,e) and the hypothesis that H does not change sign
(Thms. A and B therein, respectively). Note that the case of the grim reaper soliton is excluded
in their setting since |®| & L?(M,e"). We emphasize that, in case 2, necessarily M shall be a
nontrivial quotient of R™*1,

Applying the above theorem to solitons in the sphere, we deduce the next

Corollary D. Let ¢ : M™ — S™t! be a complete, connected mean curvature flow soliton with
respect to the conformal field X = sinr 0, centered at some point p € ST, where r is the
distance function from p in S™L. Assume that the soliton constant c satisfies

c<m
and that |®| € L2(M). Then 1 is unstable.

=7 1 . . . .
Suppose that ¢ : M™ — M =T Xp, P is a soliton in a warped product as above, with

soliton constant c. In [1] the authors introduced the soliton function
Co(t) = mb(8) + ch(t)?,

whose geometric meaning is explained in detail in Proposition 7.1 of [1]. In what follows it
suffices to observe that

the leaf {t} x P™ is a soliton
(20) . : = (=0
with respect to h(t)0;, with constant ¢
For instance realizing H™*! as the product R x.+ R™ via horospheres, given a soliton 1 :
M™ — H™*! with respect to e’d; with constant ¢, the corresponding soliton function reads

Ce(t) = me + ce?.

In the last part of the paper, we investigate the case where the soliton ¥ = v, is the graph of a
function u : P — R and we complement recent results in [7]. In particular, we prove the following
rigidity theorem for Schwarzschild type spaces in Example 2.

Theorem E. There exists no entire graph in the Schwarzschild and ADS-Schwarzschild space
(with spherical, flat or hyperbolic topology) over a complete P that is a soliton with respect to
the conformal field r+/V (r)0, with constant ¢ > 0, where V(r) is the corresponding potential
function defined in either (11) or (12).

We remark that solitons with ¢ < 0 in such spaces, in general, do exist, see Example 3 below.
Regarding the hyperbolic space, we prove
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Corollary F. Let H™*! = R x.+ R™ be the hyperbolic space of curvature —1 foliated by horo-
spheres and let X = e'0; € X(H™*!). Then
(1) there exist no entire graphs 1, : R™ — H™L over the horosphere R™ which are mean
curvature flow solitons with respect to X with ¢ > 0;
(2) if iy : R™ — H™T is an entire graph over the horosphere R™ which is a mean curvature
flow soliton with respect to X with soliton constant ¢ < 0, then

dist (wu(RM), {t — log (—%) }) —0.

Remark 2. For ¢ = 0, that is, for minimal graphs, item 1. has been proved with an entirely
different technique (the moving plane method) by M.P. Do Carmo and H.B. Lawson [20]. In
their work, they also consider graphs over hyperspheres 1, : M — R Xcosn¢ H'™: this case will
be treated in Proposition 6 below.

Part of the techniques used in the proof of the results have been introduced in some of our
previous papers. Thus, in order to help the reader and for the sake of clarity, we recall, when
needed, the original or appropriately modified statements of the theorems we use in the arguments
below.

2. INVARIANCE BY A 1-PARAMETER GROUP OF ISOMETRIES

The aim of this section is to study the geometry of codimension 1 mean curvature flow solitons
in the presence of a Killing vector field B on M. We begin with a computational result.

Proposition 1. Let ¢ : M™ — M e a two-sided, mean curvature flow soliton with respect
to X € X(M) with soliton constant c. Let v be a chosen unit normal vector field on M and let
B € X(M) be a Killing field. Set u = (v, B); then

(21) A x7u+ |T%u + Ric_cx (v, v)u = ([cX, B], v)
where A_ x is as in (8) and Ric_.x is the modified Bakry-Emery Ricci tensor field on M given
by
e XN e XN 1
(22) Ric_.x = Ric + §£_Cx< s >M
with L_.x the Lie derivative along —cX.

Remark 3. The immersion 1 : M — M is said to be two-sided if the induced normal bundle
on M is trivial, so that there exists a global unit normal vector field v as in the statement of the
Proposition.

Proof. We fix the index ranges 1 < 4,7,--- < m, 1 < a,b,--- < m+ 1 and we let {6*} be an
oriented Darboux coframe along v with corresponding Levi-Civita connection forms {6g}. If
{ea} is the dual frame then

B = B%,
and the fact that B is Killing is equivalent to the skew symmetry
(23) B+ B =o0.

Note that, since we are dealing with an oriented Darboux coframe, along 1, v = e;,+1 so that
u= B,
Differentiating u we obtain

(24) du = dB™*! = B9 — B'Oy Y = (BT — B'hy)0',
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that is,

(25) u; = B"*t — B'hy;.
In particular

(26) Vu = B;"Hei — B®hge;.
Thus

w08 = du; — us0! = AB™ T — d(B'hy) — (Bi*™ — B*hg)6!
= (B — Bihgy, — Bihsi — B*hir — uhpshs;)0".
Using (23) it follows that

(27) Au = —B' by, — [I*u+ B

We recall the commutation relations

<28) BZZJFI = _B:Hlﬂ' = _Bf,m+1 - BaRak,m+1,i
and Codazzi equations

(29) hiite = Py — Rm+1,tik-

Tracing (28) and (29) with respect to k and ¢ and using (23) we have
Bt = —Ric(B,v)
—B'hygr = —B'hix = —B'hige + B Ryt ket
Thus, substituting in (27) we finally obtain

(30) Au + |TT*u + Ric(v, v)u = — B hgps.
Next, from the soliton equation (2),
(31) hkk: = CXm+1

where X = X'e; + X™ 1y along 1. On the other hand on M we have
X0 = dX ™ 4+ XEO T = X 4 X Ry
Differentiating equation (31) we thus obtain
hiki = (X" — X'hy)
and using (23) we have
xXiprtt - pexmtl = xepmtl _ peXmtl = (VyB - VpX,v) = (X, B],v).
Inserting into (30) and using (23), (26) we infer
Au + [T*u 4 Ric(v, v)u = —cB' X" 4+ cX'hy; B
= —(X'B" — X'hy;B") + (X' BT — BIX" )
= —cX(B"*" — hy;B")
+o(XeBmt! — paxmHl 4 pmtl xmily
= —c(Vu, X ") + ([eX, B],v) + X" {u

and observing that

Xy = (VoeX,v) = L (Lox{ i) 00) = 5 (Loex{ Ji) )
we obtain (21).
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Remark 4. In the particular case where X = V7 for some 7 € C° (M), the tensor field Ric_.x
is the Bakry-Emery Ricci tensor
(32) Ric_.; = Ric — cHess(7)
and the differential operator A__x+ is the weighted Laplacian A_.,, where n = 7 o 7. Hence,
equation (21) becomes
(33) A_pyu+ [I*u + Ric_ ey (v, v)u = ([cX, B],v).

The idea is now to couple equation (33) with a second equation of the same type and holding
independently of the first. Towards this aim we consider the case of an oriented mean curvature
flow soliton ¥ : M™ — M with respect to X = V7 for some 7 € C°°(M) with constant ¢

and we compute A_.,n, where n =7 o1). We begin by computing An. The chain rule formula
gives

(34) An = Z%(ﬁ)(dw(ei), di(e)) + (Vi mH)z7

where {e;}1" is a local orthonormal frame on M. On the other hand v is a mean curvature flow
soliton and thus
(mH, Vil)gz = X+, Vigr = (Vi Vit) = e([Vil]* = [Vn?).
Using (34) we can therefore write
Aeqn = A + e Vn|* = An — Hess (1) (v, v) + e[ V[,

In the particular case M = I x5, P and X = h(t)0;, we have X = V7 with 7] defined by (6) for
some tg € I. Thus X is conformal and

Hess(n) = 1'(m1)(, )ar-
From |Vij|? = h(m7)? we therefore obtain
(35) Aoy = mhb(t) + ch(t)?

along .
In the next results, under suitable geometric assumptions we will infer a Liouville theorem

for the function (v, B), with B Killing. The geometric rigidity that follows from it depends on
the next version of a splitting theorem investigated, in the intrinsic setting, by Tashiro [44] and
Obata [37].

Lemma 2.1. Let ¢ : M™ — mmtt be an orientable, complete immersed hypersurface, and let
f e C>®(M) satisfy

Hessf = u(, )37,
for some p € C®°(M). If Vf is tangent to M and does not vanish identically, then the set

€y C M of critical points of the restriction of f to M consists of at most two points, M\ is
isometric to the warped product

Ixp3, with metric  (, ) = dt? + h(t)%gs,
I C R is an open interval, X5 is a (reqular) level set of f with induced metric gs, 0, =V f/|Vf|, f
only depends on t and h(t) = f'(t). In particular, in these coordinates u(t,y) = f”(t). Moreover,
- if |€¢| =0, then I =R,
- if |€5] = 1, then I = (t1,00) or (—oo,t2), for some t1 < 0, to > 0, and M is globally
conformal to either R™ or the hyperbolic space H™,
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- if |€¢| = 2, then I = (t1,t2) for some t; < 0 < ta, and M is globally conformal to the
sphere S™.

Furthermore, in coordinates (t,y) € I x ¥ the immersion ¢ writes as

(36) Y(t,y) = 2(t,¥(0,y))

where ® is the flow of Vf/IV f| on M\%.

Proof. First observe that X = V f is a gradient, conformal field also on M:
Hess f(V.W) = (Vy'Vf,W) = (VyVf,W) = Hess (V. TV).

The completeness of M together with Lemma 1.2 and Section 2 in [44] guarantee that € has
at most 2 points, and that M\% splits as indicated. The identity (36) is a straightforward
consequence. O

Recalling that a self-shrinker in R™*! is a mean curvature flow soliton with respect to the
position vector field of R™+! with soliton constant ¢ < 0, we have the following result reported
in the Introduction.

Theorem 2.2 ([19], Thm. 3.1). Let ¢ : M™ — R™T! be an oriented, complete proper self-
shrinker whose spherical Gauss map v has image contained in a closed hemisphere of S™. Then,
either 1 is totally geodesic or v is a cylinder over a proper, complete self-shrinker in R™.

Remark 5. We remark that, by [14], the properness of a complete immersed self-shrinker ) :
M™ — R™*! is equivalent to any of the following properties:

(i) M has Euclidean volume growth of geodesic balls,
(ii) M has polynomial volume growth of geodesic balls,
(iii) M has finite weighted volume:

/ EC% < 00.
M

Note that we used a different normalization with respect to [14], where the soliton field is half
of the position vector field and thus |¢)|?/4 appears in (iii).

Proof. Since 1) is proper, the pre-image K = 1~1(0) is compact. We then consider ¢ : M\ K —
M with M = R™T1\ {0} = R x;, S™ where h(t) = t. The restriction 1 is a mean curvature
flow soliton with respect to X = t9;, with ¢ < 0. Now, up to an inessential additive constant,
for y € M, 7(y) = 3t(mr+(y))? and since ¢ is proper

n(x) = 7Y (x)) = +oo asx — oo in M.
From (35) and ¢ < 0 we then deduce
A_cyn(z) =m+2en(x) - —oo  as x — oo in M.

The above conditions imply, by Theorem 4.12 of [2], that the operator A_., is parabolic on M.
Since by assumption v(M) is contained in a closed hemisphere of S™, there exists a unit vector
b € S™ such that (b,v) > 0. We extend b to a parallel field B on R™*1. Let {2%}"%! be a
Cartesian chart on R™*! centered at o such that B = 0,1. Then X = 2%9,. and we have

(X, B] = [1°0pe, 0y1] = 2%[0ge, 01| — (9512%)0ge = —Oy1 = —B.

Since Hess(7) = (, )37, using (33) and (32) we deduce that u = (B, ) is a non-negative solution
of

(37) Afcnu + ‘H|2u — CU = <_CB7 V> = —CUuU
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that is,

A_gyu = —|T%u < 0.
Thus, the A_,-parabolicity implies that u is a non-negative constant. If u > 0, then |II|> = 0.
Otherwise, from 0 = u = (v, B) we deduce that B is tangent to M, and by Lemma 2.1 it follows
that M is a cylinder R x ¥ and that the immersion factorizes. The fact that ¥ is a self-shrinker
in R™ is a straightforward consequence. O

Note that we have used equation (35) to show that on the complete manifold M the operator
A_., is parabolic. However, from Theorem 4.1 of [2], we know that a second sufficient condition
is given by

1

fBBT el

where 0B, is the boundary of the geodesic ball B, centered at some fixed origin o € M. That,
in turn, is implied, see for instance Proposition 1.3 of [41], by

¢ L' (+00),

(38) / el = O(r?) as r — 00,
B

in particular, by
(39) e e LY(M).

In the case of self-shrinkers for the position vector field in R™*! we readily recover condition
(#4i) in Remark 5. However, the equivalence in Remark 5 is a specific feature of the self-shrinkers
case.

The situation for translational solitons with Gauss map contained in a hemisphere is less rigid,
since there are examples of translational solitons in R™*! that are convex, entire graphs over a
totally geodesic hyperplane (cf. [3, 15, 45]). However, if the image of the Gauss map is compactly
contained into an open hemisphere, the immersion is still totally geodesic, see [4]. When the
Gauss map is just contained in a closed hemisphere, then we can still obtain a rigidity theorem
provided that the second fundamental form grows sufficiently fast. This will be investigated in
Theorem 2.3 below.

Nevertheless, for more general classes of warped products with nonnegative curvature one can
still obtain interesting results. By way of example, we consider the following

Proposition 2. Let M =R x P be a product manifold with
(40) Ricp > 0

and let ¢ : M™ — M be a two-sided, complete, translational soliton with respect to 0y with
soliton constant c. Suppose that the angle function (O, v) has constant sign on M and that M
satisfies

(41) / ec(m1ov) — o(r2) as r — oo
B

for some (therefore, any) choice of an origin o € M. Then, either
(i) M is a slice, or
(i) Oy is tangent to M and M splits as a cylinder in the t-direction, or
(#i1) 1 is totally geodesic, there exists a Riemannian covering map mo : Py — P withPg = RxX
for some compact 3, and there exists a totally geodesic immersion g : M — R x Py such
that ¢ = (id X mg) o 9. Moreover, in coordinates (s,y) € R x X, 1o(M) writes as the
graph of a function v : P — R of the type v(s,y) = as + b, for some a € R\{0}, b € R.
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Remark 6. As a particular case, (41) is satisfied under the assumption that M is contained
into a half-space [a,00) x P, ¢ < 0 and M has less than quadratic Riemannian volume growth:
vol(B,.) = o(r?) as r — oo. In this case, the only conclusion compatible with the assumptions is
that M is a slice.

Proof. The non-negativity of Ricp is equivalent to that of the ambient Ricci curvature Ric. Set
u = (v,0). Since h =1,

Ric_¢q(v,v) = Ric(v,v) > 0,
thus (33) becomes
(42) A_cyu+ (T2 + Rie(v,v))u = 0.

Up to changing v we can suppose 0 < u < 1, thus either u = 0 and M is invariant by 9; (so (i)
holds by Lemma 2.1), or 0 < v < 1 on M. From (41) and the discussion in the previous pages
we deduce that A_., is parabolic, thus u is a positive constant and II = 0 follows from (42).
The soliton equation then implies ¢ = 0. If w = 1 then M is a slice, and (¢) occurs. Otherwise,
u =k € (0,1), so the projection 7p : R x P — P restricted to M is a local diffeomorphism.
However, M might not be a global graph over P. To overcome the problem, we let Py be M
endowed with the metric 7*( , )p, and note that 7 : Py — P is a covering because of the
completeness of P. Introducing the covering R x Py of R x P, we can lift ¢ to a (totally geodesic)
soliton ¢y : M — R x Py, and in this way M becomes globally the graph of a function v : Py — R.
The second fundamental form of the graph is II = #(1 4 |Dv|?)~*/? Hessp v, where D is the
connection on P, thus Hessp v = 0. Furthermore, Dv # 0 at every point of Py (because u < 1),
hence Dv realizes a Riemannian splitting Py = R x ¥ for some totally geodesic ¥. Moreover,
in realizing the splitting one observes that v is linear in the R coordinate and independent of
Y (cf. Step 3 in the proof of Thm. 9.3 in [40], or [21, Thm. 5]). We claim that ¥ is compact.
Otherwise, having observed that (40) implies Rics; > 0, if 3 were not compact the Calabi-Yau
volume estimate would imply that the volume of geodesic balls in ¥ grows at least linearly in
the radius, hence

volp, (B,) > Br? for r > 1,

for some constant B > 0. However, from (41) and ¢ = 0, we infer

o(r?) = / e“m1o%) = volys(B,) > volp, (B,) > Br?,
B

r

contradiction. Hence, ¥ is compact. O

Next, we consider rigidity results when A_,, is possibly non-parabolic. To achieve the goal,
we focus on the spectral properties of associated stationary Schrodinger operators of the type

A*Cﬂ + CL(SL‘),

for suitable potentials a(z). We first recall some facts taken from [9] and [10]. For f,a € C°(M)
consider the weighted Laplacian

Ay=A—-(V-,Vf),
that is symmetric on C2°(M) if we integrate with respect to the weighted measure e~fdz, and

let L = Ay + a(z). Given an open subset Q C M, the bottom of the spectrum of (L,C2°(Q)) is
variationally defined by the Rayleigh quotient

. Qr(y) . _
43 M) = f oo with = Vol|? — e S,
w0 N = T e T [ 1962~ a(e)e?] o
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We say that L > 0 on Q if A¥(©2) > 0. By a minor adaptation of a result in [23] and [36], L > 0
if and only if there exists a positive solution of

Aju+a(z)u=0 on €,

and equivalently, if and only if there exists a positive solution of A yu+a(x)u < 0 of class HL.
The Morse index of L, indy (M), is defined as the limit

ind, (M) = ]lirglo indz(€;),

(€2).

where Q; T M is an exhaustion of M by relatively compact, smooth open domains (the limit
is independent of the exhaustion), and indz,(€2;) is the number of negative eigenvalues of L on
Q. If L is bounded from below on C2°(M), ind, (M) coincides with the index of the Friedrichs
extension of L originally defined on C2°(M), that is, the only self-adjoint extension of L whose
domain lies in the one of the associated quadratic form @ (for more details, see Chapter 3 in
[40] and [10, Sect. 1.3]). We say that L has finite index if indy, (M) < oo. By work of [18] and
[10, Thm. 1.41], L has finite index if and only if there exists a compact set K C M such that
L >0 on M\K, see also [22, 39].
We are ready to prove Theorem B from the Introduction.

Proof of Theorem B. Up to possibly changing ¢ to —¢, we consider (33) for v = (v, X) > 0
restricted to the end F, with X = B = 0;:

(44) Lu = A_u+ (JI]* + Ric(v,v))u=0 on E.

By the strong maximum principle, either v = 0 or v > 0 on E, and in the second case we infer
MA(E) > 0. We shall prove that Al'(E) < 0, so u = 0 on E and, by unique continuation, u = 0
on the entire M. The conclusion of the Theorem follows from Lemma 2.1, taking into account
that X is nowhere vanishing. To estimate A\¥(E), let R > 0 be large enough so that 9E C Bg(o).
This is possible because OF C 0K is compact and M is complete. We let vg(r), Ag(r) be defined
as in (14), (15), with n = o4 and 7, a(z) as in (17). We consider the Cauchy problem

(45) {(UEZ')’ 4+ Apvgz =0 on [R,0)

2(R)=1>0, wvg(R)Z(RT)=0.
We observe that vg € LS ([R,c0)) and, by Proposition 1.4 of [10], we also have v, € L{<.([R, o0)).
Hence (45) has a solution z € Lip,.([R,o0)). As such, by Proposition 4.6 of [10], z has, if any,
only isolated zeros. Under the assumptions in (¢), using the co-area formula we have

(46) / Ap(s)om(s)ds = / (Rl v) + [P e — oo
R BEN(B\Br)

as r — oo. From (46) and vy' ¢ L'(cc), we deduce that z is oscillatory by [35, Cor. 2.9].

Similarly, z is oscillatory under assumption (i7), by [10, Thm. 5.6]. Choose any two consecutive

zeros R < Ry < Ry of z, and define p(x) = z(r(z)) € Lip,.(M). Since 0F C Bpg, we have

I(EN(Bgr,\Br,)) = (ENOBg,)U(ENJBg,) and by the Rayleigh variational characterization

and the co-area formula we have

JonBr,\Bay) € [IVel* = (Ric(v,v) + [I]?) ¢?]
fEm(BR2 \Br,) enp?
o [17(5)Pom(s) — Ap(s)vi(s)=(s)?] ds

= =0
f;:f 2(s)2vp(s)ds

M (BN (Br, \ Br,)) <
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as immediately seen by multiplying the equation in (45) by z, integrating by parts and using
2(R1) = z(R2) = 0. As a result, by the monotonicity property of eigenvalues,

(47) )‘%(E) < AIL(E N (BR2 \ERl)) <0,

as required. O

With a similar proof, we also deduce the following

Theorem 2.3. Let ¢ : M™ — R™L be an oriented, complete translational soliton in direction
X € S™ with soliton constant c. Suppose that there exists some end E C M such that the image
of E via the Gauss map is contained in a closed hemisphere of S™ with center b € S™. If

-1
(48) (/ ec<w’X>> ¢ L' (c0), lim (ECW”X>|]I|2 = 400
O0B,.NE

r—-+00 ENB,

for some fized origin o € M, then 1 splits as a Riemannian product R x ™~ ! and, under this
isometry, 1 : R x ¥ — R™*L can be written as the cylinder

(49) 1/1@» y) = w(ov y) + tb.

In particular, ¥ is a mean curvature flow soliton in the hyperplane b+ with respect to X — (X,b)b
with constant ¢ (and 3 is minimal if X =b).

Proof. The proof is identical, using as B the parallel translation of b and noting that [X, B] = 0.
Lemma 2.1 guarantees the splitting in the direction of B, and the fact that ¥ is a soliton in the
hyperplane b* is a straightforward consequence. O

Theorem 2.4. Let ¢ : M™ — R™*! be an oriented complete, mean curvature flow soliton with
respect to the position vector field of R™+1 with soliton constant c. Assume that, for some fized
origin o € M,

192

lo e 2
(50) lim inf 18 Jp, " *

T—00 T

=« € [0, 00),
where B, is the geodesic ball of M centered at o. Suppose that (B,v) has constant sign for a
chosen unit normal v to M and a parallel unit field B. If
a < 2inf [H],
M
then, M splits as a cylinder R x X, the immersion writes as ¥(t,y) = ¥(0,y) + tB and the

restriction s, : ¥ — Bt = R™ is itself a soliton with respect to the position field of R™ with
constant c.

Proof. As we saw in the proof of Theorem 2.2, (33) with u = (B,v) and n = % becomes
(51) A_pyu+ [Tu = 0.

Supposing, without loss of generality, that « > 0, by the usual maximum principle and equation
(51) we have that either u = 0 or u > 0 on M. In the latter case, using a minor variation of a
result of Barta, [5], we have

AN
A1 (M) > int < ’7“) — inf |12,
M u M

where the last equality is due to (51). However, by adapting to the weighted setting a criterion

due to R. Brooks and Y. Higuchi [12, 27] (cf. [42]), if (50) holds then

2
Ay «
(52) XS < -
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Coupling the last two inequalities we contradict our assumption a < 2infy |I|. Therefore,
v = 0 and, by Lemma 2.1, M splits as indicated. The fact that X is a soliton in B~ is easily
established. O

Remark 7. The criterion in [12, 27, 42] is, indeed, an estimate on the bottom of the essential
spectrum of A_., and also requires that the weighted volume vol_., (M) be infinite. However, if
vol_¢, (M) < oo then clearly the bottom of the spectrum of A_., is zero, as constant functions
are in L2, and (52) still holds.

3. STABILITY

The aim of this section is to study stable mean curvature flow solitons. Again we refer to
Section 11 in [1] and for the sake of simplicity we restrict ourselves to the case of codimension 1

. . ——Fm+1 . . .
mean curvature flow solitons in a warped product space M = I X, P. For a given immersion

v M — M we let 7 = 7701 with 7 defined in (6). For a fixed ¢ € R and a relatively
compact €2 C M we consider the weighted volume

(53) volc,,(Q):/Qe”’dx

where dx is the volume element induced by the immersion ¥. The mean curvature flow soliton
equation

mH = cX*
with ¢ the soliton constant, is the Euler-Lagrange equation for the functional (53) with respect
to variations of ¢ compactly supported in Q. See, for instance, Proposition 11.1 in [1]. In the
same Proposition we also compute the stability operator L given by

(54)  L=A_o+ ((|m2 + Ric—ey (1, u)) N (|11|2 +Ric(v, v) — cl (my 0 w))

where v is any (local) unit normal vector field to the stationary immersion . It follows that the
LHS of equation (33) is exactly the stability operator applied to the function w.

We say that 1 is stable if L > 0 on M. We are interested in stable solitons in warped product
ambient manifolds M = R xj P with constant sectional curvature &. In this case, necessarily P
has constant sectional curvature too, say x, and by Gauss equations

B B p 1Y 2
(55) r=r=n (7))
thus
(56) k+h'h—(h)=0.

We shall use the next result in [6, Thm. 4], whose proof is a refinement of that of Theorem
4.5 in [40].

Theorem 3.1. Let (M,{ , ),e™f) be a complete, weighted manifold with f € C>®(M). Let
a(x) € LS (M) and let u € Lip,, (M) satisfy the differential inequality

(57) ul ju+ a(z)u® + A|Vul? >0 weakly on M

for some constant A € R. Let v € Lip,,.(M) be a positive solution of

[Vol?

(58) Ayv+ pa(z)v < —K weakly on M

for some constants p and K satisfying

(59) K>-1, A+1<p(K+1), p>0, p>A+1.
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Suppose that one of the following conditions is satisfied:
(1) M is compact, or
(2) M is non-compact and there exists o € M such that

-1
(60) ( /8 N U”f<2p>u|p<ﬁ+1>ef) ¢ L' (+00)
holds for some p > 1 and B satisfying
(61) A<B<uK+1)-1, B>-1,

with B, the geodesic ball of M centered at o with radius r.
Then there exists a constant o € R such that
(62) av = sgnujul*.
Furthermore,

(i) if A+ 1 < u(K 4+ 1) then u is constant on M and if in addition a(xz) does not vanish
identically, then u = 0;

(ii)) if A+ 1= pu(K +1) and u doesn’t vanish identically, then v and therefore |ul* satisfy
(58) with the equality sign.

Remark 8. In the references given above, Theorem 3.1 is proved in the non-compact case.
However, in the compact case the proof simplifies, as no cut-off functions are needed.

We are now ready to prove the next

Theorem 3.2. Let M =1 x,P™ be a warped product space with constant sectional curvature .
Let p : M™ — M be a complete, stable mean curvature flow soliton with respect to X = h(t)0;
with soliton constant c. Assume that

1
(63) infch’(ﬂ'l o 1/}) < sup Ch/(ﬂ'l o 17[}) < —mk
M M 2

and |H| € L?(M,e"). Then H = 0.
Proof. Since the stability operator L is non-negative, there exists a positive smooth solution v
of the equation
(64) Lv=A_qv+ (0> + Ric_ey(v,v))v =0 on M
where v is any (local) normal to M. We note that
Ric_¢y(v,v) = Ric(v,v) — ch' (71 oY) (v, V)57 = mk — ch/ (7 0 )

Using that M and P have constant sectional curvature, respectively & and r, from Corollary 7.3
in [1] one has the validity of the formula

1

(65) §A7¢;77|H|2 = —ch/|H|? — x> + |VH)?,
where Iy = (Il, H). Since M has codimension 1, we respectively have
Ig|? = [HPDP,  |[VIHP?? =4H?VIH

Hence multiplying (65) by |H|? and using the above inequalities we deduce
1
[EL2 (A cy [ H? 4 200 + k) H?) = S| V]HP 2
Setting u = |H|? we can rewrite the above as

1
(66) uA_eyu + 2(JI2 + mk — ch')u? = §|Vu|2 —2(2ch’ — m&)u?,
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and because of (63) we deduce

1
(67) uA_eyu + 2(|JI2 + mk — ch')u? > §|Vu\2.
This compares with (64) that we can rewrite in the form
(68) A_eyv + (JI* + mE — ch’)v = 0.

We set

a(x) = 2(|I|*> + m& — ch’)(z) on M
and let p = %, K=0,A= —%, f =—cn. If M is compact, we can apply Theorem 3.1 above. If
M is non-compact, we set p =2, 5 = —% and, since in this case condition (60) reads as

([ wer) erion

which is implied by [H|? € L*(M,e®"), so we can still apply Theorem 3.1 to deduce that either
u =0, that is, H=0, or u? satisfies (68), that is,

A_gyu? + (|2 + mi — ch')u? = 0.
Explicitating the equation with respect to u we have
uA_eyu + 2(JI2 + mk — ch')u — %|Vu|2 =0.
By (66), we infer 2ch’ — mk = 0 on M, contradicting (63). O

By similar reasoning, but exploiting the Jacobi equation instead of (65), we recover the fol-
lowing well-known result for self-shrinkers in Euclidean space (cf. Theorem 9.2 in [17]).

Proposition 3. There are no stable, complete oriented self-shrinkers 1 : M™ — R™T1 (with
soliton constant ¢ < 0) satisfying

(69) eI e LY ().
Proof. Tt is enough to observe that, for each unit parallel field B, by (37) v = (B, v) satisfies
(70) A peput (|I)? = ¢)u = —cu.

2

Because of (69) and |u| < 1, uw € L?(M,e") and is therefore an eigenfunction associated to the
eigenvalue ¢ < 0. Alternatively, we can directly use Theorem 3.1 with the choices

a(z) = (I* - c)(x), A=0, p=1 K=0,
and
8=0, p=2 in case M is non-compact,
noting that stability implies the existence of a positive smooth solution v of the equation

(71) A_CM“"‘(”IP —cv=0 onM,
2

that (70) implies
UA—CMU + (|]I|2 — C)u2 — _C'LL2 Z 07

and that in the non-compact case (60) is satisfied because of (69). Applying (ii) of Theorem 3.1
we have that either u = 0 and (M) is orthogonal to B or u = sgnwu|u| # 0 and satisfies (71).
In the second case, we get cu? = 0, a contradiction since ¢ < 0. Thus (M) is orthogonal to b,
an evident contradiction since b is chosen arbitrarily. g
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We next come to the proof of Theorem C in the Introduction. To get more information
besides stability and equation (65), we shall also use a Simons’ type formula for mean curvature
flow solitons (cf. Lemma 10.8 in [17] for self-shrinkers in R™T! and [16] for general f-minimal
hypersurfaces). We first introduce the following

Lemma 3.3. Let A be a 2-covariant Codazzi tensor field on a connected manifold (M™,(, )),
that is, A satisfies

(VZzA)(X,Y) = (VyA) (X, 2) for each X,Y,Z € TM.
Suppose that its traceless part B = A — M< , ) matches the identity in Kato’s inequality:
(72) IVIBI* = [VBJ*.
Then, either
(i) B=0on M, or
(ii) |B| >0 and VB=VA=0on M, or
(iii) the subset My = {p € M : |B|(p) # 0, V|B|(p) # 0} is nonempty and each point p € My

has a neighbourhood U that splits as a Riemannian product (—e,e) X X. Furthermore,
(,) and A write as

<7>:d5®d3+<5>25 Azﬂl(S)d5®d5+H2(W2)<v>Ev

with s : U — X the projection onto X and pi(s) # ua(ms) for every point of U. If
m > 3, then us is constant on X.

Proof. For notational convenience let H = trA/m. Suppose that B # 0, and let p be such that
|B|(p) > 0. Let let a;;,b;; be the components of A, B in a local orthonormal frame {e;}, with
b;j = a;; — Hd;j, and assume that b is diagonalized at p with eigenvalues {)A;}. At the point p
we then have

2 2
ABPIVIBI? = [VIBPP =4 bibin :4Z<Z)\ibiik>
k 7 k 7
(73) = 42 Zvauk > (Aibjk = Ajbiik)®

J#i
= 4B Zbuk |B|7QZZ(/\ibjjk*)\jbiik)2
PRyE

(recall that u = |B|?> > 0 around p). Therefore, at p

0 = |VB|2_|V|BH2 szjk Zbuk—’_'B‘ QZZ Ai bJ]k Aj buk)
.5,k k j#i
= Z zgk: + Z bzk:z zkk + |B| -2 ZZ )‘ b]7/€ Aj b“k?) :
1,5,k distinct i#k k  j#i
Thus,
(74) (t)  0=bijr = biri = bik for each 1, j, k pairwise distinct.
(13)  Nibjjk — Ajbsi =0 for each k and each i # j.

Since A is a Codazzi tensor, a;ji = a;x; for each i, j, k and (74) implies

0 = Gijk = Giki = Qikk = Qiik for 4, j, k distinct,
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and in particular from a;;; = 0 we get

(75) by = —Hj, for each k and each i # k.

As B is trace-free,

(76) brkr = — Zb”k = (m — 1)Hy for each k.
ik

Suppose that V|B| = 0, so by (72) VB = 0. From (76) we deduce that H is constant, hence
also VA = 0. The constancy of the norm of B implies that B never vanishes on M, thus (i)
holds.

We are left to consider the case |V|B|| # 0 at some point p. Because of (73), there exist 4, k such
that b;;r # 0, and in view of (75), (76) we can assume i = k and rename indices in such a way
that b111 = (m — 1)H; # 0. Using (74), for each j # 1 we infer

—>\1H1 = )\1bjj1 = )\jblll = (m - ]-))\jHla
thus Ay = —(m —1)\; for each j # 1. The tensor B has only two eigenvalues, both nonzero since

|B| > 0 and therefore distinct. The rank theorem guarantees that the frame {e;} can be chosen
to diagonalize B in a full neighbourhood U C M of p, hence

—Hyp =bjjx = ex(N;)  for k#3j,

(m = 1)H; = bjj; = ¢;(X;)
If we denote with p; = Aj + H the eigenvalues of A, from (77) we deduce ex(u;) = 0 for k # j,
hence Vy; is a multiple of e;. Next, denote with {#'} the local orthonormal coframe dual to the

frame {e;} and by {6} the corresponding Levi-Civita connection forms satisfying the structural
equations

(77)

dGi:—QéAQj for 1 <i<m,
(78) o
0%+ 6] =0 for 1<i,5 <m
from (74) we deduce, for each k and each j # 1
0 = by = erlbry) — b1ibfi(ex) — bijfi (ex) = 0 — M0} (ex) — ;8] (ex) = mA;0} (ex)

on U, since \; = —(m — 1)\; and 6] = —6; (no sum over j is intended in the expression
above). The eigenvalues of B are nonzero, so 6 = 0 for each j. It follows from the first of (78)
that df' = 0 and around p there exists s such that ! = ds. Again the structure equations
imply Lys(, ) = 0 so Vs is Killing, hence parallel. Therefore, a neighbourhood U of p splits
as (—e,e) x ¥ with the product metric. Eventually, since Vi, only depends on e; and A is
diagonalized by {e;} on U, A too has the form indicated in (4i7), with po constant if ¥ has
dimension at least 2. g

We are ready to prove Theorem C.

Theorem 3.4. Lety : M™ — M =T xp P be a complete, stable mean curvature flow soliton

with respect to X = h(t)0; with soliton constant c. Assume that M is complete and has constant
sectional curvature K, with

(79) ch'(rrov) <mk on M.
Let ® =1 — (, )ps @ H be the umbilicity tensor of 1 and suppose that
(80) |®| € L?(M,e)

with 1 defined as above. Then one of the following cases occurs:
(1) 4 is totally geodesic (and if ¢ # 0 then (M) is invariant by the flow of X), or
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(2) I =R, h is constant on R, M is isometric to the product R x F with F a complete flat
manifold and M 1is also flat. By introducing the universal coverings mpr @ R™ — M,
mp : R™ = F and m; = idr X 7p : R™ — M, the map Y lifts to an immersion
U R™ = R x R™ satisfying mg; o U = 1 o wpr, which up to an isometry of R™ and a
translation along the R factor is given by

UR™ R (2t 22 2™ = (r(2h), (et 22, 2™)

where v = (v1,72) : R — R? is the grim reaper curve with image

1 2
_ 2, _
Y(R) = {(w,y) eER*:x= e log(cos(choy)), [yl < W|ch0}

and hg is the constant value of h on R. Furthermore, M is the total space of a flat
line bundle 7 : M — Q over a compact flat manifold 2, and each fiber 7y (R %
{(22,...,2™)}) of the bundle, for constant (z%,...,2™) € R™~1 is mapped by ) into
the grim reaper curve myp(y(R) x {(22,...,2™)}).

Proof. Having fixed a local unit normal v and set H = (H,v) we clearly have
|®|? = [I|> — mH? > 0.

Furthermore,

(81) |VO|? = |VII|? — m|VH|?

We recall, see for instance equation (9.37) in [1], that in the present setting we have the validity
of the Simons’ type formula

1
(82) §A_CW|I[|2 = —(ch/(mr o) + [I)|T|? + mR|®|> + |VII|?.
On the other hand, from equation (65) valid in the present assumptions, we have
1
(83) SA g H? = (el (my o) + W) H? + |VH[?

Putting together (82) and (83) and using (81) we obtain
1

(84) 5A,m|<1>|2 + (ch/ (mr 0 1p) + |I)> — m&)|®]2 — |[VO|? = 0.

Setting u = |®|? we therefore deduce
(85) A _eyu + 2(|JI> + mR — k(77 0 ))u? = 2|VO[*u + 4(m& — ch/ (7 0 ))u.
Now by (79) we deduce
mk—ch’ >0 on M,
while from Kato’s inequality |V|®||? < |[V®|? we get
1
(86) 2u|VO[? > 5|vu|2.
Substituting in the above we eventually have
1
(87) uA_eyu+ 2(|I* + mk — ch/ (77 0 p))u? > §|Vu|2.

The stability of the soliton implies the validity of (68) for some positive smooth function v on
M. We now apply Theorem 3.1 with the choices

a(e) =27 + s — ' (m 0 Y))(a), f=-en, p=g, A=-3, K=0
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so that the requirements in formula (59) are satisfied. In case M is non-compact, by choosing
the admissible 3 = —% we see that (80) implies

-1
(/ uecn) ng(—‘rOO),
0B,

that corresponds to (60) for the choice p = 2. Applying Theorem 3.1 we deduce that either u = 0
(so ¢ : M — M is totally umbilical) or u > 0 and u? satisfies the equation

A_cyut? + (T2 4+ mF& — ch/ (7 0 p))u'/? = 0.

or equivalently
1
(88) UA_eyu + 2| + mk — ch/ (77 0 ))u? = §|Vu|2.

Let us first show that if u = 0, then v is totally geodesic and therefore, if ¢ # 0, ¥(M) is
tangent to X (by the soliton equation) and invariant by its flow (by completeness of M). M
is a space of constant curvature, so the tensor field II is Codazzi. Fixing a local orthonormal
coframe {0'}; on M we write Il = q;;0' ® 69 @ v, VII = aijkek R0 Quv, dH = H6".
Since u = 0, the umbilicity tensor ® = I — ( , ) ® H vanishes, so we have a;; = Hd;; and
aiji = 0;;Hy, by parallelism of the metric. For 1 < k < m and for any index ¢t # k we have
Hy = 64 Hy = agr = agpe = Oy Hy = 0, where agr, = agp holds true as I is Codazzi. It follows

that dH = 0, therefore H is constant and so is |II|?> = mH?2. Plugging this into (83) we get
H?(ch/(rr o) + mH?*)=0 on M.

In particular, either H = 0, and v is totally geodesic, or H # 0, ch/(n; o) # 0, ch’(n; o)) =
—mH? on M. We now prove that the second case cannot occur.

Suppose, by contradiction, that w = 0, H # 0 and that 7y o ¢ is constant: then (M) is a

slice {to} x P for some tq € I such that ch’(ty) = —mH? = —m},;,((tts)); and the stability operator

of v is

&= (to)* 54 (to)?
h(to)? h(to)?

where A is the Laplace-Beltrami operator of (P, h(to)?(, )p) and we have used the identity (55).
Condition (79) now reads as

A_cn+(|ll|2—|—m/_£—ch’(tg))—A+m<H2+ +H2) =A+m

h/(to)z < mE—=m K —m h/(t0)2
h(to)? — h(to)? h(tg)?’

that is x > 0. Since (P, h(t0)?(, )p) has constant sectional curvature Ttz one easily sees that

ch'(ty) = —m

the stability operator above is non-negative if and only if k = 0, h'(t9) = 0. But h/(ty) = 0
implies that H? = ]Z((ttg)); = 0, contradicting the assumption that H # 0.

Suppose, by contradiction again, that v = 0, H # 0 and that 7 o ¢ is not constant on
M. Then h' is constant on the nondegenerate interval (my o ¢)(M) C I and by (55) this forces
% = 0. We have excluded the possibility H = 0, so by (55) again it must be (/)2 = x > 0 on
I. Then, (P,(, )p) is covered by an m-sphere with constant curvature x and, up to an affine
reparametrization of I, h(t) = /skt. So, the universal covering U (M) of M is isometric to (a
portion of) R™*1\ {0} = RT x; S™ and X lifts to a multiple of the position vector field td;.

Since the covering immersion v : U(M) — U(M) is totally umbilical, it is easy to check that

1 is necessarily a shrinking sphere centered at the origin of R™*!, hence a slice of Rt x; S™,
contradicting the assumption that 77 o4 is not constant on M.
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So far, we have proved that if v = 0 then ¢ must be totally geodesic. We now prove that if
u > 0 solves (88), then the second case in the statement of the theorem holds. From (85) and
(88) we have
1
§|V|<I>|2\2 = 2u|V®|? + 4(mk — ch')u?.
Since mk — ch’ > 0 and u > 0, from the above and Kato’s inequality (86) we deduce
(89) mk = ch/(wy 01)), |VO|? = |V|®||? on M.

Note that u cannot be both constant and not identically vanishing on M, since otherwise equation
(88) would reduce to 0 = 2|I|?>u?, which is absurd since |II|? > u > 0.

If w > 0, we already know that u cannot be constant by the observation above. So, the set
{u > 0,Vu # 0} is nonempty. Fix a point p € M such that uVu(p) # 0. By applying Lemma 3.3
again with A = II, we obtain the existence of a neighbourhood U of p that splits as a Riemannian
product (—&,¢) x ™! and such that the metric (, ) of M and the tensor field II can be written
as

(90) ()=ds@ds+(,)n = (m(s)ds@ds+ pa(rs)(, )n) @,
for some smooth functions pg : (—&,¢) = R, ug : ¥ — R satisfying
(91) p1(s) # po(z) for each s € (—¢,¢), z € X.
Up to reparametrizing (—¢,¢), we can write
(92) p=1(0,q) for some g € X.
We first observe that M is flat. Indeed, if ¢ = 0 then & = 0 by (89); if ¢ # 0, then again

by (89) and since ¥(M) is not a slice (as slices are totally umbilical), we see that h’ is constant
on the nondegenerate interval (7w; o ¢)(M) C I, so kK = —h”"/h = 0 by (55). Inserting this into
(89) we see that h' =0, so k = 0 by (55) and we conclude that P is flat and X = ho0; for some
ho > 0. ‘

Now we prove that ui(s)ua(ms) = 0 on U. Let {0} be a local orthonormal coframe on U
as the one described in the last part of the proof of Lemma 3.3. In particular, we assume that
0 = ds and then we have 9]1- =0on U for 1 <j <m. Writing

= aini ® 67 ® v,
we have
ajl = p1, ai; = e for 2<i<m and a;; =0 for each i # j.
On the other hand, since M is flat, Gauss’ equations give
(93) Rijie = ainaj — aa g for 1 <i, 5,k t<m
where R;ji; are the components of the Riemann curvature tensor of M along {6%}. Recalling
that 9J1. =0 for 1 < j < m, by Cartan structural equations

1 o o
§Rijkt9k NGt = do; + ), A 9? for 1 <i,57<m
we immediately see that
Rijre =0 for 1 <j,k,t <m.
Putting together these facts, from (93) we obtain
pa(s)p2(ms) = ar1aze = ar1az22 — a12a12 = Ri212 = 0.

Note that pq and ps can never be both zero at the same point by (91). Since they depend on
disjoint sets of variables, this implies that exactly one of them identically vanishes on its domain
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while the other one never attains the zero value. In the 2-dimensional case where m = 2 we can
assume without loss of generality that X is an interval and then pus = 0, up to renaming indices.
We claim that ps identically vanishes on ¥ also in case m > 3. Suppose, by contradiction,
that pz # 0. Then p; = 0 on (—¢,¢) while g has constant (by Lemma 3.3) nonzero value.
By (90), 9 has constant mean curvature H = %;@ in U. Putting this constant value for H
into equation (83) we obtain 0 = |I[|*H?, contradiction. So, we have proved that pus = 0 on X.
Moreover, the mean curvature of @ is given by H = %M(S) # 0 on U, so v is not a minimal
hypersurface and therefore ¢ # 0. By the observation above and by completeness of M, this
implies that I x, P =R x F, with (F,(, )r) = (P,h3(, )p) a complete flat manifold, and that 1
is a translating soliton with respect to the parallel vector field 9; with soliton constant chg # O.
Without loss of generality, we can therefore assume ¢ > 0.
Let 7 : R™ — F be the universal Riemannian covering of F'. Then

T=idgx7T:RxR™ 5 Rx F=M

is the universal Riemannian covering of M. The deck transformation group of the covering = is
a discrete subgroup 'z of the isometries of R™, and F' = R™ /T'p, while the deck transformation
group of the covering 7 consists of the maps of the form idg x T : R™+! — R™! with T € T'p.
We can assume that U is simply connected, so that | — M uniquely lifts to an immersion

¢: U —R™! such that o[y = 7o)

It is easy to see that 1& is again a translating mean curvature flow soliton with respect to the lift
& € X(R™*1) of 9, with soliton constant chg and the second fundamental form of the immersion
is given by

= pi(s)ds®@ds @ o,

with # the local normal vector field along 1 given by the lift of v. The structure of Il implies that 1)
is a flat cylinder over a plane curve. More precisely, the image of the plane curve passing through
the point 9(p) is 1((—¢,€) x ¢) and is contained in the 2-plane IT = (¢, (T, %))+ C ToR™ . As
observed in the proof of Theorem 2.3, the curve

vi(=g.e) = s = y(s) =¥((s,9)
is itself a translating soliton with soliton constant chg in the 2-plane II with respect to the
orthogonal projection of the vector field 0; onto II. We let V' denote such orthogonal projection
and a € [0,7/2) be such that ||[V|| = cosa. In fact, V is a nonzero vector, since otherwise =y
would be a straight line and v totally geodesic. Then, v is a translating soliton curve with soliton
constant k = chg cos a > 0 with respect to a parallel unit vector field in the Euclidean plane and
therefore, under a suitable choice of cartesian coordinates (z!,2?) on II such that V = cosa 9y,
it can be reparametrized as (a restriction of) the grim reaper curve
o CRE) o R
T = o(r)= (—%log(cos(kT)),T).

Indeed, a translating soliton curve with respect to d; in R? with soliton constant k can always
be locally written as a graph z; = f(x2) with f satisfying

_ 7 ! Izif” = (arctan(f"))’
k= 1+(f)2< 1+(f')2> ()2 (arctan(f’))".

Hereafter, the point o(0) of the grim reaper curve parametrized as above will be referred to as
the vertex of the grim reaper.
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So, 1& is a piece of a (possibly tilted) grim reaper cylinder. Hereafter, we say that a curve £ in

a flat manifold is a straight line if it is a noncompact complete geodesic that is the quotient of a

straight line in R™. In particular this does not mean that ¢ is minimizing between any pair of its

points. Let 7y : My — M be the universal Riemannian covering of M and fix py € 7r0_1(p) C M.
Then 1[) uniquely lifts to an immersion

1&0 : MO — Rm+1 such that 7o ’L/AJO = ’L/} o Tg.

By the strong maximum principle for mean curvature flow solitons, 1[)0 is itself a grim reaper cylin-
der, and therefore My = R™. Up to an isometry of R™, we can assume that pg = (s0,0,...,0) €
R™ for some sy € R and that 7, '((—¢,¢) x q) = (s0 — &,50 + €) x {0}. Moreover, up to an
isometry of R™*!, we can assume that 1/}0(0Rm) = Ogm+1. For each 2y € R™~!, the straight line
Ly = Rx{xzo} C My is mapped injectively by 1o into a complete grim reaper curve Y, contained
in a plane parallel to II. The deck transformations of 7 act as the identity on the first coordinate
of R™*1 and II is not orthogonal to &y, so the first coordinate of 7(Yx, ) is unbounded. Therefore
the line ¢,, is mapped by 7 o 1&0 : R™ — M into a noncompact curve and, as a consequence,
its projection my(¢,,) € M is itself noncompact, hence a straight line according to the above
definition. Since xy was arbitrarily chosen, we conclude that M is foliated by straight lines and
each point of M admits a neighbourhood where the metric (, ) can be written as in (90), with
s the arclength along the geodesics of the foliation.

Let Q¢ € M be the set of points which are mapped by ’(/AJQ to the vertices of the grim reaper
curves obtained by intersecting the cylinder ’(/AJ() (R™) with each of the 2-planes parallel to II. By
the above choice of coordinates on My = R™ and since sy € R was not determined before, it is
easy to see that we can assume Qy = {0} x R™~L. Also let Q = m/(Q0). We claim that there
exists a bijection between () and the family of straight lines foliating M, namely

Q> P+ (C M with £ the unique straight line in the foliation such that P € /.

In fact, we only have to prove that there exists no straight line £ € M intersecting ) in more
than one point. Suppose, by contradiction, that there exist two distinct points Py, P, €
and a straight line ¢ in the foliation such that P; € ¢ for i = 1,2. Let 2; € R™71, i = 1,2,
be such that mo((0,2;)) = P, for i = 1,2. Then, 9((0,21)) and o((0,23)) are vertices of
grim reaper curves lying in two parallel 2-planes of R™*!. Without loss of generality, we
can assume that the first coordinate of vo((0,21)) does not exceed the first coordinate of
Yo((0,2)). Since Py € £, by lifting £ to R™ we can find another point (s1,z2) € R x {2}
such that mo((s1,22)) = Py. So, 1o((s1,22)) is a second point on the grim reaper curve through
¥o((0,22)), distinct from its vertex. Hence, the first coordinate of ¢o((0,22)) is larger than
the first coordinate of 1o((0,22)) and so is also larger than the first coordinate of ¥o((0,z1)).
Since the deck transformations of 7 act as the identity on the first coordinate, we conclude that
PY(P1) = Y(mp(0,21)) = T(¥o(0,21)) # T(Yo(s1,22)) = Y(mo(s1,22)) = Y(P1), contradiction.

Then, we have proved that M is the total space of a Riemannian flat line bundle
oM — Q,

with fibers given by the straight lines of the foliation of M.
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Note that

fi(wr) = ho(mr —to) for some ¢y € R,

O = [I]* — 2H? = (u1)* — 2 (%)2 = (#5)2 - % <|§||>2

[|6(T)||* = 1 + tan?(k7) =

cos?(kt)’

Referring to the notation introduced above, if the angle o between the vector field d; of Rm+1
and the plane II is zero, then ) maps the fibers of the foliation of M into vertical grim reaper
curves in M. A straightforward calculation then shows

/ |(I)|2 cn _ |Q|e—choto/ M1(2y) ’fﬂﬂl(V(Z/))dy
R

—chot 2k 2
(s — / TR osteostto |5
2 —n/2k) [16(T)]?
7.rk.efchoto
2 )

where || is the (m — 1)-dimensional volume of §2. So in this case |®| € L?(M, e") holds true
if and only if the manifold 2 has finite volume. Being €2 flat, £ must be compact. The positive
function v = (v, ;) satisfies A_.,v + |I|?v = 0 on M by (21), so ¢ is indeed stable.

We eventually show that the angle o must be zero. Suppose by contradiction, that « # 0.
Let W be the orthogonal projection of d; onto the subspace ()« (T2) of TRm‘H, so W #£ 0.
Denote with ¢y = {0} x (t) € R™ any straight line that is mapped by Yo to a straight line
of R™*+! with direction W. The vector W is not tangent to the factor R™ of R™*! = R x R™,
so there exists no nontrivial deck transformation for the covering 7 fixing 1/30(£W). Even more,

=19

7 is injective over such a straight line and so is 1 o my = g o 7, since v is injective. As a
consequence, 7 is injective over fy and v is injective over mo(¢y ). Note also that 7 o zﬁo(ﬁw)
is a proper curve in M, and thus the curve my(fyy) is proper in M and contained into Q. Let
26”_2 C Qg be a hyperplane orthogonal to ¢y, and let ¥ = my(2p) C Q be its projection. Take
a small, simply-connected and compact piece ¥’ of . By a compactness argument that uses the
properness of my(fy ), up to reducing ¥/ we can guarantee that each my(fy) meets X/ at most
once. If we denote with E C Q the union of all straight lines mo(¢y ) passing through ¥/, we
deduce that M contains a “cylindrical” subset of positive m-dimensional measure that splits as
R x E, and a computation analogous to the one performed above then gives

2
/ |(I>‘266n > ‘E/Iefchoto/G*(Cho)t 1 dt/ /”Ll(y) ekwl(“/(y))dy
M - R sin o R 2

—chot
_ \E/|7Tke oto / e~ (chosina)e gy — 4o
2 R

where |¥'| is the (m — 2)-dimensional volume of ¥’ and we have used the fact that the map
restricted to each straight line in €2 is affine onto the R-factor of R x F with norm 1/sin«. So,
|®| & L?(M, e), contradicting (80). O

We can apply the above result, for instance, to the case M = H L the hyperbolic space,
to deduce the following half-space theorem:
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Corollary 1. There exist no complete stable mean curvature flow solitons ¢ : M — H™T! =
R X+ R™ with respect to e'd; with soliton constant ¢ < 0 and satisfying

(94) | € L2 (M) and (M) C [log (—%),+oo),

with ® the umbilicity tensor of 1.

Proof. By contradiction. Suppose that there exists v : M — M satisfying the given conditions.
Noting that (80) is implied by |®| € L?(M) and the fact that ¢ lies in the given half-space, we
apply Theorem 3.4 to conclude that 1 is a totally geodesic complete hyperplane containing 0.
This contradicts the hypothesis that (M) is contained in a vertical half-space. O

Remark 9. As a byproduct of Corollary 1, note that the horosphere {t = log (—%)} is a
posteriori an unstable soliton.

Proof of Corollary D. We represent S™T\{p, —p} as the warped product (0,7) Xgin¢ S™, with
(t,x) — past — 0 for each x € S™. Note that the coordinate ¢ on the (0, 7)-factor is everywhere
equal to the distance from p on S™1\{p, —p}. Suppose by contradiction that v is stable. Then,
we apply Theorem 3.4: note that the issue of M possibly passing through p, —p is easily handled
by observing that the relevant differential inequalities for |®|> and H? also hold in ¢ ~*{p, —p},
and the completeness of M is only used in case (i) to characterize M as a quotient of the grim-
reaper. Therefore, we can infer that 1 is totally geodesic, hence an equator. However, in this
case the stability operator becomes

L=A_. +m—ccos(m),

and it is always unstable being M compact, m — ccos(ry) > 0 and positive somewhere. Contra-
diction. 0

The next result estimates the number of large ends of a soliton M, in a suitable sense recalled
below, under the assumption that M is stable or has finite stability index. We recall that the
study of the ends of M in terms of harmonic (or, more generally, A ;-harmonic) functions with
special properties on M is a beautiful theory applied with remarkable success due to P. Li, L.F.
Tam and J.P. Wang, see [33] for a detailed presentation and [40] for recent improvements. We
recall some terminology: taking an exhaustion §2; of M by relatively compact open sets, M is
said to have finitely many ends if the number of ends of M\Q; (non-decreasing as a function of
j) has a finite limit as j — oco. The limit is independent of the chosen exhaustion. Given an end
E with OF smooth, a double of F is a manifold obtained by gluing two copies of E along OF
the common boundary, with metric being that of E apart from a neighbourhood of OF; then,
E is said to be Ay-hyperbolic if Ay admits a positive Green kernel on some (equivalently, any)
double of E. The notion of Af-hyperbolicity is, roughly speaking, a way to measure the size of
E.

Proposition 4. Lety : M™ — M = Xp P be a complete mean curvature flow soliton with
respect to X = h(t)0; with soliton constant c. Assume that M has constant sectional curvature
K and that

(95) (1 01) < sz_ i on o,

for some relatively compact open set Q. Then, setting n = 7j o1 with 7j as in (6),

(i) if M is stable and (95) holds with Q = 0, then M has only one A_.,-hyperbolic end;
(ii) if M has finite index, then M has at most finitely many A_,-hyperbolic ends.
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Proof. Since M has constant sectional curvature &, P has constant sectional curvature, say, &,
with & and « related by Gauss equation (55). Consider the Bakry-Emery Ricci tensor
Ric_., = Ric —cHess(n).
Then by the inequality before (5.13) of [1] we have

(96) Ric_cy > —(|O* + ch’ — (m — DRE)(, )ar = p(, Y-
In this setting the stability operator (54) becomes
(97) L=A_.,+ (I - ch' + mFg).

Under assumptions (i) or (ii), without loss of generality we can assume that 0 < A\ (M\Q), and
thus there exists a positive smooth solution of Lu = 0 on M\{2. Hence, considering the operator

L=A_c—p
from (96) and (95) we have
Lu = A_gu+ ([0 +ch' — (m—1)&)u = Lu+ (2¢h’ — (2m — 1)R)u
= (20 —=(2m—-1DR)u<0 on M\.

This means that AF(M\Q) > 0, and therefore L is nonnegative (in case (i)) or has finite index
(in case (ii)). Applying Corollary 7.12 of [40] we deduce that M has at most one (respectively,
finitely many) A_.,-hyperbolic ends. O

Remark 10. Corollary 7.12 of [40] is stated in terms of the standard Laplacian A, but its
extension to the weighted operator Ay is merely notational. Moreover, the result requires the
function p in (96) be non-negative, but indeed this is not necessary (although, the case of non-
negative p is the most relevant one). In fact, Corollary 7.12 is a direct application of Theorem
5.1 in [40], where no sign assumption on p is needed.

We conclude with a result that establishes a sufficient condition for every end of M to be
A_ ¢ -hyperbolic:

Proposition 5. Lety : M™ — M oy Xp P be a complete mean curvature flow soliton with
respect to X = h(t)0; with soliton constant c. Assume that M is a Cartan-Hadamard manifold

(i.e. simply connected, with nonpositive sectional curvature), and that, setting n = 7j o with 7
as in (6),

(98) inf e > 0, |Vl € L™(M,e™).
Then, every end of M is A_.,-hyperbolic.

Proof. The proof directly follows from results in [30], so we will be sketchy. The first in (98)
guarantees that

ol_., (0B, (x

inf liminf M >0
xEM r—0 m

with vol_., the (m — 1)-dimensional measure weighted by e, and 0B, (x) the sphere in the

metric of M. Therefore, M enjoys the Sobolev inequality in [30, Thm. 6] (with the observation

that the soliton equation (2) implies the vanishing of term Hy in [30]):

(99) ( /16

m—1

e”) "<s / 1V + 6/¥il]e bolds V¢ € Lip,(M),
M
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for some constant S;. By the second in (98), we can choose a compact set K such that

1

{ / wmmecn} <5
M\K

Restricting (99) to ¢ € Lip,(M\K) and applying Holder’s inequality to the right-hand side to
absorb the potential term into the left-hand side, we deduce

(100) ( /M 6

for some Sy > 0. The validity of an isoperimetric inequality on M\ K force all ends of M with
respect to K to be A_,-hyperbolic, as observed by H.-D. Cao, Y. Shen and S. Zhu [13] and by
P. Li and J. Wang [34] (cf. [40, Cor. 7.17], and Remark 6 in [30]). O

m—1

e”) "<s, / IVéle  holds V¢ € Lip,(M\K),
M

Remark 11. A note of warning: in the recent [31, Lem. 4.1], a different kind of Sobolev
inequality has been claimed for translators in Euclidean space as a consequence of the fact that
translators in R™*! generate minimal hypersurfaces in N = R™*! x S! endowed with a suitable
warped product metric. However. it seems to us that the proof has a flaw, namely, to be able to
apply the Hoffman-Spruck Sobolev inequality [29] the authors would need a uniform control on
the injectivity radius, since N is not a Cartan-Hadamard manifold, and the latter seems difficult
to achieve without further assumptions.

4. MCF GRAPHS

In this section we consider the case where ¢ : M — M = I x;, P™ is the graph of a function
v:P— I CR, that is,
(101) P(z) = (v(z), =)
for x € P and, of course, M is P endowed with the graph metric ¥*( , )7;. Indicate with D

the covariant derivative in (P, (, )p). It is convenient to express the graph in terms of the flow
parameter s of the conformal field X = h(t)0;:

(102) s(t) = /t fiz)'

for a fixed tg € I, and thus to define
(103) u(z) =s(v(z)),  Als) = h(t(s)).
Hereafter, we write 1, to specify that the immersion 1 is a graph of a function u as above.

Denoting with v the upward normal

v L (0~ (®,).Du),

AMu)/1+ |Dul?

where ®,, is the flow of X at time u(x), a computation shows that the (normalized) scalar mean
curvature of v, in the direction of v satisfies

mA(u)H = divp <Du> - m)\s(u) !

V1+|Dul? Aw) /1+[Duf?

with Ay = dA\/ds. If ¢, is a soliton with respect to 95 = h(t)0; with constant ¢, then

2
mH = ¢{0s,v) = I = Aw) :
AW+ IDUE 1+ DaP
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Thus, a soliton for d; with constant ¢ shall satisfy

(104) divs [ ——2% _eN@amiw) 1 [
V/1+ [Dul? Au) V1+[Du2  \/1+ |Du?

with

(105) Fs) = D AEMAS) oy (s)) = G (8(s)-

A(s)
Example 3. Referring to Example 2, we search for slices that are solitons in Schwarzschild
and ADS-Schwarzschild spaces. Note that in each of (11) and (12) the potential V() is strictly
increasing on (rp(m), 0o), therefore h satisfies

W (t) = % =/ V(r(t)) >0, R (t) = %%
Thus, for ¢ > 0, the soliton function (.(t) is positive and strictly increasing on R™, hence there
are no constant solutions of (104). On the other hand, if ¢ < 0 slices {t = ¢1} that are solitons
with respect to h(t)0; = r/V(r)d, correspond to t; = t(ry) with r1 > ro(m) solving

2
4

(r(t)) > 0.

(106) V(r)=

m2
For the Schwarzschild space (11), such a solution do exist if and only if

(107) - (W) N (nl(ﬂz;—?)))

In particular there are two solutions ro(m) < r1 _ < r, < rq 4 if the strict inequality holds in
(107), and a unique solution r1 = r, if equality holds.
In the case of the ADS-Schwarzschild space define

2

KR 2 P
A=(m+1)"+4&(m — 1)W(m +3).
If £ > 0 then A > 0 and a solution 71 of (106) exists if and only if
o . m? m+1+/A

T 2(m + 3)

satisfies
m(m—1) _ 2¢?

2
— < —r;—1
7n::n+1 - m2*

and, again, there are two solutions ro(m) < r1 _ < r, < r1 4 if the strict inequality holds, and
a unique solution r; = r, if equality holds. Eventually, for the ADS-Schwarzschild space with

R < 0, r1 exists if and only if A > 0 and
m? m+1+/A

r?, ==
wET 2 2(m+ 3)
satisfy
m(m—1) _ 22 , m(m—1) 22 ,
(108) W Z WT*’_ — 1, Tj__l ~ WT*FF — 1.

There are, indeed, two solutions 71 4+ satisfying (106) with ro(m) < r _ < 7.4 < r1 4 if both
of (108) hold with the strict inequality and a unique solution r = r, 4 if the equality holds.
Observe that, both in the Schwarzschild and in the ADS-Schwarzschild case, for |c| positive and
small enough two soliton slices do exist.
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Equations of the type (104) have recently been investigated in [7], where the authors estab-
lished the following sharp weak maximum principles and Liouville type theorems under mild
growth assumptions on the volume of geodesic balls (¢f. Thms. 5.4 and 8.4 therein). We report
the statement to help the reading.

Theorem 4.1. Let (M, , )) be complete, fix an origin o € M and let r(x) = dist(z,0). Let u

solve
D
divp ( Y > > f(w) on M,

/14 |Dul? v/ 1+ |Dul?

for some f € C(R).
(i) [7, Thm. 5.4] Suppose that

f&y>C>0 for t >>1,

for some constant C > 0, that

im D
r(z)—+oo ’I"(LIJ)U
for some o € [0,2], and that

log vol(B, ,
liminfiog\;o( ) < 00 if 0 <2, or
7400 reT

1 1(B,
lim inf 108 YOUBr) if o =2.

r—+00 1og r

Then, u is bounded from above and f(sup,;u) < 0.
(i) [7, Thm. 8.4] Suppose that

ft)>Ct* >0 for t >>1,
for some constants C > 0 and w > 1, and that

lim inf M < 00
r— 400 T

Then, u is bounded from above and f(sup,;u) < 0.

We apply the above result for the Schwarzschild spaces in Example 2 to deduce Theorem E
in the Introduction.

Theorem 4.2. There exists no entire graph in the Schwarzschild and ADS-Schwarzschild space
(with spherical, flat or hyperbolic topology) over a complete P that is a soliton with respect to the
field r/V (r)0, with constant ¢ > 0.

Proof. We refer to Examples 2 and 3. Let ¢(z) = (v(z),z) be a soliton graph, and let u(z) =
s(v(z)) be, as above, a description of the graph with respect to the flow parameter s(t). We
observed in Example 3 that the soliton function (.(¢) is positive and increasing on RT, hence
so is f in (104). If P is compact, a contradiction directly follows by integrating (104) on P and
applying the divergence theorem. By Myers theorem, this case includes both the Schwarzschild
and the ADS-Schwarzschild space with spherical topology. In the remaining cases, observe that
V(r) ~ r for large r, thus in view of (13)

h(t) =r(t) ~ €' as t — oc.
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As a consequence, the flow parameter s(t) in (102) is bounded from above and so is u. Fur-
thermore, in the ADS-Schwarzschild space with flat or hyperbolic topology, P is Einstein with
non-positive Einstein constant, and by the Bishop-Gromov comparison theorem
log vol B
p BV o
r

lim su
T—00

Applying Theorem 4.1 we deduce f(sup,; u) = (.(s(sup; u)) < 0, contradiction. O
In a similar way, we now give the

Proof of Corollary F. Tf 1 : M™ — Rx .« R™ is a soliton graph with respect to e'd; with constant
¢ € R, then the soliton function of 1 is (.(t) = ef(m+ce?). Up to translation, the flow parameter
s in (102) is s = —e™ ", so u(z) = s(v(z)) < 0 on P. Setting f(s) = (.(t(s)) we note that
f(s) > m+cas s — 0, and applying Theorem 4.1 we deduce f(sup,;u) < 0, a contradiction
since (. > 0. If ¢ < 0, then (.(t) = 0 if and only if ¢t = ¢y = log (—%) We assume that (M)
is contained into one of the two half-spaces determined by {t = ¢}, otherwise the conclusion is
immediate. Applying Theorem 4.1 both to u (if u < s(tg)) or to —u (if u > s(tp)) we respectively
obtain sup,,; u = tp and infy; u = ty. The conclusion follows. O

Turning our attention to graphs in H™*! along hyperspheres, we similary have the next result
that extends [20], where the minimal case is considered.

Proposition 6. Let 1, : M — H™T! = R X¢osnt H™ be an entire soliton graph with respect to
cosh t0; and with constant c.

(1) If c =0, then 1, is the totally geodesic hypersphere {t = 0};

(1) if |e| > m/2, there is no such .

Proof. The soliton function is (.(t) = msinht 4 c¢cosh®t = ¢sinh®t + msinh ¢ + ¢. With respect
to the flow variable s(t), u is a bounded graph and thus we can apply Theorem 4.1 to deduce

Co(t(supw)) <0 < Co(t(ipf u)-

In assumption (7), (. is strictly increasing and thus v must be constant and correspond to the
unique zero of .. On the other hand, in (i¢) (. is strictly positive or negative on R, leading to a
contradiction. The conclusion follows. O

Next, we consider the case when the soliton function (.(t) is negative along the graph. As ex-
pected, one needs much stronger conditions to deduce a Liouville type theorem and a consequent
rigidity of the graph: again, parabolicity comes into play.

Theorem 4.3. Let 1, : M™ — R X, P™ be a graphical mean curvature flow soliton with respect
to the vector field h(t)0; with soliton constant c. Assume that (P, {, )p) is complete and

1

(109) volp(9B,)

¢ L' (+o0)
where OB, is the boundary of the geodesic ball in (P, {, )p) of radius r centered at a fixed origin
o € P. Suppose that Y(P) C [a,+00) X P™ for some a € R and that {. < 0 in [a,+00). Then

Y(P) is a slice of the natural foliation of R x, P™.
Proof. We let g = log+/1+ |Du|? > 0 where u is defined in (103) and D is the covariant
derivative in P. Then

volp 4(0B,) = / e 9 <vol(9B;)
0B,
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and assumption (109) implies
1
volp 4(0B;)

Completeness of (P,( , )p) and (110) imply, by Theorem 4.14 of [2] that P is parabolic with
respect to the operator

(111) eddivp(e 9D - ).
On the other hand, from (104) we have the validity of
e? divp(e 9Du) = f(u) = (e (s(u)) <0

since Y(P) C [a, +00) x P and ¢, < 0 on [a,4+00). Now 701 is bounded below and therefore u is
bounded below, superharmonic with respect to the operator (111). It follows that u is constant,
thus v is a soliton slice. O

(110) ¢ L' (+00).

As a direct corollary we have the following result, to be compared with Corollary 1 and the
subsequent Remark 9.

Corollary 2. The only entire graph 1, : M — H? = R x.+ R? in the 3-dimensional hyperbolic
space that is a graphical soliton with respect to ', with soliton constant ¢ < 0 and contained in
the half-space [log (—2) ,+00) is the horosphere {t =log (—2)}.

Proof. Tt is sufficient to observe that the slice R? satisfies (109) and apply Theorem 4.3. |

Translating solitons with controlled growth in products R x P have been studied in [7], as well
as self-expanders in Euclidean space. We state without proof the following theorems, that well
fit with our results.

Theorem 4.4 ([7], Thm. 1.23). Let (P,(, )p) be complete manifold, set r(x) = distp(z,0) for
some fized origin o € P and suppose that for some o € [0,2] either

. . logvol(B,) o

lim inf 5 if 0 €10,2) or
r—00 r<—o
1 (B
Jim inf 128 VUBY) if o= 2.
T—00 logr

Then, there exist no entire graph ¥, : M — R x P that is a translator with respect to the vertical
direction Oy and satisfies
lu(z)| = o(r(z)?) as r(x) — oo.

Theorem 4.5 ([7], Thm. 5.20). Let 1, : M — R x R™ be a translator in R™ 1 with respect to
a parallel vector Y. Assume that

limsupM =1 < 0.
r(xz)—o0 ’I’(I)
Then, the angle ¥ between Y and the horizontal hyperplane R™ must satisfy
tan ¥ < 4.
In particular, if & = 0, ¥ cannot be a self-translator with respect to a vector Y which is not
tangent to the horizontal R™.

Theorem 4.6 ([7], Thm. 5.23). The only entire bounded graph in R™*! that is a self-expander
for the mean curvature flow is a hyperplane passing through the origin.

We conclude this section with the next observation.
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Proposition 7. Let ¢, : M — R x P be a translating mean curvature flow soliton graph with
soliton constant ¢ > 0. Let (P, (, )p) be complete and with subexponential volume growth. Then

(112) sup | Du| = +o0.

P
Remark 12. Observe that condition (112) is obviously equivalent to
(113) inf H = inf — -0

P m+/1+ |Dul?
Proof of Proposition 7. Suppose by contradiction that (112) is false. Then, there exists A > 0
such that |Du| < A on P. Let B, = B,.(0) be the geodesic ball of radius r centered at a fixed
origin o € P. From equation (104) satisfied by w using the divergence theorem we deduce
A vol(0B;.) S Du c S vol(B;)
—_— > —— v ) = >c
V14 A2 8B, \ /14 |Dul? B, \/1+ |Du|? V14 A2

and therefore, since ¢ > 0,

vol(0B,) S ¢

114 —=2>—=>0.

(114) vol(B,) — A

Integrating the left hand side of (114) we obtain that the volume growth of geodesic balls centered

at o is at least exponential, contradiction. O
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