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The production of massivequarks and leptons in e+e~collisions is studied using exact
helicity amplitudes.Total cross sectionsas a function of ~ in both the JADE and the kT
algorithms,arepresentedandcomparedwith masslessresults.Someinvariant-massdistributions
areexaminedin relationto Higgs detection.Compactexpressionsfor the helicity amplitudesare
given.

1. Introduction

Massiveparticlesare abundantlyproducedat e+ e— colliders. Often they are
associatedwith other,massless,particlesin rathercomplicatedfinal states.Whether
massesare importantor whether they can be ignored, dependson the center-of-
mass energyand also on the region in phasespacewhich is understudy. For
instance,the electronmasscanbe ignored in mostcasesat LEP energies,but for
its role in regulatingcollinear divergencesin reactions like Bhabhascatteringat
small angles.On the contrary, the top massis so largethat it mustbe included in
all casesevenat supercolliderenergies.In a recentpaper[1] we haveshownthat at

the Z°peak,whenmassesareproperlytakeninto account,crosssectionsinvolving
b or, to a lesser extent, c quarks differ significantly from the corresponding
predictionsobtainedwhenmassesareneglected.It is the purposeof this paperto
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extendtheseresultsin severaldirections.To this endwe computeandpresentthe
helicity amplitudesfor a numberof e~eprocesseswith threeandfour particles
in the final statein which massescanbe relevant.We makeno approximationand
considerall contributionsdueto intermediatey’s andZ°’s.Thereforeour matrix
elementsare exact at any energyand we considerboth LEP I and LEP II. At
highercenter-of-massenergy,masseffectsareexpectedto be smaller,but only an
explicit calculationcan establish to which degreethis is correct. On the other

hand,oneof the main task of LEP II will be to searchfor the Higgsbosonin the
massrange45 GeV~ m~~ 80 GeV[2]. Sucha Higgsdecaysalmostexclusivelyto
bb and T~T and as a consequenceit is important to determineas accuratelyas
possibleall reactionsin which bb and T~T pairs are produced,which could
provide a backgroundto Higgsdetection.

Studyingthe productionof up to four stronglyinteractingparticles,we examine
jet—jet mass distributions,the effects of different clusteringalgorithms, and the
relevanceof masseffectsfor shapevariables.Four-quarkfinal stateswith quarks
of different flavors arealsoexamined,as well asthe productionof two quarksand
two leptonsand of four leptons.Thesekind of eventsare relevantas a potential
backgroundto Higgssearchesandprovide a test of the StandardModel, though
notat the levelof precisionwhich canbereachedin moreinclusive measurements.

Finally we consider final states including photons which are actively studied
experimentallyin order to determinethe electroweakcouplingsof the quarks,and

as a meanto searchfor new phenomena.
The calculationof multi-jet production in e~e reactionshas a long history

[3—16],datingbackto the timeswhenjetswere first observedin e~ecollisions at
PEP andPETRA. At thoseenergiesthe Z°contributionwas small andcould be
safely ignored [3—7,9,111.Masseswere already taken into account for these
processes.Apart from the simplestcases[3,4], only the crosssectionsfor massless
fermionswerecompactenoughto be published[5,7,101.With the adventof LEP
and the advancesin spinor techniques* theseresultswere improved in various
ways. In particular in ref. [131the completetriply differential crosssection for
e+ e —‘ QOg for massivequarkswith both an intermediatephoton and Z° was
presented.In ref. [141the decay Z —‘ 4f was studied.From their expressionit is
possible to reconstructthe full amplitude for e+ e— —‘ 4f. Recently, very simple
formulaefor e~e—*q~gg,q~jq~havebeengiven [151for masslessquarks.

Using the Z-function formalism [11,18],which is basedon the resultsof ref. [191,
we are able to give particularly compactexpressions,valid for both massiveand
masslessfermions, in which it is easy to substituteone vector boson with a
different one in any part of a diagram. The helicity amplitudesfor e+ e— —~ ffV,
with V =y, g, Z°,e~e—*ffgg, e~e—*ffyg including initial stateradiation and
e~e—’fff’f’ with f*’ e arepresentedin Appendix B.

For a good introduction to helicity methodsandcompletereferences,see ref. [171.
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The matrix elementfor all processesfor which we give resultshas also been
computedfollowing the method of ref. [20] as a check of the correctnessof our
results.

In AppendixA, for the convenienceof the reader,we briefly recall the method
and the resultsof refs. [18,19]andwe collect variousformulae which areused in
the analytic expressions.

The amplitudeshavebeencheckedfor gaugeinvariance,andfor BRST invari-
ance[21] in caseof externalZ°’s.In the appropriatelimits our resultsreproduce
thoseof refs. [3,11,15]after somemisprintsin the formulae of ref. [15] havebeen
corrected.

We have usedM~= 91.1 GeV, F~= 2.5 GeV, sin2O~= 0.23, a~= 0.115, aem
= ~, rn,. = 1.78 GeV, rn~= 1.7 GeV and mb = 5.0 GeV in the numericalpart of

our work.
In what follows we neglect all hadronizationeffects, and apply cuts at the

partoniclevel.

2. Jets

All LEP experimentshave performed a large number of QCD tests. For
instance,mentioningonly the measurementswhich are most likely to be sensitive
to masses,a~hasbeendeterminedfrom jet ratesandshapevariables[221.Flavor
independenceof the coupling hasbeenverified [23]. Three- [24] and four- [251jet
distributionshavebeenstudiedand comparedwith QCD predictions.The color
factors,which determinethe gaugegroupwhich is responsiblefor stronginterac-
tions, have beenmeasured[261.The possibility of tagging quark jets using the
semileptonicdecaysof b andc quarkshasbeenexploited,for examplein studiesof
the differencesbetweengluon andquarkjets [27].

In thecoming years,improvementsin statistics,in secondaryvertexreconstruc-
tion with silicon vertex detectorsand in particle identification will allow much
moredetailedstudiesof heavy-quarkproductionat LEP.

The experimentaldefinition of a jet is basedon a clusteringprocedure.The two
mostwidely usedschemesare the JADE algorithm[281basedon the variable

E.E
—cos Os,) (1)

“is

andthe kT or Durhamalgorithm[29]whichmakesuseof a newclusteringvariable

min(E2 E2)
y~= 2 E2 ~‘ (1 — cos Ofl). (2)

vis
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Fig. 1. Crosssectionsfor e±e— —~bbg (continuous),e+ e— —~ddg (dashed),e± e— -. bbgg(chain-dotted)

ande+ e— —~dagg(dotted)asafunction of y~for both definitionsof y at = 91.1 GeV.

In fig. 1 we presentthe cross sectionsfor e’1’e—* q~gand e”e”—~q~ggwith
q = d, b as a functionof ~ for bothdefinitionsof y at LEP I. Forsmall y~the
cross sectionfor bbg is almost20% smaller than for ddg.As expectedthe ratio
becomescloser to one for larger ~ but for ~ as large as 0.2 still R~’=
o-(b’bg)/o-(dag)~ 0.96 in both schemes.The crosssectionsfor the samereactions
at = 200 GeV aregiven in fig. 2. The differencesbetweenthe massiveandthe
masslesscaseare less important at higher energies,as expected,but still of the
order of severalpercent.It hasto be noticed that the Durhamschemetends to
enhancethesedifferences.This feature hasbeenfound in all crosssectionsand
distributionswe havestudied.Therefore,dependingon the kind of analysiswhich

is performedon the datasample,different schemescanbe used in order to exalt
or suppressmasseffects.A typical exampleof this behavioris shownin figs. 3a and
3b where the invariant-massdistributions in three-jeteventsare presented.The
different shapeof b andd eventsis quite noticeablefor theDurhamalgorithm, not
only for the invariant mass of the qg pair, which is expectedbecauseof the
different quark-energythreshold,but also for the invariant massof the q~pair.
The exact shapeof thesedistributionsdependson ~ but the different sensitivity
to masseffects in the two schemesremains.

The q~ggfinal state is the dominantcontributionto the four-jet crosssection.
The processwith two hard-gluonemissionsis more sensitiveto massesthan the
processwith only one emission. For instanceR~’= cr(bbgg)/o-(ddgg)= 0.7 for

= 1.5 x iO”~.
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Fig. 2. Crosssectionsfor e+ e— —~bbg (continuous),e + e — —* dag(dashed),e+ e — -‘~ bbgg(chain-dotted)
ande± e — —~ddgg(dotted) asa functionof ~ for both definitionsof y at = 200 GeV.

The variouscontributionsto e~e’—~q~q’~’areshownin fig. 4 (q = q’) andfig.

5 (q ~ q’) as a function of ~ Thoughvery small comparedwith the q~ggrates
thesecrosssectionscould be quite interestingif heavyquarkscanbe taggedwith
high efficiency. For 106 Z°,correspondingto an integratedluminosityof about 30
pb”, oneexpectsapproximately100 eventswith four b quarksand400 eventswith
two b andtwo c quarksat y~= 1.0 X 10—2. The differencesbetweenmassiveand
masslessresultsare large, and eventhe charmmasshas a significant effect. It is
interestingto notice that the crosssection for bbuü is larger than the crosssection

for bbdd, contrary to the naive expectationsbasedon the fact that down-type
quarkscouple morestrongly to the Z° than up-type quarks. This is due to the
interferencebetweengraphs1 and 2 with graphs3 and4 of fig. B.la.

From figs. 1, 2, 4 and5 it canbe seenthat,while for three-partonprocessesthe
crosssectionsfor y~= 1.0 x 10—2 are approximatelymatchedby the crosssec-
tions for y~= 1.51< iO”~,in the four-parton casethis happensfor y~= 3.0x
io~.

Jet-shapevariableshavebeenextensivelystudiedas a tool to determinea~and
as a testinggroundfor the agreementbetweendataand the standarddescription

of stronginteractions.The valueof a~is extractedfor eachvariable,comparing,in
a suitablerange,the analyticalO(a~)expression[30] with the data,correctedfor
hadronizationanddetectoreffects. In the rangesusedfor measuringa~,the ratio
of massiveto masslesstree-levelpredictionscandiffer significantly from unity and
it dependsboth on the variable and on its actualvalue. We have comparedat
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Fig. 3. Mass distributions for the qg pair and for the q~pair in e~e —~bbg (continuous)and
e~’e -~ ddg (dashed)eventsin (a) theJADE and(b) kT schemesat = 91.1 GeV. All particlepairs

have(a)y/~~ 1.0x 10~2,(b) y~>1.5x iO~.

0(a) the ratio ~ which is obtainedfrom the full matrix element,with R~the
ratio which resultsneglectingthe Z°,for thrust,oblateness,C-parameter,MH and
MD. Up to now in fact, mass effects for shapevariables have normally been
evaluated using JETSET [37] from which only R~can be extracted. ~ is
consistentlysmallerthan R~.This is obviously related to the larger influence of
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Fig. 4. Crosssectionsfor e+ e— —~~ q = d (dotted), u (chain-dotted),c (dashed)andb (continuous)
asa functionof y~for both definitionsof y at = 91.1 GeV.

masseffectson the axial part of the amplitude comparedto the vectorpart. The
differenceturns outto be about 1.2 x 102, almost independentof the particular
variable andof its specific value.As an example,in fig. 6 we show both ~ and

40 II~I’I~lI III ‘I~I~I~I~IIII I
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Fig. 5. Cross sectionsfor e4’e” —* q~q’~’,qq’ = bd (dotted), du (chain-dotted),bu (dashed)and be
(continuous)as a function of ~ for both definitionsof y at~ = 91.1 GeV.
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Fig. 6. The ratio R=da(bbg)/dA~/dr(ddg)/dMfor M=M~/~ and M=M~/’/~’ from the full
matrixelement(continuous)andfrom thephotoncontributionalone(dashed)at ~/~‘ = 91.1 GeV.

R~for the MH and MD distributions. Our resultsshow that the completemass
correctionscan be obtainedwith a simple additional factor.A further commentis
in order.The theoreticalthree-jet rateis a combinationof three-andfour-parton
processes,the four-partoncontributionbeing of the order of 20% in the Durham

schemeat small v~1.From our figuresit is clear that the mass-correctionfactors
for three- and four-partonreactionsdiffer considerablyandthereforethe simple

method adopted in order to evaluate mass corrections,based exclusively on
three-partonprocesses,might slightly underestimatethem.

3. Backgroundsto Higgs searches

The main productionmechanism[21for the Higgsparticleat LEP II energiesis
e± e— —p HZ. If the Higgsmassis between40 and80 GeV thecrosssectionfor this
process is of the order of 1 pb. Four-jet events are a potential source of
background to e~e”—~HZ —* bbjj. If b’s can be efficiently tagged, the main
backgroundcontributionis given by e +e - —~ bbgg. For this reasonwe havecom-
puted the invariant-massdistributions of all particlepairs in the bbgg final state.
The distributionsis shownin fig. 7 at = 200 GeV.We haverequiredy~~‘ 1.5 x
iO”~ for all pairs and that the angle of eachparticle with the beam satisfies
cos 0 <0.95.The bb masspeakswell above100 GeVwhile the gg massclusters

at small invariant masses.The crosssection for 40 GeV ~ m~~ 80 GeV is only
about5 x 10—2 pb, which correspondsto approximately25 events.Moreover,since
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Fig. 7. Two-jet invariant-massdistributions in e + e —~bbgg at ~/~‘ = 200 GeV. The pairs are bb
(continuous),bg1 (dashed), bg2 (chain-dotted) and gg (dotted), where g1 (g2) is the most (least)
energeticof the two gluons.All particlepairs have y,~~ 1.5 xi0”~.The angleof eachparticlewith the

beamsatisfies Icos UI <0.95.

the two gluonsshould fakea hadronicdecayof the Z°,onecould imposeacut on
their invariant mass,decreasingthis backgrounddrastically. The distribution at

= 170 GeV, a realisticenergyfor the first phaseof LEPII, is similarbut about
two times larger.

The Higgs-productioncrosssectiontimesthe branchingratio to r~r at LEP II
energiesis about 80 th. Henceit might be possibleto detectthe Higgs in this
channel andto measureits coupling to the T. A comparisonof this decaymode
with the dominantone to bb would test the predicted proportionality of Higgs
coupling to fermion masses.We havecomputedr~r pair productionin e’~e—~
r~Tqqat = 170 GeV summedover five masslessflavors. In order to select
eventswhichcould fake a hadronicdecayof the Z°we haverequiredthe invariant

massof the q~pair to be larger than 60 GeV. The crosssection integratedfor the
r~i- invariant mass between 40 and 70 GeV is less than 10 fb. Hence this
backgroundis rathersmall. On the otherhand,with the mentionedcut, u(e~e—s
r~rqq)= 86 lb. This result is comparableto the Higgs-productioncrosssectionin
the r~r channeland it canbe usedas a referencepoint for the Higgssearch.

4. Jets plus leptons and four leptons

Four-fermionfinal stateswith at least one lepton pair are relatively easyto
studyexperimentally,and in somecasesthey representa potentialbackgroundto
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TAHLE 1
~

200 GeV. Errorsareasgivenby VEGAS [34]

Channel ~ (10~pb)

LEP I (~‘ = 91.1 GeV) LEP II (s~’= 200 GeV)
876.4±4.3 57.8±2.0

r±r’ce 2266.7±8.0 269.5±3.5
r
4r”bb 406.2±1.7 289.9±4.7

Higgs production. Much interest has been spurredby the observationof an
apparentexcessin the T~TX channel in ALEPH’s 1989—1990data [311.This
observationhasnot beenconfirmedby othercollaborations[32].

Quite recently a new Monte Carlo [331,which includesfermion massesand a
completetreatmentof y and Z° contributionsas is appropriateoutsidethe Z°
peak,and which combinesthem with initial- and final-stateradiation andwith a
careful mapping of the many peaks in the matrix element due to collinear
configurations, has been presented.We have computed the cross section for
e~e~~L”r’~T”and e~e r~TT’~T, without initial-state radiation, with
the parametersusedin ref. [33] andwe obtain ~~

0~(e~e ~T’~’T) = 640.0±
7.0lb andu101(e’~e—sr~T1-~T) = 61.2±0.3 th, in excellentagreementwith that
reference.

In table 1 we give the total crosssectionsfor e~e”—~1~~TT~T,e”e—~r~rcc
ande’~e—~T”T bb at = 91.1 and200 GeV with the standardparametersused
in thispaper,in particularwith aem= ~ at all electroweakvertices.The expected

numberof eventsis verysmall, betweenoneandfive eventsper 106 Z°at LEP I.

5. Final statesincluding a photon or Z°

Photonsarethe only particleswhich canbe directly revealedandcoupleto the
quarksin the early stagesof the hadronizationprocess.Final-stateradiation in
multihadronic decaysof the ~ canbe usedto test the electroweakcouplingsof
up- and down-typequarks[35,36], combiningthe measurementof the radiation
ratewith the measuredhadronicwidth of the Z°.

In fig. 8 we give the cross sectionsfor eEe”~q~yand e~e”—~q~yg,with
q = d, b, at the Z°peakas a function of ~ The photontransversemomentumis
requiredto begreaterthan 5 GeV. The differencebetweenb andd quarksis again

quite important both for o-(y~~1)and for the photon-energyspectrumwhich is
given in fig. 9.

In table 2 we present the total cross section for production of a Z° in
associationwith a heavy-fermionpair at = 200 GeV. Weimplicitly assumethat
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Fig. 8. Crosssectionsfore+ e— —+ bby(continuous),e ±e— —* dd~y(dashed),e+ e — —~bbyg(chain-dotted)
ande+ e— — ddyg(dotted)as a functionof ~ atv~’= 91.1 GeV.All particlepairs have ‘> ~ The

photontransversemomentumis requiredto begreaterthan5 GeV.

the Z° decaysto a fermion pair different from the onethat appearsin the event.
Theseprocessesaredominatedby the diagramsin fig. B.2b. Our resultsshow that
both the intermediatephotonand Z°give a sizablecontribution. In fact if only

1.4
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Fig. 9. Photon-energyspectrain e±e— —~bby (continuous), e+ e- —~ddy (dashed), e±e— —* bbyg
(chain-dotted)and e~’e”— ddyg (dotted) at ~1~’= 91.1 GeV. All particle pairs have y~�‘1.5X iO”~.

Thephotontransversemomentumis requiredto begreaterthan5 GeV.
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TABLE 2
Total crosssectionsfor e”e — ~ e±e — ZT±r, e+e —* Zcëande~e~— ZbbatV~’=200

GeV. Errorsareasgivenby VEGAS[34]

Channel ~ (iO~pb)

LEP II (Vi’ = 200 GeV)

Z°.~
1’p, 341.1 ±1.9

Z°y~’r 170.01±0.64
Z°c~ 402.4 ±1.0
Z°bb 378.19±0.71

diagramswith two Z°’swere importantone would expectu(e~e—~Z~~
ff(e~e—sZr~r); if, on the contrary, only photonic intermediatestateswere
relevantonewould get e~e—~Zcë) 3 x (~)2u(e~e—’ZT~T). All processes
produceratesof theorder of 100 eventsfor 500 pb1 of integratedluminosity.

6. Conclusions

We havecomputedthe exact matrix elements,at tree level, for a numberof

processesat e+ e— colliderswith threeandfour particlesin the final state in which
massesare relevant.We havegiven the correspondinghelicity amplitudesin the
Z-function formalism. We have studied theseprocessesat LEP I and LEP II

energiesusingboth the JADE andthe Durhamclusteringalgorithm.
Total cross sections involving b quarks are substantiallysmaller than the

correspondingonesfor d quarks,particularly for small y,~.The effect increases
with the numberof jetsand(obviously)with the numberof massiveparticles.The
differencesbetweenthe cross sectionsor distributions for massivequarks and
thosewith masslessones are generally larger in the Durham algorithm. Mass
effectson shapevariableshavebeenstudied.

Four-jet events involving heavy particles and two-tau-two-jet events are a

possiblebackgroundto Higgsproduction.We havecomputedtheir rates,which, in
the relevantmassregions,aremuch smaller thanHiggsproduction.

We have presentedcross sectionsand energy distributions for one-photon

productionin associationwith up to threejets,keepingquarkmassesinto account.

Appendix A

THE HELICITY AMPLITUDE METHOD

In this section,for completeness,we briefly recall the spinor techniquesof refs.
[18,19]which areusedin our calculations.
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Al. SPINORS

External fermions* of mass rn and momentump~are describedby spinors

correspondingto statesof definite helicity A, u(p, A) verifying theDirac equations

jlu(p, A) = ±rnu(p,A),

i~(p,A)j~=±mi~(p,A) (A.1)

and the spin-sumrelation

~ u(p,A)ü(p,A)=j.I±rn, (A.2)
A= ±

wherethe sign + (—) refersto a particle (antiparticle).
Onecanchoosetwo arbitraryvectorsk0 and k1 suchthat

k0~k0=0, k1~k1=—1, k0~k1=0, (A.3)

andexpressthe spinorsu(p, A) in termsof chiral onesw(k0,A) as

u(p,A)=w(p,A)+,aw(k0, —A), (A.4)

where

w(p, A) =jlw(k0, —A)/~q (A.5)

and

j~= ±rn/~, ~=~I2(p~k0). (A.6)

The spinorsw(k0, A) satisfy

w(k0,A)~(k0,A) = ~(1 + Ay5)~~0 (A.7)

andtherefore

A)w(k0, A) =~. (A.8)

The phasebetweenchiralstatesis fixed by

w(k0, A) =A/L1w(k0, —A). (A.9)

The freedomin choosingk0 and k1 providesa powerful tool for checkingthe

correctnessof any calculation.

* Unlessstatedotherwise,we shall usethe term “fermion” and the symbol u for both particlesand

antiparticles.



278 A. Ba!lestreroetaL / Heavyquarksand leptons

A.2. POLARIZATION VECTORSFOR MASSLESSGAUGE BOSONS

External spin-i masslessgaugebosons of momentum p~are describedby
polarizationvectorscorrespondingto statesof definite helicity A, ~hL(p, A) satisfy-
ing

c(p, A) ~ ~ A) ~(p, A) =0,

~L(p, —A) ~E1~*(p, A), c(p, A) •c(p, —A) = —1 (A.10)

andthe spin-sumrelation(in the axial gauge)

q~p~+ qVp~
~ e~(p,A)ev*(p, A) = —g~+ , (A.1i)

pq

where q’~’is any four-vectornot proportionalto p~.
Any object ~ A) obeying the relations(A.10), (A.1i) makesan acceptable

choice for the polarizationvectors. Forinstance

EE(p, A) =N[ü(p, A)y~u(q,A)], (A.12)

N being the normalizationfactor

N = [4(q ~p)] -1/2 (A.13)

The existingfreedomin choosingq~correspondsto fixing the gauge.The final

resultsdo not dependon the choiceof q~.

A.3. POLARIZATION VECTORS FOR MASSIVE GAUGE BOSONS

For spin-i massivegaugebosonsthereis an additional longitudinally polarized

statesatisfying

�(p, 0) ~p= 0, e(p, A) . e(p, 0) = 0, e(p, 0) •e(p, 0) = —1. (A.14)

The spin sumbecomes

A)~*(p, A) = —g~+ (A.15)

where rn and p~are the gauge-bosonmassand momentum,respectively.
For the polarizationvectorsof massivegaugebosonswe cannotadoptthe form

(A.12), sincefor a timelikemomentumpt~we cannotassigna definitehelicity in a
covariantwayto the spinorsu(p) andantispinorsv(p).
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The simplest solution lies in noting that we are usually dealing with cross
sectionsfor unpolarizedbosons,so we really haveas the only requirementon the
~L(p A) that their spin sum shouldbeas in eq.(A.15). Any wayby whichwe arrive

at that expressiongives us an acceptablechoicefor the polarizationrepresentation.
Introducingthe quantity

a’~= i~(r2, — )y’~u(r1, —), (A.i6)

where r~,r~are two lightlike four-vectorssatisfying

r~= r~= 0, r~+ r~=p~, (A.i7)

this canbe used,after propernormalization,as the polarizationvectorbelonging
to p~.In fact, if we replacethe spin sumby an integral overthe solid angledfl of
r1 in the rest frameof p~,the resultis of the desiredform

fdQ a~a~*= ~m2(_g~ + rn2)~ (A.i8)

This implies that we will obtain the correctresult for the crosssectionsif we
makethe following replacementsfor on-shell massivebosons:

a, ~EE 82 fdQ a~a~*. (A.i9)

A.4. S AND Z FUNCTIONS

Using the previousdefinitionsonecan compute

S(A,p1, p2) =u(p1, A)u(p2, —A) (A.20)

and

Z(p1, A1 p2, A2 p3, A3 p4, A4 CR, CL; c~,cL)

= [i~(p1, A1)F~u(p2,A2)] [i~(p3, A3)f’~’u(p4,A4)], (A.21)

where

= y~F~’~ (A.22)

and

f(’) = (c~~PR+ c~PL), (A.23)

with

PR=~(i+y5), PL=~(i—y5), (A.24)

the chiral projectors.
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The results(�0123 = 1) are (see (A.6))

S(+, p1, p2)

= 2 (p1 . k0)(p2 . k) — (p1 . k1)(p2 . k0) + ~ (A.25)
?1 t?72

S(—, p1, p2) = S( +, ~ p1)* (A.26)

and

Z(p1, +;p2, +;p3, +;p4, +;CR, CL; CR, CL)

= —2[S( +, p3, p1)S(—, p4, P2)CRCR — ~ — IJl?)2,h3/.L4CLCR],

Z(p1, +; p2, +; p3, +; p4, —; CR, CL; Cj~,CL)

= —2~2CR[S(+,p4, pi)~3cL—S(+,p3, p1)~4C~],

Z(p1, +; p2, +; p3, —; p4, +; CR, CL; C~,CL)

= —2mCR[S( —, p2, p3)jx4c~— S(—, p2, p4)~3C~],

Z(p1, +; p2, +; p3, —; p4, —; CR, CL; C~,CL)

= —2[S(+, p1, p4)S(—, p2, PI)CLCR— ~I~2~3~4CLCL — ~l~2~3~4CRCR],

Z(p1, +; p2, —; p3, +; p4, +; CR, CL; Ck, CL)

= —2~4C~[S(+,p3, Pl)~2CR— S(+, p3, P2)~tCL1,

Z(p1, +; p2, —; p3, +; p4, —; CR, CL; C~,CL) =0,

Z(p1,+; p2, —; p3, —; p4, +; CR, CL; C~,CL)

= — 2[~l~4~2~3CLCL+ ~ — !.~2/L4?7l?13CLCR— ~l~3?72~74C~CL],

Z(p1, +; p2, —; p3, —; p4, —; CR, CL; C~,CL)

= —2~3CL[S(+, P2, P4)~1CLS(+, Pi~P4)~2CR].

(A.27)

The remaining Z functionscanbe obtainedby exchanging+ ~-* — and R *-* L.

Appendix B

MATRIX ELEMENTS

In this sectionwe give the analytic formulaefor thematrix elements.We define

the propagatorfunctionsas

1 1~
D (p) = — D~(p)= (B.i)

p
2’ sin20~cos2ow(p2— M~+ iM~F~)
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and

1
D~(p)=p2—m~’ (B.2)

whereM~and F~are,respectively,the massandthe width of the Z boson,Ow is

theweak mixing angleand rnf is the fermion mass.
We also define

N = {4(q. ~p)] -1/2 (B.3)

where p. and q~are the momentum and the auxiliary momentum of the ith
masslessvectorboson,respectively.

Adopting for the polarizationvectorsof the gaugebosonsthe choices(A.i2)
and(A.16), and replacingany p~in the fermion propagatornumeratorwith

A)u(p, A) +rn, (B.4)

onecan expressthe Feynmanamplitude T for a genericdiagramas

T=aCDM, (B.5)

wherea indicatesthe couplings,D the appropriatecombinationof bosonand/or
fermion propagatorsfunctions,C the eventualcolor matrix, and M a combination
of Y and Z bilinear spinor functions.

The Y functionsare definedas

Y(p
1, A1 p2, A2 CR, CL) =ü(p1, Al)(CRPR+CLPL)u(p2,A2). (B.6)

Using(A.4), (A.5) and(A.9) andcomputingthe resulting tracesoneeasilyfinds

Y(p1, +; P2, +; CR, CL) ~ (B.7)

Y(p1, +;p2, —;CR,CL)=CLS(+,pl,p2). (B.8)

The remainingY functionscanbe obtainedby exchanging+ -~ — and R ~ L.
For all processeswe will only report thosespinor functions M which arenot

relatedby a trivial relabelingof momentaandhelicities.We also adoptthe symbol
(A) to denotea set of helicities of all externalparticlesin a given reactionand
to indicate the usualsum over all possiblehelicity combinations.The expressions
for the couplings CR and CL are given in table A.1. The amplitudessquared
include the 1/n! factor for eachn-upleof identical final-stateparticles.Therefore
the phase-spaceintegrationmustcover thewhole space.
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TABLE A.l
Rightandleft handedcouplingsof thefermionsf = ~, q to thegaugebosonsy, Z, g. We have

(er, T~,g~)=(—l,—~,0)forf = e, ~, r; (er, T~,gf)=(_~, —~, 1) forf= d, s, band (er, T, gf),~
(~,~,1) for f = u,

Coupling Gaugeboson

y Z g

4 e
t —e~sin20~, gf

c[, e~ T~—’e~sin2Ow gf

B.!. FOUR-FERMION PRODUCTION: ee~— fff’f’

The electroweakproductionof two leptonsandtwo quarksand of four leptons
(e’* e),

e(p

1, A1) + e~(p2,A2)

~r(p3, A3) +t~(p4,A4) +f(p5, A5) +f(p6, A6), (B.9)

is describedin the casef = ( (f * ~)by the eight (first four) Feynmandiagramsof
fig. B.la plus the four (first two) of fig. B.ib. The matrix elementis givenby

IM-~f~=~C
1~ ~ T~}T,~)*(f*t), (B.iO)

{A} 1,m=1

IMI~-~-~=~ct~ ~ (B.il)
{k} l,m=1

with the amplitudes

iTk = ~ D~(M~~— ~ k = 1,..., 6(12), (B.i2)
v=y,z v’=y,z z

where Dk denotesthe propagatorfunctionsof the kth diagram.
In formula (B.i2) the spinor functions Nk~ correspondsto the pl~pPterm of

the Z propagatorwith momentump, which is zero when acting on a massless
fermion line. By definition Nkv~~ = 0. For diagrams5 through 8, 11 and 12 an
additionalminussign hasto be insertedbecausetheyare relatedto the remaining
diagramsby the exchangeof two identical fermions.

We have

M
1~~= ~ Z(p5, A5 p6, —A6 p3, A3 p~,A; ~ CL; ~ CL)

i=3,5,6 A= ±

x z(p~, A; p4, —A4 p2, —A2 p1, A1 C; C~, CL; C~, 4), (B.i3)



i~~3 >~<:

(a) 2~

1~5

2 5. (9.) 6 2 6. (10.) ~

2 (11.) 6 (b) 2 (12.) ~

Fig. B.!. Feynmandiagramscontributing in lowest orderto ee~— q~q’~’(a) andto e’e~—. q~tior
ee~— tit’’/’ (a and b) with 1, 1’ ~ e. If the two fermion pairs arenot equalonly the first four
diagramsin (a) and the first two in (b) contribute.A wavy line representsa photonor a Z°while a
jaggedline representsa gluon, a photonor a Z°.External lines are identified by their momentumas

given in the text.
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N
1~= ~ E

1=3,5,6 A= ±

( ~ ~ Y(p5, A5 p~,A’; i, i)Y(p1, A’; p6, A6, ~ CCLV,))

j=5,6 A’= ±

x ( E ~ Y(p3, A3 Pk, A”; 1, 1)Y(pk, A”; p~,A; ~ CL))

k=5,6 A”= ±

X Z(p1, A; p4, —A4 p2, —A2 p1, A1 ~ CLV; ~ ~ (B.i4)

M2vvI = — [M1~~(p, ~p2, p3 ~p4, p5 ~p6

A1 -.-- —A2, A3—-- —A4, A5~—_A6)]*, (B.i5)

N2vvI = — [N1~,(p1 ~p2, ~ ~ p5 ~p6

A1 —.- —A2, A3—-- —A4, A5—-- _A6)]*. (B.i6)

Then, the spinor functionscorrespondingto the diagramsof fig. B.ib are

M5(9)~Z~= — ~ b, ~,

i=!,3,4 .k=±

Z(p5, A5 p6, —A6 p2, —A2 p~,A; ~ CLV; ~ 4~)

X Z(p3, A3 p4, —A4 p1, A; p1, A1 ~ CLV; C~, 4w), (B.i7)

where

b1=—b3=—b4=—b5=—b6=—i. (B.i8)

Notice that

Nk+4(k+8)~~=O,k=1,2(1,...,4), (B.i9)

since the Z propagatorsare alwaysconnectedto a masslesselectronline. Finally,
in formulae(B.iO), (B.li) C

t indicatesthe color factor

C~=1 or C~=3 (B.20)

The three-levelFeynmandiagramsdescribingthe reaction

e(p
1, A1) + e~(p2,A2)

-~ q(p3, A3) + ~(p4, A4) + q’(p5, A5) + q’(p6, A6) (B.2i)
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areshownin fig. B.la (Only the first four contributeif q * q’). The generalform of
the amplitude squaredis

~ ~ (q* q’), (B.22)
{A} l,m=1

MI~iqqq ~ ~ T/T,~C1~, (B.23)
{A} l,m=1

where C is an 8 1< 8 matrix containingthe color factors,and

iT~=g~e
2~ ~ k=i,...,4(8), (B.24)

V=y,Z

are the individual amplitudes.
The spinor functionsandthe propagatorscanbe obtainedfrom the correspond-

ing expressionsfor the caseee~—’((f1identifying V’ —~g, t’—~q and f—s q’.

Finally, thematrix of the color factors is

aaaaf3 [3 [3 [3

aaaal3[3/313
aaaa[3[3[3[3
aaaa[3[3[3[3 2

a=2, [3=—~. (B.25)
f3[3f3f3aaaa

/3 /3 /3 /3aaaa

/3 /3 /3 /3 a a a a
/3f3j3/3aaaa

B.2. TWO-FERMIONAND ONE-BOSONPRODUCTION:e- e+ — ffV

For Z, y productionin associationwith an ff pair (f * e) in

e(p

1, A1) + e’t(p2, A2) —s f(p3, A3) + f(p4, A4) + Z, y(p5, A5) (B.26)

the Feynmangraphsare depictedin figs. B.2a and B.2b. For y productionthe
amplitude squaredis

MI~i~=~Cf~ ~ (B.27)
{A) l,m=1



286 A. Ballestreroet a!. / Heavyquarksand leptons

2~4(a) I

Fig. B.2. Feynmandiagramscontributing in lowest order to ee~— q~g(a) and to ee~’— q~V,
V = y, Z (a and b). A wavy line representsa photonor a Z°while a jaggedline representsa gluon, a

photonor a Z°.Externallines are identifiedby theirmomentumasgiven in the text.

where

—iTk=e3 ~ ~ k=1,...,4. (B.28)
v=y,z

Recalling that q, is the auxiliary quadrimomentumof the polarizationvector
correspondingto the masslessbosonof momentump

1, the Mkv functionsare

M1~=N5 E ~ Z(p5, A5 q5, A5 p3, A3 p~,A; 1,1; C~, C~)

i=3,5 A= ±

x Z(p1, A; p4, —A4 p2, —A2 p1, A1 C~, CL; C~, CL), (B.29)

M2~ [Miv(p1 ~p2, p3~p4,p5~q5A1—-- —A2, A3~ _A4)]*, (B.30)

M31~= N5Lb1E Z(p3, A3 p4, —A4 p1, A; p1, A1 ~ C~ ~ CL)

XZ(p5, A5 q5, A5 p2, —A2 p~,A; 1,1; C~, 4), (B.31)

M4~= — [M3~(p1 ~p2, p3 ~p4, p5 —-- q5 A1 —.- —A2, A3 —A4 b1 b2)]*.

(B.32)

ForZ productionthe amplitude squaredhas the form

IMI~iz=~C~E 2 fdQ ~ T~T,~}*, (B.33)
~ 8irm~ 1,m=1

where

e
3

~ DkMkv, k= i,...,4. (B.34)
sin cos 0~
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234:

Fig. B.2 (continued).

The Mkv functions can be obtained from eqs. (B.29) through (B.32) with the
following substitutions:p5 —s r1, q5 —s r2, A5 —s —, N5 —s 1, C~—s c~and C~

~ where r1 and r2 are the auxiliary momentaof the polarizationvectorfor the
Z.

The color factor is

C’=1 or C~=3. (B.35)

The Feynmangraphsfor

e(p1,A1)+e~(p2,A2)—sq(p3,A3)+~(p4,A4)+g(p5,A5)(B.36)

are depictedin fig. B.2a. The amplitude squaredis

MI~og +CE ~ T1~T~*, (B.37)
{A} l,m=i

where

—iT~=g5e
2~ ~ k= 1,2. (B.38)

v=y,z
The spinor functions can be obtainedfrom the correspondingexpressionsfor

ee~-sq~ysubstitutingC~,4 with C~, 4.
The color factor is

C=4. (B.39)

B.3. TWO-FERMIONAND TWO-BOSON PRODUCTION: ee~ —s ffVV’

The Feynmandiagramscorrespondingto

e(p

1, A1) + e~(p2,A2)

_sq(p3, A3) +q(p4, A4) +g(p5, A5) +g(p6, A6) (B.40)

are shown in figs. B.3a and B.3b. The amplitude squared for this process is

IM~qgg ~ ~ TJ~
1T~~)~CIm, (B.4i)

{A} 1,~n=1
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~ >~:

(a)

246

2~

2~

(2) (c) 10.
Fig. B.3. Feynmandiagramscontributingin lowestorderto e— e±-~ q~gg(a andb)andto e— e+ ‘ q~gy
(a andc). A wavy line representsa photonor a Z°while a jaggedline representsa gluon or a photon.

Externallines areidentifiedby theirmomentumasgivenin thetext.

with the amplitudes

—iT~=g~e2~ DkMkv, k=i,...,8. (B.42)
V-y,Z

Recalling that q
1 is the auxiliary quadrimomentum of the polarization vector
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corresponding to the massless boson of momentum p
1, one gets for the spinor

functions:

M1~=N5N6E ~
i=3,5 j=4,6 A= ±A’= ±

Z(p5, A5 q5, A5 p3, A3 p1, A; 1, 1; Ca, 4)

x Z(p~,A; p~,A’; p2, —A2 p1, A1 Cay, C~ ~ C~~)

XZ(p6, A6 q6, A6 p1, A’; p4, —A4 1,1; Ca, C~, (B.43)

M3~=N5N6E ~
i=3,5 j=3,5,6 A= ± A’= ±

Z(p5, A5 q5, A5 p3, A3 p1, A; i, 1; Ca, ~

XZ(p6, A6 q6, A6 p~,A; p1, A’; 1, 1; Ca, 4)

1< Z(p1, A’; p4, —A4 p2, —A2 p1, A1 Cay, 4; ~ CL), (B.44)

M5~= [M3~(p1 ~-‘p2, p3~p4, p5~-sq6,q5~-sp6

A1~ —A2, A3~ —A4, As~A6)]*, (B.45)

M7~=N5N6 ~
i=3,5,6 A= ±A’= ±

{ 2Z(p3, A3 p1, A; p5, A5 q5, A5 Ca, C~ i~1)

XY(p6, A6 p5, A’; 1, 1)Y(p5, A’; q6, A6 1, 1)

+Z(p5, A5 q5, A5 p6, A6 q6, A6 1, 1; 1, 1)

x [Y(p3, A3 P6, A’; 1, i)Y(p6, A’; p~,A; i, 1)

—Y(p3, A3 p5, A’; i, i)Y(p5, A’; p1, A; 1, i)j

_2Z(p6, A6 q6, A6 p3, A3 p1, A; i, i; Ca, ~

XY(p5, A5 P6, A’; 1, i)Y(p6, A’; q5, A5 1, 1))

xZ(p~, A; p4, —A4 p2, —A2 p1, A1 Cay, C~ ~ 4), (B.46)

M8~ [M7v(p1~*p2,p3~p4 A1~-s—A2, A3~-~—A4)] * (B.47)
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In thiscase,the matrix of the color factorsis

y 6 ~ 3 ~ 3 e

6 ~ 3 6 y —E —E

y 6 ‘y 6 y 6 �

C— 6 ~ —c —E

6 ~‘ 6 y 6 e c

3 y 6 y 6 y —e —E

� —e c —E C —�

� —c � —E � —E ~

y=~, 6= —~, e=6, ~=i2. (B.48)

The Feynmandiagramscorrespondingto the process

e(p1, A1) + e~(p2,A2)

.—sq(p3,A3) +~(p4,A4) +g(p5, A5) +y(p6, A6) (B.49)

aredepictedin fig. B.3a andB.3c. The amplitude squaredis

M~qqgy= E TIA)T,~}*, (B.50)
{A} l,m=I

with the amplitudes

—iTk= ~ g~e
3D~M~~,k=i,...,iO. (B.5i)

V=y,Z

The spinor functions M
1~through M6~canbe obtainedfrom the correspond-

ing expressionsfor ee~—~q~ggsubstituting Ca, 4g with Cay, 4 in the Z

functionswhich haveboth p6 and q6 as arguments.
The remainingspinor functionsare

M7~=N5N6 ~

1=3,5 j=2,6 A= ±A’— ±

Z(p5, A5 q5, A5 p3, A3 p~,A; 1, 1; Ca, ~

x Z(p~,A; p4, —A4 p~,A’; p1, A1 Cay, C~ ~ 4~)

xZ(p6,A6q6,A6p2, —A2 p1, A’; 1, i; C~,4), (B.52)
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M8v N5N6 ~
i=3,5j=1,6 A—±A’—±

Z(p5, A5 q5, A5 p3, A3 p1, A; 1, 1; Ca, C~Lg)

XZ(p1, A; p4, —A4 p2, —A2 p1, A’; Cay, ~ Cay, CL)

XZ(p6, A6 q6, A6 p1, A’; Pi’ A1 1, 1; Ca, 4)~ (B.53)

M9~= [M8~(p1 ~p2, p3 ~p~ A1 —A2, A3 —A4 b1 b2)]*, (B.54)

M10~=[M7~(p1~p2, p3~p4A1~—A2, A3~—A4 bi~b2)]*, (B.55)

where

b1=b2= —b6= —1. (B.56)

Finally, the color factor is

C=4. (B.57)
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