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Abstract. Transport equations associated with a Lipschitz field % on
some subspace of RY endowed with some general measure y are consid-
ered. Our aim is to extend the results obtained in two previous contri-
butions (Arlotti et al. in Mediterr J Math 6:367-402, 2009, Mediterr J
Math 8:1-35, 2011) in the L'-context to LP-spaces 1 < p < oo. This is
the first part of a two-part contribution (see in Arlotti and Lods An LP-
approach to the well-posedness of transport equations associated with
a regular field—part II, Mediterr. J. Math. 16:145, 2019, for the sec-
ond part) and we here establish the general mathematical framework
we are dealing with and notably prove trace formula and uniqueness of
boundary value transport problems with abstract boundary conditions.
The abstract results of this first part will be used in the Part I of this
work (Arlotti and Lods in Meditter J Math 16:145, 2019) to deal with
general initial and boundary value problems and semigroup generation
properties.
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1. Introduction

This paper deals with the study in an LP-getting (p > 1) of the general
transport equation

Ohf(x,t)+ F(x) Ve f(x,0) =0 (x€,t>0) (1.1a)
supplemented by the abstract boundary condition
Jr_ (v, t) = H(fir, )(y,t), (yel-,t>0) (1.1b)
and the initial condition
f(x,0) = folx), (xe). (L1c)

The above problem was already examined by the authors in an L!-
setting in a series of papers [3,4] (in collaboration with Banasiak), and [1].
Aim of the present paper is to show that the theory and tools introduced in
[3,4] can be extended to LP-spaces with 1 < p < co.

Let us make precise the setting we are considering in the present paper,
which is somehow the one considered earlier in [3,4]. The set € is a suffi-
ciently smooth open subset of RY. We assume that RY is endowed with a
general positive Radon measure ;1 and that % is a restriction to €2 of a time-
independent globally Lipschitz vector field .# : RN — RY. With this field
we associate a flow (T}):er (with the notations of Sect. 2.1, T3 = ®(-,t)) and,
as in [3], we assume the measure p to be invariant under the flow (7});cr,
ie.

(T A) = p(A) for any measurable subset A € RY and any t € R. (1.2)

The sets I'y appearing in (1.1b) are suitable boundaries of the phase space
and the boundary operator H is a linear, but not necessarily bounded, opera-
tor between trace spaces L' corresponding to the boundaries I'y (see Sect. 2
for details).

We refer to the papers [3,4] for the importance of the above transport
equation in mathematical physics (Vlasov-like equations) and the link of as-
sumption (1.2) with some generalized divergence free assumptions on .%. We
also refer to the introduction of [4] and the references therein for an account
of the relevant literature on the subject.

Here we only recall that transport problems of type (1.1) with general
fields .# have been studied in an L' context, in the special case in which
the measure p is the Lebesgue measure over RY, by Bardos [6] when the
boundary conditions are the “no re-entry” boundary conditions (i.e. H = 0),
by Beals—Protopopescu [8] when the boundary conditions are dissipative.
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Furthermore, an optimal trace theory in L? spaces has been developed
by Cessenat [9,10] for the so-called free transport equation i. e. when p is the
Lebesgue measure and

F(x) = (v,0), x=(rv) €,

where §2 is a cylindrical domain of the type @ = D x R? ¢ R® (D being a
sufficiently smooth open subset of R?).

For more general fields and for more general and abstract measures,
the mathematical treatment of (1.1) is much more delicate. It requires an
understanding of the intricate interplay between the geometry of the domain
and the flow as well as their relation to the properties of the measure u.
Problems with a general measure p and general fields have been addressed
only very recently in [3,4] in an L!-context.

The study of transport operators with LP-spaces for 1 < p < oo for
abstract vector fields and abstract measure p is new to our knowledge. As
already mentioned in [4], the motivation of this abstract approach is to pro-
vide an unified treatment of first-order linear problems. This should allow to
apply the same formalism to transport equations on an open subset of the
Euclidian space R (in such a case y is a restriction of the Lebesgue mea-
sure over RY) and to transport equations associated with flows on networks
(where the measure p is then supported on graphs, see, e.g. [5,7,12,14] and
the reference therein). Several examples appearing in the literature will be
dealt with in the second part of the paper.

Besides showing the robustness of the theory developed in [3,4], the
present contribution—together with [2] which is its second part—provides a
thorough analysis of a large variety of boundary operators arising in first-
order partial equations—including unbounded boundary operators, dissipa-
tive, conservative and multiplicative boundary operators.

The organization of the paper is as follows. In Sect. 2, we recall the
relevant results of [3]: the definition of the measures pg over I'y, the inte-
gration along the characteristic curves associated with .%. This allows us to
give the precise definition of the transport operator Tjax, p» in the LP-context
and gives the crucial link between 7p,ax,, and the operator Tiax, 1 which was
thoroughly investigated in [3] (see Theorem 2.8). In Sect. 3, we apply the
results of Sect. 2 to prove well-posedness of the time-dependent transport
problem with no reentry boundary conditions and we generalize the trace
theory of Cessenat [9,10] to more general fields and measures. The general-
ization is based on the construction of suitable trace spaces which are related
to LP(I'y, dp,i).

The abstract results obtained in the present paper is aimed in providing
a thorough analysis of the semigroups associated with 7.,.x with general
boundary operator in the second part [2].

2. Preliminary Results

We recall here the construction of characteristic curves, boundary measures
p+ and the maximal transport operator associated with (1.1) as established in
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[3]. Most of the results in this section can be seen as technical generalizations
to those of [3] and the proof of the main result of this section (Theorem 2.6)
is deferred to Appendix A.

2.1. Integration Along Characteristic Curves

The definition of the transport operator (and the corresponding trace) in-
volved in (1.1), [3], relies heavily on the characteristic curves associated with
the field .#. Precisely, define the flow ®: RV x R — R, such that, for
(x,t) € RN x R, the mapping t € R — ®(x,1) is the only solution to the
initial-value problem

dX ~

E(t) =Z(X(t)), VteR; X(0)=x€Q. (2.1)

Of course, solutions to (2.1) do not necessarily belong to € for all times,
leading to the definition of stay times of the characteristic curves in €2 as
well as the related incoming and outgoing parts of the boundary 0€2.

Definition 2.1. For any x € €, define 74 (x) = inf{s > 0; ®(x,+s) ¢ Q},
with the convention that inf @ = co. Moreover, set

Iy ={yed;3axeQ, 71(x) <occand y = &(x, 74 (x))}. (2.2)

Notice that the characteristic curves of the vector field .# are not as-
sumed to be of finite length and hence we introduce the sets
Qi:{XEQ; Ti(X> <OO}, Qim:{XEQ; Tj:<X):OO},
and I'y oo = {y € I'+; 7¢(y) = oo}. Then one can prove (see [3, Section 2]).

Proposition 2.2. There are unique positive Borel measures du+ on I'y such
that, for any h € L*($2,dp),

o)) = [

T:F(Y)
dus(y) / h(@(y,Fs)ds,  (23)
I 0

Q4

and
/ o MO0 = / ) | nem a2
Moreover, for any ¢ € LY(T'_,du_),
[ emem= [ e @)@, (25)
I \I'_w M\l oo

2.2. The Maximal Transport Operator and Trace Results

The results of the previous section allow us to define the (maximal) transport
operator Tmax, p as the weak derivative along the characteristic curves. To be
precise, let us define the space of test functions ) as follows:

Definition 2.3 (Test functions). Let 9 be the set of all measurable and
bounded functions ¥ : © — R with compact support in 2 and such that, for
any x € €, the mapping

5 € (=7-(x), 74 (x)) — (@ (%, 9))
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is continuously differentiable with
d
x€N— d—z/;(fb(x s)) measurable and bounded. (2.6)
8 s=0
In the next step, we define the transport operator (Zmax,p, Z(Tmax,p))
in LP(Q,du), p > 1.

Definition 2.4 ( Transport operator Thax,p). Given p > 1, the domain of the
maximal transport operator Zmax, p is the set Z(Tmax, p) of all f e LP(Q,du)
for which there exists g € LP?(§2,du) such that

[ ou0dntx) = [ Fo0 5 o(@0xs))|  dulx), Yo e.
Q Q

s=0
In this case, g =: Tmax,pf-

Remark 2.5. It is easily seen that, with this definition, (Tmax, p» Z(Zmax, p))
is a closed operator in LP(2,du). Indeed, if (f)n C _@( max, p) 18 such that

hrIzn ||fn - f”LP(Q,d;L) = hrIzn ||Tmax,pfn - gHLP(Q,du) =0

for some f,g € LP(€2,du), then for any test function ¢ € ), the identity

/ Trnaspf( / Fa(X) (@ (x, )

holds for any n € N. Taking the limit as n — oo, we obtain the identity

[ atweaidute) = [ 6 oot

which proves that f € 2(Tmax,p) With ¢ = Tax, pf-

dp(x)
s=0

dp(x)

s=0

2.3. Fundamental Representation Formula: Mild Formulation

Recall that, if f; and fo are two functions defined over Q, we say that fo

is a representative of fi if u{x € Q; f1(x) # fa(x)} = 0, i.e. when f1(x) =
fa(x) for p-almost every x € €2. The following fundamental result provides a
characterization of the domain of Z(Tiax, p):

Theorem 2.6. Let f € LP(S2, ). The following are equivalent:

(1) There exists g € LP(Q, 1) and a representative f* of f such that, for
p-almost every x € @ and any —7_(x) < t1 < to < 74(x)

F@60) - Fe0t) = [ g(®6x9)ds @)

ty
(2) f € D(Tmax,p)- In this case, g = Tnax, pf-

Moreover, if f satisfies one of these equivalent conditions, then

lim f4(®(y, 1)) (2.8)

t—0+

exists for almost every y € T'_. Similarly, lim; .o, f*(®(y, —t)) exists for
almost everyy € I';.
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The proof of the theorem is made of several steps following the approach
developed in [3] in the L!-context. The extension to LP-space with 1 < p < oo
is somehow a technical generalization and we refer to Appendix A for details
of the proof. Notice that the existence of the limit (2.8) can be proven exactly
as in [3, Proposition 3.16]

The above representation theorem allows to define the trace operators.

Definition 2.7. For any f € Z(Tmax, ), define the traces B* f by
+ — 13 # — - = I g
BT f(y):= lim f/(®(y,~t)) and B™f(y):= lim f(®(y,?)
for any y € I'y for which the limits exist, where f* is a suitable representative
of f.

Notice that, by virtue of (2.7), it is clear that, for any f € Z(Tmax,p),
the traces B* f on I'y are well defined and, for p4-a.e. z € 'y,

t
B* f(z) = /4(®(z, 1)) F / Trnas p F1(®(z, F5))ds, ¥t € (0,74 (2).
(2.9)
2.4. Additional Properties

An important general property of Ti,ax,, We shall need in the sequel is given
by the following proposition, which makes the link between 7y,,x,, and the
operator Thay, 1 studied in [3].

Theorem 2.8. Let p > 1 and f € D(Tax,p). Then |f|P € D(Tmax,1) and
Tinax 1| f1P = psign(f) | 1P Toax, pf (2.10)
where sign(f)(x) =1 if f(x) > 0 and sign(f)(x) = -1 if f(x) <0 (x € Q).

Remark 2.9. Observe that, since both f and T,ax,f belong to LP(Q,dy),
one sees that the right-hand side of (2.10) indeed belongs to L' (€2, dpu).

Proof. The proof follows the path of the version p = 1 given in [4, Proposition
2.2]. Let f € P(Tmax,p) and ¥ € Y be fixed. We shall denote by f* the
representative of f given by Theorem 2.6. Using (2.3), one has

|16 S (@ o), _dnt)
Q_

7+(¥)
- [ dew [ r@er @

I_

@y, H)dt

Let us fix y € I'_ and introduce Iy := {t € (0,74 (y)); fH(®(y,t)) > 0}. As
in [4, Proposition 2.2], there exists a sequence of mutually disjoint intervals

(Is(¥)k = (s (¥)s 85 (¥))k C (0,74 (y)) such that

Iy = U (S;(Y)v 5?(3’)) .

keN

T+(¥)
Y . / @y, 1)

T_
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We have

p o) pd
1@ grotety. 0 =3 | ) Suee.

s, (y)

Let us distinguish several cases. If s; (y) # 0 and s; (y)
from the continuity of ¢ + f#(®(y,t)), we see that f* (
f*(®(y, s{ (y))) = 0. Using (2.7) on the interval (s} (y),s
integration by parts leads to

# T+(y) then,
q)(yvsk; (y) ) -
;:(y)), a simple

sE(y) b d pe%)
[ (ree) S = [ 0@y
Sk (¥) Sk (¥)

(2.11)

where
F = psign(f*) [ £~ Tnax, pf-

As already observed, F' € L' (€, du). Next, we consider the case when s (y) =
0 or s;(y) = 74(y) < oo for some k. Using the fact that ¢ is of compact
support in © while ®(y, s} (y)) € 9, one proves again (2.11) integrating by
parts. The last case to consider is s; (y) = 74 (y) = oo for some k. We shall
use [3, Lemma 3.3] according to which for x_ almost every y € T'_ there is
a sequence (t,), such that ¢, — oo and ¥(®(t,,y)) = 0. Thus, focusing our
attention on such ys, as in the proof of [3, Theorem 3.6], integration by parts
gives
tn

[ (e ) geemna= [ @@

k() k()

for any n and, by integrability of both sides, we prove Formula (2.11) for
si(y) = 7+(y) = oo. In other words, (2.11) is true for any k € N, and
summing up over N, we ﬁnally get

/ (@ (y,t O(y,t))dt = / D(2(y, 1) F(R(y,1))dt.
Arguing in the same way on Jy, = {t € (0,74 (y)); f*(®(y,t)) < 0}, we get
|fﬁ(‘1’(y,t))\p%iﬂ(q’(%t))dt = [ D(@(y, 1) F(®(y,t))dt,
Jy Jy

where, obviously, |f*(®(y,t))| = —f*(®(y,t)) for any t € Jy,. Now, integra-
tion over I'_ leads to

d
[ 1561 ool )]y = [ Plixdut).

Q_ S Q_
Using now parametrization over I'y | we prove in the same way that

p d o
/m_m £GP (@ s ydu) = [ Peudut).

Q+ﬁﬂ_m
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In the same way, following the proof of [4, Proposition 2.2], one gets that
d
/ £GP §o (@0 9)]_ydn(x) = [ F(x) 6 (x)dp(),
Q0N oo s QN oo

where we notice that assumption (1.2) is crucial at this stage. Therefore, one
sees that

d
J 160 (@6 )]y = [ FeowGdute) Vo €.
Q S
Since F' € L'(€,dp), this exactly means that |f|P € Z(Tmax, 1) With Tmax 1
|f|P = F and the proof is complete. O

We can now generalize Green’s formula:

Proposition 2.10 (Green’s formula). Let f € P (Thax,p) satisfies B~ f € L.
Then BT f € L and

IB™fI7e — BT I, = /sign( ) AP Tonae, p f s (2.12)
Q

Proof. Let f € P(Tmax, p) with B~ f € L” | be given. Let F' = | f|P. One checks
without difficulty that |B¥ f|P = B¥|f|P while, from the previous result, F €
D (Tmax.1)- Since BTF € L | applying the L!-version of Green’s formula [3,
Proposition 4.4], we get

/ Tma}gl'f‘pdﬂ = / B_‘f|pdﬂf - / B+|f|pdu+
Q r_ s

which gives exactly the result thanks to Theorem 2.8. O

3. Well-Posedness for Initial and Boundary Value Problems

3.1. Absorption Semigroup

From now on, we fix p > 1 and we will denote X = LP(Q, du) endowed with
its natural norm || - ||,. The conjugate exponent will always be denoted by ¢,
ie. 1/p+1/q = 1. Let Ty, , be the free streaming operator with no re-entry
boundary conditions:

7?],177/1 = Tmax,;ﬂbv for any 1/) € @( 0 p)

where the domain Z(7y,,) is defined by
2(To,p) = {¢ € Z(Tmax,p); B"¢ = 0}

We state the following generation result:

Theorem 3.1. The operator (1o, ,, (1o, p)) is the generator of a nonnegative
Co-semigroup of contractions (Up(t))i>0 in LP (2, du) given by

Uo()f(x) = F(O(x, =) Xpt<r_x} (), (x€Q, feX), (3.1

where x 4 denotes the characteristic function of a set A.
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Proof. Let us first check that the family of operators (Uy(t)):>0 is a nonneg-
ative contractive Cyp-semigroup in X. As in [3, Theorem 4.1], for any f € X
and any ¢t > 0, the mapping Uy(t) f : € — R is measurable and the semigroup
properties Up(0)f = f and Uy (t)Uo(s)f = Up(t + s)f (t,s > 0) hold. Let us
now show that | Uy (¢) fl, < || f]lp- We have

Ul = [ wosrant [ (o)

QN2 e
—kjf Uo(t) fPdp.
,ocﬁﬂ+oc

As in [3, Theorem 4.1], one checks that

/ \%mmm:/ |Ww,/ Uo(t) fPdy
Qfﬂﬂ+oo Qfﬁﬂ+oc Qfocﬁﬂ+oc

= / |f1Pdp.
QN oo

Therefore,

I~ 10a017 1y = [ 1fPan= [ wooPan
Q Q
Now, using (2.3) together with the expression of Uy(t)f in (3.1), we get

max(t,7—(z))
| wospdn= [ dueta / F(®(z, —s))|"ds,

Q. I,
so that

||f|\§—||Uo(7f)f||£=/F du+(Z)/O £ (®(2, =5)["X{s<r_(@pds.  (3:2)

This proves that | Uy (¢) f|lp < || fllp, i-e. (Uo(t))s>0 is a contraction semigroup.
The rest of the proof is as in [3, Theorem 4.1] since it involves only “pointwise”
estimates. 0

3.2. Some Useful Operators

We introduce here some linear operators which will turn useful in the study
of boundary value problem. We start with

Oxi=(A—To,p) ", YA>0.

Since
Chf :/ exp(—=A)Up(t) fdt, VfeX, A>0
0

one sees that

Cr: X — 9T, CX

T_(x)
F e [Cnf] (%) = / F(®(x, —5)) exp(—As)ds, x € Q.
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In particular, |Cyf|l, < 3|/ fl, for all A > 0, f € X. Introduce then, for all
feX,

Grf=BTCyf, YA>0,feX.
According to Green’s formula, G f € L and one has
Gy : X — Li
[ [Grf] (2) = / " (@@ —s) exp(-Ae)ds, zeT, |
One has then the following:

Lemma 3.2. For any A > 0 and any f € X, one has

G\l +XpIC S = [ sign(@NICA P S (33
In particular,
1G5 + APICAIE < plICAFIE 11l

Proof. Given f € X and A > 0, let ¢ = C\f = (A — Tp,,) "' f. One has
g€ P71y p), i.e. BTg =0. Green’s formula (Proposition 2.10) gives

IGA T, = 1878l = = | sign)lal” ™ Tows, pords

and, since Tax, pg = Zo,p9 = Ag — f, we get

G Pl ==Ap [ loPau-+p [ sienlal™" fau

which gives (3.3) since g = C f. The second part of the result comes from
Holder’s inequality since sign(g)|g|P~! € L9(Q,dy) with 1/¢+1/p=1. O

3.3. Generalized Cessenat’s Theorems

The theory and tools we have recalled in the previous section allow us to
carry out a more detailed study of the trace operators. First of all, we show
that Cessenat’s trace result [9,10] can be generalized to our case:

Theorem 3.3. Define the following measures over I'y:

dés(y) = min (7¢(y), 1) du+(y), y el
and set
Y= LP(Ty,déy)

with usual norm. Then, for any f € P(Tmax,p), the trace B f belongs to Ypi
with

IBEAIY. <277 (1115 + 1 Tmax pf1I5) » f € 2(Tinax, ).
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Proof. The proof is an almost straightforward application of the represen-
tation formula (2.9). The proof is similar to the one given in [4, Theorem
3.1] for p = 1, namely let f € Z(Tmax,p) be fixed. It is clear from (2.9) that
the mapping y € T'_ — B~ f(y) is measurable. Now, for p_-almost every
y € I'_, one has

P

B P Pl fE s))|P Pl ) max T T )
B ) < 27| fE ((y. s))IP +2 (/ Tona (B >>|d>
V0 < s < 14 (y).

Now, for any 0 < s < t < min(1, 74 (y)), using first Holder inequality, we get

([ 1Tt @rlar) <58 [ T pr@Gr P
0 0

B ) Tmax p ’ Pdr.
</0 T, (@ (y, 7)) Pl

Integrating the above inequality with respect to s over (0,¢) leads to
P ! P !
(B = [ B sl as <2 [ iF@ s
0 0

t
e / Tonae, pf (B, 8))|Pds
0

since t < 1. We conclude exactly as in the proof of [4, Theorem 3.1]. 0

Remark 3.4. A simple consequence of the above continuity result is the fol-
lowing: if (f)n € Z(Tmax,p) is such that

i ([ fn = fllp + [ ZTmax, pfn = Tmax, pfllp) = 0
then (B* f,,),, converges to B¥ f in Ypi.
Clearly,
LB = LP(Dy,dpy) = Y5, (3.4)

where the embedding is continuous (it is a contraction). Define then, for all
A>0and any u € Y, :

[M)\’LL] (Z) = u(<I>(z, —T- (Z))) exXp (_)‘T* (Z)) X{r_(z)<oc0}s Z € F+7
[Exu] (x) = u(P(x, —7-(x))) exp (AT (X)) X{r_(x)<oc}s X € Q.
We also introduce the following measures on I'y:
djizp(y) = (min(rx(y), 1)) 7" dux(y), y €T+

and set JL,,, = LP(T'y, dfix p) with the usual norm. Notice that dfis, is
absolutely continuous with respect to du+ and the embedding

Vi LP(Ty,dps) =: LA, (3.5)

is continuous since it is a contraction. One has the following result:
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Lemma 3.5. Let A > 0 be given. Then
My € %’(Y;,YJ‘) and Ex € B(Y, , X).
Moreover, given u € Y, it holds:
(1) Exu € P(Thax, p) with
Tnax, pZatt = AZzu, B Eyu=u, BYEyu= M,u. (3.6)

(2) Myu € [ﬁ_ if and only if u € L’;.
(3) Myu € Yy, p if and only if u e Y_ .

Proof. Let A > 0 and u € Y, be fixed. From the definition of =y, one sees
that

[Exul(@(y, )P = |u(y)|P exp(=Apt), VyeTl_, 0<t<7(y),
(3.7)

and, thanks to Proposition 2.2:

T+ (y)
/ﬂ B (0 Pdp(x) = / du_(y) / ()P exp(~Ap )t

_ b
Ap Jr

< max (1, ;p) / )P (v).

where, as in [4, Theorem 3.2], we used that (1 — exp(—s)) < min(1, s) for all
s > 0. This shows, in particular, that

(1 —exp(=Ap7(y))) lu(y)[Pdu—(y)

_ 1
[l < max (1, )l

Moreover, arguing as in [4, Lemma 3.1], one has

[ inu@ra@ = [ ep-2pr@)u@E —r-@) P2
Iy

Fi\Thoo
- / exp(—Apr (y)uly)Pde_(y) < [[ull?,-.
I \T_w P
(3.8)

This shows the first part of the Lemma. To prove that Exu € Z(Tmax,p)
one argues as in the proof of [3, Theorem 4.2] to get that fo = Z\u satisfies
Tmax, pf2 = A f2. Moreover, it is clear from the definition of Bt that BYZ u =
Myu. This shows point (1). To prove (2), we first notice that, for u € L | as
in (3.8), one sees that

/ My () PdE  (z) = / ()P exp(—pArs (7)) dpi_(y) < [[ull,
I, P_\P_oo

(3.9)
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This together with the embedding (3.5) shows that Myu € L . Conversely,
assume that Myu € Li and define

].—‘,1:{}’6].—‘,"7' ( )<1}, F,QZF,\F,J.
One has [ |u(y)Pdé-(y) = [ B lu(y)[Pdu_(y) < oco. Moreover, since
As + exp(— )\s) 1 for any s > 0, one has

| umrano) < / APTe(y) + exp(=Aprs (v) [u(y) Pdu_(y)

r

<Ap / fu(y)[PdE_(y)
" / exp(—Apr+ () uly) Pdu—(y)
I\l

~ap / () Pdé_(y) + / M) (2) P (2),

according to (3.8). This shows that u € L¥ and proves the second point.
It is clear now that, if u € Y. _p> then Myu € Y+ p- Conversely, assume

that Myu € Y+ p- To prove that u € Y. _p>» we only have to focus on the
integral over I'; ; since the measures dfi4 , and d§; coincide on I'y 5. Then,
by assumption, it holds I; < co with

hi= [ @ - @) exp (-pA 7 (@) 7-(2)' s (a).
o
Notice that I; can be written as
= [ P e (PR BT ) ),
and, since exp (—pA T+(y)) > exp(—Ap) for any y € I'_ 1, we get

/F () Pdji o(y) = / () P () Pdu_(y) < exp(Ap)Ty < oo.

As above, since dfi_,, coincides with d§_ on I'_ 5, this shows that u € ?,,p
O

3.4. Boundary Value Problem

The above results allow us to treat more general boundary value problems:

Theorem 3.6. Let u € Y, and g € X be given. Then the function

T_(x)
flx) = / exp(—Af) g(®(x, 1)) dt
+ X{r_(x)<x} exp(_AT* (X))u((b(xv —T- (X)))

is a unique solution f € P(Tmax,p) of the boundary value problem:

)\_Tmaxp =9,
{é_f:u wf=9 (3.10)
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where A > 0. Moreover, if u € L” then
ApIIfIp+ 1B AUz < llullfe +pllglly 1F15 (3.11)

Proof. The fact that f is the unique solution to (3.10) is proven as in [3,
Theorem 4.2]. We recall here the main steps since we need the notations
introduce therein. Write f = fi + fo with f; = Cyg and fo = Zju. Since
fl = ()‘ - %,p)7197 one has fl € 9(,Z-rnax.,p) with ()‘ - Znax,p)fl =49 and
B~ f1 = 0. Moreover, from Proposition 2.10, BT f; € L% . On the other hand,
according to Lemma 3.5, fo € Z(Tmax,p) With (A—Tmax, p)fo =0and B~ fo =
u. We get then that f is a solution to (3.10). The uniqueness also follows the
line of [3, Theorem 4.2]. Finally, it remains to prove (3.11). Recall that f is
a solution to (3.10) and, applying Green’s formula (2.12), we obtain

Jully = 1B 11, = [ sign(h) 117" T

= [ sien(NIF OF ~ ),
ie.
lullz = IBTSIZ: =pAISIE —p/ﬂsign(f)lflp_lgdu (3.12)
which results easily in (3.11). O
Remark 3.7. Notice that, for ¢ = 0 and using the above notations, we have
f = f2 and (3.12) reads
Apllfallf + BT fallZe = llulle < oo (3.13)

Conversely, assuming u = 0, we get f = f; = Ch,g and BT f = G g and (3.12)
is nothing but Lemma 3.2.

3.5. Additional Properties of the Traces
The generalization of [4, Proposition 2.3] to the case p > 1 is the following:

Proposition 3.8. Given h € §+p, let

T_ (X)67T+ (x)

h(¢(X77+(X))>m
fx) = e _
h(®(x, 74 (x))e ™) if T_(x) =00 and T1(x) < 00,
0 if T+(x) = o0.
Then f € D(Tmax,p), B~ f =0, and BY f = h. Moreover, ||fll, + |70, pfl» <
1Ally, -

Proof. Let us first show that f € X with | f|} < %Hh”lzp We begin with
+
noticing that

/Q (0 Pdpu(x) = / (0 Pdpu(x) = / (0 Pdpu(x)

Q. QN0

if T—(x)+ m4(x) < o0,

+ /ﬂ o OGO,
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since f(x) = 0 whenever 7, (x) = oco. Now, according to the integration
formula (2.3),

7 (x)Pe—PT+ (%)
[ uearanta = [ (@) ()
Q. NQ_

QN (r—(x) + 74(x))

_ ™ |h(z)P Re—
—/m\moo d,u+(z)/o Bk (1—(z) — s)Pe P?ds.

7_(z
Since, for any 7 > 0 and any s € (0,7), 0 <1— 2 <1, we have
1 T T p T 1
— (1 —s)PePids = / (1 — i) e Pds < / e PPds < —
T Jo 0 T 0 P
we get that
1
[ e <o [ @),
QN2 PJr\ri.
In the same way, according to Eq. (2.4),
[ et = [ (@ GopPe ™ dut
QN2 o QN2

_ /F ) /O (@) Per5ds

- )

p
Thus,

P LipP, < LRI < |R|E
712 < 2IRIE, < SHAI, < Al
and f € X. Setting

- X, T+ (x 67T+(x)71+7—7(x)
h(q)( ) +( ))) Tf(X)+T+(X)

90) =9 _p(@(x, 7 (x))) e+ if 7_(x) = o0 and 4 (x) < o0,
0 if T+(X) = 00,

if 7_(x) + 74 (x) < o0,

(3.14)

it is easily seen that, if g € X, then f € Z(Tmax, p) With Tnax, pf = g. Let us
then prove that g € X. Clearly, as before,

p _1 [P .,
/ﬂmnw EIFdRt) = p/rm [h(2) [Py (2).
Moreover,
/ l9(x)[Pdp(x)
QN

[ @Gy pe
QnQ_

7—(2) P
= / dus(2z) / Me‘ps(l +7_(z) — s)Pds.
AT 0

T_(2)
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Now, it is easy to check that, for any 7 > 0,

17 T(1ts\" ~ -
1 / e (1 47— s)Pds — / < +S) e P ds < 29 min(, 1)) 7"
TP 0 0

.
so that
/ 190 Pdpu(x) < 27 / [min(r—(z), 1" |h(2)]Pdus ()
QNQ_ P\ oo
<o|nf
YVip

Consequently, we obtain
/ |9(x)Pdu(x) < 2°||R[l5; < oo
Q +.p

which proves that f € Z(Tnax,p). To compute the traces BT f and B~ f,
one proceeds as in [4, Proposition 2.3]. The inequality || f|l, + || Tmax, pf|lp =
17l + llly < 3lblly,  is immediate. .

Remark 3.9. Notice that, for p = 1, fi’l = LY(T'y ,du+) and the above
proposition is nothing but [4, Proposition 2.3].
One also has the following:

Lemma 3.10. For any A > 0 and f € X, one has Gf € J~i+7p and

_ 1 1
16315, < (14 Q@) Il o+ =1 (3.15)

Moreover, for any A > 0, the mapping G : X — ﬁ_hp is surjective.

Proof. Let g € )74_7,, and A > 0. According to Proposition 3.8, there is an
[ € P(Thax, p), such that Bt f = g and B~ f = 0. In particular, since f €
P2(Tp, p), there is ¢ € X such that f = (A — Ty,,) "' = C\¢. In this case,

g = BT f = Gyy. This proves that Gy : X — Y, , is surjective. Let us now
prove (3.15): for A > 0 and f € X it holds

GAfI" =/
IGAFIS, .

)
F+72

where 'y 1 ={zeTy;7_(z) <1} and 'y, = {z € I'y; 7_(z) > 1}. For the
first integral, we use Holder inequality to get, for any z € I'y ;:

p T_(z)
7. —1))|Pe= APt 7 (z)P/4
< (/ (@2, ~1))] dt) (2)"/1,

7_(2)' "Pdps (2)

du-‘-(z)a

T_(z)
/ e MF(D(z, —t))dt
0

T_(z)
/ e (D, —t))dt
0

7_(2)
/ M F(®(z, 1))t
0

i.e.
p

T_(2z) T_(z)
/ e (@ (z, —)dt| < r_(2)) / (@, —0))Pdt
0 0
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and, using (2.3),

/F+,1

T_(z)
< /FJ“1 dﬂ+(z)/0 |f(®(z, —t))|Pdt < || 5.

P

7_(2)
/0 M@ (2~ )| 7 (2)Pdps (2)

In the same way, we see that for all z € I'y »,

7_(2) v 7_(2) gt
<</ (@ (2, —1)) dt) (/ e dt)

p—1 7_(2z)
< (Aiq) / (@2, )Pt

from which we deduce as above that

/rm /OT(Z) e M F(D(2, —t))dt

Combining both the estimates, we obtain (3.15). O

P p/q

(=) —\t
/0 e " f(P(z,—t))dt

p

1\?!
djiy (2) < (M> T3

Remark 3.11. A clear consequence of the above Lemma is the following: if
© € D(Tmax,p) and B~ =0 then BTp € Y .

The following result generalizes [11, Theorem 2, p. 253]:

Proposition 3.12. Let ¢4 € Ypi be given. There exists ¢ € D(Tmax,p) Such
that B¥p = 11 if and only if

vy — Myy_ € 3~J+,p for some/all A > 0.

Proof. Assume first there exists ¢ € Z(Tmax,p) such that B¥y = 4. Set
g = p—Exp_. Clearly, one can deduce from Eq. (3.6) that g € Z(Tax, p) With
(A= Timax, p)9 = (A — Trnax, p) and B~g = 0. Moreover, BT g = ¢y — My1)_.
Since B~g = 0, one has BTg € Y, , (see Remark 3.11). Notice also that
B+9 = GA(A — Tinax, p)
so that, from (3.15),
1B*gly, < 1+ Q@) YO = T )l
< (1+ A ) ) max(1,2) ([ellp + [ Tmax, plp) - (3.16)

Conversely, let h = 1 — M y_ € 37_5_7,). Then, thanks to Proposition 3.8,
one can find a function f € 2(Zmax,p) such that B~ f = 0 and BT f = h.
Setting ¢ = f 4+ Ext)_, one sees from (3.6) that ¢ € Z(Tmax,p) With B~ ¢ =
B=f+B Zx¢y_ =v¢_and Bt =h+Bt= ¢ = h+ Mytp_ =, O

A consequence of the above Proposition is the following:

Corollary 3.13. Giveny € Ypi, there exists p € D(Tmax, p) such that BEp =
Y+ and BT =0 if and only if ¥4 € j)vtp.
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Proof. The proof of the result is an obvious consequence of the above Propo-
sition (see also Remark 3.11) and point (3) of Lemma 3.5. O

With this, we can prove the following:

Proposition 3.14. One has
_{fe-@ mmxp)BfeLp} {fe-@ m'}xp B+f€L}
In particular, Green’s formula (2.12) holds for any f € #'.

Proof. We have already seen that, given f € Z(Tnax,p) with B~ f € L”,
it holds that BT f € L%. Now, let f € Z(Tnax,p) be such thatNB"’f e Lh.
Set u = B~ f. According to Proposition 3.12, BT f — Myu € Y, , C L%.
Therefore, Myu € Lﬂ’_ and since u € Y, one deduces from Lemma 3.5 that
ueL?. O

Define now & as the space of elements (¢4, 9¥_) € yp+ x Y, such that
Yy — Myy_ € j—&-,p for some/all A > 0. We equip & with the norm

1/
19l = [+ Nl + oy = Mg ] @a7)

that makes it a Banach space. In the following, Z(7max, p) is endowed with
the graph norm: || f|lz = [|fllp + [ Tmax, pfllp, f € Z(Tmax, p)-

Corollary 3.15. The trace mapping B : ¢ € D(Tmax,p) — (BTp,B7p) € &
is continuous, surjective with continuous inverse.

Proof. The fact that the trace mapping is surjective follows from Proposition
3.12. Moreover, for any ¢ € Z(Zmax,p), Theorem 3.3 yields ||Bi(,OHYPi <

~» llll2. Moreover, according to (3.16)
94 = Map— |5 =[B¥gll}; < (14 ()~ )P max(1, V) o]

for any A > 0. Choosing A = 1, this proves that B is continuous. Conversely,
suppose (¢¥4,1¢_) € &. From the proof of Proposition 3.12 with A = 1, the
inverse operator may be defined by

B™' (Yo, y) — o= f+E1,

where f € D(Tmax,p) satisfies B~ f = 0 and BT f = h = ¢4 — My1_. Now,
by Proposition 3.8,

Ifll <3llhlly, = 3llvs —Mip_|l5,

and one deduces easily the continuity of B~". O

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.
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Appendix A: Proof of Theorem 2.6

The scope here is to prove Theorem 2.6 in Sect. 2.2. The difficult part of
the proof is the implication (2) = (1). It is carried out through several
technical lemmas based upon mollification along the characteristic curves
(recall that, whenever p is not absolutely continuous with respect to the
Lebesgue measure, no global convolution argument is available). Let us make
precise what this is all about. Consider a sequence (g,,),, of one-dimensional
mollifiers supported in [0,1], i.e. for any n € N, g, € €5°(R), 0,(s) = 0 if
s ¢10,1/n], on(s) = 0 and fol/n on(s)ds = 1. Then, for any f € LP(2,dpu),
define the (extended) mollification:

T_(x)
on 0 f(x) = / 0n(5) F(®(x, —5))ds.

Note that, with such a definition, it is not clear a priori that o, ¢ f
defines a measurable function, finite almost everywhere. It is proved in the
following that such a function does actually belong to LP (€2, du).

Lemma A.1. Given f € LP(2,du), o, ¢ f € LP(2,du) for any n € N. More-
over,

lono fllp < fllp, VS € LP(Q,du),n eN. (A.1)
Proof. One considers, for a given f € LP(,du), the extension of f by zero
outside 2:

fx)=f(x), ¥xeQ, f(x)=0 vxecRM\Q.
Then f € LP(RY,du). Let us consider the transformation:
T : (x,5) € RY xR — T(x,5) = (P(x,—s), —5) € RY x R,

As a homeomorphism, Y is measure preserving for pure Borel measures.
It is also measure preserving for completions of Borel measures (such as
a Lebesgue measure) since it is measure-preserving on Borel sets and the
completion of a measure is obtained by adding to the Borel o-algebra all sets
contained in measure-zero Borel sets, see [13, Theorem 13.B, p. 55]. Then,
according to [13, Theorem 39.B, p. 162], the mapping

(x,5) € RN x R f(®(x, —5))

is measurable as the composition of T with the measurable function (x, s) —
f(x). Define now A = {(x,s);x € 2,0 < s < 7_(x)}, A is a measurable
subset of RY x R. Therefore, the mapping

(x,8) € RY x R— f(®(x,—5))xa(x,5)0n(s)
is measurable. In the same way,
(x,5) € RY xR +— ‘?((I)()g —s))’pXA(x, $)on(s)

is measurable. For almost every x € €2, it holds

) . » min(7_(x),1/n)
/ on(s) [f(@(x,—5))| XA(X,S)dSZ/ on(s) | (2(x, —5))[" ds.
0 0
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Setting ¢ = Z%, observe now that g}/q € L9(0,1/n) while, for a.e. x € Q,
5 > 0u(8)17 F(D(x, ~5)) € LP(0, min(r—(x), 1/n).
Therefore, for almost every x € 2
0u(8)f(®(x, —s)) € L' (0, min(7_(x),1/n))
thanks to Holder’s inequality. Thus,

T_ (%)
lon 0 f](x) = / 0n () F(B(x, —))ds

0
is finite for almost every x € €2 with

1/n 1/q (%) 1/p
[gnof1<x>|<</o gn<s>ds> (/ Qn(S)f(‘I>(X7—S))|”dS>

T_ (%) 1/p
(/ gn<s>|f<<b<x,s>>|”ds> .

From this, one sees that

|lon © FI)P < [on o | 7] (x). (A.2)
Now, since |f|P € L'(£2,dp), one can use [3, Theorem 3.7] to get first that
on o |fIP € LY($2,dp) with

len o LA < HAPI = 115

One deduces from this and (A.2) that [g, ¢ f] € LP(2,du) and (A.1) holds
true. O

As it is the case for classical convolution, the family (g, ¢ f), approxi-
mates f in LP-norm:

Proposition A.2. Given f € LP(2,du),
P

lim du(x) = 0. (A.3)
n—oo Q

(on o f)(x) = f(x)

Proof. The proof is very similar to that of [3, Proposition 3.8]. Let us fix a
nonnegative f continuous over 2 and compactly supported. We introduce, for
any n € N, O,, := supp(on, ¢ f)Usupp(f) and O,, = {x € O, ; 7_(x) < 1/n}.
Since supyeq [0n © f(X)] < supyeq |f(x)], for any € > 0, there exists ng > 1
such that

/7 |f(x)|Pdp(x) <e, and /07 lon ¢ f(x)|Pdu(x) <& Vn = ng.

n

Now, noticing that Supp(o, ¢ f — f) C Oy, one has for any n > ny,

/IQnOf—f\pdu=/ IQnOf—flpdu<26+/ ono f — fIPda.
Q O, 0, \On
(A.4)
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For any x € 0,,\O,,, since p is supported in [0,1/n], one has
1/n
lon © fl(x) — f(x) =/ on(s)f(2(x, —s))ds — f(x)
0

1/n
- / 0n(3) (F(@(x, —5)) — F(x)) ds.

Then, as in the previous Lemma, one deduces from Holder’s inequality that

1/n

llon o f1(x) — FX)” < / 0n() | £(®(x, —s) — f(x)[" ds.

0

As in the proof of [3, Proposition 3.8], one sees that, because f is uniformly
continuous on Oy, there exists some ny > 0, such that

sup  |f(®(x,—s)) — f(x)[' <e Vn>=m
s€(0,1/n)
x€0,

which results in |[0,, ¢ f](x) — f(x)[” < & for any x € O,,\O,, and any n > n.
One obtains then, for any n > n,

/Q lon o [ — fIPdp < 26 +ep(On\O;,) < 26 +ep(01)
which proves the result. O
As in [3, Lemma 3.9, Proposition 3.11], one has the following:
Lemma A.3. Given f € LP(Q,du), set fr, = on© f, n € N. Then, f, €
D (Tmax, p) With
(%)
Tl == [ 60 f@x—s)ds. xe (43
Moreover, for f € P(Tmax,p), then
[Tonasx, p(on © HIX) = [0n 0 Tinax, pf1(%),  (x €2, neN).  (A6)
We are in position to prove the following:

Proposition A.4. Let f € LP(Q2,du) and f, = 0, f, n € N. Then for p_-a.
eyel_,

fo(®(y;8)) = fu(®(y, 1)) = / [Toas, p fn] (@(y, 7)) dr
Y0 < s <t<Tty(y). (A7)

In the same way, for almost every z € I'y,
fn(®(z,—5)) — fn(P(z, 1))
t
= 7/ Tmax, pfn)(®(z, —7))dr, V0 <s<t<7_(2). (A.8)
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Moreover, for any f € D(Tmax, p), there exist some functions fi€ LP(Qy,dp)
such that f4(x) = f(x) for pu-almost every x € Qi and, for p_—almost every
yel_:

F00,9) = F-@3.0) = [ [T @0, W0 <5 <1< 7i(3),
(A.9)

while, for pi-almost everyz € I';:

[+ (®(2,=5)) = [ (®(z, 1))
= —/ [Tmax, pf1(®(z, —7))dr YO<s<t<7_(z). (A.10)

Proof. The proof is very similar to that of [3, Propositions 3.13 & 3.14].
Because f € LP(Q2,du), the integral

T+(y)
/0 F(@(y.r))Pdr

exists and is finite for p_-almost every y € I'_. As such, for p_-almost every
y€T_ and any 0 < ¢t < 74(y), one has

/0 on(t —s)f(P(y, s))ds

< / on(t — 9)|f(®(y, 5))[ds

< ( / ot s)ds)l/q < / onlt — 5)IF((y, s>>|pds)1/p < o0,

This shows that, for p_-almost every y € T'_ and any 0 < ¢t < 74(y),
the quantity f(f on(t — 8)f(P(y,s))ds is well defined and finite. The same
argument shows that also fot oh (t —s)f(®(y, s))ds is well defined and finite
for p_-almost every y € I'_ and any 0 < ¢t < 74(y). The rest of the proof
is exactly as in [3, Proposition 3.13] by virtue of Lemma A.3 yielding (A.7)-
(A.8).

The proof of (A.9)—(A.10) is deduced from [3, Proposition 3.14], namely,
for any n > 1, set f, = o0, ¢ f, so that, from Proposition A.2 and (A.6),
l(imn)_,oo (I1fn = fllp + [ Tmax, pfr = Tmax, pfllp) = 0. In particular, from Eq.
2.3

T+(¥)
du_(y) / a(®(y.5)) — F(B(y, ) ds

I_

T4+ (y)
[ ) [ T £ 0. 5) = T p IO ) s —

T — 00
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since Tmax, pf and Tiax, pfrn both belong to LP (€2, dp). Consequently, for al-
most every y € I'_ (up to a subsequence, still denoted by f,,), we get

{fn@(y, ) — f(@(y."))
Tona, pfa) (@(¥, ) — [T p/1(@(y. ) in LP((0,74(y)),ds)
(A.11)

as n — o0o. Let us fix y € I'_ for which this holds. Passing again to a subse-
quence, we may assume that f,(®(y, s)) converges (pointwise) to f(®(y,s))
for almost every s € (0,74+(y)). Let us fix such a sg. From (A.7),

fa(@(y,50)) — ful(®(y,s)) = /S[Tmax,pfn](@(yw))dr Vs € (0,74(y)).
(A.12)

Now, from Hélder’s inequality,

/ s, il (®(y, 7)) dr — / o p (2. 7))dr

50 S0

< s — so\l/q

(/U [Tl (B3, 7)) — [Tonae, p (@ (5, 7)) |7 dr) 1/p

and the last term goes to zero as n — oo from (A.11). Hence, one sees that
the right-hand side of (A.12) converges for any s € (0,74+(y)) as n — oo.
Therefore, the second term on the left-hand side also must converge as n —
oo. Thus, for any s € (0,74 (y)), the limit

Jim £, (®(y.5) = F(2(r.5))

exists, and for any 0 < s < 71 (y)

Fo@(y.5) = F-(@(v.s0) — [ Tons pF)(@(y, 1)

S0

It is easy to check then that f_(x) = f(x) for almost every x € ©_. The

same arguments lead to the existence of f. O

The above result shows that the mild formulation of Theorem 2.6 is
fulfilled for any x € ©2_ U Q. It remains to deal with Q. 1= Q_, N Q4
and one has the following whose proof is a slight modification of the one of
[3, Proposition 3.15] as in the above proof:

Proposition A.5. Let f € P(Tax,p). Then there exists a set O C Qo with
w(O) =0 and a function [ defined on {z = ®(x,t), x € R \O, t € R} such
that f(x) = f(x) p-almost every x € Qoo and

f((I)(XV S)) - f((I)(X7 t)) = / [Tmax,p,ﬂ(q)(xy T))d'r, Vx € QOO\O7 s < t.

Combining all the above results, the proof of Theorem 2.6 becomes
exactly the same as that of [3, Theorem 3.6].
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