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1 Introduction and summary

The complete information about a quantum field theory is encoded in the generating func-
tional of correlation functions of gauge-invariant operators, defined as the Euclidean path
integral over the dynamical fields of the theory in the presence of background sources. Al-
though this is usually very difficult to compute in closed form, for certain supersymmetric
field theories defined on compact Riemannian manifolds supersymmetric localization can
be used to simplify the calculation enormously [1-3]. As recently emphasised in [4], super-
symmetric field theories on curved manifolds can be constructed by taking a rigid limit of
a suitable off-shell supergravity theory, where gravity is decoupled by sending the Planck
mass to infinity. In this limit, the metric and other auxiliary fields in the supergravity mul-
tiplet remain as background fields and play the role of sources in the functional integral.

Although localization techniques allow to reduce the path integral to a semi-classical
calculation of a one-loop functional determinant, the latter is a divergent quantity, that
needs to be regularised and renormalised. Moreover, the finite part might suffer from
ambiguities associated to the different renormalisation schemes, as usual in quantum field
theories. Divergences can be removed by adding counterterms, namely integrals of local
densities constructed from the background fields. Ambiguities in the finite part of the cal-
culations correspond to the existence of counterterms that remain finite after removing the
cut-off. The choice of renormalisation scheme, and therefore of the possible counterterms,
is constrained by the requirement that certain symmetries of the theory be preserved.

Motivated by the need to characterise physically meaningful observables, in this paper
we classify counterterms of four-dimensional ' = 1 supersymmetric field theories on curved
space. In this case, the relevant counterterms are supergravity invariants. One way to
see it is to observe that some higher-derivative terms in the off-shell supergravity action
do not involve the Planck mass, and therefore survive the rigid limit. From the field
theory viewpoint, these dimensionless integrals involving just background fields define finite
supersymmetric counterterms. Supergravity invariants involving positive powers of the
Planck mass provide counterterms that may be used to subtract UV divergences.

The form of the counterterms depends on the specific off-shell supergravity one starts
from. Here we consider the new minimal formulation of supergravity [5, 6], which assumes
the existence of an R-symmetry. As the field theory path integral is usually defined on Rie-
mannian manifolds, we will work in Euclidean signature. The first part of our work is thus
devoted to define new minimal supergravity in Euclidean signature. This is achieved by
doubling the number of degrees of freedom of all fields. Supersymmetric invariants are then
constructed either as D-terms, or F-terms, or F-terms (in Lorentzian signature, F-terms
are the complex conjugate to the F-terms, but in Euclidean signature they are indepen-
dent). In the three-dimensional avatar of new minimal supergravity, local supersymmetric
invariants corresponding to finite counterterms were studied in [7, 8]. Supersymmetric
invariants of other supergravity theories were recently used as counterterms in [9, 10].!

'In Lorentzian signature, supersymmetric invariants of new minimal supergravity have been discussed
in [11] in the context of local BRST cohomology. We thank the author for alerting us about the relevance
of this work.



We first analyse the terms that are constructed exclusively with component fields of

the gravity multiplet. In four-dimensional new minimal supergravity, the bosonic fields

a
“w

a conserved, globally defined one-form V),. Besides locality and supersymmetry, we also

are the vielbein e and two auxiliary fields: a one-form A, gauging the R-symmetry and
demand that the counterterms be invariant under diffeomorphisms and local R-symmetry
transformations. This selects a set of curvature multiplets as building blocks, which can
be combined by exploiting the tensor calculus of new minimal supergravity [6, 12].

We will call marginal the action obtained by integrating a local Lagrangian of mass
dimension d = 4 over the four-manifold. Having vanishing mass dimension, this naturally
leads to a finite counterterm (the same type of integral can also multiply logarithmic
divergences). On the other hand, we will call dimensionful the integral of a local Lagrangian
of mass dimension d < 4. To form an action, this must be multiplied by A*~¢, where A is a
parameter with the dimension of a mass. This may be a parameter appearing in the field
theory Lagrangian, or a UV cut-off scale in a given regularisation scheme. In the second
case, dimensionful integrals provide divergent counterterms.

We find that a basis of independent marginal supersymmetric actions is given by?
Se = /d4xe£ = 3212 x (M),
So = /d%eﬁz = 4872 o(M),
Sp = /d4xeFW «FH =272y (1.1)
4 vpo 8 v
Sce = /d Te [C’WPUC’“ P gGqu“ ,

Spe = / d*z e [8F, F" — (R + 6V, V*)?],

where e is the vielbein determinant, & denotes the Euler density, integrating to the Euler
characteristic y (M) of the four-manifold M, &2 denotes the Pontryagin density, integrating
to the signature o (M), F},, is the field strength of A, C\ s is the Weyl tensor of the Levi-
Civita connection, G, is the field strength of A, — %V#, and R is the Ricci scalar of the
Levi-Civita connection. The first three integrals in (1.1) are topological invariants, the
fourth is conformal invariant, while the fifth is neither topological, nor conformal. Let us
also recall that when these integrals are evaluated on a generic supersymmetric background,
the instanton number v gets related to the topological invariants of the manifold via the
formula v = ¢;(M)? = 30(M) +2x(M) [13]. In Lorentzian signature, these invariants were
constructed in [12, 14, 15], and our study indicates that there exist no others satisfying
the requirements.

Regarding dimensionful integrals, it is known that there is no supersymmetrisation
of the cosmological constant in new minimal supergravity [5, 6], and we interpret this

?Here we only write the bosonic parts. Precise definitions of & and &2 are given in (3.5) and (3.4).



as a proof that quartic divergences in the UV cut-off cannot appear if the field theory
is regularised in a supersymmetric way. The only dimensionful integral we find is the
supergravity Einstein-Hilbert (EH) action, whose bosonic part reads [5]

Spn = — [ d*ze(R+6V,V* —8A4,V") . (1.2)

Therefore this is the only supersymmetric counterterm that could be used to subtract
quadratic divergences, if indeed these arise.

We can also consider further background multiplets in addition to the gravity multiplet.
For instance, one can introduce background gauge vector multiplets, coupling to field theory
flavor supercurrents. The associated Yang-Mills and topological actions naturally provide
marginal supersymmetric counterterms, while Fayet-Iliopoulos (FI) terms of background
Abelian gauge vector multiplets are dimensionful and come multiplied by A2, as (1.2). By
combining the fields in the gravity multiplet and in the background gauge vector multiplet,
one can also construct mixed gravity-gauge counterterms whose expression we will present.

Further supersymmetric counterterms can be defined by promoting the couplings ap-
pearing in the field theory Lagrangian to background multiplets, and using these to con-
struct new supersymmetric actions [16] (see also e.g. [17, 18]). As emphasised in [9], these
counterterms parameterise the ambiguous dependence of the field theory partition function
on such couplings.

Having constructed the supersymmetric counterterms, we proceed to evaluate them on
a supersymmetric background. This is obtained by setting to zero all fermionic background
fields and imposing that the respective supersymmetry variations also vanish. In particu-
lar, assuming that the metric is real, one can show that generically the manifold is endowed
with a complex structure [19, 20]. The conclusions depend on the number of supercharges
being preserved. If the background admits two supercharges of opposite R-charge, then
all supersymmetric invariants constructed as F-terms or F-terms vanish. Invariants con-
structed as D-terms of a general multiplet also vanish, except if the D-term is an FI term
of an Abelian gauge vector multiplet (as we will see, this also includes the EH action (1.2)).
However, at least if the field theory does not have a relevant parameter in the Lagrangian,
such non-vanishing D-terms can at most define divergent counterterms. We conclude that
in the presence of two supercharges of opposite R-charge, all finite, local, gauge-invariant
counterterms vanish. In particular, this holds for all terms in (1.1). It follows that when
the renormalisation scheme preserves supersymmetry as well as diffeomorphism and gauge
invariance, the partition function is free of ambiguities.

If only one Euclidean supercharge is preserved, all F-terms built out of background
fields vanish, while F-terms can be non-zero (or vice-versa, depending on the chirality of
the supercharge). This implies some relations between the integrals (1.1), such that they
can all be expressed in terms of topological invariants. The same holds for the marginal
counterterms from background gauge vector multiplets. Moreover, the D-terms behave
as in the two supercharge case. It follows that, apart for an overall number fixed by the
topology of the manifold and of the gauge bundle of background vector multiplets, again
there are no ambiguities in the field theory partition function as far as the dependence on



the background fields is concerned. However, generically we obtain non-trivial ambiguities
in the dependence on marginal couplings appearing in the field theory action. It was re-
cently shown in [21] that, up to counterterms and anomalies, the partition function is a
locally holomorphic function of F-terms couplings. By promoting the marginal couplings
to background chiral multiplets, we will show that as long as at least one of the topolog-
ical invariants mentioned above does not vanish, there is an ambiguity by an arbitrary
holomorphic function of such couplings.

In addition, the present results extend those found in [13], where the first four integrals
in (1.1) were evaluated on a supersymmetric background, but no analysis was performed of
other possible terms. The terms studied in [13] are those appearing in the Weyl anomaly
and chiral anomaly of the R-current of superconformal field theories, namely

4 o a
[ Ao @) = S - g

c—a 5a — 3¢

4 _
/d ze(V,Jh) = 512 So + 72

Sa, (1.3)

where S denotes the topological invariant Sg = [ d*ze G * G which, although a priori
independent, is equal to Sy since V), is globally defined. In particular, it was observed in [13]
that when two supercharges of opposite R-charge are preserved, the integrated trace of the
energy-momentum tensor and the divergence of the R-current vanish. Here we will show
that it is immediate to extend these results to the presence of background gauge vector
multiplets and to chiral anomalies of flavor currents.

Finally, let us briefly comment on the same problem studied in Lorentzian signature.
Assuming a suitable fall-off of all fields at infinity such that surface terms from integrations
by parts evaluate to zero, the picture is exactly the same as the one for the case of two
Euclidean supercharges of opposite R-charge (there is no analog of the one Euclidean
supercharge case in Lorentzian signature). See [22] for a characterisation of Lorentzian
supersymmetric backgrounds in four dimensions.

The rest of the paper is organised as follows. In section 2 we discuss new minimal super-
gravity in Euclidean signature. In section 3 we construct the supersymmetric counterterms.
In section 4 we evaluate them on a supersymmetric background, and prove our vanishing
results. We then discuss some physical implications: in section 5 regarding ambiguities
and in section 6 about anomalies. Section 7 contains our concluding remarks. Appendix A
provides our conventions and various useful identities, while appendix B gives more details
on the tensor calculus. In appendix C we make some comments on the differences with old
minimal supergravity.

2 Euclidean new minimal supergravity

In this section we review the relevant features of new minimal supergravity [5, 6]. We
mainly follow ref. [12], which includes a thorough study of the tensor calculus and of the
curvature multiplets. Having in mind applications to field theories defined on Riemannian
manifolds, we work in Fuclidean signature. We start introducing the gravity multiplet



and its transformation rules. Then we discuss the general multiplet, the different types
of special multiplets (chiral, gauge, linear) and the curvature multiplets, providing just
the essential notions that will be needed in the next sections. Besides Wick-rotating the
Lorentz and Clifford algebras, the Euclidean supergravity theory has been obtained from
the Lorentzian one by splitting all Majorana spinors in their positive and negative chirality
parts, and allowing these to be independent of each other. It follows that the supersym-
metry transformations do not preserve any reality property, so we should allow all bosonic
fields, including the metric, to generically take complex values. This effectively doubles the
number of all off-shell degrees of freedom.

2.1 Gravity multiplet

The gravity multiplet of Euclidean new minimal supergravity is

(627 wuav Jﬁ) Aua BMV) 9 (21)

a
0

rality, respectively (see appendix A for details about our spinor conventions), while A,

where e, is the vierbein, ¥, Jﬁ‘ are independent gravitini of positive and negative chi-
and B, are auxiliary fields. A, is the gauge field of a local, Abelian R-symmetry, under
which v, has charge +1 and %, has charge —1. B, is an antisymmetric tensor with
gauge transformation 0B, = 20|,§,). Since all other fields (including those in the matter
multiplets to be introduced later) are neutral under the latter transformation, B, can
equivalently be described in terms of a one-form V,,, defined as the Hodge dual of the field
strength Hy,p, = 30), B, :
i
Vu = _ée,ul/poHVpa- (2.2)

The Bianchi identity 9|, H,,, = 0 translates into the conservation condition V,V# = 0.
We will find convenient to use both V,, and H,,, in the following.

The supersymmetry transformations are defined in terms of spinorial parameters ¢ and
Z , having the same chirality and R-charge as 1, and ‘Zu’ respectively. Before coming to
their expression, it is convenient to include suitable gravitino bilinears into the definition
of various bosonic quantities. This repackages the complicated gravitino terms of super-
gravity, allowing to handle them in a relatively simple way, and making the expressions
supercovariant.® Such modified bosonic quantities will be denoted by a hat symbol. As a
first thing, as usual in supergravity, we define a spin connection d)u‘lb with torsion, where
the torsion tensor is 7},,% = —42'1;[“5“1/)1,} 4 We will further define

Hyp = Hyp + 60,000,

Vi = Vit €,°7 10,05 - (2.3)

3This implies that the supersymmetry variation of hatted quantities does not contain derivatives of
spinorial parameters.

*Explicitly, @, = w,"® + K,°, where w,® is the Levi-Civita connection defined in (A.11), and the
contortion is K,,** = —2i(%ﬁ[“wb] + 1;[“5}’]1@ + J[aﬁﬂwb]) .



Then we can introduce the connections

+ab _ ~ ab ‘v ab __ ~ ab .Y v ab
wy = @ H," =0, £V, (2.4)

whose torsion also includes a bosonic part proportional to H,., and

Ab = A, -V, (2.5)
the notation being inherited from [12].  These can be used to define covariant
derivatives D*:

D = O+ 5w S — irAf

D =0, + %w;“bSab —irA, . (2.6)

Here, Sy, denotes the (Hermitian) generators of the SO(4) Lorentz rotations, acting on a
field ® as dporentz(A)P = %A“bsab<1>, while r is the R-charge of the field that is acted on.
For instance, for the gravitino v, Su, = i04, and r = 1, while for Jm Sap = 104, and
r = —1. On the supersymmetry parameters, the derivative DT gives

1 1 . .
Df¢= <au — iw:aba“b — iAj) ¢ = <au — iwuabaab — A, +iV, + iV”aW> ¢,

= 1 - . ~ 1. —w . & P~ \ T
D:C = (a# — iw:abaab + zAZ) ¢ = (au — 5Wuab® by iA, — iV, — iV UW)C . (2.7)

We will also need the gravitino field strengths, defined as
wuu - D:wu - Djdﬁt? J,uu - D;r{/;l/ - Dj{/;u . (28)

We can now give the supersymmetry transformations of the gravity multiplet.
These are:

Jet = 2i oy, + 21 (TP,

6 = D¢,

0t = D;i¢C,

A, = (0T Vay — €540 " Ya
0By = — 2i Coptby — 2iCab,) - (2.9)

We also provide a few more supersymmetry variations, which can be deduced from the
ones above and will be useful in the following. The variation of the spin connection is

5‘-:)pab =1 <_CU;ﬂZab + Co'a@gb,u — oy Jau + 2flabc CUC@ZM)
+1 <_Zg/ﬂpab + Z&a¢bu - gab wa,u + 213[abc Egc¢u) : (210)
The variation of Hyp, is

5f{abc = 32.(C0-[a72;bc] +25[awbc]) : (211)



Equivalently,

1 -
Vo = §€ab6d (Covtbea + C Tvtbea) - (2.12)
The variations of wfab are
dw = 4i(Cobey + C Tty + 4iHape (Coty + CTYy) (2.13)
&‘j;ab = _Qi(cau¢ab + gg;ﬂﬁab) . (2.14)

Note that the second is particularly simple. It will also be useful to record that
SAY = —Co0"Ypa + (T%pa — 2iVa (Co™bp + CTY,) (2.15)
The variation of the gravitino field strengths can be expressed as
1. ~ ~ 1Ay —ar . ae
Sthap = —iRj{bcdaCdC —iF3 ¢, ey = —iijcdacdg +iFt (. (2.16)

We have defined the field strength of A" as F;g = 2656?8[1“4”}. Moreover, R;rbcd =

e’jeZR:V .q is the Riemann tensor computed from the connection with torsion w:ab;

expression at vanishing gravitino is given in eq. (A.15). The hatted curvatures are the

its
truly supercovariant curvatures, obtained by using a modified covariant derivative

where the last term denotes a supersymmetry variation with parameters 1, 1% at the
place of C, (.

2.2 General multiplet and subcases

We will now introduce the general multiplet of new minimal supergravity and some of its
sub-multiplets [6, 12]. As we work in Euclidean signature, we adopt the notation of [21,
section 2] (extended to supergravity). A general supermultiplet S has components

S=(C,Xa,X* M, M, a,, Ao, X\*, D) . (2.18)

Its R-charge r is defined as the R-charge of the bottom component C, and the R-charges of
the different components are (r,r—1,r+1,7—2,r+2,r,7+1,r—1,7). The supersymmetry
transformations are:

0C = i(x —iCX,

§x = (M +i0%C(ay —iD; C),

0X = CM +i5°C(ap +iD; C)

SM = 20\ +2i(5%(Dyx —2iV,x) — 2i(=C,

SM = 200+ 2i o (DX +2iV, X) +2iCEC,



Sap = i(Coph + Cap)) + C(Dy x + iVeaaax) + C(Dy X — iVeG0aX) ,

A = (D + 20°¢ (D;ab +2iVaa, — %wabx ~ ;«Zaw?) +E(Cx +CX) s

Sh = —iCD + 25%¢ <1§aab 2V — %%bx — ;{Eab%) +E(Cx+CX),

§D = —Co® (E;X — §a5> +¢a? (D;A - Eab) + (A +CAY) (2.19)

where E = —i)®(Syp + ioap 1), == —i{bvab(Sab —i0gr) and A = iﬁ’(;gsab — ﬁf#r.

Two general multiplets can be multiplied using the rules of tensor calculus [6, 12].
These are reviewed (at vanishing gravitino) in appendix B.1.

We now briefly present some special multiplets obtained imposing the vanishing of at
least one of the components of the general multiplet.

Chiral multiplet. This is defined by the condition Y¢ = 0, leading to a multiplet ®
with independent components ® = (¢, 1, F). It is embedded in a general multiplet of
R-charge r as

d = (¢,—\/iwa,o,—%F,o,—mb—qb,...,m(p), (2.20)

“

where “...” denote terms involving gravitino fields, that we will not need.

Anti-Chiral multiplet. It is defined by the condition y, = 0, leading to a multiplet ®
with independent components ® = (gb, e, F) It is embedded in a general multiplet of
R-charge r as

5:(&,0,ﬂzﬂd,o,%ﬁ,ibga,...,—z‘A&?). (2.21)
In Lorentzian signature, ® of R-charge r = —¢q is the conjugate of ® with r = q.

Gauge vector multiplet. A gauge vector multiplet in Wess-Zumino gauge,
(au,)\a,X‘j‘,D), has C = M = M = X = X = 0. From this, one can construct field
strength multiplets A, and Kd, which carry a fermionic index and are chiral and anti-
chiral multiplets, respectively. A, is defined as the multiplet whose bottom component is
the positive-chirality gaugino A, of the gauge vector multiplet, while A% as the multiplet
whose bottom component is the negative-chirality gaugino A4 We give explicit formulae
in appendix B.2.

Complex linear multiplet. It is obtained from a general multiplet by setting M = 0.
The independent components are (C, Xa, X*, M, Qs X), where a, is a well-defined one-form.
Later we will need the D component of a complex linear multiplet of vanishing R-charge
and at vanishing gravitino. This reads

D = —(D7)*C +iD " %ay +2V*(ay +iD, C) —iF}SC, (2.22)

and all quantities are evaluated at v, = 1, = 0. A similar type of complex linear multiplet
is obtained by setting M = 0.



“Real” linear multiplet. A “real” linear multiplet L is obtained from a general multi-
plet by setting M = M=0 (the quotation marks indicate that this multiplet is truly real
only in Lorentzian signature). Its independent components are L = (C, xa, X%, a,), where
a, is a well-defined one-form. Its embedding in the general multiplet is

L=(C,xasX*0,0,a,,...). (2.23)
Moreover the components are subject to a constraint which at vanishing gravitino reads
D~ tay+2V’D, C — F}1S™C = 0. (2.24)
The D component (2.22) then reduces to
D=—(D")*C+2V . (2.25)

Spinor derivatives. The spinor derivative operators D, D acting on a general multi-
plet S are defined by letting DoS be the multiplet with bottom component y, and DS
be the multiplet with bottom component Y%:

DoS = (Xay ---), DS = (X%,...) . (2.26)

It is straightforward to see that the M component of D,S and the M component of DiS
vanish, so D,S and DS are complex linear multiplets.

As usual chiral multiplets satisfy DS = 0, while anti-chiral multiplet satisfy D,S = 0.
The anti-chiral and chiral projectors are then defined as the squares of each of the
spinor derivatives:

DD,S = (2iM,0,...), DyDS = (—21'1\7, .0, ) . (2.27)

It follows from these definitions that if S is a complex linear multiplet with M= 0, then
D4S is a chiral multiplet. Similarly for a “real” linear multiplet L, D*L is a chiral multiplet
and D, L is an anti-chiral multiplet.

2.3 Curvature multiplets

From the fields in the gravity multiplet one can define a set of curvature multiplets [12, 14],
which represent the building blocks for the construction of (higher-derivative) supergravity
invariants. These can also be obtained by solving the Bianchi identities in U(1) super-
space [23].

Using gauge symmetries present in the super-Poincaré algebra, we can start construct-
ing two gauge vector multiplets. The first, that we call the R-symmetry multiplet V), is
associated with the Abelian gauge symmetry of A,. Its components are [6]:

(R+6V2)) : (2.28)

NG

. ab c~ab T
V = <AM5 Zo-a d}aba _Zaa d}aba

where R is the super-covariantisation of the Ricci scalar R computed from the Levi-Civita
connection, and V? = V#V,. The second, called the spin connection multiplet, is associated

,10,



with the non-Abelian local Lorentz invariance, whose gauge field is the spin connection.
It reads:

O = (w;ab, —2ap s 20, 213;)) . (2.29)

For each of these gauge vector multiplets, we can build the associated chiral and anti-
chiral field strength multiplets. The field strength multiplets of V, denoted by T, = Ao (V),
T% = A%(V), may be called the chiral and anti-chiral Ricci scalar multiplet (since they
contain the Ricci scalar), while the field strength multiplets of Q,p, denoted by Typ0 =
Aa(Qp), T = A%(€p), may be called the Riemann multiplets (as they contain the
Riemann tensor). The expression of the Ricci scalar multiplets is

. 1
To= <’L (Jab¢ab)a y ——=Fuw Uabaﬁ

VG vl
1

ﬂﬁab Fbas 4\1'/5(1% +612)e% (a—'aba@c%b)d) . (2.30)

while the Riemann multiplets read

R + 6V2)Eaﬁ R —(O'abO'CDc_qz;ab)a) )

T¢= <_i (&ab'(;ab>d )

1 . = A L~
Tapa= <_2waba ) _ERIbch—Cdaﬁ + \/§ZF:1_) €aB -2 (JCDC ¢ab)a> )
. . 1 - o . . A .
b= (21!}2“1,, —ER;CC[ GedP —2iFh e —2i(5°D; zpab)“) : (2.31)
From the gravity multiplet one can also construct a real linear multiplet with a frame
index, F,, having V., as bottom component. This is called the Einstein multiplet as its top
component contains the Einstein tensor. Its full expression is

N ) ~ ) - 1. ) A
E, = (Va7 _§€abcd Ub¢0d7 §€abcd Ubd}Cdy §Eab - 25abch+Cd) s (2-32)
where .
E,=FR, - 5gabﬁa— (2.33)

is the supercovariantized Einstein tensor of the connection w™. This real linear multiplet
can be embedded into a general multiplet, and later we will need its D component at
vanishing gravitino, 1, = 1, = 0. One can check that this is given by

D[E,] = —V?V, + E, V" + i egpeaV’ (vcvd - F+cd) . (2.34)

Throughout this paper V denotes the standard Levi-Civita connection.

The Riemann multiplet admits a decomposition into irreducible multiplets, realising
at the multiplet level the Ricci decomposition of the Riemann tensor into the Weyl tensor,
the Einstein tensor and the Ricci scalar. This is obtained as follows. As a first thing, one
can check that the sigma-trace part of the Riemann multiplet is the Ricci scalar multiplet:

T = —% T, T= %Wb Top - (2.35)
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Then one can introduce the projectors

1 - - -~
Eabcd = *6 (3 OcdOab + Uabacd) ) EcLbcd = *6 (3 OcdOab + O-abo-cd) ) (236)
satisfying 0% peq = 0, aaiabcd = 0. These define new multiplets

Wab = Z:abccﬂwd

1

44
= 2 <Tab + *Tab + 3 UabT>

Wab = Eabcdde

1/~  ~ i ~
=3 <Tab — Ty — ;&abT> , (2.37)
satisfying the (anti-)self-duality conditions *«W,, = Wy, and *Wab = —Wab, as well as

0" Weap = 0%Wyp, = 0. These are the chiral and anti-chiral Weyl multiplets, and read

o i ..
Waba = ( — 2Xabed? da ) _E <Cabcd + Gc[agb]d)a ag T T( ab + *Gab)gaﬁ

—21 (Zabcdgebe_ "ZCd) a) )

43 4 _ 2% R .
ch[agb]d) cddf _ \gz (Gab — *Gab)saﬁ (2.38)

Nc% = ( 2% apeath? | — 3

(éabcd -

E\H

—21 (iabcdaeﬁewab)d> )

where Cpypeq is the Weyl tensor (defined in (A.13)), while G = dA — %dV is the field
strength of the gauge field appearing in conformal supergravity, and again a hat denotes
supercovariantisation by gravitino terms whose precise form we will not need.

Finally, recall that since E, is real linear, the multiplet DE, = (%eabcd'&bwc‘i yo..) ds
chiral, while DE, = (—%Gabchblsz ,...) is anti-chiral. In this way, we arrive at the following
decomposition of T, into its irreducible pieces:

4i
Ty = Wap + 5 0T + icaca oc°DE?, (2.39)

and similarly for T, wb - We also have the relations
1 ~ ~ -
T = §O'QDECL , T = ——0“DE, (2.40)

and
DT =DT . (2.41)

In table 1 we provide a summary of the different curvature multiplets introduced in
this section, with some of their inter-relations. For later convenience, we also list their
mass dimension A and R-charge r, which are defined as the mass dimension and R-charge
of the respective bottom components. It is also worth noticing that the spinor derivative
DS of a multiplet S with mass dimension A and R-charge r has mass dimension A + 1/2
and R-charge r — 1, while DS has mass dimension A + 1/2 and R-charge r + 1.
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Name Symbol Type A r Equal to
R-symmetry 1% gauge vector | 0 0
spin connection Qap gauge vector | 0 0
Einstein E, real linear 1 0
T, chiral 1 A (2
Riemann e 3/2 f‘( o)
TS anti-chiral -1 A (Qap)
T chiral 1 —1i (g, , AL (V
Ricci scalar ~a 3/2 2 ( Nab)_o‘ ~a( )
Té anti-chiral -1 %(5abTab)a , AY(Y)
W, chiral 1 Sabed T4
Weyl o 3/2 (bedN ){1
ob anti-chiral -1 (Z abchCd) ¢
D., -1
spinor derivative _ — 1/2
D« 1

Table 1. Curvature multiplets of new minimal supergravity, with their mass dimension A and
R-charge 7.

2.4 Supersymmetric actions

We now discuss the different possibilities for obtaining supersymmetric actions. These can
be constructed as the superspace integral of a given multiplet.’ Since eventually we are
interested in bosonic backgrounds, we will explicitly provide only their bosonic parts. The
complete expressions (in Lorentzian signature) can be found in [6, 12].

D-terms. Given a general multiplet S of mass dimension A, R-charge » = 0 and whose

bottom component is a scalar, a supersymmetric action is defined by the superspace integral
Sp = A*2 / d*zd?0d%0F S, (2.42)

where E is the supervielbein determinant and A is a constant with the dimension of a mass.
Its bosonic part is

SD,bos = A2_A / d4$ e‘CD,bos, (2'43)
where the bosonic Lagrangian reads
»CD,bos =D-2 aMV“ . (2.44)

5Although we do not really use the superspace formalism in this paper, it appears useful to give the
action formulae in superspace before specifying their components.
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F-terms and F-terms. Given a chiral multiplet ® of mass dimension A and R-charge
r = 2, a supersymmetric action is obtained from the half-superspace integral

Sp =A% / dlzd*0E D, (2.45)
where &£ is the supervielbein determinant for F-term actions. The bosonic part reads

SF,bos = A3_A/d4xe£F,bosa (2'46)

with
Lpbos =F'. (2.47)

Similarly, for an anti-chiral multiplet ® of mass dimension A and R-charge r = -2,
we can define the supersymmetric action

Sz= A3_A/d4x 20D . (2.48)

Its bosonic part reads

Si s = A2 / d'zels (2.49)

F,bos’

with

Lipo=F. (2.50)

Given the field strength multiplets A, and A% of a gauge vector multiplet, the F-
term Lagrangian Lp [Tr(AQ)] yields the self-dual Yang-Mills Lagrangian, while £ [Tr(/N\Q)]
gives the anti-self-dual Yang-Mills Lagrangian; see appendix B.2. From the formulae in
appendix B.2 one can see that Lp[Tr(A?)] — Lz [T‘r(1~\2)] is locally a total divergence term.

There is a relation between the D-term Lagrangian of a general multiplet S = (C,...)
with r = 0 and the F- and F-term Lagrangians of its chiral and anti-chiral projections
D28 = (2M,...) and DS = (2M, ...). For bosonic C, this reads

Lp [528] = 2iLp[S]+2V*(a, +iV,C +2CV,) + fermions, (2.51)

Lz[D*S] =—2i Lp[S] +2V*(a, —iV,C +2CV,,) + fermions . (2.52)

3 Construction of counterterms

In this section we discuss local supersymmetric Lagrangians up to mass dimension four.
We are first of all interested in those having precisely dimension four, as the respective
actions play the role of finite counterterms in the field theory that is obtained by taking
the rigid limit of supergravity. These are invariant under global scale transformations, but
do not need to be Weyl invariant. On the other hand, supersymmetric Lagrangians of lower
dimension define dimensionful counterterms that may be used to renormalise the theory.
We first analyse the supersymmetric invariants that are made solely of the fields in the
new minimal gravity multiplet. These are universal counterterms that exist for any four-
dimensional supersymmetric field theory with an R-symmetry (so that it can be coupled to
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new minimal supergravity). Since we require gauge and diffeomorphism invariance, we can
use the curvature multiplets of section 2.3 as building blocks for our supersymmetric terms.

In the last part of this section, we shall consider additional matter multiplets, allowing
to define further, non-universal counterterms.

3.1 Marginal terms

Marginal supersymmetric invariants are either F-type actions constructed from chiral mul-
tiplets with (A,r) = (3,2), or F type actions constructed from anti-chiral multiplets with
(A,7r) = (3,—-2), or D-type actions constructed from supermultiplets with (A,r) = (2,0).
We will classify the terms constructed with the curvature multiplets introduced in sec-
tion 2.3.

Let us study the F-type and F -type Lagrangians leading to marginal counterterms.
For the F-terms, a priori there are several possibilities obtained contracting two multiplets
out of T', Wy, 5Ea with sigma matrices and the antisymmetric symbol egp.q .5 However,
only three of these contractions are independent; this can be seen by observing that all
such terms are chiral multiplets whose bottom component is a bilinear of ¢, and the only
independent possibilities are wabwab, e“b“li/)abwcd and w“babczpca. We choose to work with
the convenient combinations T2, Wy, W% and T, «T. The analysis of the F-terms is
exactly the same, the conclusion being that there are only three independent terms, that
can be chosen to be Tv2, Wabﬁab and Tab *Tb.

We can now evaluate the independent terms identified above on a generic bosonic
background. The multiplets are multiplied using appendix B, in particular the square
of a field strength multiplet can be evaluated via eq. (B.3). It is convenient to present
the Lagrangians Lr and Eﬁ in the combinations Lg + Eﬁ and Lp — Eﬁ. After setting
P, =, =0, for T? and T? we obtain:

Lp[T? + L[T?] = FpF® — é (R+6V?)?,

Lp[T?) - L[T?] = Fyp xF . (3.1)

The first provides a supersymmetrisation of R?, while the second is a simple topological
term. For T, T and T, T, we have

Lp[Tw *T%) + Lz [Top *T®] = R, +RT P — 8 Ff xF b
= P+ 4iV° (Rva — 2R VP +2V2V, — eabcdvbvcvd)
—8 Fypy x F% 416 €gpeqg VOV (FL — VEVY)
= P — 8 Fy xF® + tot. der. (3.2)
and
Lp[Tu *T%) — Lz [Tup *T%] = Ry, (xR %)%

= £+8V, (Vavavb)
= & + tot. der. . (3.3)

SThere is also D?(DT) but this vanishes due to relation (2.41).
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The former contains the Pontryagin density
P = Rapeq ¥R, (3.4)
while the latter contains the Euler density
& = Rapea *Rx ™ = RupeqR“ — 4Ry, R + R? (3.5)

(in these definitions, we are omitting the vielbein determinant that makes them actual den-

sities). In these two definitions, Rgpeq is the Riemann tensor of the Levi-Civita connection.

The contractions of Riemann tensors with torsion R;tb .q have been expressed using formulae

in appendix A.3. Here and in the following, by “tot.der.” we denote the derivative of a

globally defined quantity, that integrates to zero on a compact manifold with no boundary.
Finally, the square of the Weyl multiplets reads

8
3
Lp Wy WP = Lz [Way W] = Capea xC>4 — %Gab *GY

Lp[WaW®] + LWy WP = CopeaC® — 2 Gy G,

8
= 2 -3 Ga *G
=2 - gFab « F% + tot. der. . (3.6)

The former expression supersymmetrises the square of the Weyl tensor, while the latter is
again a supersymmetrisation of the Pontryagin density.

It may be useful to notice that two further obvious terms such as T T and YSEQYSE“
can be re-expressed as a linear combination of the three independent terms above by using
the following relations between supermultiplets, which are implied by the decomposition
of the Riemann multiplet given in (2.39):

8 ~ -
TpT® = Wy W + 3 T2 - ADE,DE*“,
8

-T2, (3.7)

T T + Top x T = 2 W, W — 3

with similar relations holding for the respective anti-chiral multiplets. For T T and
T T we get

Lp[TpT®] + LT T = Ry, R — 8L FHeb,

Lp[TpT™] — Lz[TpT™) = %R;bc xR (3.8)

where the curvatures of the connection with torsion again can be expressed using for-
mulae in appendix A.3. A term equivalent to £p[DE,DE% and Lz[DE,DE*] will be
presented shortly.

Note that all Lagrangians above of the type Lp — L are topological densities. This
is related to the fact that the difference between the chiral and the anti-chiral Yang-Mills

Lagrangian of a gauge vector multiplet is locally a total derivative [12].
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We now come to marginal gauge-invariant D-type actions. The possible multiplets
with (A,r) = (2,0) are E,E*, DT and DT.” However DT and DT are complex linear
multiplets, hence their D-term Lagrangian is a total derivative that integrates to zero
on a manifold with no boundary. This can be seen from eq. (2.22), taking C to be a
scalar and r = 0. The remaining possibility, namely £p[E,E?], is related to the F-term
of DE,DE" = %52(EaE“) through relation (2.51). Since the derivative term in (2.51)
integrates to zero in this case, the action obtained from Lp[E®E,] is the same as the one
following from EF[YSEGYSE“]. An explicit evaluation starting from (2.32) and using the
formulae in appendix A.3 gives the bosonic Lagrangian

LplBE") = =7 [RG R + 8VOV, + AV, VpVV? — AR P - 2i el pl R |

!

4
_ _1 ab 2 aysb 4 ab aysb
= 7 |Ra R +4RV? — 12V, VyVV? + 12V" — 4F F* 4 8FV°V

+ tot. der. , (3.9)

which gives a supersymmetrisation of Rq,R* not independent of the terms given above.

To summarise, we have obtained six independent supersymmetric Lagrangians satis-
fying the requirements; these are given in egs. (3.1)—(3.6). However, one combination is a
total derivative of a globally defined quantity, and we will discard it. In Lorentzian sig-
nature, these supersymmetric terms quadratic in the curvature were already given in [14]
at the linearised level in the supergravity fields, and in [12, 15] at the non-linear level.®
We do not find additional independent terms. Integrating on a compact manifold with no
boundary we obtain the five marginal actions given in eq. (1.1).

3.2 Dimensionful terms

A priori, the possibilities are Lagrangians of mass dimension two and zero. A dimen-
sion zero Lagrangian would be a supersymmetrisation of the cosmological constant, which
however does not exist in new minimal supergravity; this is due to the interplay between
supersymmetry and R-symmetry [5, 6]. For the field theories obtained as a rigid limit of
new minimal supergravity, this indicates the absence of quartic divergences in supersym-
metric observables.

At mass dimension two, we did not find neither an F- or F-term Lagrangian, nor
a D-term Lagrangian of a globally defined multiplet that can be constructed respecting
the requirements. The only term that is obtained using just the fields in the gravity
multiplet is the D-term of the R-symmetry gauge vector multiplet 1V, which corresponds
to the Einstein-Hilbert term of new minimal supergravity [5]. Indeed, plugging a, = A,,
D = 1(R+6V,V*) in (2.44), we obtain

LolV] = (R+6VVH —84,17) (3.10)

"There are also DU“ﬁEa and 5E“DECL, but these are redundant due to relations (2.40).

8The Lorentzian counterparts of the Lr + Lz and Lr — Lz Lagrangians are the real and imaginary
parts of the F-term Lagrangian. In Euclidean signature this is not necessarily the case as all bosonic fields
can be complex.
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which is the bosonic part of the EH term. Notice that because V¥V, = 0, the EH ac-
tion (1.2) is invariant under gauge transformations of the background field A.

3.3 Additional background fields

We now consider gauge vector multiplets and chiral multiplets in addition to the gravity
multiplet and construct more invariant actions. Let us assume that these fields are not
path integrated over in the field theory obtained by taking the rigid limit of new minimal
supergravity, so that they reduce to background fields and the respective invariant actions
play the role of counterterms rather than kinetic or superpotential terms of dynamical fields.

The D-term of a background Abelian gauge vector multiplet (a,, A, X, D) (coupling to
a flavor supercurrent) defines a dimension two supersymmetric Lagrangian (since the gauge
vector has mass dimension one), corresponding to a standard background FI term in curved
space. Its bosonic part reads as in (2.44). Moreover, from any gauge vector multiplet one
can define the field strength chiral multiplet and then the associated supersymmetric Yang-
Mills and topological actions. The F- and F-term Lagrangians have mass dimension four,
and their bosonic parts are:

Lp+Lz= fuf" —2D?,
ﬁp—ﬁﬁ = fl“/ *fw/, (3.11)

where fj, = 2D|,a, is the field strength of a,,. It is straightforward to extend this to more
background vector multiplets by pairing up the respective field strength multiplets via the
multiplet tensor calculus (see appendix B.2).

This also provides mixed gravity-gauge invariants: multiplying the Ricci scalar multi-
plet T' (recall that it is the field strength multiplet of the R-symmetry gauge vector mul-
tiplet V) with the field strength multiplet of an arbitrary Abelian gauge vector multiplet
via eq. (B.4), we obtain the bosonic Lagrangians:

ﬁgravity-gauge, F+ Egravity—gauge, P

1
F, fH — 5 (R+6V?) D,
Egravity—gauge, F Egravity—gauge, F= FI-“’ «f1 (312)
If background chiral multiplets are introduced, there are several further counterterms
one can construct. An example is the supersymmetrisation of the coupling E,,, 0" ¢0" ¢

between the Einstein tensor and a chiral multiplet presented in [24]. In section 5 we will
say more about counterterms constructed with no derivatives of chiral fields.

4 Vanishing results on supersymmetric backgrounds

In this section we show that the supersymmetric counterterms largely trivialise on a bosonic
background preserving supersymmetry.
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4.1 Supersymmetric backgrounds

Review of implications of dv, = 6'@“ = 0. A bosonic background preserves super-
symmetry if besides setting all fermions to zero, we impose that their supersymmetry vari-
ations also vanish. This constrains the bosonic fields. In particular, setting 61, = &Zu =0
n (2.9), and recalling (2.7), we obtain the equations

(Vi —iAu) ¢+ V¢ + V70, =0, (4.1)
(Vyu+id,) ¢ =iVl —iVYG,, =0

A non-zero solution (“Killing spinor”) ¢ to the first equation, or Z to the second equation,
determines a supercharge for the field theory defined on the background specified by the
profile of the fields ef,, A,, V, entering in the equation [4]. Here we will assume that the
vielbein, and thus the metric, take real values. It was showed in [19, 20] that a necessary
and sufficient condition for the existence of at least one non-zero solution to (4.1) or (4.2) is
that the four-manifold is complex and the metric Hermitian. For a solution ¢ to eq. (4.1),
the complex structure is given by the spinor bilinear J#, = E—"Q ¢fot,¢. One can also
introduce a complex two-form as P,, = (ou.(, of type (0,2) with respect to J#,. It
can be proven [20] that in an appropriate frame, the spinor solution can be expressed in

terms of a complex function s as {4 = /35 (), and the supergravity auxiliary fields are
determined by
1 v
Vi = =5V ou+ Uy, (4.3)
C 1 v . 14 3
Ay = Aj, — 1((5“ —iJ,")VPd 0 + §Uu , (4.4)
where A7, is defined as
C 1 v Z
Ay = EJ“ 0y log /g — iau log s, (4.5)

g being the determinant of the metric in complex coordinates. The background fields
contain an arbitrariness parametrised by the choice of vector field U*, which is constrained
to be holomorphic, namely J#,U" = ¢U*", and to obey V,UH = 0.

The analysis is completely analogous for a solution Z to (4.2), with the complex struc-
ture being given by J#, = I 2L ¢ Ctor,C; see [20] for more details.

When there exist both a non-zero solution ¢ to (4.1) and a non-zero solution ¢ to (4.2),
the field theory has two supercharges of opp081te R-charge. In addition to two complex
structures, J",, J“,,, associated with ¢ and C respectively, in this case one can introduce
the complex vector field

K" = (ohC. (4.6)

This is Killing and holomorphic with respect to both complex structures. If K* commutes
with its complex conjugate, KV, K* — KVV,K" = 0, then the vector field U* above is
restricted to take the form U¥ = k K*, where k is a complex function whose only constraint
is to satisty K#9,x = 0.
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One supercharge. We now analyse the supersymmetry conditions for a general multi-
plet. A similar analysis has been performed in [21] using twisted variables.

Let us assume that the background admits a solution ¢ to eq. (4.1), while Z =0,
and consider a general multiplet whose bottom component C' is an uncharged scalar, so
that we can construct a D-term action. The supersymmetry conditions following from the
variations (2.19) impose M = 0, leave M arbitrary, and give the equations

F1¢ (i, — 0,C) = 0,
10" fuy = (D, (4.7)

where here f,, = 20),a,). The first tells that the vector a/ + i 9"C' is holomorphic with
respect to the complex structure J#,. The second is equivalent to

1
D = QJWfW , P‘”’fu,, =0, (4.8)
and implies
1 1
D2 - §fuyful/ + ifl'“j *f'L”j . (4.9)

Then the D-term action (2.43) evaluates to

Sp = /d4xe (;J’“’fw —2aMV“>
= /d(J/\a) —2/d4:vea“U“ , (4.10)

where we have used the expression (4.3) for V. We are assuming that the manifold is
compact with no boundary, so that we can integrate by parts. Since the contraction of two
holomorphic vectors vanishes, it holds that

(a, +i0,C)U* = 0, (4.11)

and using V,U# = 0, the D-term action further simplifies to?
Sp = /d% eV*(J, a, +2iCU,) . (4.12)

As long as the multiplet does not have gauge redundancies, the term in parenthesis is
globally defined, hence Sp vanishes on a compact manifold with no boundary.

If instead we have an Abelian gauge vector multiplet, the conclusions are different.
When working in Wess-Zumino gauge, the supersymmetry transformations are given by
a combination of the transformations inherited from the general multiplet, and a gauge
transformation needed to restore the gauge condition. The constraints imposed by super-
symmetry are only ¢\ = 54X = 0, leading just to the second equation in (4.7), and therefore
to (4.8), (4.9). Nevertheless, the condition P* f,, = P"”0,a, = 0 can be expressed as

This can equivalently be expressed as Sp = [d*zeiV*(a, +i9,C +2CV,).
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dja5 = 0, where i, j are holomorphic indices with respect to the complex structure J, and
implies that locally there is a function C(z, z) such that a; = —i 9;C. It follows that

a,U* = aU" = —idiCU" = —id,CU* = —iV,(CU"), (4.13)

where in the first and third equalities we used U? = 0. Thus the D-term action again takes
the form (4.12). However, in this case a, and C do not need to be globally defined, hence
the action may be non-zero.

For a chiral multiplet ®, the supersymmetry conditions boil down to F = 0, while
the bottom component ¢ is unconstrained. If we have an anti-chiral multiplet, super-
symmetry just imposes that the vector D”gg is holomorphic with respect to J, while F
is unconstrained. Then the F-term Lagrangian vanishes identically on a supersymmetric
background, while the F-term is unconstrained:°

Lr =0, Lz arbitrary . (4.14)

If we consider the chiral and anti-chiral field strength multiplets A, and A% of a gauge
vector multiplet, we obtain that the chiral Yang-Mills Lagrangian Lp [Tr AQ] vanishes, !

1 1
Lr[TA)] = S fuwf™ + S fuw = = D* = 0, (4.15)
implying that the anti-chiral Yang-Mills Lagrangian £ [Tr 7\2] becomes a topological term:
La[Te(AY)] = —fu #f" . (4.16)

This generalises to Yang-Mills Lagrangians constructed by pairing different field strength
multiplets in a straightforward way.

If the situation is reversed, namely if we have a supercharge associated with Z , while
¢ = 0, then the D-term action evaluates to

Sp = /d4er“( —Ja, —2iCU,), (4.17)

which again vanishes for a general multiplet, while in general is non-zero for a gauge vector
multiplet. This time the F-term Lagrangian vanishes, while the F-term is unconstrained:
Lz =0, Lp arbitrary . (4.18)

In particular, the chiral and anti-chiral Yang-Mills Lagrangians evaluate to

L:[Tr(A%)]

1 1
§foW — ifw, « P —D?2=0, (4.19)

Lr[Tr(A?)] = fu =" . (4.20)

1%We also notice that plugging this vanishing result in (2.51), we recover the expression for the D-term
Lagrangian on a supersymmetric background given in footnote 9.
"This is just the same as condition (4.9).
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Two supercharges of opposite R-charge. We consider now a bosonic background
admitting two supercharges of opposite R-charge. It is important that the ¢ and the E
transformations can be performed independently.!? Clearly this case entails more con-
straints compared to the one supercharge case, however these do not introduce major
changes in the evaluation of the D-term action: again this vanishes for a general multiplet,
while for an Abelian gauge vector multiplet is generically non-zero and, if the complex
Killing vector K introduced in (4.6) commutes with its complex conjugate, reads

Sp = /d(J/\a)—2/d4:cenauK“
= /d4er“(J“”aV—|—2iC/{KH) . (4.21)

For a chiral multiplet, supersymmetry requires F' = 0 and that the vector DH¢ is
holomorphic with respect to J. For an anti-chiral multlplet F =0and D“(ﬁ is holomorphic
with respect to J. Since F' = F = 0, both the F' - and F-term Lagrangians vanish:

Lz=0, Lp=0. (4.22)

In particular, both the chiral and anti-chiral Yang-Mills Lagrangians of a gauge vector
multiplet vanish, implying

1
D2—§f“l,f“”:0, S =" = 0. (4.23)

4.2 Consequences for counterterms

The analysis above shows that if we have one supercharge associated with a Killing spinor
¢, then the only non-vanishing counterterms can be FI terms, i.e. D-term actions for
Abelian gauge vector multiplets, taking the form (4.10) (or equivalently (4.12)), or F-
terms. Similarly, if we have one supercharge associated with a Killing spinor Z , then the
only non-vanishing counterterms can be FI terms, or F-terms. If the background admits
both a Killing spinor ¢ and a Killing spinor Z , i.e. two supercharges of opposite R-charge,
then only FI terms can be non-zero.

In particular, for the pure gravity terms given in section 3.1, existence of one super-
charge implies the relations

P — 8 Fop xF% + tot.der. = + & + tot. der.
8 8
C'abchmde - gGabGab =+ + gGab *Gab )
1
FuF® = 2 (R+6 V2)? = £ Fpy #F?, (4.24)

where recall that Ggp * G = Fyp, « F% + tot. der., and where the upper sign holds if we
have a Killing spinor C , while the lower sign holds if we have a Killing spinor ¢.'? If we
have both ¢ and ¢, then the left and right hand sides vanish separately.

2This is not the case in old minimal supergravity, see appendix C for a comparison.
3The first and second relations were already noted in [13].
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Therefore we obtain the following relations between the marginal counterterms defined
in eq. (1.1):

S» —8Sp = £Sg & 3o—v==42x,

8 1
Sce =£S» F gSF & See = :t1671'2<30—31/>,

Spe = +Sp & Sp = +27%, (4.25)
where we recall that the Euler characteristic of the manifold is given by x(M) =
32;2 [dizeé&, the signature is o(M) = 481”2 [dize 2, while v is defined as v =

# i d4xeFW x F'M . Again, if there are two supercharges, the left and right hand sides
vanish separately, so that one has Sg2 = Sp2 = 0, together with the topological constraints
x=0=v=0.

We will discuss the ambiguities arising from non-zero F- or F-terms in the one super-
charge case in section 5.

We now consider the FI terms. As we saw, these include the EH term (3.10), which can
be thought as an FI term for the R-symmetry gauge vector multiplet V. Let us focus on
this term for definiteness, the discussion for FI terms of background non-R gauge multiplets
being analogous. Since the last term in (3.10) can be written as [ A A H and is thus a
Chern-Simons term involving the background R-symmetry gauge field, the use of the EH
action as a counterterm is insidious. Being a Lagrangian of dimension two, its integral
must be multiplied by a parameter A%, where A has the dimension of a mass, leading
to (1.2). In the perspective of constructing a counterterm, if A is a coupling constant
in the Lagrangian, it may be thought of as the VEV of a background multiplet [16]. In
particular, if A becomes a space-dependent field then the EH term is not invariant under R-
symmetry gauge transformations, and we conclude that it cannot be used as a counterterm.
For example, this applies to the discussion of ambiguities in section 5.3 below. On the other
hand, if A is a UV cut-off scale in a regularisation scheme, it is less clear whether it is correct
to promote it to a background field. In this case it is more difficult to conclude if the EH
term can be used to remove quadratic divergences or not; however, if these quadratic
divergences arise, our analysis shows that this is the only term that can renormalise them.
We will discuss the EH action further in section 4.3.

As a final remark, we observe that dyy, = 0, 51%5 = 0, arising as supersymmetry
conditions for the Riemann multiplets, are equivalent to the integrability conditions of
equations (4.1), (4.2). The projections by ¢® and ¥%°¢ are supersymmetry conditions for
the Ricci scalar multiplet and for the Weyl multiplet, respectively. The latter coincides
with the integrability condition of the charged conformal Killing spinor equation analysed
in [13].

4.3 Evaluation of the Einstein-Hilbert term

Assuming the existence of a solution ¢ to eq. (4.1), and taking a, = A, into (4.10), the
Einstein-Hilbert action evaluates to

A‘ZSEH:2/d(J/\A)—4/d4er“A#:2/d(J/\A°)—4/d4er“AZ, (4.26)
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where the second line is obtained by observing that A, — A}, in (4.4) is a globally defined
complex one-form of type (0, 1).

We can make this more explicit by considering for example the family of backgrounds
studied in [25]. Backgrounds in this family have the form M = S! x Mjs, where M3 has
the topology of S3. They preserve two supercharges of opposite R-charge, allow for a very
general metric with U(1)? symmetry, and are labeled by two real parameters by, by, which
determine the complex structure or, equivalently, the complex Killing vector K as

1 0 0 0
K = = - - — . 4.2
5 <b1 D + b 503 Z8T> (4.27)

Here 7 is the coordinate on S', while o1, ¢y are angular coordinates of a torus fibration
over an interval parameterised by p € [0, 1], which describes S®. Since K commutes with its
complex conjugate, we have U¥ = kK*. Moreover in [25] Aj, was chosen globally defined,
hence the first integral in (4.26) evaluates to zero. The gauge!? of A, is chosen by requiring
the spinor ¢ to be independent of 7, and that A,, be regular at the poles of S3. This fixes
Arg(s) = sgn(b1)p1 + sgn(ba)po. It was also required that K#0,|s| = 0. Recalling (4.5), it
follows that

4K'AT, =2 K19, Arg(s) = [bi] + [be], (4.28)

and therefore we can write

Sen = —4 A / d*zer KMAS,
M
_ —(]b1!+]b2])A2/ dzen = (b + [bo]) ks (4.29)
M

Note that the factor |bi| + |b2| has a clear geometrical interpretation, as it corresponds to
the charge of the Killing spinor ¢ along K, namely

£k¢ = Sl +1eal)C (130)

However, the complex parameter ;s is completely arbitrary. Thus we conclude that the
EH action evaluates to an arbitrary number, which is different from zero for generic choices
of the arbitrary function k.

5 Ambiguities in rigid supersymmetry

In this section we consider supersymmetric field theories defined on compact Riemannian
four-manifolds using the rigid limit of new minimal supergravity. We discuss the conse-
quences of our analysis of supergravity invariants on the characterisation of ambiguities in

MNote that although a priori one needs considering large gauge transformations, for the R-symmetry
gauge field generically these do not exist. Firstly, large gauge transformations on a manifold with topology
S' x 8% must be necessarily along the S'. We then distinguish two cases, depending on whether the
gauge transformation is real or imaginary. Imaginary transformations yield a dependence €™ in the Killing
spinor ¢, which is not well-defined. Real transformations of the type A — A + ndr, for n € Z, yield a
e dependence in a field with R-charge r, but in a theory with matter fields of generic (i.e. irrational)
R-charges, the periodicity of the fields does not allow for such large gauge transformations.
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the field theory partition function. As explained in the introduction, the explicit evalu-
ation of supersymmetric observables, via localization for instance, requires regularisation
of UV divergences. Two choices of supersymmetric regularisation can differ by finite, lo-
cal supersymmetric counterterms constructed from the background fields. These comprise
the non-dynamical supergravity fields as well as the various couplings of the field theory
which can be promoted to background matter multiplets. Hence the ambiguities in the
partition function are characterised by the marginal supersymmetric actions built out of
such background multiplets. Since we assume that the field theory can be regularised in a
diffeomorphism and gauge invariant way, we also require the counterterms to be invariant
under diffeomorphisms and gauge transformations of the background fields.

5.1 Supergravity fields

The vanishing results discussed in section 4 show that the ambiguities depend on the
number of supercharges, or Killing spinors, preserved by the background. We have seen that
all marginal counterterms vanish on backgrounds admitting two supercharges of opposite
R-charge. This implies that there is no ambiguity in the dependence of the partition
function on background supergravity fields.

However on backgrounds admitting only a single Killing spinor, say an anti-chiral
spinor Z‘ , the F-terms vanish, but the F-terms may be non-zero. Let us first discuss the
ambiguities arising from the fields in the gravity multiplet alone. The possible invariant
actions are related by eqs. (4.25), so we end up with only two independent non-vanishing
counterterms, that are topological quantities. Taking them to be the Euler characteristic
X(M) and the signature o(M) of the manifold, we get the counterterm

Set o = cax(M)+cao(M), (5.1)

grav

where ¢y, co are arbitrary complex numbers. Therefore the ambiguity resulting from Sgﬁav
is simply an overall complex number, except when x(M) = o(M) = 0, in which case
there is no ambiguity. An example of complex manifold with x(M) = (M) = 0 and
preserving only one supercharge is the primary Hopf surface of the second type (see e.g. [26])
discussed in [27].

In the presence of a background gauge vector multiplet, the situation is almost iden-
tical. We can consider the additional marginal counterterms following from integrat-
ing (3.11), as well as the mixed gauge-gravity Lagrangians (3.12). In the presence of a
solution Z , the F-terms vanish and we are left with two non-vanishing counterterms evalu-
ating to the topological quantities given in the second lines of (3.11) and (3.12). So in this
case we have the extra counterterms, involving the background vector field strength f,,,:

Slc)}(gdvec = C3 /d4$€f,uu *f’“’—i—c4/d4xefw, *F,U,Z/7 (52)

where c3,cy are arbitrary complex numbers. We conclude that the ambiguity resulting
from Sgav and ng(gdvec is simply an overall complex number, except when all relevant

topological quantities vanish, in which case there is no ambiguity.
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In the presence of coupling constants, promoted to background matter multiplets, pos-
sible additional finite counterterms are given by dimension four Lagrangians built out of the
gravity multiplets and the background multiplets. We consider now the potential ambigu-
ities resulting from the presence of marginal couplings, FI terms and complex mass terms.

5.2 Marginal couplings

Marginal deformations of supersymmetric theories are F- and F-terms constructed from
(anti-)chiral superfields of mass dimension A = 3 and R-charge » = (—)2. Denoting by
77 the complex marginal couplings associated with the pairs of (anti-)chiral superfields

Wr, Wy, we can consider the action!®

> (n /d4xd29 EWr + 71 /d4xd25§W1> . (5.3)
I

The Yang-Mills action with complexified Yang-Mills coupling 7yym = ;’” + 5~ is one exam-

ple of such marginal actions. The marginal couplings 7; and their compfex conJugate 77 can

t16 and can be promoted to background (anti-)chiral superfields

be considered independen
of vanishing R-charge and mass dimension, since constant values of the complex scalar
are supersymmetric backgrounds for an (anti-)chiral multiplet with » = 0. Explicitly, we
promote the 77 to background chiral multiplets ®; and the 7; to background anti-chiral
multiplets ® I-

To address the question of the ambiguities of the partition function, we consider the
possible supersymmetric counterterms that can be constructed out of ®;, ® 1 and the curva-
ture multiplets discussed in the previous sections. These counterterms are F- and F-term

actions, evaluated on the background:
Sirarg = / Az d?0 € g(® 1) Pgrav = g(11) / Az e Lp[Pgran] ,
St = /d%; 420 £ §(D1)Pgray = 3(71) /d‘lxeﬁﬁ[égm] : (5.4)

where ¢ is an arbitrary holomorphlc function of the ®;, ¢ is an arbitrary holomorphic func-
tion of the ® J and Pgray, <I>grav denote the chiral and anti-chiral combinations of curvature
multiplets, with mass dimension A = 3 and R-charges r = 2 and r = —2, respectively. The
analysis is just the same as when we only considered pure gravity counterterms, except
that now we stick to them (anti-)holomorphic functions of the marginal couplings.

In the case of two supercharges of opposite R-charge, we have shown that the F'- and F
actions vanish identically on a supersymmetric background, hence all possible counterterms
vanish and the dependence on 77 is unambiguous. In [21] it was explained that in the case
of two supercharges the F- and F-term actions are always Q-exact, meaning that they can

'5In this section, the superspace integrals denote actions invariant under rigid supersymmetry, so with
the gravitino set to zero.

161n Euclidean supersymmetric theories, the chiral term W and anti-chiral term WI do not need to be
related a priori. In the perspective of the analytical continuation from the Lorentzian case with real action,
they come in “conjugate” pairs Wy, Wr with complex conjugate couplings.
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be expressed as the supersymmetry variation of other quantities. This implies that the
partition function does not depend on 77, 77, up to anomalies and counterterms. Here we
have shown that this independence is not spoiled by possible counterterms.

In the case of one supercharge, say E , only the F actions vanish identically. The
dependence on the 7; parameters is then unambiguous. It was shown in [21] that the
F actions are Q-exact, implying that the partition function depends holomorphically on
the 77 couplings, again up to anomalies and counterterms. We have demonstrated that
counterterms do not spoil this result. On the other hand, the holomorphic dependence
on the 77 is subject to the ambiguities due to the F-type counterterms in (5.4). These
are constructed with the chiral curvature multiplets of section 3, whose F-term actions
evaluate to only two independent topological quantities, that can be chosen to be x(M)
and o(M). We conclude that the partition function has an ambiguous dependence on the
77 parameters characterised by the counterterms

Stnarg = 91(71) X(M) + g2(71) 0 (M) , (5:5)

where g1, g» are arbitrary holomorphic functions of the 77.17 We see that the ambiguity is
removed in the specific case when y = o = 0.

This extends to the case when background gauge vector multiplets are present in a
straightforward way: in this case arbitrary functions of the 77 multiply the topological
terms in (5.2).

5.3 Relevant couplings

Supersymmetric gauge theories in four dimensions also admit deformations by relevant
couplings. Let us show in one example that if these are controlled by parameters that
can be promoted to background multiplets, then we do not find any ambiguities in the
dependence of e.g. the partition function on such parameters.

We consider an Abelian gauge theory (the generalisation to the non-Abelian case being
straightforward) and a pair of chiral multiplets &, ®_ with mass dimension one, opposite
gauge charges and R-charges r,r_ satisfying v, +r_ = 2. Then one can build the complex
mass term

Semn. = m/d4xd205‘1>+(1> + m/d4md2§g<f<f>+, (5.6)

where m is the complex mass, which can be promoted to a chiral multiplet M of vanishing
R-charge and mass dimension A = 1 (similarly, m is promoted to an anti-chiral multiplet
Mv) We find that there is no F- or F' -type counterterm one can construct by multiplying
a combination of the curvature multiplets by positive powers of M, M. We do not allow
for negative powers of M,M, since they would be singular at m = 0, so we do not
need to consider further higher-derivative counterterms. We also do not find any D-type
counterterm that is invariant under local R-symmetry transformations. Generically, with

7This does not mean that the dependence on the 77 is always totally ambiguous. For instance, if the
partition function also depends on geometric parameters (like complex structure moduli [27]), it can be an
intricate function of the marginal parameters and these other parameters, so that the full dependence on
the 77 cannot be removed by the counterterms we described.
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a background field S of mass dimension two and vanishing R-charge (like M?), one might
be tempted to consider the D-term of SV, where we recall that V is the R-symmetry gauge
vector multiplet, but as already observed in section 4.2 this is not invariant under local
R-symmetry transformations, so we do not allow for it. We conclude that there is no
ambiguity in the dependence on m and m, whatever number of supercharges is preserved
by the background.

A similar argument may be applied to the parameter appearing in the FI term for a
dynamical Abelian gauge vector multiplet in the field theory. However, in various situations
this parameter has to be quantised, so it is less clear if it can be promoted to a field. The
field theory FI term is given by

Spp = g/d4md29d2§EA: 3 /d4a:e (D —2a,V*") , (5.7)

where ¢ is the FI parameter, with mass dimension two, and A = (ay, ..., D) is a dynamical
Abelian gauge multiplet.'® If the gauge group is compact and the four-manifold has non-
trivial homotopy group 71 (M) # {0}, requiring invariance of the action under large gauge
transformations of a, imposes the quantisation of £ (see e.g. [29]). In particular, in the case
when the manifold has topology S! x S2, with 7 € [0, 27| parametrising the S!, invariance
under the gauge transformation a — a+ d7,' leads to the quantisation condition & = k &,
with k € Z and

mi&t = /d4erT . (5.8)

Note that in general this condition depends on the gravity background and in the specific
cases when V' vanishes, the FI parameter is a priori not quantised. Moreover (5.8) leads
in general to a complex FI parameter, which is somehow non-standard, however in various
cases, for instance in [25] for theories on S* x S3, it was found that V™ can be chosen purely
imaginary, implying that the FI parameter is real.

When it is not quantised, the FI parameter may be promoted to a field; then the
argument used in the example of the complex mass implies that this does not lead to
an allowed counterterm. When the FI parameter is quantised, it may be meaningful to
consider a term given by & multiplying the Einstein-Hilbert term, however this product is
not the integral of a local density, hence it does not appear to parametrise an ambiguity.

We can conclude that there are no ambiguities in the dependence of the partition
function on relevant couplings.

6 Implications for anomalies

In this section we discuss the consequences of the relations given in section 4 for the
Weyl anomaly and the chiral anomaly of the R-current and flavor currents, expanding the
results of [13].

We consider an N/ = 1 superconformal field theory on a general curved four-manifold.
The background gravity multiplet of new minimal supergravity couples to the R-current

18FT terms in supersymmetric field theories and supergravity have been thoroughly discussed in [28].
9Here we assume that the U(1) charges of the matter fields of the theory are integers.
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multiplet (this contains R-current Jﬁ as well as the energy-momentum tensor 7,,). We also
introduce a background U(1) gauge vector multiplet coupling to the supercurrent of a non-R
flavor symmetry (the generalisation to more than one background gauge vector multiplets
coupling to different flavor supercurrents is straightforward). In a supersymmetric theory
the Weyl and chiral anomalies can be written in terms of supermultiplets. Here we will
provide their bosonic expressions, and discuss the consequences of imposing supersymmetry
of the background.
The Weyl and R-current anomalies read [13, 30, 31]:

c vpo 8 v
<T;7> = 1672 (Cm/pacu P7— §GWG“ )
a 3
—— Tr(RF?) (fu f* — 2D? 1
c—a 5a — 3¢ . 1 9 y
<V/’4Jlél{> = m 9 + W G‘uy *GM + W’I‘T(RF )f/_“/ *fM s (62)

where a and ¢ are the central charges of the superconformal theory, expressed in terms of
the ‘t Hooft anomalies for the R-charges R of the fermions as [30] a = :5(3TrR® — TrR)
and ¢ = 35 (9TrR? — 5TrR), while Tr(RF?) is a mixed 't Hooft anomaly involving the
charges F of the fermions under the flavor symmetry. Moreover, f,, is the field strength
of the background gauge field coupling to the flavor current. The reason why the same
coefficients a, ¢ and Tr(RFQ) appear in the Weyl and R-symmetry anomalies is because
the trace of the energy-momentum tensor and the divergence of the R-current are part of
the same supertrace multiplet, and the two equations (6.1), (6.2) arise from a single super-
anomaly equation. Generically also the flavor current acquires anomalous contributions
from the background fields, so that its divergence reads [32]:2°

1 8 1
N — R 124 2 nz
(Vudf) = 55 TH(F) <9> “G G ) + 1o T(RE?)Fy « f

1

+ 4872

Tr(F?) f * f1. (6.3)

When the background preserves two supercharges of opposite R-charge, by using the
relations derived in section 4 we obtain that all anomalies above become at most a to-
tal derivative:

(T!') = a tot.der.,

I
(VuJR) = a tot.der.,
(Vilh) =0, (6.4)

so all anomalies vanish upon integration on a compact manifold with no boundary:

/d4xe<T[f> = /d4:1ce (VuJE) = /d4:ce<VMJf’f> =0. (6.5)

20We are requiring there is no contribution from the dynamical fields in the theory.
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When only one supercharge, say the one associated with Z , is preserved, we do not
obtain useful constraints on the chiral anomalies, however we observe that using the re-
lations in section 4 the Weyl anomaly can be written in terms of topological densities
only. Hence its integral depends on the background fields only through the topology of the
respective bundles:

/d4:ce<TzL‘>:3ca—2ax—Cu+

3 2 4 v
3 327r2Tr(RF )/d ze fu, xf* . (6.6)

This extends the results of [13] to the case when background gauge vector multiplets,
coupling to flavor supercurrents, are present.

It is simple to see that the integrated anomalies (6.5), (6.6) are supersymmetric observ-
ables free of ambiguities. For instance, the only supersymmetric counterterm in (1.1) that
can affect (T}) is Spge, the others being topological or Weyl invariant. This counterterm
yields a contribution proportional to V2(R + 6V?2), which vanishes upon integration over
the manifold.

7 Concluding remarks

In this work we have analysed systematically local invariants of new minimal supergravity
in Euclidean signature, that may be used as counterterms for rigid A/ = 1 supersymmetric
quantum field theories defined on Riemannian four-manifolds.

One of the main outcomes of this analysis is that when evaluated on a background
admitting two supercharges of opposite chirality (and R-charge), all marginal supersym-
metric counterterms vanish, implying that supersymmetric partition functions do not suffer
from scheme-dependent ambiguities. These include the partition functions on Hopf sur-
faces computed by the authors [25], and their generalisations considered in [33], as well as
the partition function on T? x ¥, where ¥ is a Riemann surface. Partial results in the case
that ¥ = CP! have been presented in [34] and [33]. In the case when only one supercharge
is preserved, we have shown that ambiguities arise. However, if x(M) = o(M) = 0 (and
there are no background gauge vectors), again all marginal counterterms vanish, leaving
an unambiguous result. As an example, it would be interesting to study the case of Hopf
surfaces of second type [27].

We have found that the only dimension two supersymmetric invariants are FI terms (as
we saw, these include the Einstein-Hilbert term), and discussed some of their features. As
a result, we expect that quadratic divergences in supersymmetry-preserving regularisations
are very constrained.

The fact that finite supersymmetric counterterms vanish in the case of Hopf surfaces
indicates that the supersymmetric Casimir energy defined in [25] is not ambiguous and
therefore is physically significant. It would be interesting to study further this Casimir
energy, in particular to investigate whether one can understand its universal nature, based
on general principles, for example along the lines of [35-37] and [38].

Finally, it should be interesting to classify supersymmetric counterterms in five and
six dimensional supergravity theories.
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A Conventions and useful identities

We use Greek letters pu, v, ... for curved space indices and Latin letters a,b, ... for frame
indices. We work in Euclidean signature (+ 4 ++). The totally antisymmetric symbol
€abed 18 normalised as €1234 = 1. For any antisymmetric rank-two tensor t,;, we define the
Hodge dual *t,;, = %eabcd ted,

A.1 Spinors

We adopt a two-component spinor notation: positive chirality spinors carry an undotted
index, as (,, @ = 1,2, while negative chirality spinors are distinguished by a tilde and carry
a dotted index, as ¢*. The Hermitian conjugate spinors are (¢H)® = (¢o)*, ((M)a = (%),
and the spinor norms are given by |¢|> = ¢T®(, and KN"|2 = zot Zd . We will often omit the
explicit spinor indices.

The Clifford algebra is generated by sigma matrices

Jgd = (O_"’ —7:]12)7 5aééa = (—0_"’ —ilQ), (Al)
where & = (0!, 0%, 03) are the Pauli matrices. These satisfy
0a0p + 0p0q = _25ab7 0a0p + 00 = —204p - (AQ)
The matrices
1, ~ ~ 1 -
Tab = Z (Uagb o JbJa) ) Oab = Z (Uaa'b - O'bo-a) (A3)

are self-dual and anti-self-dual, respectively

1 1 - -
§Eabcd UCd = Oab §6abcd UCd = —Oab - (A4)

The sigma matrices have the following hermiticity properties

(Ua)T = _5117 (Uab)T = —Oab, (5ab)-r = _&aba (A5)
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and satisfy

TaGb0c = —0ab0c + 6acTh — OpeOa + €apead ,
Ga0b0c = —OabOc + 0acOb — ObeOa — €abedd
OabOcd = % (—€abed = 20adbe + 20ac0bd — 206c0ad + 20640 ac — dacObd + addbe)
OabOcd = % (+€abed — 20ad0be + 20ac0bd — 206c0ad + 20640 ac — dacObd + addbe)
0aObc = —O4[p0q + %eabcdada TaObe = —Oa[v0¢] — %%bcd?fd : (A.6)

We take the supersymmetry parameters (, Z to be commuting spinors, with the su-
persymmetry variation dc, 55 being Grassmann-odd operators. On the other hand, the
dynamical spinor fields (including the gravitino) are assumed anti-commuting. Note that
this yields a minus sign when d; or 55 passes through an anti-commuting spinor. Undotted
spinor indices are raised or lowered acting from the left with the antisymmetric symbols
e*? and €q8, chosen such that el?2 = —¢g1y = 1; for instance, (® = aaﬂgg and (, = aaggﬁ.
The same convention holds for dotted spinors, using 8 and e af In a spinor bilinear, the
indices are contracted as (x = (“x, and Z X = Zd X%. One has the following relations for
commuting spinors

Caai :igaC> Caabx :Xaabga
(0aC)x = — (Fax, (0arC) X = — CoabX (A7)

as well as the Fierz identities

(x1x2)(X3X4) = —%(xma)@)(xza“)?:s),
(xax2)(xsxa) = —(x1x3)(xaxz) — (xaxa)(x2xs) - (A.8)

The second identity also holds for dotted spinors. We will also use

1

bl 2(X10'b>72)5aﬁv

(Xlo'a%2)o-a a = *Xla(%25b)ﬁ +

~ \=abd ~b. &= 1 ~ \ sé
(x10aX2)a" % 5 = (3"x1)* Xy — §(X10bX2)5 R (A.9)

In all these Fierz identities, one has to include an extra minus sign whenever the relation
involves swapping two anti-commuting spinors.

A.2 Spin connection and curvature

The standard spinor covariant derivative is given by

1 T
qu = auc - iwuabaabC7 VMC = 8#( - iw,u,abo- va (AlO)
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where wy,qp is the Levi-Civita spin connection. This has no torsion, dj,e,* + w[#“bey}b =0,

and is obtained from the vielbein ej; and its inverse el as
w,P(e) = 2eV[aa[ue,,]b1 — e”[aeb]peuc dye, . (A.11)
More generally, a spin connection with torsion satisfies 9j,e,* + w[uabey]b = %T s
where T),,* = —T,,* is the torsion tensor. The solution to this equation is w”“b = w(e)uab+

K Hab, where K #ab is the contortion tensor, related to the torsion as K,,, = %(—Tul,p +
Tupw + Topp) -
From the spin connection (possibly with torsion) we can construct the Riemann tensor,

Rm/ab = a,uwuab - &quab + Wuacwycb - Wuacwucb . (A12)

The Ricci tensor and Ricci scalar are defined as R, = R, and R = g"” R,,,,, respectively.
One should note that if a connection has torsion, then R0 # Rpou, Bywpe # 0, and
R,, # R,,. On the Riemann tensor, *Rup.¢ will mean that the pair of indices being
dualised is the first one, while *Rx*,p.q indicates that the Hodge dual is taken both on the
first and the second pair of indices. The same applies to the Weyl tensor C),,,», which is
defined by

1

1
C;U/pa = 5 (R,ul/pa + *R*pauu) - 6Rg,u[pga]u
1
Ruvpe = RyujpGoly + Bufpgoiy + gRgu[ng}V : (A.13)
For the Levi-Civita connection, it holds that
1 ~ 1 —ab
[V,LHVV]C = _*RuuabaabCy [Vu,Vu]C = _*R,uuaba bC . (A'14)

2 2

A.3 Curvature of w*

In new minimal supergravity, the connections with torsion wff“b = dzuab +H ,ﬂb are used. In
the following, we consider their bosonic part by setting the gravitino terms to zero, which
leaves us with wi“b = w,%(e) = H,%, and express their curvature tensor in terms of the
one associated with the Levi-Civita connection w,®(e) given in (A.11).

We find:

+ ) .
Rivpo = Buvpe F 20V V€ por — 2 (Vﬂv[u 9o = Vo Vlu 9ulp — V29p[u91/]0) ,
RE = Ry £ i€upo VIV =2 (VW — guV?)
R*f =R+6V?, (A.15)

where V is the Levi-Civita connection, and R, its Riemann tensor, and we recall that
V. is related to H,,, as in (2.2). The square of these tensors evaluates to

RiypoRiﬂupo _ R,uz/paRm/po —4 (QR,WV#VV — RV? + QVMVVv/J,Vy) +12 V4,
R, R = Ry R* — 4 (R, VHVY — RV? 4+ V[,V VFVY) +12V*,

(R¥)? = (R+6V?)". (A.16)
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We see that
R =R"

po v nuvpo

R, =R} (A.17)

puv
Since the Riemann tensor is not symmetric under the exchange of the first and second pair
of indices, and the Ricci tensor is not symmetric, two independent terms are

Ry, R = Ry, (RTP = R REFT 416V, V,VHVY

nvpo nvpo nvpo

+ +v — v + +ur v
RWR . RWRJF“ = RWR oy 8V[HVV]V“V . (A.18)
We will also need the relations

R «RTHWPT — R o« RMPT + 4iV* (£RV, F 2R, VY £ 2V2V, — €,0,sV'VPV?) ,
VP Iz iz Iz Hvp

nv po
Ry o xREMP7 = R REPOM — AR RTVH + (RT)?
= Ruupo RP7" — AR, R + R* + 8V, (V,VFVY) . (A.19)

B More on tensor calculus

B.1 Multiplication rules

In the following we recall the multiplet multiplication rules for two general multiplets
81,82 with bottom components C1,Co [6, 12], assuming that both the gravitino and its
supersymmetry variations have been set to zero (see also [21]). These read

C = (CCq,

X = x1C2 + (=) C1xa, X = x102 + (-1 C1x2,

M = MCy + C1 My — (=) ixix2, M = M,Cy + C1 My + (—1) i1 %2,

1 - ~
a, = a1,Co + Crag, + (—1)f1 B (X10.X2 — X1 0uX2) »

A )\102 + (—1)F1 *Ml)(g + *U”Xl (CLQM — ZDNCQ)
2 2

i~ 1 . ~
+CIA2 + (_1)F1 §X1M2 + 5 (alu - ZD,LLCI) O—MXQ )

~ 1 - 1. .
A = )\102 - (—1)F1 *Ml)(g — *O"U'Xl (CLQM + ZDNCQ)
2 2

~ . 1 . ~
+Ci g — (-1 §X1M2 ~3 (a1, +1iD,Ch) "2,

D = D1Cy + C1 Dy + %Mﬂ\% + %MlMg — aag, — D*C1D,Cy
—(=1)"y <)\2 + %U“Du%) —(-1)"% (Xz + %E“Dum)
07 (0= 2D e — ()" (R — LD )%
+(*1)F1;Vu (x10"X2 — x10"x2) - (B.1)

Here (—1)F1 accounts for the Bose or Fermi statistics of C;. The covariant derivative D,
appearing here is defined as D, = 9, + %wu“bsab —irA,.

— 34 —



B.2 Field strength multiplet and Yang-Mills Lagrangians

We now review the construction of field strength multiplets and associated Lagrangians.
Starting with a gauge vector multiplet in Wess-Zumino gauge (a,, /\,X,D), one can con-
struct the associated field strength multiplets A, and A%, These are defined as the multi-
plets having A\, and ¢ as bottom components, and turn out to be chiral and anti-chiral
multiplets, respectively. In components, at 1, = {/;u = 0, they read

_ gty
Ay = <)\a7 \/ifab( )aﬁ + \/5

Ao — <Xd, —jifab@ab)dﬂ' - ﬁ De (i a“DgA)C‘“) : (B.2)

where fg; is the field strength of a,,, and we have 7D A = 7% (Do A+ %Va/\) and J“D;X =
0% (DA — %Va)\) . Using the multiplet multiplication rules, we can then construct the chiral

Degg, (i aaD;X)a> ,

multiplet Tr A,A“, having R-charge r = 2, and the anti-chiral multiplet Tr Kd‘]{d, having
R-charge » = —2. The respective F-term and F-term Lagrangians are the self-dual and
anti-self-dual parts of the Yang-Mills Lagrangians, which again at vanishing gravitino read

1 1 ~
Lr[TrAA,] = Tr [Qfabf“b + 5 fab # [ — D? 4 2 )\a“D;)\] ,

-~ 1 1 ~
Lz][TrAgA®] = Tr [2fabf“b — 5fab % [ — D% 4+ 2 Ao“D;)\] . (B.3)
Similarly we can construct Lagrangians mixing field strength multiplets of two different

gauge vector multiplets:

1 1 ~ ~

Lr[TrA1*Asy] =Tr [fobfgab + 5fl ab ¥ 30 — DDy +i M\ o®D; do + i Agaapaxl] ,
~ 1 1 ~ g N e

ﬁF[TI'AldAQO‘] =Tr |:2filbf2ab — iflab *anb — DlDQ —i—’i)\anDa )\2 —I—’L)\QJaDa )\1:| .

(B.4)

Note that Lrp — L5 is a topological term in the field strengths. This construction can
be generalised with further vector multiplets and a kinetic matrix depending on chiral
multiplets in a standard way.

C Comments on old minimal supergravity

It is interesting to compare the general analysis of the new minimal supergravity coun-
terterms of section 4 with a similar analysis in old minimal supergravity, pointing out the
differences of the two approaches. We will limit ourselves to a comparison of the vanishing
arguments for F- and F-terms.

The supergravity fields in Euclidean old minimal supergravity are
(ez,q/)u,{/;#, b, M, M ), where, apart from the usual vierbein and gravitino, we have

an auxiliary complex vector b, and two independent auxiliary complex scalars M, M.
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Supersymmetric backgrounds are characterised by the vanishing of the gravitino
supersymmetry variation:

i~ i i,
0= 6thu = Vil — s Mol — 5buC — D0

6 3
~ Y AP
0= 0 = Vil = M€+ bl + 0 (C.1)

Solutions to these equations are given by pairs of spinors ((,(). The backgrounds that
admit solutions have been discussed in [4] and classified in [39].

The chiral and anti-chiral multiplets have the same field content as in new minimal
supergravity. The supersymmetry transformations on fermions at vanishing gravitino are
the same as in new minimal supergravity. Their vanishing on a supersymmetric background
is expressed by

0=0¢=vV2¢F+ivV20,{ 0,0,
0=0%=vV2CF +ivV25,( 0,6 . (C.2)

We see that different cases must be considered.
e In the presence of a single solution (0, Z ), supersymmetric backgrounds are charater-
ized by F' =0 and F' arbitrary. This is the same as in the new minimal supergravity
approach when there is a single Killing spinor (;

e In the presence of a pair of solutions (0, Z ) and (¢, 0), supersymmetric backgrounds
are charaterized by F = F = 0. This is the same as in the new minimal supergravity
approach when there are two Killing spinors of opposite R-charge (, E . Then all
counterterms constructed as F- or F-terms vanish in this case.

e When the solutions are of the form (¢, E) with ¢ # 0 and Z =# (0 almost everywhere
(they can vanish on a subspace of zero measure), then the F- and F-terms obey some
constraints imposed by the equations (C.2), but they do not vanish in general. A
prominent example is the supersymmetric background on S* [4] which admits four
solutions of this type. Despite the large amount of supersymmetry preserved, it was
shown in [9] that a non-vanishing counterterm can be constructed as an F-term,
leading to an ambiguity in the partition function of N’ =1 SCFTs on S*.

The last point makes clear that there are cases where the ambiguities in the partition
function of N/ =1 theories defined on a four-manifold using the rigid limit of old minimal
and new minimal supergravities are different.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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