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1. Introduction

For s > 1/2, we consider the following nonlocal Neumann problem

(=AY’u+u= f(u) in 2,
u=>0 in €2, (1.1)
Nsu=0 inR"\ Q.

Here 2 is a radial domain of R”, it is either a ball
Q=Bgp:={xeR":|x| <R}, R>0, (1.2)
or an annulus
Q=Ap,r:={xeR" : Rop<|x|<R}, O0<Rop<R. (1.3)

Furthermore, n > 1, (—A)* denotes the fractional Laplacian

, u(x) —u(y)
(—A)AM()C) ‘=Cn,s PV m . (14)
R”7
and N is the following nonlocal normal derivative
Noa() = ens [ 278D 10 vl x e RIS (1.5)

»$ lx — y|n+2s
Q

first introduced in [11], and ¢, ¢ is a normalization constant. It is a well known fact that the frac-
tional Laplacian (—A)* is the infinitesimal generator of a Lévy process. The notion of nonlocal
normal derivative N has also a particular probabilistic interpretation; we will comment on it
later on in Section 2. We stress here that, with this definition of nonlocal Neumann boundary
conditions, problem (1.1) has a variational structure.

In this paper, we study the existence of non-constant solutions of (1.1) for a superlinear non-
linearity f, which can possibly be supercritical in the sense of Sobolev embeddings.

In order to state our main result, we introduce the hypotheses on f. We assume that f €
CL7 ([0, 00)), for some y > 0, satisfies the following conditions:

(f1) f'(0) =tim; - 52 € (=00, 1;
(f2) liminf,_ 0o L2 > 1;

(f3) there exists a constant ug > 0 such that f(uo) = ug and f’(ug) > ){’r +1,

where )Lz“r > 0 is the second radial increasing eigenvalue of the fractional Laplacian with (non-
local) Neumann boundary conditions.

Clearly, as a consequence of (f1), we know that f(0) =0 and f is below the line ¢ in a right
neighborhood of 0. The results of the paper continue to hold if we weaken (f1) as follows
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(f) f(0)=0, f'(0) € (—oo, 1T and f(t) <t in (0, 7) for some 7 > 0.
A prototype nonlinearity satisfying (/1) and (f2) is given by
f@)y: =171 with2<r <gq.

For g large enough, the above function satisfies condition (f3) as well.

We observe that (f1) and (f>) are enough to prove the existence of a mountain pass-type
solution. The additional hypothesis (f3) is needed to prove that such a solution is non-constant.
In particular, the existence of a fixed point ug of f is a consequence of (f1), (f2), and the
regularity of f; moreover, in view of fQ(—A)Sudx =0 (cf. (2.3) below), the fact that f(¢) — ¢
must change sign at least once is a natural compatibility condition for the existence of solutions.

Our main result can be stated as follows.

Theorem 1.1. Lets > 1 /2 and f € clr (o, 00)), for some y > 0, satisfy assumptions ( f1)—(f3).
Then there exists a non-constant, radial, radially non-decreasing solution of (1.1) which is of
class C? and positive almost everywhere in Q. In addition, if ug1,...,uo,n are N different
positive constants satisfying (f3), then (1.1) admits N different non-constant, radial, radially
non-decreasing, a.e. positive solutions.

If Q = ARy, R, the same existence and multiplicity result holds also for non-constant, radial,
radially non-increasing, a.e. positive C? solutions of (1.1).

We stress here that the situation with Neumann boundary conditions is completely different
from the case with Dirichlet boundary conditions. Indeed, as for the local case s = 1, a PohoZaev-
type identity implies nonexistence of solutions under Dirichlet boundary conditions for critical
or supercritical nonlinearities, cf. [13, Corollary 1.3], while here, under Neumann boundary con-
ditions, we can find solutions even in the supercritical regime. Moreover, the supercritical nature
of the problem prevents a priori the use of variational methods to attack the problem. Indeed, the
energy functional associated to (1.1) is not even well-defined in the natural space where we look
for solutions, i.e., ng,o (cf. Section 3). To overcome this issue, we follow essentially the strategy
used in [4,8]. Our starting point is to work in the cone of non-negative, radial, non-decreasing
functions

u is radial and u > 0 in R”,
C+():=queH},: , (1.6)
' u(r) <u(s)forall Rg <r<s<R

where with abuse of notation we write u(|x|) := u(x) and in order to treat simultaneously the
two cases 2 = Bg and Q = Ag, g, we assimilate By into the limit case Ag z. This cone was
introduced for the local case (s = 1) by Serra and Tilli in [14], it is convex and closed in the
H?*-topology. The idea of working with radial functions, suggested by the symmetry of the prob-
lem, is dictated by the necessity of gaining compactness. Indeed, restricting the problem to the
space of radial H* functions (H; ;) allows somehow to work in a 1-dimensional domain, where
we have better embeddings than in higher dimension. Nevertheless, in the case of the ball, the
energy functional is not well defined even in H;' ,, since the sole radial symmetry is not enough
to prevent the existence of sequences of solutions exploding at the origin. This is the reason for
the increasing monotonicity request in the cone C., cf. [9] for similar arguments in more general

Please cite this article in press as: E. Cinti, F. Colasuonno, A nonlocal supercritical Neumann problem, J. Differential
Equations (2019), https://doi.org/10.1016/j.jde.2019.09.014

© O N O 0o A 0N =

A B A B B B DB B OOWOW W W W W W W WWN NN DNM NN NN NN S22 dd g
N O O~ WO DN 4 O © 0o N OO o b~ O 4 O 0 0o N o g b~ W0ODN 42 O O 0o N o o M wDNhD =2 o



© 0O N O 0o A 0N =

W W W W W W W W NN NN NN NN NN NN =+ = s d sl A
N O o AW N 24 O © 0o N o o s WN =<+ O O 0o N o o B~ wWw N = O

38

JID:YJDEQ AID:9984 /FLA [m1+; v1.304; Prn:16/09/2019; 7:15] P.4 (1-34)

4 E. Cinti, F. Colasuonno / J. Differential Equations eee (eeee) see—eee

domains. Indeed, we can prove that all solutions of (1.1) belonging to C are a priori bounded in
Hssz,0 and in L°°(£2). When the domain does not contain the origin, i.e. in the case of the annulus
Ro > 0, the monotonicity request can be avoided and it is possible to work directly in the space
H_ ;. Nonetheless, working in H} ; would allow to prove the existence of just one radial weak
solution of the equation in (1.1) under Neumann boundary conditions, whose sign and mono-
tonicity are not known. Therefore, also in the case of the annulus, even if we do not need to gain

compactness, we will work in C; (Ap,,r) to find a non-decreasing solution, and in

u is radial and u > 0 in R",
C_(ARy,R) = ueHl‘;R 00 ’ (7
%" u(ry>u(s) forall R <r <s <R

to find a non-increasing solution.

For simplicity of notation, in the rest of the paper we will simply denote by C both C (£2) and
C_(AR,,r), when the reasoning will be independent of the particular cone.

In both cases, thanks to the a priori estimates, we can modify f at infinity in such a way to
obtain a subcritical nonlinearity f. This leads us to study a new subcritical problem, with the
property that all solutions of the new problem belonging to C solve also the original problem
(1.1). The energy functional associated to the new problem is clearly well-defined in the whole
Hssz,0~ To get a solution of the new problem belonging to C, we prove that a mountain pass-
type theorem holds inside the cone C. The main difficulty here is that we need to find a critical
point of the energy, belonging to a set (C) which is strictly smaller than the domain (Hssz,o) of
the energy functional itself. To overcome this difficulty we build a deformation n for the Defor-
mation Lemma 4.8 which preserves the cone, cf. also Lemma 4.6. Once the minimax solution
is found, we need to prove that it is non-constant. We further restrict our cone, working in a
subset of C in which the only constant solution of (1.1) is the constant ug defined in (f3). In
this set, we are able to distinguish the mountain pass solution from the constant using an energy
estimate.

The multiplicity part of Theorem 1.1 can be easily obtained by repeating the same arguments
around each constant solution u#¢: in case we have more than one u( satisfying (f3), for each
uo,;i, we work in a subset of C made of functions # whose image is contained in a neighborhood
of ug ;. This allows us to localize each mountain pass solution and to prove that to each ug ;
corresponds a different solution of the problem.

The paper is organized as follows:

e In Section 2, we recall some basic properties of our nonlocal Neumann problem. In particu-
lar, we describe its variational structure and we establish a strong maximum principle;

e In Section 3, we prove the a priori bounds, both in L* and in the right energy space, which
will be crucial for our existence result;

e Section 4 contains the Mountain Pass-type Theorem (Theorem 4.12) which establishes exis-
tence of a radial, non-negative, non-decreasing solution and whose main ingredient relies on
a Deformation Lemma inside the cone C (see Lemma 4.8);

e Finally, in Section 5, we prove that the solution, found via Mountain Pass argument, is not
constant.
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2. The notion of nonlocal normal derivative and the variational structure of the problem

In this section, we comment on the notion of nonlocal normal derivative A5 and we describe
some structural properties of the nonlocal Neumann problem under consideration, with particular
emphasis on its variational structure.

As mentioned in the Introduction, we use the following notion of nonlocal normal derivative:

ulx) —uly) dy, xeR"\Q. 2.1)
|x _y|n+2s
Q

Nyu(x) :=cp

As well explained in [11], with this notion of normal derivative, problem (1.1) has a varia-
tional structure. We emphasize that the operator (—A)* that we consider is the standard fractional
Laplacian on R” (notice that the integration in (1.4) is taken on the whole R") and not the
regional one (where the integration is done only on €2). This choice will be reflected in the
associated energy functional (see e.g. (2.12)). We note in passing that, in [1], it is shown that
the fractional Laplacian (—A)*u under homogeneous nonlocal Neumann boundary conditions
(Nsu =0 in R” \ Q) can be expressed as a regional operator with a kernel having logarith-
mic behavior at the boundary. There are other possible notions of “Neumann conditions” for
problems involving fractional powers of the Laplacian (depending on which type of operator
one considers), which all recover the classical Neumann condition in the limit case s 1 1. See
Setion 7 in [11] and reference therein, for a more precise discussion on possible different defini-
tions.

The choice of the standard fractional Laplacian (—A)* and of the corresponding normal
derivative Ny has also a specific probabilistic interpretation, that is well described in Section
2 of [11]. The idea is the following. Let us a consider a particle that moves randomly in R”
according to the following law: if the particle is located at a point x € R”, it can jump at any
other point y € R with a probability that is proportional to |x — y| ™2, It is well known that
the probability density u(x, t) that the particle is situated at the point x at time ¢, solves the frac-
tional heat equation u; + (—A)*u = 0. If now we replace the whole space R" with a bounded
domain €2, we need to specify what are the “boundary conditions”, that is what happens when
the particle exits 2. The choice of the Neumann condition Nsu = 0 corresponds to the following
situation: when the particle reaches a point x € R” \ ©, it may jump back at any point y € Q
with a probability density that, again, is proportional to |x — y|™"~2*. Just as a comparison, if
in place of Neumann boundary conditions, one considers the more standard Dirichlet boundary
conditions (that in this nonlocal setting, reads u = 0 in R” \ ), this would correspond to killing
the particle when it exits 2.

We pass now to describe some variational properties of our nonlocal Neumann problem. Let
us start with an integration by part formula that justify the choice of Nsu. In what follows Q¢
will denote the complement of €2 in R”.

Lemma 2.1 (Lemma 3.3 in [11]). Let u and v be bounded C? functions defined on R". Then, the
following formula holds
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Cn,s / @) —u(Ne) —vl)
2 x—y |n+2v

R2n c\2
\E 2.2)

:/v(—A)sudx+/v/\fsudx.

Q Q¢
Remark 2.2. As a consequence of Lemma 2.1, if u € C%(R") solves (1.1), taking v =1 in (2.2),
we get

/(—A)Su dx =0. (2.3)

We now introduce the functional space where the problem is set. Let u, v : R” — R be mea-
surable functions, we set

1/2

_ 2
g, o= | 22 // ) —uP o

Q.0 |x _ |n+2s

RZn\(Qc)Z
and we define the space
Hoo={u:R" >R, ue L*(Q) : [ulps,, < +00}

equipped with the scalar product

(u, V) g, Z=/uvdx+ / (u(x) —u(y)(wx) —v(y)) dxdy.

|x _ |n+2s

Q RZn\(Q( )2

and with the induced norm

lullzg, o = Nl 2@y + [l my, - (2.5)

By [11, Proposition 3.1], we know that (Hg, , (-, -) H, ) is a Hilbert space.

In this paper we will mainly work w1th the notion of weak solutions for problem (1.1), which
naturally belong to the energy space HJ, , but, at some point (more precisely, when we will
apply a strong maximum principle — see Proposition 2.6) we will need to consider also classical
solutions. For this reason, let us recall under which condition the fractional Laplacian given by
the expression (1.4) is well defined. Let £ denote the following set of functions:

|u(x)]
Esiz u:R”—)R:/de<OO . (2.6)
Rn
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Let © be a bounded set in R”, s > 1/2, and let u € L be a Cl-2s+e=1 function in Q for
some ¢ > 0. Then (—A)*u is continuous on €2 and its value is given by the integral in (1.4) (see
Proposition 2.4 in [16]).

In particular, the condition u € L ensures integrability at infinity for the integral in (1.4).
Moreover, if u belongs to the energy space Hssz,07 then automatically it is in Ly, according to the
following result.

Lemma 2.3. Let Q2 be a bounded set in R". Then
ng C Ls.

Proof. We prove that if u € H, ), then it satisfies the integrability condition

u()I?
R~

which, in particular, implies that u € L, by using Holder inequality and observing that (1 +
|x|n+ZS)—l e Ll(Rn).

Throughout this proof we denote by C many different positive constants whose precise value
is not important for the goal of the proof and may change from time to time. Let ' be a compact
set contained in 2. We have

_ 2
. / [ (x) — u(y)l dx dy

|x _ |n+2v

lu(x) —u(y)? |u(x>—u(y)|2
// |n+2s dx d +/ / y|n+25 dy

Q' RMN\Q 2.8)
u(x) — u(y)P? '
Z/ |)C _ |n+2s dx dy
lu(x)|? lu(y)|?
/ / y|n+2v dx d / / y|n+2v dx dy’
Q/ Rn\Q Q/ R’l\Q

where, in the last estimate we have used that |a — b|> > a — b? by Young inequality.

Since u € HSS?’O, clearly the first term on the r.h.s is ﬁmte. Moreover, using that for x € R"” \
and y € ' one has that [x — y| > w, for some w > 0, and the integrability of the kernel at infinity,
we have for every y € Q'

oo
S S C | 1029 g¢ = <
|x_y|n+23 — - w2’
RM\Q w

where C is independent of y € Q'. Hence,
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P 2 !
/ / =y dxdy = [ |u(y)l Ty dx | dy
Q' R"M\Q Q "\Q (2.9

C
< / u(y)2dy < oc.
Q/

Therefore, combining (2.8) with (2.9), we deduce that
lu(x)[?
/ / |n+2g dxdy < o0.
Q@ RM\Q

Finally, since 2 (and thus ) is bounded, we have that there exists some number d depending
only on €2 such that |x — y| <d + |x| for every x € R" \ Q and y € @/, which implies that

lu@)? : Ju@)?
/ f |n+25 dxdy z |Q | d+ |x|)n+2s dx
Q' RN\Q RM\Q
This last inequality, together with the fact that

|u(x)|?

@+ ey 5
Q

(since u € L?(R2)) concludes the proof. O

Since it will be useful later on, we introduce also some standard notation for fractional Sobolev
spaces. We set

0=

[ulgs @) =

_ 2
S PR

We denote by H®(£2) the space
H(Q) = {u e LX(Q) : [ulps@) < oo} ,
equipped with the norm
lull s @) = llull 2y + [UlHs (@)-
Notice that in the definition [#]ys(q) the double integral is taken over © x €2, which differs
from the seminorm defined in (2.4) related to the energy functional of our problem.

Since the following obvious inequality holds between the usual H*-seminorm and the semi-
norm [']ng o defined in (2.4):
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[M]H§2 o = lulas (@

as an easy consequence of the fractional compact embedding H*®(2) << L9(L2) (see for ex-
ample Section 7 in [2] and remind that H*(2) = W*2(2)), we have the following.

Proposition 2.4. The space Hssz,o is compactly embedded in L1 (Q2) for every q € [1,2}), where

2n .
SLRI b if2s <n,
s +o00 otherwise

is the fractional Sobolev critical exponent.

Given h € L*(2), we consider now the following linear problem

@2.11)

(—A)u+u=nh in ,
Nsu=0 inR" \ Q.

Definition 2.5. We say that a function u € H, , is a weak solution of problem (2.11) if

Cns / (u(x) —u(y) () —v(y) dxdy~|—/uvdx=/hv.
2 |x — y|n+2s
RZn\(Qc)Z Q Q

With this definition one can easily see that weak solutions of problem (2.11) can be found as
critical points of the following energy functional defined on the space Hg, g, cf. [11, Proposition

3.7
lu(x) — u(y)|? 1
/f Ty dxdy+§/u2dx—/hudx. (2.12)

]R2n\(9c)2 Q Q

Eu) :_

We state now a strong maximum principle for the fractional Laplacian with nonlocal Neumann
conditions.

Theorem 2.6. Let u € CL21~1(Q) N Ly (for some & > 0) satisfy

(—Au>0 in%,
u>0 in Q,
Nyu>0 inR"\ Q.

Then, either u > 0 oru =0 a.e. in Q.
Proof. Assume that u is not a.e. identically zero and let us show that # > 0 a.e. in 2. We argue

by contradiction: suppose that the set in €2 on which u vanishes has positive Lebesgue measure,
and let call it Z, i.e.

Please cite this article in press as: E. Cinti, F. Colasuonno, A nonlocal supercritical Neumann problem, J. Differential
Equations (2019), https://doi.org/10.1016/j.jde.2019.09.014

© O N O 0o A 0N =

A B A B B B DB B OOWOW W W W W W W WWN NN DNM NN NN NN S22 dd g
N O O~ WO DN 4 O © 0o N OO o b~ O 4 O 0 0o N o g b~ W0ODN 42 O O 0o N o o M wDNhD =2 o



© 0O N O 0o A 0N =

A A A B B D D D OOWOWOW W W W W WWWN NN N DNN NN NN S S S a4 a d S a a
N O oA W N 242 O © 0N o0 a0 B~ WN 2+ O O 0o N o o B~ WON =<+ O © 0o N OO o B~ w N = O

JID:YJDEQ AID:9984 /FLA [m1+; v1.304; Prn:16/09/2019; 7:15] P.10 (1-34)

10 E. Cinti, F. Colasuonno / J. Differential Equations eee (eeee) see—eee

={xeQux)=0}, and |Z]|>0.

Letnow x € Z. Since u satisfies (—A)*u > 0 in €2, using the definition of fractional Laplacian,
we have that

e e

/ u@) —u@y) u(x) —u(y)

R”\Q

u(y)

oy &7

where the last strict inequality comes from the fact that we are assuming that u is strictly positive
on a subset of €2 of positive Lebesgue measure (otherwise it would be u =0 a.e. in 2).
Integrating the above inequality on the set Z and using that |Z| > 0, we deduce that

/ / @) —u) 4o ai > 0. 2.13)

|x_ |n+2r
Z RM\Q

On the other hand, using that # > 0 in €2, we have

u(x) u(y) u(x) — u(y)
n 5/ / |n+2v dydx = cn s/ / |n+2v

Z RM\Q Q RMQ
u(y) —u(x)
= —Cns / f oy A (2.14)
RM\Q Q
/ Nu(y)dy <0.
RM\Q

This contradicts (2.13) and concludes the proof. O

Remark 2.7. Arguing in the same way, it is easy to see that the above strong maximum principle
holds true when adding a zero order term in the equation satisfied in 2 (that is considering
solutions of (—A)*u(x) + c(x)u(x) > 0in ).

We conclude this Section with two results of [11]. The first one gives a further justification of
calling N; a “nonlocal normal derivative”.

Proposition 2.8 (Proposition 5.1 of [11]). Let Q be any bounded Lipschitz domain of R" and let
u and v be C? functions with compact support in R".
Then,

lim Nu vdx:/avuvdx,

s—1

RM\Q aQ

where 0, denotes the external normal derivative to 0L2.
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The last result that we recall from [11], describes the spectrum of the fractional Laplacian
with zero Neumann boundary conditions.

Theorem 2.9 (Theorem 3.11 in [11]). There exists a diverging sequence of non-negative values
O=A1 <A <M3=<...,

and a sequence of functions u; : R" — R such that

(=A)Yu;(x) = rju;(x) forany x € Q
Nsu;(x) =0 for any x e R" \ Q.

Moreover, the functions u; (restricted to Q) provide a complete orthogonal system in L*(Q2).
3. A priori bounds for monotone radial solutions

Without loss of generality, from now on we suppose that f satisfies the further assumption
(fo) f(t)>0and f'(¢t) > 0 for every ¢t € [0, 00).

If this is not the case, it is always possible to reduce problem (1.1) to an equivalent one having a
non-negative and non-decreasing nonlinearity, cf. [8, Lemma 2.1].

We look for solutions to (1.1) in the cone C defined in (1.6) and (1.7).
It is easy to prove that C is a closed convex cone in stz,o’ i.e., the following properties hold
forall u, veC and A > O:

(i) AueC;

(i) u+veC;

(>iii) if also —u € C, then u = 0;
(iv) C is closed in the H*-topology.

We will use the above properties of C in Lemma 4.8.
We state now an embedding result for radial functions belonging to fractional Sobolev spaces,
which can be found in [15] (see also [6]).

Lemma3.1.Ifs > 1/2 and 0 < R < R, there exists a positive constant C = CR(Ié, n,s) such
that

Il o mg) < Callull,, 3.1)

for all u radial in H;?R\BR,O'

Proo_f. The proof is the same as in [6, Lemma 4.3], we report it here for the sake of completeness.
Let R < p < R. Using that u is radial, s > 1/2, and the trace inequality for H*(B, \ By) (see
e.g. [17, Section 3.3.3]), we have for every x € 9B,
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1-n
() =2— / W2dH !
naw

n
9B,

1—n
p 251 2 1 2
SCW}O {[u]HS(Bp\BIQ)—i_ﬁ”u”LZ(Bp\BR)}’

where w, is the volume of the unit sphere in R” and dH"~! denotes the (n — 1)-dimensional
Hausdorff measure. We immediately deduce that for every x € 9B,

n—2s .
ClxI” 2 llullus\Bp ifp=Ix|=1,
PAPR
lu(x)] =

n25

CEullusppmy  ifp=Ixl<1

_n 1
<Clx|™ (1 + ) el 12 (B,\BR)
< CR™"F (14 R™) ull s g2

Hence, we conclude that

lell Loo(Br\B) <CR™"7 "+ R™ Ml s Br\Bg)

< CR™Z" (1 4+ R™)lull gy

BR\BR.0’

which proves the statement, with C := Cﬁ_% (1+R™). D

As mentioned above, working in the cones C of non-negative, radial and monotone functions
has the advantage to have an a priori L bound, according to the following lemma. In particular,
from the proof of the next lemma it will be clear the role of the non-decreasing monotonicity in
the case of the ball.

Lemma 3.2. Let s > 1/2 and Q be the ball Bg or the annulus Ag, g as in (1.2), (1.3). There
exists a constant C = C(R, Ro, n, s) > 0 such that

llullLoe (@) < Cllullag forallu eC.

Proof. Case Q2 = Bpg. In this case, C = C4(Bg). Since u is radial and non-decreasing, we have
that [lullp>(@) = llullL>o(Bg\Bg/)- Hence, the conclusion follows by (3.1), observing that here
R=R/2>0.

Case Q = AR, r. In the annulus, the same proof as before works both for u € C and for
u € C_. We observe that in this case the constant C depends on Ry (and noton R). O

Thanks to the previous lemma, it would be enough to restrict the energy functional to C to
get C-constrained critical points; this is the approach in [14]. Nonetheless, as well explained in
[14], the cone C has empty interior in the H®-topology, as a consequence it does not contain
enough test functions to guarantee that constrained critical points are indeed free critical points.
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In [14], the authors prove a posteriori that the constrained critical point that they find is a weak
solution of the problem. In the present paper, we follow a different strategy proposed in [4],
which, moreover, allows to cover a wider class of nonlinearities. The technique used relies on
the truncation method and, for it, we need to prove a priori estimates for the solutions of (1.1)
belonging to C. We start with introducing some more useful notation.

Fix §, M > 0 such that
f@®)>A+8)t forallt> M. (3.2)

The existence of 6, M > 0 follows by ( f>). We introduce the following set of functions
Sms={g€C(0,00)) : g=0, g@) =1+t forallt>M}. (3.3)

We remark that § 7 s depends on f only through § and M. In the remaining part of this section,
we shall derive some a priori estimates which are uniform in §7 s and hence depend only on M
and §, and not on the specific function g belonging to § s 5. This will be useful in the rest of the
paper, since we will deal with a truncated function.

We give now the definition of weak solution for a general nonlinear Neumann problem of the
form

(=AY’u+u=gu) inQ
u>0 in (3.4)
Nyu=0 inR" \ Q.

Definition 3.3. We say that a non-negative function u € Hy, , is a weak solution of problem (3.4)
if for every v € Hg,

Cns f (u(x) —u(y)(vx) —v(y) dxdy—i—/uvdx:/g(u)v.
2 |x — y|n+2s
Rzll\(QL‘)z Q Q

The following Lemma gives an L' bound for solutions to (3.4) with g belonging to the class

Sm,s-

Lemma 3.4. Let g be any function in §p 5. Then, there exists a constant K1 = K{(R,n, M,8) >0
such that any weak solution u € C of (3.4) satisfies

lullz1@) < Ki.
Proof. Testing the notion of weak solution with v = 1 and using that g € §s 5, we get
/udx = / gu)dx + / gu)ydx = (14596) / udx.
Q fu<M} {u=M) {u=M}

Hence,
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M|Q| = / udx >4 f udx
{u<M} fu=M}
and so
1
udx = udx + udx < M|Q2| l+§ =:K;. O
Q {fu<M} {u=M}

The following lemma gives a uniform a priori bound in L* for solutions belonging to the
cone C of problems (3.4), with g € 5.

Lemma 3.5. There exist two positive constants Ko = Koo(Ro, R,n,s,M,5) and K> =

K>(Ry, R,n,s, M, $), such that for any u € C weak solution of problem (3.4), the following
estimates hold:

lullLoo@) < Koo and lullgg, | < K2.

Proof. Choosing again v = 1 in the definition of weak solution, we have

/udx:/g(u)dx. 3.5
Q Q

On the other hand, testing the equation with u itself and using Lemma 3.2, we deduce

) ) lu(x) — u)I? )
||u||Loo(Q) <C f/ y|n+2A dxdy+ [ u“dx
RZn\(Qc)Z Q (36)

=C2/g(u)udxSCzllullLoo(m/g(u)dx.
Q Q

Combining (3.5) with the previous estimate, we conclude that
lull ooy < CPlull L1y < C2 K1 =t Koo,
where the last estimate comes from Lemma 3.4. Finally, this bound on ||u|| .« (q) combined with

inequality (3.6) above, gives the following uniform bound on |ju|| HS, o

Il = Wil [ o) dx =l il @ < CCRF =i K3,
Q

We now prove a regularity result for weak solutions of (1.1) belonging to the cone C.

Lemma 3.6. Let u € C be a weak solution of (1.1). Then u € C*(R™).
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Proof. By Lemma 3.5 we know that u € L°°(£2). Furthermore, by the nonlocal Neumann bound-
ary conditions, we have that

u(y)
|x — y|r+as

£ 0000
1

/|x _ y|n+2$dy

Q

Thus, for any ¢ > 0 we get for every x € R"” \ Q, :={x e R" : dist(x, Q) > ¢}

u(x) = for every x e R" \ Q.

u(y) / 1 J
|X _ y|n+23 y |x _ y|n+2s Yy
Q Q
u) =~ =lulee 73— = lull=@:-
/|x_y|n+2sdy /lx_y|n+2sdy
Q Q

Therefore, being this estimate uniform in e, we get |u(x)| < ||ullz=~q) for every x € R" \ Q.
Hence, u € L*°(R") and so, using [16, Proposition 2.9] with w = f (1) —u € L*°(R"), we obtain
u € CHe(R™) for every « € (0,2s — 1). Then, recalling that f € C¥, we can use a bootstrap
argument, and apply [16, Proposition 2.8] to conclude the proof. O

4. Existence of a mountain pass radial solution

In this section we prove the existence of a radial solution of (1.1) via a Mountain Pass-type
Theorem. We are now ready to start the truncation method described in the Introduction: we will
modify f in (K, +00), where K is the L bound given in Lemma 3.5, in such a way to have
a subcritical nonlinearity f.

Lemma 4.1. For every £ € (2,2%), there exists f eFmsN C([0, 00)), satisfying (fo)-(f3),

i 1O _
m ———- =

t—oo tt-1

1, 4.1)
and with the property that if u € C solves

(=AYu+u=fu) inQ,
u>0 in S, 4.2)
Nou =0 inR"\ Q,

then u solves (1.1).
For the proof of the above lemma, we refer the reader to [4, Lemma 4.3].

As a consequence of the previous lemma, condition ( f1), and the regularity of f, there exists
C > 0 for which
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fy<cd+1"Y forallr >0, 4.3)
where € € (2,2}).

From now on in the paper, we consider the trivial extension of f , still denoted with the same
symbol

Feo f in [0, +00),
o in (—o00, 0).

Recalling the Definition 3.3 of weak solution (applied here with g = f) one can easily see that
weak solutions of problem (4.2) can be found as critical points of the following energy functional

defined on the space Hg o
|u(x) —u(y)|? 1 .
// T dxdy + E/Lﬂdx—/F(u)dx, 4.4)

RZYI\(QL)Z Q Q

Eu) :—

where F(r) := f(; f (t)dt. The proof of this fact follows from the argument in the proof of

Proposition 3.7 in [11], with the obvious modifications due the presence of the nonlinearity f.
Because of (4.1) and the Sobolev embedding, the functional £ is well defined and of class Cc?,
being s > 1/2.

Lemma 4.2 (Palais-Smale condition). The functional £ satisfies the Palais-Smale condition, i.e.
every (PS)-sequence (uy) C ng, namely a sequence satisfying

(Euy)) is bounded — and &' (ug) — 0 in (Hg )%,
admits a convergent subsequence.

Proof. Reasoning as in [8, Lemma 3.3], as a consequence of (4.1), there exist u € (2, £] and
To > 0 such that

ft=pF@) forallt>T,. 4.5)

Now, let (ux) C HY, o be a (PS)-sequence for £ as in the statement. We estimate

cns (1 1 5
=5 a7 okl
1 - -
+ / (;f(uk)uk - F(Mk)) dx

{ux<To}

and, being (ux) a (PS)-sequence,

E(ur) — —5/(uk)[uk] < [Eu)] + —||5 @l llurllgg, , < CA + llueliag, )

Q,0 —
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for some C > 0, where we have denoted by || - ||« the norm of the dual space of H, . Since we

know that f{ukao} (if(uk)uk - F(uk)) dx is uniformly bounded in k, we get

11 5
(5 - ;) ikl < CCL+ el -

Therefore, (uy) is bounded in H¢, , and so there exists u € H, ( such that uy — u in H, (.
up to a subsequence. By compact embedding (Proposition 2.4), ux — u in L¢(2) and, up to a
subsequence, u; — u a.e. in Q2. Again, since (u) is a (PS)-sequence

1€ i)l — ]| < 1€ Qe |k — el g, — 0 as k= oo, (4.6)

On the other hand, by Holder’s inequality and (4.3),

/f(ukxuk —u)dx < c/(l +uy ) — wydx
Q 4.7

=C|l1+ uk”L((Q)”uk ull ey — 0 ask— o0
and
/uk(uk —u)dx = /(uk —u)*dx ~|—fu(uk —u)dx — 0 ask— oo. (4.8)
Q Q Q
Recalling that

E (up)lug — ul
_ Cns / (p (x) — wpe () [(ug — u)(x) — (ug — M)(y)]
2

|)C _ |n+25

R2n \(QC)z

+/uk(uk —u)dx—/f(uk)(uk—u)dx,

Q

by (4.6), we have in view of (4.7) and (4.8)

lim // (ur(x) — (W) =)&) = =) dy =0. 4.9)
k—o00 |x — y|nt2s
]RZn\(Qc)Z

We claim that (4.9) implies the following

. Juag (x) — uk<y)|2 lu(x) — u(y)|2

RZn\(Qc)Z RZn\(QL)Z
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Indeed, by weak lower semicontinuity

// b dxdy <liminf // ) = ey, @

|x_ |n+29 |x_ |n+2v
RZn\(Qc)Z RZn\(Q()Z

Moreover, setting
a:=u(x)—u(y) and b:=up(x)—ur(y),

using the easy inequality a® 4 2b(b — a) > b?, we deduce

Ju(x) — u(y)|?
J/ Teypn

RZn\(Qc)Z
(e (x) — ug () (up(x) —ug(y) —u(x) + u(y))
+2 dxdy
|x _ |n+29
RZn\(Qc)Z
|uk<x> —u (I
// |n+2s dxdy.
RZn\(QL)Z

Thus, by (4.9), we obtain

u(x) —u(y)? . lug (x) — ur (»)1?
// |x—y|"+2‘ dx dy > limsup // |x—y|”+2? dxdy,

k— o0

RZ”\(QL)Z RZYI\(QL)Z

which, together with (4. 11), proves the claim. Combining (4.10) with the convergence of L?

norms ||uk|| ||u|| we get

L2() L2()’

ekl — el -

Finally, since we also have weak convergence u; — u in ng o> We conclude that u; — u in
H,. O

Remark 4.3. We observe that, as already noticed in [4, Remark 4.13], the truncation method
(cf. Lemma 4.1) and the preliminary a priori estimate (cf. Lemma 3.5) are needed to get the
subcritical growth of the nonlinearity (4.3) and the Ambrosetti-Rabinowitz condition (4.5). If
the original nonlinearity f of problem (1.1) satisfies those further assumptions, it is possible to
skip the first part concerning a priori estimates and truncation, and to prove directly the existence
of both a non-decreasing and a non-increasing (also for the ball) solutions, just starting from
Lemma 4.2 with f = f.
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‘We define

u_:=sup{r €[0,uq) : f(t) =1},

~ 4.12)
ut =inf{r € (up, +00) : f(t) =1t}.

Since fisa truncation of f, using Lemma 4.1 and the properties satisfied by f, we have that
f(up) =up and f'(ug) > 0, so that ug is an isolated zero of the function f(¢) — ¢. Hence,

u_#ug and uy Fuo. 4.13)

We point out that u; = +o0o is possible. Next, in order to localize the solutions, as already
explained in the Introduction, we define the restricted cones

Cirsxi={ueCs :u_<u<uyinQ},
C_x={ueC_ :u_<u<uqinApyRr}.

As for C, when it will not be relevant to distinguish between the two cones C . and C_ ., we
will simply denote by C, either of them

Ci={weC:u_<u=<u;inQ}. 4.14)
Clearly, C, is closed and convex.

Corollary 4.4. Let c € R be such that E'(u) # 0 for all u € Cy with E(u) = c. Then, there exist
two positive constants € and § such that the following inequality holds

1E @)« =8 forallu e Cy with |Eu) — c| < 28.

Proof. The proof follows by Lemma 4.2. Indeed, suppose by contradiction that the thesis does
not hold, then we can find a sequence (uy) C Cy such that || (ug) ||« < % and ¢ — % <Euy) <

c+ % for all k. Hence, (uy) is a Palais-Smale sequence, and since £ satisfies the Palais-Smale
condition, up to a subsequence, uy — u in HSS2 o- Since (ug) C Cyx and Cy is closed, u € Cs.

The fact that £ is of class C! then gives £(uy) — ¢ = Eu) and &' (ux) — 0 = £ (u), which
contradicts the hypothesis. O

We define the operator T : (Hssz,o)* — Hssz,o as

(—A)YSv+v=nh in €2,

T(h)=v, wherevsolves (Pp) Y 0 inR\ G
sU= mn .

(4.15)

The associated energy of (Py), given by (2.12), is strictly convex, coercive and weakly lower
semicontinuous, hence problem (P;,) admits a unique weak solution v € HSS?’O, which is a mini-
mizer of the energy. Hence, the definition of T is well posed and

T e C((Hy,0)"; Hy o) (4.16)
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(see for instance the proof Theorem 3.9 in [11]).
We introduce also the operator

T:HYo— Hg, definedby T(u)=T(f(w), (4.17)

with T given in (4.15). Being £ < 2}, u € ng’o implies u € LK(Q). Hence, by (4.3), f(u) €
LY(Q) C (HY y)* and T is well defined.

Proposition 4.5. The operator T is compact, i.e. it maps bounded subsets of H¢, , into precom-
pact subsets of H, .

The proof of the previous proposition is the same as for [8, Proposition 3.2] with the obvious
changes due to the different space we are working in, so we omit it.

In the following lemma we prove that the operator T preserves the cone C,, which in turn will
be useful, in Lemma 4.8, to build a deformation that preserves the cone. As mentioned in the
Introduction, this is crucial to guarantee existence of a minimax solution in Ci.

Lemma 4.6. The operator T defined in (4.17) satisfies T (Cy) C Cs.

Proof. We first note that u € C, implies f(u) € C, by the properties of f. Now, let u € C, and
v := T (). We see that v > 0 in €. Indeed, denoting by v the positive part of v, by an easy ob-
servation we have that |[v™(x) — v (y)| < |v(x) — v(y)|, and hence £ (v") < £(v). Furthermore,
due to uniqueness, v is radial. For the monotonicity, we distinguish the two cases.

Case u € C4 .. In this case, we have to prove that v is non-decreasing. It is enough to show
that for every r € (R, R) one of the following cases occurs:

(a) v(t) <v(r)forallt e (Rg,r),
b) v(t) =v(r) forallt € (r, R).

Indeed, if v(7) > v(r) for some Ry < 7 < r, by the continuity of v, there exists ¢ € gt_, r) for which
v(f) > v(t) > v(r) which violates both (a) and (b). Now, we fix r € (Rg, R). If f(u(r)) <v(r),
we consider the test function

(xD) —v@EN*  if Ro < x| =,

¢+ () = 0 otherwise.
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‘We have

// &) — v+ &) 9+ B

o — |t
R\ ((B,\Bry)°)’

+ / V()4 (0)dx

B/\Bg,
(4.18)
/ Fu)es(x)dx < fu(r) / @1 (xX)dx
BI‘\BRO BV\BRO
<o) f 01 (¥)dx.
B\Bg,
Using again the definition of ¢4, we obtain
// () —v(y))(p4+(x) — <p+(y))
|x _ |n+2?

R21\((B,\Bgy)")"

(4.19)

lo1 () — o ()]
> - T~ dxdy.
- // — s

R2%\((B,\Bg,))

Hence, by (4.18) and (4.19)

o 2
// [+ ) =0 OF oy / (W(x) = V()4 (X)dx

|x _ y|n+2s
R2\( (B,\BRO) Br\Bg,
o+ () =+ I
= // Wd)“ly+ |4 (x)*dx,
R2\((B-\BRry)°) Br\Bg,

which gives ¢ =0, i.e. (a) holds.
Analogously, if f(u(r)) > v(r), we consider the test function

if Rp < |x| <r,

0=1"
o (v(]x]) —v(r))~ otherwise

and we prove that (b) holds. Therefore, we have proved that v is nondecreasing.
Case u € C_ . In this case, we know that u € C_ , and have to prove that v is non-increasing.
The proof is the same as for C; , changing the roles of ¢4 and ¢_.
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It remains to show that u_ < v < uy. By the fact that f(u_) = u_ and that f is non-
decreasing we get

(A w—u)+@—u)=f)— fu)=0.

Multiplying the equation above by (v — u_)", integrating it over €2, and using that for any g one
has that —[g~(x) — g~ ()| = (g(x) — g()) (g~ (x) — g~ (¥)), we get

/ (v —u)"(x) — (v —u_)~ ()

Ix — y|rt2s dXdy+/(v—u,)(v—u7)_dx§0,

RZ}:\(Q()Z
thatis (v —u_)~ =0 in Q. In a similar way, we prove that v <u’ in Q (ifu™ < +00). O

Remark 4.7. In what follows, we will use indifferently the quantities £'(«), VE (1) and u — T (u).
Below, we write explicitly the relations among these three objects. Given £’ : ng 0> (HQ 0"
the differential of &, for every u € ng o» We denote by V& (u) the only function of H, 0.0 (Whose
existence is guaranteed by Riesz’s Representatlon Theorem) such that

(VEW), v)pgs = E'w)v] forallve Hy ,

where (-, ')Hé . is the scalar product defined in Section 2. In particular, |[VE (u)|| H = 1E ()%,
I - Il being the norm in the dual space (Hg, ()*. Now, by the definition (4.17) of the operator T,
we know that, for every u € Hsz 0 T(u) = v, where v € H_. Q.0 is the unique solution of (—A)*v +

v= f (u) in €2, under nonlocal Neumann boundary conditions. Therefore, for every u, v € H;z 00
it results

(u—T @, v)Héo =

/ ) = U =00 / wvdx

|x — y|n+2s

RZ}:\(Q()Z Q

(T (@) = Twy) ) - v . ~
// =y /T(u)vdx
R2n\(9c)2 Q
/ (u(x) —u(y) () _v(y))dxdy—i—/(u—f(u))vdx

|x _ y|n+23

]R2n\(Qc)2 Q

=& (wv].
In conclusion, u — T (1) = VE(u) for every u € Hssz,o-

Lemma 4.8 (Deformation Lemma in C,). Let ¢ € R be such that £'(u) # 0 for all u € Cy, with
E(u) = c. Then, there exists a function n : C, — C, satisfying the following properties:
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(i) n is continuous with respect to the topology of ng,o;
(i) EMmw)) <&(u) forall u € Cy;
(iii) EMmm)) <c—¢ forallu € Cy such that |E(u) —c| <é&;
(iv) n(u) = u for all u € Cy such that |E(u) — c| > 2,

where € is the positive constant corresponding to ¢ given in Corollary 4.4.

Proof. The ideas of this proof are borrowed from [4, Lemma 4.5], cf. also [8, Lemma 3.8]. Let
x1:R — [0, 1] be a smooth cut-off function such that

N
=00 i —cf > 25,

where § and £ are given in Corollary 4.4. Let & : H¢, o — H¢,  be the map defined by

E(u) . _
XIEW) roat— i |E(u) — c| <28,
d)(u) = HVS(M)HH&O

0 otherwise.

Note that the definition of @ is well posed by Corollary 4.4.
For all u € Cy, we consider the Cauchy problem

{%n(h u)=—o((t,u)) 1e(0,00), (4.20)

n0,u) =u.

Being £ of class C2, there exists a unique solution n(-, u) € CL(0, 00): ng_o), cf. [10, Chapter
$1]. '

We shall prove that for all ¢ > 0, n(t, Cy) C Cy. Fix £ > 0. For every u € Cy and k € N with
k>1/8,let

(0, u) :==u, )
Mk it w) := 7 (4, u) — £ P (i (43, w))  foralli =0,...,k—1,

with

t
ti:=i-— foralli=0,...,k—1.
k

Letus prove that forall i =0, ...,k — 1, g (ti41, u) € Cy. If |E(u) — | > 2¢, then ng (tj+1,u) =
ueC,foreveryi =0,...,k— 1. Otherwise, let

i X1 (€ Gk (11, 1)
k- i i) = T Gie @) s,

Clearly, A < 1 by Corollary 4.4, being k > 7/8 and |lu — ]ﬂ"(u)||H.svZ 0= vauHéo‘ Therefore, we
have foreveryi =0,...,k— 1 Y
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M (tip1, ) = (1= M) (6, w) + AT (i (4, u)) € Cs

by induction on 7, and by the convexity of C,. Forevery i =0, ...,k — 1, we can now define the
line segment

i t 2\ - t 2 -
Ul(gl)(f’ u) = (1 - ;—k-l-l) Nk (i, u) + <;—k — l> Nk (tit1, u)

forall t € [t,-, ti+1]. We denote by n; := Uf:é n,ﬁi) the whole Euler polygonal defined in [0, 7].

Being C, convex, we get immediately that for all ¢ € [0, 7], (¢, u) € Cy.

We claim that 5 (-, u) converges to the solution 7 (-, ) of the Cauchy problem (4.20) in ng,O'
Indeed, foralli =0, ..., k— 1, we integrate by parts the equation of (4.20) in the interval [#;, ;1]
and we obtain

_ lit1
d
n(tiy1,u) =n(ti, u) — éﬂb(n(n, u)) + /(r - ti+l)Eq)('7(T»M))d"—'-

1

On the other hand, we define the error
& = |In(ti, u) — ne(t, ”)”H?z,o foreveryi =0,...,k— 1.

Hence, forevery i =0,...,k — 1, we get

t
fiv1 S &t 1Pt w) = PO lti 1)l

fi1 d 4.21)
+ / (111 — )= ®(n(r, w))dz
dt
fi Hg o
Now, since ® is locally Lipschitz and 5 ([0, £]) C ng,o is compact,
@i, u) = PO (i, u)) |, ) < €i Lo (4.22)

for some Lo = Lg(n([0, £])) > 0. Furthermore,

tiy1 iyl

d d
i1 — D Lom@udr| < / i1 — 0 | Lomuy|  dr
dt dt He
i Hy,
F
t
= / 1/, ) L e, ) g, e
0
P / P
<" sup |9 (r(r )l = Lo

7€[0,7]
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Thus, combining the last inequality with (4.22) and (4.21), we have

g 2
t t
8i+1§81+%81Lq>+;L¢ foralli =0,...,k—1.

This implies that

2o Py P\
8i+1§?Lq>Z<l+%L<p) =1 (1+%Lq>> —1|—0 ask— oo,

j=0

where we have used the fact that g = 0. By the triangle inequality and the continuity of n(-, u)
and ng (-, u), this yields the claim.

Hence, for all 7 € [0, 7], n(¢, u) € Cy« by the closedness of C.

For all u € Cy and t > 0 we can write

t

d
EMt,u) —Ew) = f Ef(n(f, u))dt

0
t

_ _f x1(En(z, u)))

S E' (n(r,w)n(z,u) — T (n(r,u)ldr (4.23)
(e, u) = T ()l g,

0

t
=- / In(z. ) = T (r(x u) g, 1 (€ Gz, 0))dT <0.
0

Now, let u € C, be such that |E(u) — ¢| < & and let r > 2&/8. Then, two cases arise: either
there exists T € [0, ¢] for which £(n(t,u)) < c — & and so, by the previous calculation we get
immediately that £(n(t,u)) <c—g,orforall v € [0, ], £E(n(z,u)) > ¢ — &. In this second case,

c—e<&EMmt,u)<Eu)<c+H+e.
In particular, by the definition of x1, and by Corollary 4.4, we have that for all 7 € [0, ]
nEm@u) =1, In(r.uw) = T u)lgg, >3

Hence, by (4.23), we obtain

t
E(ﬂ(t,u))SE(u)—/Sder—é—Stfc—é.
0

Finally, if we define with abuse of notation

) = 2¢
n(u) -—77(?,14),

it is immediate to verify that n satisfies (i)-(iv). O
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Lemma 4.9 (Mountain pass geometry). Let t > 0 be such that T < min{ug — u_,u; — up}.
Then there exists a > 0 such that

(i) Eu)=EW_)+a forevery u € Cy with lu —u_||r~@) =1,
(ii) if uy < oo, then E(u) > E(ug) + o for every u € Cy with |lu — uy||po@) =1;
(iii) if uy = 400, then there exists u € Cy with ||u — u_||pooq) > T such that E(m) < E(u_).

Proof. The proof is analogous to the one of [4, Lemma 4.6], we report it here for the sake of
completeness. Suppose by contradiction that there exists a sequence (wg) C C, such that

lwillLoo(@) = wi(R) =1t >0 forall k (4.24)

and limsup[€ (u— + wg) — E(u_)] < 0. Since

k— 00

1
1
> /((u_ + wk)2 — uz_)dx = f f(u_ + twy)wy dtdx,
Q Q0

1
Fu—+wp) — Fu_) = / flu_ + twp)wdt,
0

we get

Eu_+wp) —EMm-)

1 2 2 2 - -
=~ | wel2 +/[<u_+wk> — u? Jdx —/(F(u_+wk>—F<u_>)dx
2 Q.0
Q Q
1

_1 2 F did
=5 [wi] 5’0+//<u_+twk—f(u_+twk))wk tdx
Q

0

Therefore, since by ( f3) and the definition of u_

t—f@t)>0  forte (u_,ug), (4.25)

we conclude that [wy] HY )~ 0. We claim that (wy) converges to the constant solution w = 7 in
the H¢, ;, norm. Indeed, using [wk]ng e 0 and (4.24), we have that (wy) is bounded in H,
and so, up to a subsequence, it weakly converges to some w € Hy, ,. Hence,

0= lim // [(wr —w)(x) — (wp — w)(M ] (w(x) — w(y))dxdy

k— 00 |)C _ y|n+2s
RZn\(Qr)Z
(4.26)
L (wi (x) — wr(y)) (w(x) —w(y)) 2
= lim - dxdy — [w]zs .
k—o00 |x — y|"+23 Q,0
RZn\(Qc)Z
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Moreover,

%s / (Wi (%) — wr(¥) (w(x) — w(y))dxdy < Clwilag [l - 4.27)

; ; |.X _ y|n+2s
R2m\(Q€)

Combining (4.26) and (4.27), we get [w] Hy = 0, which implies that w = t. Thus, (wy) con-
verges to the constant 7 in Hssz,0~ By the Dominated Convergence Theorem we can conclude
that

k—o00

1
0> lim //(u_ + twy —f(u_ +twk))wkdtdx
Q0

1
://(u_+tr—f(u_+tr))rdtdx,
0

Q

which contradicts (4.25). Hence there exists a; > 0 such that (i) holds.

In a similar way, now using the fact that r — f(t) < 0 for t € (ug, u4), we find ap > 0 such
that (ii) holds if u4 < oo. The claim then follows with « := min{oy, a2}.

Finally, if u; = 400, the existence of a point u € C, outside the crest centered in u_ is
guaranteed by the following estimate (cf. also [7, Remarks p. 118]):

2 t
arD=M|%—/fmm
0

M t
12 ~
<il (5 [ Fods—a+o [ sas (428)
0 M
] > —2M min f(s) — (14 8)(t* — M?)
) s€[0,M]
_f 1€2[0 ,
— _Tt — —00 ast— o0,

where we have used the fact that f € $m.s- This shows (iii) and concludes the proof. 0O

Remark 4.10. We observe that, comparing (i) and (ii) in Lemma 4.9, it is apparent that, whenever
Ut < +00,if E(u—_) < E(u4), then u4 plays the role of the center inside the crest of the mountain
pass and u_ plays the role of the point outside the crest with less energy, otherwise the roles of
u_ and u have to be interchanged.
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Now, let

U_ = {u €C, : E) <5(u_)+%, i — u_l 1 <r],

. 4.29
[ueC* :5(u)<5(u+)+%, ||M_M+||LOC(Q)<T}, if uy < oo, ( )
U+ =
{ueCi: Ew <E-), lu—u_|~@ > 1}, ifuy =o0
where 7 and « are given by Lemma 4.9,
[={y eC(0,1]:Cy) : y(0) eU—_, y(1) €Uy},
and
c:= inf max E(y(t)). (4.30)

yel'tel0,1]

Remark 4.11. The reason for considering two sets, Uy and U_, instead of just two points for
the starting and the ending points of the admissible curves will be clear in Lemma 5.3. Indeed,
this choice makes easier exhibiting an admissible curve along which the energy is lower than the
energy of the constant.

Proposition 4.12 (Mountain Pass Theorem). The value ¢ defined in (4.30) is finite and there
exists a critical point u € Cy \ {u_, uy} of £ with £(u) = c. In particular, u is a weak solution of

(1.1).

The proof of the above proposition is standard, once one has the mountain pass geometry
(Lemma 4.9) and the deformation Lemma (Lemma 4.8). We refer e.g. to [8, Proposition 3.10]
for a proof given in a very similar situation.

5. Non-constancy of the minimax solution

In this section we prove that the solution u € C,, whose existence has been established in the
previous section, is non-constant. Since we work in the restricted cone C, where the only constant
solutions are u_, uy, and ug, and since the mountain pass geometry guarantees that u # u_ and
u # u4 (cf. Proposition 4.12), it is enough to prove that u % ug. To this aim, following the idea
in [4, Section 4], we first prove that on the Nehari-type set

Ny:={u € C:\ {0} : &' w)[u] =0},

i.e., roughly speaking, on the crest of the mountain pass, the infimum of the energy is strictly less
than &£ (ug), cf. also [8, Remark 2]. Then, we explicitly build an admissible curve y € I' along
which the energy is less than £(ug). By (4.30), this ensures that the mountain pass level is less
than £ (ug) and so u # ug.
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We start by introducing some useful notation. We denote by
Hpq={u € Hg  : uradial },
we introduce also the space of radial, non-decreasing functions

H{ . :={u € Hg  : u radial and radially non-decreasing }.

We define the second radial eigenvalue )erad and the second radial increasing eigenvalue ){ T of

the fractional Neumann Laplacian in €2 as follows:

VT, T,
W= inf =0 7= inf = (5.1)
veH ., [v=0 fQ v veHy ., [v=0 fQ v

Clearly, the following chain of inequalities holds by inclusion H} , C H;,

s
rad € Hg o

0<np <A <ifr
and, by the direct method of Calculus of Variations, all these infima are achieved.

Remark 5.1. We observe that in the local case, i.e., for the Neumann Laplacian, it is known that
the second radial eigenfunction is increasing, so that the second radial eigenvalue and the second
radial increasing eigenvalue coincide. In this nonlocal setting we do not know whether the same
equality holds true. In [4], for the local case, the condition required on f”(ug) involves the second
radial eigenvalue, and the proof of the non-constancy of the solution uses the monotonicity of the
associated eigenfunction. In this paper, we need to require an assumption involving )»;' T, which,
as explained above, might be more restrictive. On the other hand, as will be clear in Proposi-
tion 5.4, some condition on the derivative of f is needed in order to guarantee the existence of
non-constant solutions.

Lemma 5.2. Let vy € H} | be the second radial increasing eigenfunction, namely the function
that realizes )L;r’r. Let

v :R> >R, Y(s, 1) =& (t(uo + sv2)[ug + sval,

then there exist €1,&> > 0 and a C! function h : (—ey1,&1) = (1 — &2, 1 + &) such that for
(s,t) eV :=(—¢1,e1) X (1 —&2,1 4 &) we have

Y(s,t) =0 ifandonlyif t=h(s). 5.2)
Moreover,

1) h(0)=1, () =0;
(i) 2y (s,1) <0for (s,1)€V;
(i) Eh(s)(uo + sv2)) < E(ug) fors € (—e1,€1), s 0.
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The same result holds true replacing vy with the second radial decreasing eigenfunction —v;
(which clearly corresponds to the same eigenvalue k;’r ).

Proof. The proof is similar to the one of [4, Lemma 4.9], we report it here because it highlights
the importance of assumption ( f3). Part (i) follows by the Implicit Function Theorem applied to
. Indeed, since & is a C? functional and v is of class C! with (0, 1) =0, by (f3) we get

a

3 (Oyl)w(s,o =&"(uo)uo, uol =[1 — f’(uo)]/u%)dx <0, (5.3)
B

where we have used only that ' (o) = f’(ug) > 1. Furthermore, since fQ vy =0,

0
o Vs, 1) =& (up)[val + £ (uo)[uo, v2]
s 1(0,1)

5 (5.4)
=[1- f/(uo)]u()/vgdx =0.

Q

Thus, the Implicit Function Theorem guarantees the existence of 1, &3 and A, as well as property
(). Then, part (ii) is a consequence of the regularity of . We prove now (iii), here is where (f3)
plays a crucial role. By (i), we can write h(s) = 1 + o(s), for s € (—¢&1, 1), s # 0, so that

h(s)(uo + sv2) — up =sv2 + o(s)

and therefore, by Taylor expansion and ( f3),
1
E(h(s)(uo +sv2)) = E(uo) = SE" (uo)sv2 +0(s), sv2 +0($)] + 0(s?)

52 1 2
= ?5 (uo)[v2, v2] + 0(s7)

2
s -
= % [UZ]%%O +/[1 —f/(uo)]vgdx +0(s2)
Q
s? 2 +.r 2 2
< > [vz]HgL0 — Ay vydx | +o(s%).

Q
Then, being
2 _ 3 tr 29 _
[UZ]H&O Ay /vzdx—O,
Q

property (iii) holds taking ¢1, &7 smaller if necessary. O

© O N o o A 0N =
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In the following lemma, we build a curve y; along which the energy is always less than & (uo).
The admissible curve y € I with the same property will be a simple reparametrization of yz.

Lemma 5.3. Fix 0 < t_ < 1 <t} such that

t_ugeU_, tyupeUy and u_ <t_ug<ug<tyup<us, (5.5)

where Uy are defined in (4.29). Let vy be the second radial increasing eigenfunction as in
Lemma 5.2. For © > 0 define

yr i lt—,t4] — HS ye () :=t(ug + tv2)
+ Q.0 (5.6)

(resp. y (t) :=t(uo — TV2)).

Then there exists T > 0 such that vz (t+) € U, yz(t) € C4 « (resp. C— ) fort— <t <ty and

max E(yz(t)) < E(ug). 6.7

t_<t<ty

As a consequence, there exists an admissible curve y € T" along which the energy is always lower
than &€ (ug).

For the proof of the previous lemma, we refer to [4, Lemma 4.10], see also [8, Lemma 4.2]. Here
the monotonicity of vy (resp. of —v7) is essential to guarantee that yz([7—, t+]) C C4 « (resp.
C_ ). Finally, the admissible curve y € I' is given in terms of yz as follows

y(@) :=y; @@ty —t-)+1t_) forallte]l0,]1].

e Proof of Theorem 1.1. By Proposition 4.12, there exists a mountain pass type solution u €
Ci \ {u—, us} of (1.1) such that £(u) = ¢. Moreover, by Lemma 5.3 and the definition of the
minimax level ¢ given in (4.30), we have that

c< trer%aﬁ]E(y(t)) < E(up),

that is u  u(, and so u is non-constant. Furthermore, u > 0 a.e. in 2 by the maximum principle
stated in Theorem 2.6 combined with the regularity of # given in Lemma 3.6. Actually, since u
is smooth and non-decreasing, u > 0 in 2 \ {0}.

The multiplicity part of the statement is proved by reasoning in the same way for each ug ;,
withi =1,..., N. Indeed, assume without loss of generality that 1 < up2 < --- < ug y. For
every i, we define u4 ; and the cone of non-negative, radial, non-decreasing (or non-increasing)
functions Cy ;, corresponding to ug ;. Then

U_ | <uy1<u_p<---<uqp. (5.8)

Proceeding as in the present and in the previous sections, for every i, we get a non-constant
positive solution u; € Cy ;. Hence, by (5.8),
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U1 =ULSU4 ] SU_2=SUpSUyp 2=

=un
£ £ #F £ #F #F #

<U4 N,
#

which proves in particular that the N solutions are distinct. 0O

The following proposition gives a sufficient condition on f under which problem (1.1) admits
only constant solutions. We recall that K, denotes the uniform bound on the L norm of u
given in Lemma 3.5.

Proposition 5.4. Let § € (0, )erad) and M > 0. Suppose that [ € §u s satisfies (f1) and (f2). If
@) < Arzad +1 foreveryt € [0, Kool, then problem (1.1) admits only constant solutions in H;, ;

Proof. We first observe that, if M < K, condition f/ < Agad +11in [0, K] is compatible with
the consequence (3.2) of (), when § < )»Ead. Let u € H; ; be a weak solution of (1.1). We can
write u = v + 1 for some u € R and v € H ; with

/vdx:O and

Q

lo(x) — vy
/\rzad/v dx <5 // T dxdy+ [ v*dx.
Q

Q RZn\(Qz)Z

Using the definition of weak solution for # = v + p and testing with v, we get

v(x) —v(y)?
)\.rdd 1)/1} dx ET // ||x_ |n+y2sl dxdy+/v2dx
Q

RZn\(Qc)Z

- f Flo+ mvdx = /[f(v 4w = f(lvdx = / Fu+ oy dx.,
Q Q Q

where w = w(x) satisfies 0 < w < 1 in Q. Using that ||u||;~Q) < K, we deduce that || +
vl 1o(@) < Koo. Therefore, since by assumption f'(u + wv) < )erad + 1, we conclude that it
must be v =0 and thus u identically constant. 0O

Remark 5.5. Some further comments on the condition ( f3) and its variants are now in order. In
the local setting, it was first conjectured in [4] and then proved in [3,12,5] that if f’(uq) satisfies

f/uo) > 1+ 12 (R) forsome k > 1, (5.9)

where )»2‘:‘31 (R) is the (k + 1)-st radial eigenvalue of the Neumann Laplacian in Bg, then the
Neumann problem —Au 4+ u = f(u) in Br admits a radial positive solution having exactly k
intersections with the constant u¢. It would be interesting to prove a similar result also in this
fractional setting. It is worth stressing that the solution u that we find in the present paper is
morally the one with one intersection with ug. This is due to the monotonicity of u € Cy, the

identity holding for solutions of (1.1)
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/udx:/f(u)dx, (5.10)
Q Q

and the fact that f(¢) <7 fort € (u—_, ug) and f () > t in (ug, uy), cf. (4.13) and (4.14).
We conclude this remark observing that, since )Liad(R) — 0 as R — oo, condition (5.9) can
be also read as a condition on the size of the domain Bg.
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